
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8
.286:
T
h
e
E
arly
U
n
iv
erse

S
ep
tem
b
er
22,
2018

P
rof.
A
lan
G
u
th

P
R
O

B
L
E
M

S
E
T

3

D
U
E
D
A
T
E
:
F
rid
ay,
S
ep
tem
b
er
28,
2018,
5:00
p
m
.

R
E
A
D
IN
G

A
S
S
IG
N
M
E
N
T
:
S
tev
en
W
ein
b
erg,
T
h
e
F
ir
s
t
T
h
r
e
e
M

in
u
t
e
s,
C
h
ap
-

ter
3.

S
H
O
R
T
-T
E
R
M

C
A
L
E
N
D
A
R
:

S
E
P
T
E
M
B
E
R
/O
C
T
O
B
E
R

M
O
N

T
U
E
S

W
E
D

T
H
U
R
S

F
R
I

S
ep
tem
b
er
1
7

L
ectu
re
4

18

19L
ectu
re
5

20

21

24L
ectu
re
6

P
S
2
d
u
e

25

26L
ectu
re
7

27

28
P
S
3
d
u
e

O
ctob
er
1

L
ectu
re
8

2

3Q
u
iz
1

|

in
cla
ss

4

5

Q
U
IZ
D
A
T
E
S
F
O
R

T
H
E
T
E
R
M
:

Q
u
iz
1:
W
ed
n
esd
ay,
O
cto
b
er
3
,
2
0
1
8

Q
u
iz
2:
M
on
d
ay,
N
ovem
b
er
5,
2018

Q
u
iz
3:
W
ed
n
esd
ay,
D
ecem
b
er
5,
2018

F
IR
S
T
Q
U
IZ
:
T
h
e
�
rst
of
th
ree
q
u
izzes
for
th
e
term
w
ill
b
e
giv
en
on
W
ed
n
esd
ay,

O
ctob
er
3,
2018,
d
u
rin
g
th
e
regu
lar
class
p
erio
d
,
in
th
e
u
su
al
ro
om
,
4-163.

T
h
e
q
u
iz
m
aterial
w
ill
in
clu
d
e
P
rob
lem
S
ets
1{3,
L
ectu
re
N
otes
1{3,
an
d
th
e

a
sso
cia
ted
rea
d
in
g
s.
T
h
e
coverage
of
th
e
q
u
iz
w
ill
b
e
d
escrib
ed
in
m
ore
d
etail

on
th
e
class
w
eb
site,
h
ttp
://w
eb
.m
it.ed
u
/8.286/w
w
w
/.

P
R
O
B
L
E
M

1
:
A

C
Y
L
IN
D
R
IC
A
L
U
N
IV
E
R
S
E
(25
poin
ts)

T
he
follow
in
g
p
roblem
origin
ated
on
Q
u
iz
2
o
f
1994,
w
here
it
cou
n
ted
30
poin
ts.

T
h
e
lectu
re
n
o
tes
sh
ow
ed
a
con
stru
ction
of
a
N
ew
ton
ian
m
o
d
el
of
th
e
u
n
iv
erse

th
at
w
as
b
ased
on
a
u
n
iform
,
ex
p
an
d
in
g,
sp
h
ere
of
m
atter.
In
th
is
p
rob
lem
w
e
w
ill

con
stru
ct
a
m
o
d
el
of
a
cy
lin
d
rical
u
n
iv
erse,
on
e
w
h
ich
is
ex
p
an
d
in
g
in
th
e
x
an
d
y

d
irection
s
b
u
t
w
h
ich
h
as
n
o
m
otion
in
th
e
z
d
irection
.
In
stead
of
a
sp
h
ere,
w
e
w
ill

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
3
,
F
A
L
L
2
0
1
8

p
.
2

d
escrib
e
an
in
�
n
itely
lo
n
g
cy
lin
d
er
of
rad
iu
s
R
m
a
x
;i ,
w
ith
a
n
ax
is
coin
cid
in
g
w
ith

th
e
z-ax
is
of
th
e
co
ord
in
ate
sy
stem
:

