
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.2
8
6
:
T
h
e
E
a
rly
U
n
iverse

O
ctob
er
14,
2016

P
rof.
A
lan
G
u
th

P
R
O

B
L
E
M

S
E
T

5

D
U
E
D
A
T
E
:
F
rid
ay,
O
ctob
er
21,
2016,
at
4:00
p
m
.

R
E
A
D
IN
G

A
S
S
IG
N
M
E
N
T
:
S
teven
W
ein
b
erg,
T
h
e
F
irst
T
h
ree
M
in
u
tes,
C
h
ap
-

ters
5
a
n
d
6
,
a
n
d
also
B
a
rb
a
ra
R
y
d
en
,
In
tro
d
u
ctio
n
to
C
o
sm
o
lo
g
y,
C
h
ap
ter
10.

W
e
a
re
sk
ip
p
in
g
C
h
ap
ters
7-9
of
R
y
d
en
for
n
ow
,
b
u
t
w
e
w
ill
com
e
b
ack
to
th
em
.

C
h
ap
ter
10,
a
b
ou
t
N
u
cleosyn
thesis
an
d
the
E
arly
U
n
iverse,
m
akes
go
o
d
p
aral-

lel
read
in
g
to
W
ein
b
erg's
b
o
ok
,
an
d
really
h
as
n
o
d
ep
en
d
en
ce
on
th
e
ch
ap
ters

th
a
t
w
e
are
sk
ip
p
in
g.

S
H
O
R
T
-T
E
R
M

C
A
L
E
N
D
A
R
:

O
C
T
O
B
E
R
/N
O
V
E
M
B
E
R

M
O
N

T
U
E
S

W
E
D

T
H
U
R
S

F
R
I

O
ctob
er
17

L
ectu
re
10

P
S
4
d
u
e

18

19L
ectu
re
11

20

21P
S
5
d
u
e

O
ctob
er
24

L
ectu
re
12

25

26L
ectu
re
13

27

28P
S
6
d
u
e

O
ctob
er
31

L
ectu
re
14

N
ovem
b
er
1

2L
ectu
re
15

3

4P
S
7
d
u
e

N
ov
em
b
er
7

L
ectu
re
16

8

9Q
u
iz
2

|

in
class

10

11

P
R
O
B
L
E
M

1
:
A

C
IR
C
L
E

IN

A

N
O
N
-E
U
C
L
ID
E
A
N

G
E
O
M
E
T
R
Y

(15
poin
ts)

C
on
sid
er
a
th
ree-d
im
en
sion
al
sp
ace
d
escrib
ed
b
y
th
e
follow
in
g
m
etric:

d
s
2
=
R
2 �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�d
�
2 � �
:

H
ere
R
an
d
k
are
con
stan
ts,
w
h
ere
k
w
ill
alw
ay
s
h
ave
o
n
e
of
th
e
valu
es
1,�
1,
or
0.
�

a
n
d
�
are
an
gu
lar
co
ord
in
ates
w
ith
th
e
u
su
al
p
rop
erties:
0�
��
�
an
d
0�
�
�
2
�
,
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.
2

w
h
ere
�
=
2
�
an
d
�
=
0
a
re
id
en
ti�
ed
.
r
is
a
ra
d
ial
co
ord
in
a
te,
w
h
ich
ru
n
s
from
0

to
1
if
k
=
1,
an
d
oth
erw
ise
fro
m
0
to
1
.
(T
h
is
is
th
e
R
ob
ertson
-W
alk
er
m
etric
of

E
q
.
(5.27)
of
L
ectu
re
N
otes
5,
evalu
a
ted
at
som
e
p
articu
la
r
tim
e
t,
w
ith
R
�
a
(t).

Y
ou
sh
ou
ld
b
e
ab
le
to
w
o
rk
th
is
p
rob
lem
,
h
ow
ever,
w
h
eth
er
or
n
o
t
y
ou
h
ave
go
tten

th
at
far.
T
h
e
p
rob
lem
req
u
ires
on
ly
th
a
t
you
u
n
d
erstan
d
w
h
at
a
m
etric
m
ean
s.)