W
e
w
ill
u
se
cy
lin
d
rical
co
o
rd
in
ates,
so

r
= p
x
2
+
y
2

an
d

~r
=
x^{
+
y^|
;

^r
=
~rr

;

w
h
ere
^{,
^|,
an
d
^k
are
th
e
u
su
al
u
n
it
v
ectors
alon
g
th
e
x
,
y
,
an
d
z
ax
es.
W
e
w
ill

assu
m
e
th
at
a
t
th
e
in
itia
l
tim
e
t
i ,
th
e
in
itial
d
en
sity
o
f
th
e
cy
lin
d
er
is
�
i ,
an
d
th
e

in
itial
velo
city
o
f
a
p
article
a
t
p
osition
~r
is
given
b
y
th
e
H
u
b
b
le
relatio
n

~v
i
=
H
i ~r
:

(a)
(5
poin
ts)
B
y
u
sin
g
G
au
ss'
law
of
grav
ity,
it
is
p
ossib
le
to
sh
ow
th
a
t
th
e
grav
-

itation
al
acceleratio
n
at
an
y
p
oin
t
is
g
iv
en
b
y

~g
=
�

A
�r

^r
;

w
h
ere
A
is
a
con
sta
n
t
a
n
d
�
is
th
e
total
m
a
ss
p
er
len
gth
con
ta
in
ed
w
ith
in
th
e

rad
iu
s
r.
E
valu
ate
th
e
con
stan
t
A
.

(b
)
(5
poin
ts)
A
s
in
th
e
lectu
re
n
o
tes,
w
e
let
r(r
i ;t)
d
en
ote
th
e
tra
jecto
ry
o
f
a

p
article
th
at
starts
at
ra
d
iu
s
r
i
a
t
th
e
in
itia
l
tim
e
t
i .
F
in
d
an
ex
p
ressio
n
for

�r(r
i ;t),
ex
p
ressin
g
th
e
resu
lt
in
term
s
of
r,
r
i ,
�
i ,
an
d
a
n
y
releva
n
t
con
sta
n
ts.

(H
ere
an
overd
ot
d
en
otes
a
tim
e
d
erivativ
e.)
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(c)
(5
poin
ts)
D
e�
n
in
g

u
(r
i ;t)
�

r(r
i ;t)

r
i

;

sh
ow
th
a
t
u
(r
i ;t)
is
in
fact
in
d
ep
en
d
en
t
of
r
i .
T
h
is
im
p
lies
th
at
th
e
cy
lin
d
er

w
ill
u
n
d
ergo
u
n
iform
ex
p
an
sion
,
ju
st
as
th
e
sp
h
ere
d
id
in
th
e
case
d
iscu
ssed
in

th
e
lectu
re
n
otes.
A
s
b
efore,
w
e
d
e�
n
e
th
e
scale
factor
a
(t)
�

u
(r
i ;t).

(d
)
(5
poin
ts)
E
x
p
ress
th
e
m
a
ss
d
en
sity
�
(t)
in
term
s
of
th
e
in
itial
m
ass
d
en
sity
�
i

an
d
th
e
scale
factor
a
(t).
U
se
th
is
ex
p
ression
to
ob
tain
an
ex
p
ression
for
�a
in

term
s
o
f
a
,
�
,
an
d
an
y
releva
n
t
con
stan
ts.

(e)
(5
poin
ts)
F
in
d
an
ex
p
ression
for
a
con
serv
ed
q
u
an
tity
of
th
e
form

E
=
12

_a
2
+
V
(a
)
:

W
h
a
t
is
V
(a
)?
W
ill
th
is
u
n
iv
erse
ex
p
an
d
forev
er,
or
w
ill
it
collap
se?

P
R
O
B
L
E
M

2
:
A

F
L
A
T

U
N
IV
E
R
S
E
W

IT
H

U
N
U
S
U
A
L
T
IM
E
E
V
O
L
U
-

T
IO
N

(10
poin
ts)

C
on
sid
er
a

a
t
u
n
iverse
w
h
ich
is
�
lled
w
ith
som
e
p
ecu
liar
form
of
m
atter,
so

th
at
th
e
R
ob
ertson
{W
alk
er
scale
factor
b
eh
av
es
as

a
(t)
=
bt
3
=
4

;

w
h
ere
b
is
a
con
stan
t.

(a)
(5
poin
ts)
F
or
th
is
u
n
iv
erse,
�
n
d
th
e
valu
e
of
th
e
H
u
b
b
le
ex
p
an
sion
rate
H
(t).

(b
)
(5
poin
ts)
W
h
at
is
th
e
m
ass
d
en
sity
o
f
th
e
u
n
iv
erse,
�
(t)?
(In
an
sw
erin
g
th
is

q
u
estion
,
y
ou
w
ill
n
eed
to
k
n
ow
th
at
th
e
eq
u
ation
for
_a=
a
in
L
ectu
re
N
otes
3,

8>:
_aa 9>;
2

=
8
�3

G
�
�

k
c
2

a
2

;

h
old
s
for
all
form
s
of
m
atter,
w
h
ile
th
e
eq
u
ation
for
�a
,

�a
=
�

4
�3

G
�
(t)a
;

req
u
ires
m
o
d
i�
cation
if
th
e
m
atter
h
as
a
sign
i�
can
t
p
ressu
re.
T
h
e
�a
eq
u
ation

is
th
erefore
n
ot
ap
p
licab
le
to
th
is
p
rob
lem
.)

8
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8
6
P
R
O
B
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4

P
R
O
B
L
E
M

3
:

E
N
E
R
G
Y

A
N
D

T
H
E

F
R
IE
D
M
A
N
N

E
Q
U
A
T
IO
N

(30

poin
ts)

T
h
e
F
ried
m
an
n
eq
u
ation
,8>:

_aa 9>;
2

=
8
�3

G
�
�

k
c
2

a
2

;

(1)

w
as
d
erived
in
L
ectu
re
N
otes
3
as
a
�
rst
in
tegral
o
f
th
e
eq
u
atio
n
s
o
f
m
otio
n
.
T
h
e

eq
u
ation
w
as
�
rst
d
erived
in
a
d
i�
eren
t
form
,

E
=
12

_a
2
�

4
�3
G
�
i

a

=
con
stan
t,

(2)

w
h
ere
k
=
�
2
E
=
c
2.
In
th
is
form
th
e
eq
u
a
tion
lo
o
k
s
m
ore
lik
e
a
co
n
serva
tion
o
f

en
ergy
relation
,
alth
o
u
g
h
th
e
con
stan
t
E
d
o
es
n
ot
h
av
e
th
e
d
im
en
sio
n
s
of
en
ergy.

T
h
ere
are
tw
o
w
ay
s,
h
ow
ever,
in
w
h
ich
th
e
q
u
an
tity
E
can
b
e
con
n
ected
to
th
e

con
servation
of
en
erg
y.
It
is
rela
ted
th
e
en
ergy
of
a
test
p
article
th
at
m
oves
w
ith
th
e

H
u
b
b
le
ex
p
an
sion
,
an
d
it
is
also
related
to
th
e
total
en
erg
y
of
th
e
en
tire
ex
p
a
n
d
in
g

sp
h
ere
o
f
rad
iu
s
R
m
a
x ,
w
h
ich
w
a
s
d
iscu
ssed
in
L
ectu
re
N
otes
3
as
a
m
eth
o
d
of

d
eriv
in
g
th
e
F
ried
m
an
n
eq
u
ation
s.
In
th
is
p
ro
b
lem
y
ou
w
ill
d
eriv
e
th
ese
relatio
n
s.

F
irst,
to
see
th
e
rela
tion
w
ith
th
e
en
ergy
of
a
test
p
article
m
ov
in
g
w
ith
th
e

H
u
b
b
le
ex
p
an
sion
,
d
e�
n
e
a
p
h
y
sica
l
en
ergy
E
p
h
y
s
b
y

E
p
h
y
s
�

m
r
2i E
;

(3)

w
h
ere
m

is
th
e
m
ass
o
f
th
e
test
p
article
a
n
d
r
i
is
its
in
itia
l
ra
d
iu
s.
N
o
te
th
at
th
e

grav
itation
al
force
on
th
is
p
a
rticle
is
giv
en
b
y

~F
=
�

G
m
M
(r
i )

r
2

^r
=
�
~r
V
e
�
(r)
;