C
on
sid
er
a
circle
d
escrib
ed
b
y
th
e
eq
u
ation
s

z
=
0

x
2
+
y
2
=
r
20

;

or
eq
u
ivalen
tly
b
y
th
e
an
g
u
lar
co
ord
in
a
tes

r
=
r
0

�
=
�
=
2
:

(a)
(5
poin
ts)
F
in
d
th
e
circu
m
feren
ce
S
of
th
is
circle.
H
in
t:
b
rea
k
th
e
circle
in
to

in
�
n
itesim
al
segm
en
ts
of
an
g
u
lar
size
d
�
,
ca
lcu
late
th
e
arc
len
gth
of
su
ch
a

segm
en
t,
an
d
in
tegrate.

(b
)
(5
poin
ts)
F
in
d
th
e
ra
d
iu
s
�
of
th
is
circle.
N
ote
th
at
�
is
th
e
len
g
th
of
a

lin
e
w
h
ich
ru
n
s
from
th
e
orig
in
to
th
e
circle
(r
=
r
0 ),
alon
g
a
tra
jectory
o
f

�
=
�
=
2
an
d
�
=
con
stan
t.
H
in
t:
B
reak
th
e
lin
e
in
to
in
�
n
itesim
al
segm
en
ts

of
co
ord
in
ate
len
gth
d
r,
ca
lcu
late
th
e
len
gth
of
su
ch
a
segm
en
t,
an
d
in
tegrate.

C
on
sid
er
th
e
case
of
o
p
en
an
d
closed
u
n
iverses
sep
arately,
an
d
ta
ke
k
=
�
1.

(If
you
d
on
't
rem
em
b
er
w
h
y
w
e
ca
n
take
k
=
�
1,
see
th
e
section
ca
lled
\U
n
its"

in
L
ectu
re
N
otes
3,).
Y
ou
w
ill
w
an
t
th
e
follow
in
g
in
teg
ra
ls:

Z
d
r

p
1�
r
2

=
sin
�

1
r

an
d
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Z
d
r

p
1
+
r
2

=
sin
h
�

1
r
:

(c)
(5
poin
ts)
E
x
p
ress
th
e
circu
m
feren
ce
S
in
term
s
of
th
e
rad
iu
s
�
.
T
h
is
resu
lt
is

in
d
ep
en
d
en
t
of
th
e
co
ord
in
ate
sy
stem
w
h
ich
w
as
u
sed
for
th
e
calcu
lation
,
sin
ce

S
an
d
�
are
b
oth
m
easu
rab
le
q
u
an
tities.
S
in
ce
th
e
sp
ace
d
escrib
ed
b
y
th
is

m
etric
is
h
om
ogen
eou
s
an
d
isotrop
ic,
th
e
an
sw
er
d
o
es
n
ot
d
ep
en
d
on
w
h
ere
th
e

circle
is
lo
cated
or
on
h
ow
it
is
orien
ted
.
F
or
th
e
tw
o
cases
of
op
en
an
d
closed

u
n
iv
erses,
state
w
h
eth
er
S
is
larger
or
sm
aller
th
an
th
e
valu
e
it
w
ou
ld
h
ave
for

a
E
u
clid
ean
circle
of
rad
iu
s
�
.

P
R
O
B
L
E
M

2
:
V
O
L
U
M
E

O
F
A

C
L
O
S
E
D

U
N
IV
E
R
S
E
(15
poin
ts)

C
alcu
late
th
e
total
volu
m
e
of
a
closed
u
n
iverse,
as
d
escrib
ed
b
y
th
e
m
etric
of

E
q
.
(5.14)
o
f
L
ectu
re
N
otes
5:

d
s
2
=
R
2 �d
 
2
+
sin
2
 �d
�
2
+
sin
2
�d
�
2 ��
:

B
reak
th
e
volu
m
e
u
p
in
to
sp
h
erical
sh
ells
of
in
�
n
itesim
al
th
ick
n
ess,
ex
ten
d
in
g
from

 
to
 
+
d
 
:

B
y
com
p
arin
g
E
q
.
(5.14)
w
ith
E
q
.
(5.8),

d
s
2
=
R
2 �d
�
2
+
sin
2
�
d
�
2 �
;

th
e
m
etric
for
th
e
su
rface
of
a
sp
h
ere,
on
e
can
see
th
at
as
lon
g
as
 
is
h
eld
�
x
ed
,

th
e
m
etric
for
vary
in
g
�
an
d
�
is
th
e
sam
e
as
th
at
for
a
sp
h
erical
su
rface
of
rad
iu
s

R
sin
 
.
T
h
u
s
th
e
area
of
th
e
sp
h
erical
su
rface
is
4
�
R
2
sin
2
 
.
T
o
�
n
d
th
e
volu
m
e,

m
u
ltip
ly
th
is
area
b
y
th
e
th
ick
n
ess
of
th
e
sh
ell
(w
h
ich
you
can
read
o�
from
th
e

m
etric),
an
d
th
en
in
tegrate
over
th
e
fu
ll
ran
ge
of
 
,
from
0
to
�
.
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P
R
O
B
L
E
M

S
E
T
5
,
F
A
L
L
2
0
1
6

p
.
4

P
R
O
B
L
E
M

3
:
S
U
R
F
A
C
E

B
R
IG
H
T
N
E
S
S
IN

A

C
L
O
S
E
D

U
N
IV
E
R
S
E

(25
poin
ts)

T
h
e
sp
acetim
e
m
etric
for
a
h
o
m
ogen
eou
s,
isotro
p
ic,
closed
u
n
iverse
is
g
iven
b
y

th
e
R
ob
ertson
-W
alker
form
u
la
:

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
;

w
h
ere
I
h
ave
taken
k
=
1
.
T
o
d
iscu
ss
m
otio
n
in
th
e
rad
ia
l
d
irection
,
it
is
m
ore

con
ven
ien
t
to
w
ork
w
ith
a
n
altern
ative
ra
d
ial
co
o
rd
in
ate
 
,
related
to
r
b
y

r
=
sin
 
:

T
h
en

d
r

p
1�
r
2

=
d
 
;

so
th
e
m
etric
sim
p
li�
es
to

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
:

T
h
e
form
of
a
(t)
d
ep
en
d
s
o
n
th
e
n
atu
re
of
th
e
m
a
tter
in
th
e
u
n
iverse,
b
u
t
for
th
is

p
rob
lem
you
sh
ou
ld
con
sid
er
a
(t)
to
b
e
an
arb
itra
ry
fu
n
ction
.
Y
o
u
sh
ou
ld
sim
p
lify

you
r
an
sw
ers
as
far
as
it
is
p
ossib
le
w
ith
ou
t
k
n
ow
in
g
th
e
fu
n
ctio
n
a
(t).

(a)
(10
poin
ts)
S
u
p
p
ose
th
at
th
e
E
a
rth
is
at
th
e
cen
ter
of
th
ese
co
ord
in
a
tes,
an
d

th
at
w
e
ob
serve
a
sp
h
erical
ga
lax
y
th
a
t
is
lo
ca
ted
at
 
=
 
G

.
T
h
e
ligh
t
th
a
t

w
e
see
w
as
em
itted
from
th
e
ga
lax
y
a
t
tim
e
t
G

,
a
n
d
is
b
ein
g
receiv
ed
to
d
ay,

at
a
tim
e
th
at
w
e
call
t
0 .
A
t
th
e
tim
e
o
f
em
issio
n
,
th
e
ga
la
x
y
h
ad
a
p
ow
er

ou
tp
u
t
P
(w
h
ich
cou
ld
b
e
m
easu
red
,
for
ex
a
m
p
le,
in
w
atts,
w
h
ere
1
w
att
=
1

jou
le/sec).
T
h
e
p
ow
er
w
as
rad
ia
ted
u
n
iform
ly
in
all
d
irection
s,
in
th
e
fo
rm
of