(4)

w
h
ere
M
(r
i )
is
th
e
to
ta
l
m
ass
in
itially
con
tain
ed
w
ith
in
a
ra
d
iu
s
r
i
of
th
e
orig
in
,

r
is
th
e
p
resen
t
d
istan
ce
of
th
e
test
p
a
rticle
from

th
e
origin
,
an
d
th
e
\e�
ectiv
e"

p
oten
tial
en
ergy
V
e
�
(r)
is
given
b
y

V
e
�
(r)
=
�

G
m
M
(r
i )

r

:

(5)

T
h
e
m
otivation
for
callin
g
th
is
q
u
an
tity
th
e
\e�
ectiv
e"
p
oten
tial
en
erg
y
w
ill
b
e

ex
p
lain
ed
b
elow
.

(a)
(10
poin
ts)
S
h
ow
th
at
E
p
h
y
s
is
eq
u
a
lto
th
e
\e�
ectiv
e"
en
ergy
of
th
e
test
p
a
rticle,

d
e�
n
ed
b
y

E
e
�

=
12

m
v
2
+
V
e
�
(r)
:

(6)
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W
e
u
n
d
erstan
d
th
at
E
e
�

is
con
serv
ed
b
ecau
se
it
is
th
e
en
ergy
in
an
an
alogu
e
p
rob
lem

in
w
h
ich
th
e
test
p
article
m
oves
in
th
e
g
rav
itation
al
�
eld
o
f
a
p
o
in
t
p
article
of
m
ass

M
(r
i ),
lo
cated
at
th
e
origin
,
w
ith
p
oten
tial
en
ergy
fu
n
ction
V
e
�
(r).
In
th
is
an
alogu
e

p
rob
lem
th
e
force
on
th
e
test
p
article
is
ex
actly
th
e
sam
e
as
in
th
e
real
p
rob
lem
,

b
u
t
in
th
e
an
alogu
e
p
rob
lem
th
e
en
ergy
of
th
e
test
p
article
is
con
serv
ed
.

W
e
call
(6)
th
e
\e�
ective"
en
ergy
b
ecau
se
it
is
really
th
e
en
ergy
of
th
e
an
alogu
e

p
rob
lem
,
an
d
n
ot
th
e
real
p
rob
lem
.
T
h
e
tru
e
p
o
ten
tial
en
ergy
V
(r;t)
of
th
e
test

p
article
is
d
e�
n
ed
to
b
e
th
e
am
ou
n
t
of
w
ork
w
e
m
u
st
su
p
p
ly
to
m
ov
e
th
e
p
article

to
its
p
resen
t
lo
cation
from
som
e
�
x
ed
referen
ce
p
oin
t,
w
h
ich
w
e
m
igh
t
take
to
b
e

r
=
1

.
W
e
w
ill
n
ot
b
o
th
er
to
w
rite
V
(r;t)
ex
p
licitly,
sin
ce
w
e
w
ill
n
ot
n
eed
it,
b
u
t
w
e

p
o
in
t
ou
t
th
at
it
d
ep
en
d
s
o
n
th
e
tim
e
t
an
d
on
R
m
a
x ,
an
d
w
h
en
d
i�
eren
tiated
gives

th
e
correct
grav
itation
al
force
at
an
y
rad
iu
s.
B
y
con
trast,
V
e
�
(r)
g
iv
es
th
e
correct

force
on
ly
at
th
e
rad
iu
s
of
th
e
test
p
article,
r
=
a
(t)r
i .
T
h
e
tru
e
p
oten
tial
en
ergy

fu
n
ction
V
(r;t)
giv
es
n
o
con
servation
law
,
sin
ce
it
is
ex
p
licitly
tim
e-d
ep
en
d
en
t,

w
h
ich
is
w
h
y
th
e
q
u
an
tity
V
e
�
(r)
is
u
sefu
l.