p
h
oton
s.
W
h
at
is
th
e
rad
ia
tion
en
erg
y


u
x
J
from
th
is
ga
la
x
y
a
t
th
e
E
arth

to
d
ay
?
E
n
ergy


u
x
(w
h
ich
m
ig
h
t
b
e
m
easu
red
in
jo
u
le-m
�

2-sec
�

1)
is
d
e�
n
ed

as
th
e
en
ergy
p
er
u
n
it
a
rea
p
er
u
n
it
tim
e
strik
in
g
a
su
rface
th
at
is
orth
og
on
al

to
th
e
d
irection
of
th
e
en
ergy


ow
.
[H
in
t:
it
is
ea
siest
to
u
se
a
co
m
ov
in
g

co
ord
in
ate
sy
stem
w
ith
th
e
rad
iatin
g
g
alax
y
at
th
e
orig
in
.]

(b
)
(10
poin
ts)
S
u
p
p
ose
th
at
th
e
p
h
y
sical
d
iam
eter
of
th
e
gala
x
y
at
tim
e
t
G

w
a
s

w
.
F
in
d
th
e
ap
p
aren
t
an
gu
lar
size
�
�
(m
easu
red
from
o
n
e
ed
g
e
to
th
e
oth
er)

of
th
e
g
alax
y
as
it
w
ou
ld
b
e
o
b
served
from
E
a
rth
to
d
ay.
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(c)
(5
poin
ts)
T
h
e
su
rface
brightn
ess
�
of
th
e
d
istan
t
galax
y
is
d
e�
n
ed
to
b
e
th
e

en
erg
y


u
x
J
p
er
solid
an
gle
su
b
ten
d
ed
b
y
th
e
galax
y.*
C
alcu
late
th
e
su
rface

b
righ
tn
ess
�
of
th
e
galax
y
d
escrib
ed
in
p
arts
(a)
an
d
(b
).
[H
in
t:
if
y
ou
h
ave
th
e

righ
t
an
sw
er,
it
can
b
e
w
ritten
in
term
s
of
P
,
w
,
an
d
th
e
red
sh
ift
z,
w
ith
ou
t

an
y
referen
ce
to
 
G

.
T
h
e
rap
id
d
ecrease
in
�
w
ith
z
m
ean
s
th
at
h
igh
-z
galax
ies

are
d
iÆ
cu
lt
to
d
istin
gu
ish
from
th
e
n
igh
t
sk
y.]

P
R
O
B
L
E
M

4
:

T
R
A
J
E
C
T
O
R
IE
S

A
N
D

D
IS
T
A
N
C
E
S

IN

A
N

O
P
E
N

U
N
IV
E
R
S
E
(30
po
in
ts)

T
h
e
sp
acetim
e
m
etric
for
a
h
om
ogen
eou
s,
isotrop
ic,
op
en
u
n
iverse
is
given
b
y

th
e
R
ob
ertson
-W
a
lker
fo
rm
u
la:

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1
+
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
;

w
h
ere
I
h
ave
ta
ken
k
=
�
1.
A
s
in
P
rob
lem
3,
for
th
e
d
iscu
ssion
of
rad
ial
m
otion
it

is
co
n
v
en
ien
t
to
in
tro
d
u
ce
an
altern
ative
rad
ial
co
ord
in
ate
 
,
w
h
ich
in
th
is
case
is

related
to
r
b
y

r
=
sin
h
 
:

T
h
en

d
r

p
1
+
r
2

=
d
 
;

so
th
e
m
etric
sim
p
li�
es
to

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
 
2
+
sin
h
2
 �d
�
2
+
sin
2
�
d
�
2 �	
:

Y
ou
sh
ou
ld
treat
th
e
fu
n
ction
a
(t)
as
a
g
iv
en
fu
n
ction
.
Y
ou
sh
ou
ld
sim
p
lify
you
r

an
sw
ers
as
far
as
it
is
p
ossib
le
w
ith
ou
t
k
n
ow
in
g
ex
p
licitly
th
e
fu
n
ction
a
(t).

(a
)
(5
poin
ts)
S
u
p
p
ose
th
at
th
e
E
arth
is
at
th
e
origin
of
th
e
co
ord
in
ate
sy
stem

( 
=
0
),
an
d
th
at
at
th
e
p
resen
t
tim
e,
t
0 ,
w
e
receive
a
ligh
t
p
u
lse
from
a
d
istan
t

g
a
la
x
y
G
,
lo
cated
at
 
=
 
G

.
W
rite
d
ow
n
an
eq
u
ation
w
h
ich
d
eterm
in
es
th
e

tim
e
t
G

at
w
h
ich
th
e
ligh
t
p
u
lse
left
th
e
galax
y.
(Y
o
u
m
ay
assu
m
e
th
at
th
e
ligh
t

p
u
lse
trav
els
on
a
\n
u
ll"
tra
jectory,
w
h
ich
m
ean
s
th
at
d
�
=
0
for
an
y
segm
en
t

*
D
e�
n
itio
n
o
f
so
lid
an
gle:
T
o
d
e�
n
e
th
e
solid
an
gle
su
b
ten
d
ed
b
y
th
e
galax
y,

im
agin
e
su
rrou
n
d
in
g
th
e
o
b
server
b
y
a
sp
h
ere
of
arb
itrary
rad
iu
s
r.
T
h
e
sp
h
ere

sh
ou
ld
b
e
sm
all
com
p
ared
to
cosm
ological
d
istan
ces,
so
th
at
E
u
clid
ean
geom
etry
is

valid
w
ith
in
th
e
sp
h
ere.
If
a
p
ictu
re
o
f
th
e
galax
y
is
p
ain
ted
on
th
e
su
rface
of
th
e

sp
h
ere
so
th
at
it
ju
st
cov
ers
th
e
real
im
age,
th
en
th
e
solid
an
gle,
in
sterad
ian
s,
is

th
e
area
of
th
e
p
ictu
re
o
n
th
e
sp
h
ere,
d
iv
id
ed
b
y
r
2.
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of
it.
S
in
ce
you
d
on
't
k
n
ow
a
(t)
you
can
n
o
t
solv
e
th
is
eq
u
atio
n
,
so
p
lea
se
d
o

n
ot
try.)

(b
)
(5
poin
ts)
W
h
at
is
th
e
red
sh
ift
z
G

of
th
e
lig
h
t
from
g
ala
x
y
G
?
(Y
o
u
r
an
sw
er

m
ay
d
ep
en
d
on
t
G

,
as
w
ell
as
 
G

,
t
0 ,
or
a
n
y
p
rop
erty
of
th
e
fu
n
ction
a
(t).)

(c)
(5
poin
ts)
T
o
estim
ate
th
e
n
u
m
b
er
o
f
ga
lax
ies
th
a
t
on
e
ex
p
ects
to
see
in
a
given

ran
ge
of
red
sh
ifts,
it
is
n
ecessary
to
k
n
ow
th
e
vo
lu
m
e
o
f
th
e
region
o
f
sp
a
ce

th
at
corresp
on
d
s
to
th
is
ran
ge.
W
rite
an
ex
p
ression
fo
r
th
e
p
resen
t
valu
e
of
th
e

volu
m
e
th
at
corresp
on
d
s
to
red
sh
ifts
sm
aller
th
a
n
th
at
of
galax
y
G
.
(Y
ou
m
ay

leave
you
r
an
sw
er
in
th
e
form
of
a
d
e�
n
ite
in
teg
ra
l,
w
h
ich
m
ay
b
e
ex
p
ressed
in

term
s
of
 
G

,
t
G

,
t
0 ,
z
G

,
o
r
th
e
fu
n
ction
a
(t).)