T
o
relate
E
to
th
e
total
en
ergy
of
th
e
ex
p
an
d
in
g
sp
h
ere,
w
e
n
eed
to
in
tegrate
over

th
e
sp
h
ere
to
d
eterm
in
e
its
total
en
ergy.
T
h
ese
in
tegrals
are
m
ost
easily
carried
ou
t

b
y
d
iv
id
in
g
th
e
sp
h
ere
in
to
sh
ells
of
rad
iu
s
r,
an
d
th
ick
n
ess
d
r,
so
th
at
each
sh
ell

h
a
s
a
v
olu
m
e

d
V
=
4
�
r
2
d
r
:

(7)

(b
)
(10
poin
ts)
S
h
ow
th
at
th
e
total
k
in
etic
en
ergy
K

of
th
e
sp
h
ere
is
giv
en
b
y

K
=
c
K
M
R
2m

a
x
;i �
12

_a
2(t) �
;

(8)

w
h
ere
c
K

is
a
n
u
m
ericalcon
stan
t,
M

is
th
e
total
m
ass
of
th
e
sp
h
ere,
an
d
R
m
a
x
;i

is
th
e
in
itial
rad
iu
s
of
th
e
sp
h
ere.
E
va
lu
a
te
th
e
n
u
m
erical
con
stan
t
c
K
.

(c)
(10
poin
ts)
S
h
ow
th
at
th
e
total
p
o
ten
tial
en
ergy
of
th
e
sp
h
ere
can
sim
ilarly
b
e

w
ritten
as

U
=
c
U
M
R
2m

a
x
;i �
�

4
�3

G
�
i

a �
:

(9)

(S
u
ggestion
:
calcu
late
th
e
total
en
ergy
n
eed
ed
to
assem
b
le
th
e
sp
h
ere
b
y
b
rin
g-

in
g
in
on
e
sh
ell
of
m
ass
at
a
tim
e
from
in
�
n
ity.)
S
h
ow
th
at
c
U

=
c
K
,
so
th
at

th
e
total
en
ergy
of
th
e
sp
h
ere
is
g
iv
en
b
y

E
t
o
t
a
l
=
c
K
M
R
2m

a
x
;i
E
:

(10)
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.
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P
R
O
B
L
E
M

4
:
A

P
O
S
S
IB
L
E

M
O
D
IF
IC
A
T
IO
N

O
F

N
E
W

T
O
N
'S
L
A
W

O
F
G
R
A
V
IT
Y

(20
po
in
ts)

R
E
A
D

T
H
IS
:
T
his
p
ro
blem
w
as
P
roblem
2
o
f
Q
u
iz
1
o
f
201
1,
a
n
d
the
solu
tio
n
is

posted
as
h
ttp://w
eb.m
it.ed
u
/8.28
6
/
w
w
w
/
qu
iz11
/ecqs1
-1.pd
f.
U
n
like
th
e
situ
a
tion

w
ith
other
problem
s,
in
this
case
you
are
en
co
u
ra
ged
to
look
at
th
ese
solu
tio
n
s
an
d

ben
e�
t
from

them
.
W
h
en
you
w
rite
you
r
solu
tion
,
you
can
even
copy
it
verbatim

from
these
solu
tion
s
if
yo
u
w
ish,
althou
gh
o
bvio
u
sly
yo
u
w
ill
lea
rn
m
ore
if
you
th
in
k

abou
t
the
solu
tion
an
d
w
rite
you
r
ow
n
version
.

In
L
ectu
re
N
otes
3
w
e
d
ev
elop
ed
a
N
ew
ton
ian
m
o
d
el
of
co
sm
olo
gy,
b
y
con
sid
-

erin
g
a
u
n
iform
sp
h
ere
o
f
m
ass,
cen
tered
a
t
th
e
o
rigin
,
w
ith
in
itial
m
a
ss
d
en
sity
�
i

an
d
an
in
itial
p
attern
of
velo
cities
corresp
o
n
d
in
g
to
H
u
b
b
le
ex
p
a
n
sio
n
:
~v
i
=
H
i ~r:

W
e
d
en
oted
th
e
ra
d
iu
s
at
tim
e
t
of
a
p
article
w
h
ich
sta
rted
a
t
rad
iu
s
r
i
b
y
th
e

fu
n
ction
r(r
i ;t).
A
ssu
m
in
g
N
ew
ton
's
law
of
g
rav
ity,
w
e
con
clu
d
ed
th
at
each
p
a
rticle

w
ou
ld
ex
p
erien
ce
an
acceleration
giv
en
b
y

~g
=
�

G
M
(r
i )

r
2(r

i ;t)
^r
;

w
h
ere
M
(r
i )
d
en
otes
th
e
total
m
ass
con
ta
in
ed
in
itia
lly
in
th
e
regio
n
r
<
r
i ,
giv
en

b
y

M
(r
i )
=
4
�3

r
3i �

i
:

S
u
p
p
ose
th
at
th
e
law
of
grav
ity
is
m
o
d
i�
ed
to
co
n
tain
a
n
ew
,
rep
u
lsiv
e
term
,

p
ro
d
u
cin
g
an
acceleration
w
h
ich
grow
s
as
th
e
n
th
p
ow
er
of
th
e
d
ista
n
ce,
w
ith
a

stren
gth
th
at
is
in
d
ep
en
d
en
t
o
f
th
e
m
ass.
T
h
at
is,
su
p
p
ose
~g
is
given
b
y

~g
=
�

G
M
(r
i )

r
2(r
i ;t)
^r
+

r
n
(r
i ;t)
^r
;



8
.2
8
6
P
R
O
B
L
E
M

S
E
T
3
,
F
A
L
L
2
0
1
8

p
.
7

w
h
ere

is
a
co
n
sta
n
t.
T
h
e
fu
n
ction
r(r
i ;t)
th
en
ob
ey
s
th
e
d
i�
eren
tial
eq
u
ation

�r
=
�

G
M
(r
i )

r
2(r

i ;t)
+

r
n
(r
i ;t)
:

(a)
(4
poin
ts)
A
s
d
on
e
in
th
e
lectu
re
n
otes,
w
e
d
e�
n
e

u
(r
i ;t)
�

r(r
i ;t)=
r
i
:

W
rite
th
e
d
i�
eren
tia
l
eq
u
a
tio
n
o
b
eyed
b
y
u
.
(H
in
t:
be
su
re
th
at
u
is
the
on
ly

tim
e-depen
den
t
qu
an
tity
in
you
r
equ
ation
;
r,
�
,
etc.
m
u
st
be
rew
ritten
in
term
s

o
f
u
,
�
i ,
etc.)

(b
)
(4
poin
ts)
F
or
w
h
at
va
lu
e
o
f
th
e
p
ow
er
n
is
th
e
d
i�
eren
tial
eq
u
ation
fou
n
d
in

p
a
rt
(a
)
in
d
ep
en
d
en
t
of
r
i ?

(c)
(4
poin
ts)
W
rite
th
e
in
itial
con
d
ition
s
for
u
w
h
ich
,
w
h
en
com
b
in
ed
w
ith
th
e

d
i�
eren
tial
eq
u
ation
fou
n
d
in
(a),
u
n
iq
u
ely
d
eterm
in
e
th
e
fu
n
ction
u
.

(d
)
(8
poin
ts)
If
all
is
g
oin
g
w
ell,
th
en
y
ou
h
ave
learn
ed
th
at
for
a
certain
valu
e
of

n
,
th
e
fu
n
ction
u
(r
i ;t)
w
ill
in
fact
n
ot
d
ep
en
d
on
r
i ,
so
w
e
can
d
e�
n
e

a
(t)
�

u
(r
i ;t)
:

S
h
ow
,
fo
r
th
is
valu
e
of
n
,
th
at
th
e
d
i�
eren
tial
eq
u
ation
for
a
can
b
e
in
tegrated

on
ce
to
ob
tain
an
eq
u
ation
related
to
th
e
con
servation
of
en
ergy.
T
h
e
d
esired

eq
u
ation
sh
ou
ld
in
clu
d
e
term
s
d
ep
en
d
in
g
on
a
an
d
_a,
b
u
t
n
ot
�a
or
an
y
h
igh
er

d
erivativ
es.

T
o
ta
l
p
o
in
ts
fo
r
P
r
o
b
le
m

S
e
t
3
:
8
5
.