(d
)
(5
poin
ts)
T
h
ere
are
a
n
u
m
b
er
o
f
d
i�
eren
t
w
ay
s
of
d
e�
n
in
g
d
istan
ces
in
cos-

m
ology,
an
d
gen
erally
th
ey
a
re
n
ot
eq
u
a
l
to
each
oth
er.
O
n
e
ch
oice
is
called

p
r
o
p
e
r
d
ista
n
c
e
,
w
h
ich
co
rresp
on
d
s
to
th
e
d
ista
n
ce
th
a
t
o
n
e
co
u
ld
in
p
rin
ci-

p
le
m
easu
re
w
ith
ru
lers.
T
h
e
p
rop
er
d
istan
ce
is
d
e�
n
ed
as
th
e
total
len
gth
of

a
n
etw
ork
of
ru
lers
th
at
are
laid
en
d
to
en
d
fro
m
h
ere
to
th
e
d
istan
t
ga
lax
y.

T
h
e
ru
lers
h
ave
d
i�
eren
t
velo
cities,
b
eca
u
se
each
is
a
t
rest
w
ith
resp
ect
to
th
e

m
atter
in
its
ow
n
v
icin
ity.
T
h
ey
are
arran
ged
so
th
at,
at
th
e
p
resen
t
in
stan
t

of
tim
e,
each
ru
ler
ju
st
tou
ch
es
its
n
eigh
b
ors
o
n
eith
er
sid
e.
W
rite
d
ow
n
a
n

ex
p
ression
for
th
e
p
rop
er
d
istan
ce
`
p
ro
p
of
ga
lax
y
G
.

(e)
(5
poin
ts)
A
n
oth
er
com
m
on
d
e�
n
itio
n
of
d
ista
n
ce
is
a
n
g
u
la
r
siz
e
d
ista
n
c
e
,

d
eterm
in
ed
b
y
m
easu
rin
g
th
e
ap
p
aren
t
size
of
a
n
ob
ject
of
k
n
ow
n
p
h
y
sical
size.

In
a
static,
E
u
clid
ean
sp
a
ce,
a
sm
all
sp
h
ere
o
f
d
iam
eter
w
at
a
d
ista
n
ce
`
w
ill

su
b
ten
d
an
an
gle
�
�
=
w
=
`:

M
otivated
b
y
th
is
relation
,
co
sm
o
log
ists
d
e�
n
e
th
e
an
g
u
lar
size
d
istan
ce
`
a
n
g

of
an
ob
ject
b
y

`
a
n
g �
w�

�
:

W
h
at
is
th
e
an
gu
lar
size
d
ista
n
ce
`
a
n
g
o
f
galax
y
G
?



8
.2
8
6
P
R
O
B
L
E
M

S
E
T
5
,
F
A
L
L
2
0
1
6

p
.
7

(f)
(5
poin
ts)
A
th
ird
com
m
on
d
e�
n
ition
of
d
istan
ce
is
called
lu
m
in
o
sity
d
is-

ta
n
c
e
,
w
h
ich
is
d
eterm
in
ed
b
y
m
easu
rin
g
th
e
ap
p
aren
t
b
righ
tn
ess
of
an
ob
ject

for
w
h
ich
th
e
actu
al
total
p
ow
er
ou
tp
u
t
is
k
n
ow
n
.
In
a
static,
E
u
clid
ean
sp
ace,

th
e
en
ergy


u
x
J
received
from
a
sou
rce
of
p
ow
er
P
at
a
d
istan
ce
`
is
given
b
y

J
=
P
=
(4
�
`
2):

C
osm
ologists
th
erefore
d
e�
n
e
th
e
lu
m
in
osity
d
istan
ce
b
y

`
lu
m

� r
P

4
�
J

:

F
in
d
th
e
lu
m
in
osity
d
istan
ce
`
lu
m

of
galax
y
G
.
(H
in
t:
th
e
R
ob
ertson
-W
alker

co
ord
in
ates
can
b
e
sh
ifted
so
th
at
th
e
galax
y
G
is
at
th
e
origin
.)

P
R
O
B
L
E
M

5
:
T
H
E
K
L
E
IN

D
E
S
C
R
IP
T
IO
N

O
F
T
H
E
G
-B
-L
G
E
O
M
E
-

T
R
Y

(T
his
p
roblem
is
n
ot
requ
ired,
bu
t
can
be
d
o
n
e
fo
r
1
5
poin
ts
extra
credit.)

I
stated
in
L
ectu
re
N
otes
5
th
at
th
e
sp
ace
in
ven
ted
b
y
K
lein
,
d
escrib
ed
b
y
th
e

d
istan
ce
relation

co
sh �
d
(1
;2
)

a

�
=

1�
x
1 x
2 �
y
1 y
2

p
1�
x
21 �
y
21 p
1�
x
22 �
y
22

;

w
h
ere

x
2
+
y
2
<
1
;

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
5
,
F
A
L
L
2
0
1
6

p
.
8

is
a
tw
o-d
im
en
sion
al
sp
a
ce
o
f
con
sta
n
t
n
egativ
e
cu
rva
tu
re.
In
o
th
er
w
ord
s,
th
is

is
ju
st
a
tw
o-d
im
en
sion
al
R
o
b
ertso
n
{W
alker
m
etric,
as
w
o
u
ld
b
e
d
escrib
ed
b
y
a

tw
o-d
im
en
sion
al
version
o
f
E
q
.
(5
.27),
w
ith
k
=
�
1:

d
s
2
=
a
2 �
d
r
2

1
+
r
2
+
r
2d
�
2 �
:

T
h
e
p
rob
lem
is
to
p
rove
th
e
eq
u
ivalen
ce.

(a)
(5
poin
ts)
A
s
a
�
rst
step
,
sh
ow
th
at
if
x
an
d
y
are
rep
la
ced
b
y
th
e
p
ola
r

co
ord
in
ates
d
e�
n
ed
b
y

x
=
u
co
s
�

y
=
u
sin
�
;

th
en
th
e
d
istan
ce
eq
u
a
tio
n
ca
n
b
e
rew
ritten
as

co
sh �
d
(1
;2)

a

�
=
1�
u
1 u
2
co
s(�
1 �
�
2 )

p
1�
u
21 p
1�
u
22

:

(b
)
(5
poin
ts)
T
h
e
n
ex
t
step
is
to
d
erive
th
e
m
etric
from

th
e
d
ista
n
ce
fu
n
ctio
n

ab
ove.
L
et

u
1
=
u

u
2
=
u
+
d
u

�
1
=
�
;

�
2
=
�
+
d
�
;

an
d

d
(1
;2)
=
d
s
:

In
sert
th
ese
ex
p
ressio
n
s
in
to
th
e
d
istan
ce
fu
n
ction
,
ex
p
an
d
every
th
in
g
to
secon
d

ord
er
in
th
e
in
�
n
itesim
a
l
q
u
an
tities,
an
d
sh
ow
th
at

d
s
2
=
a
2 (
d
u
2

(1�
u
2)
2

+
u
2d
�
2

1�
u
2 )
:

(T
h
is
p
art
is
rath
er
m
essy,
b
u
t
you
sh
ou
ld
b
e
ab
le
to
d
o
it.)

(c)
(5
poin
ts)
N
ow
�
n
d
th
e
rela
tion
sh
ip
b
etw
een
r
a
n
d
u
a
n
d
sh
ow
th
at
th
e
tw
o

m
etric
fu
n
ction
s
are
id
en
tical.
H
in
t:
T
h
e
co
eÆ
cien
ts
of
d
�
2

m
u
st
b
e
th
e
sa
m
e

in
th
e
tw
o
cases.
C
an
y
ou
n
ow
see
w
h
y
K
lein
h
ad
to
im
p
ose
th
e
con
d
ition

x
2
+
y
2
<
1?

T
o
ta
l
p
o
in
ts
fo
r
P
r
o
b
le
m

S
e
t
5
:
8
5
,
p
lu
s
u
p
to
1
5
p
o
in
ts
e
x
tr
a
c
r
e
d
it.


