
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

N
ov
em
b
er
17,
2018

P
rof.
A
lan
G
u
th

P
R
O

B
L
E
M

S
E
T

8

D
U
E
D
A
T
E
:
F
rid
ay,
N
ov
em
b
er
30,
2018,
at
5:00
p
m
.
T
h
is
is
th
e
last
p
rob
lem
set
b
efore

Q
u
iz
3,
w
h
ich
w
ill
b
e
W
ed
n
esd
ay,
D
ecem
b
er
5.
T
h
ere
w
ill
also
b
e
a
P
rob
lem
S
et
10,
to

b
e
d
u
e
W
ed
n
esd
ay,
D
ecem
b
er
12,
th
e
last
d
ay
o
f
classes.

R
E
A
D
IN
G

A
S
S
IG
N
M
E
N
T
:
B
arb
ara
R
y
d
en
,
In
tro
d
u
ctio
n
to
C
o
sm
o
lo
g
y,
C
h
ap
ter

1
1
(In

ation
an
d
the
V
ery
E
arly
U
n
iverse.)
A
lso
read
In

ation
an
d
the
N
ew
E
ra
o
f

H
igh-P
recision
C
osm
ology,
b
y
A
lan
G
u
th
,
w
ritten
for
th
e
M
IT
P
h
y
sics
D
ep
artm
en
t

an
n
u
al
n
ew
sletter,
2002.
It
is
availab
le
at

h
ttp
:/
/
w
eb
.m
it.ed
u
/
p
h
y
sics/
n
ew
s/
p
h
y
sicsa
tm
it/p
h
y
sicsa
tm
it
_

0
2
_

co
sm
o
log
y.p
d
f

T
h
e
d
ata
q
u
oted
in
th
e
article
ab
ou
t
th
e
n
on
u
n
iform
ities
of
th
e
cosm
ic
m
icrow
ave

b
ack
grou
n
d
rad
iation
h
as
sin
ce
b
een
su
p
erced
ed
b
y
m
u
ch
b
etter
d
ata,
b
u
t
th
e
con
-

clu
sion
s
h
av
e
n
ot
ch
an
ged
.
T
h
ey
h
ave
o
n
ly
gotten
stron
ger.

C
A
L
E
N
D
A
R

T
H
R
O
U
G
H

T
H
E
E
N
D

O
F
T
H
E
T
E
R
M
:

N
O
V
E
M
B
E
R
/D
E
C
E
M
B
E
R

M
O
N

T
U
E
S

W
E
D

T
H
U
R
S

F
R
I

N
ov
em
b
er
1
9

L
ectu
re
18

2
0

21L
ectu
re
1
9

22T
h
an
k
sgiv
in
g

23T
h
an
k
sgiv
in
g

N
ov
em
b
er
2
6

L
ectu
re
20

2
7

28L
ectu
re
2
1

29

30P
S
8
d
u
e

D
ecem
b
er
3

L
ectu
re
22

4

5Q
u
iz
3

|

in
class

6

7

D
ecem
b
er
1
0

L
ectu
re
23

1
1

12L
ast
C
lass

P
S
9
d
u
e

13

14

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
8
,
F
A
L
L
2
0
1
8

p
.
2

P
R
O
B
L
E
M

1
:
B
IG

B
A
N
G

N
U
C
L
E
O
S
Y
N
T
H
E
S
IS
(2
0
poin
ts)

T
h
e
calcu
lation
s
of
b
ig
b
an
g
n
u
cleosy
n
th
esis
d
ep
en
d
on
a
large
n
u
m
b
er
o
f
m
easu
red

p
aram
eters.
B
elow
you
are
a
sked
to
q
u
alita
tiv
ely
d
escrib
e
th
e
e�
ects
of
ch
a
n
g
in
g
som
e

of
th
ese
p
aram
eters.
In
clu
d
e
a
sen
ten
ce
o
r
tw
o
to
ex
p
lain
each
of
y
ou
r
a
n
sw
ers.
(T
h
ese

top
ics
h
ave
n
ot
b
een
d
iscu
ssed
in
class,
b
u
t
y
ou
are
ex
p
ected
to
b
e
a
b
le
to
a
n
sw
er
th
e

q
u
estion
s
o
n
th
e
b
asis
of
yo
u
r
rea
d
in
gs
in
W
ein
b
erg's
an
d
R
y
d
en
's
b
o
ok
s.)

(a)
(5
poin
ts)
S
u
p
p
ose
an
ex
tra
n
eu
trin
o
sp
ecies
is
a
d
d
ed
to
th
e
calcu
lation
.
W
ou
ld
th
e

p
red
icted
h
eliu
m
ab
u
n
d
an
ce
go
u
p
o
r
d
ow
n
?

(b
)
(5
poin
ts)
S
u
p
p
ose
th
e
w
ea
k
in
teractio
n
s
w
ere
stron
ger
th
an
th
ey
actu
ally
a
re,
so
th
a
t

th
e
th
erm
al
eq
u
ilib
riu
m
d
istrib
u
tion
b
etw
een
n
eu
tron
s
an
d
p
roto
n
s
w
ere
m
ain
tain
ed

u
n
til
k
T
�
0
:25
M
eV
.
W
o
u
ld
th
e
p
red
icted
h
eliu
m
ab
u
n
d
an
ce
b
e
larger
or
sm
a
ller

th
an
in
th
e
stan
d
ard
m
o
d
el?

(c)
(5
poin
ts)
S
u
p
p
ose
th
e
p
roton
-n
eu
tron
m
ass
d
i�
eren
ce
w
ere
larg
er
th
an
th
e
actu
a
l

valu
e
of
1.29
M
eV
/c
2.
W
ou
ld
th
e
p
red
icted
h
eliu
m
ab
u
n
d
an
ce
b
e
larger
o
r
sm
a
ller

th
an
in
th
e
stan
d
ard
calcu
latio
n
?

(d
)
(5
poin
ts)
T
h
e
stan
d
ard
th
eo
ry
o
f
b
ig
b
an
g
n
u
cleosy
n
th
esis
a
ssu
m
es
th
at
th
e
m
atter

in
th
e
u
n
iverse
w
as
d
istrib
u
ted
h
om
og
en
eou
sly
d
u
rin
g
th
e
era
o
f
n
u
cleo
sy
n
th
esis,

b
u
t
th
e
altern
ativ
e
p
ossib
ility
of
in
h
o
m
ogen
eou
s
b
ig-b
an
g
n
u
cleo
sy
n
th
esis
h
a
s
b
een

d
iscu
ssed
sin
ce
th
e
1980
s.
In
h
om
og
en
eou
s
n
u
cleo
sy
n
th
esis
h
in
ges
on
th
e
h
y
p
oth
esis

th
at
b
aryon
s
b
ecam
e
clu
m
p
ed
d
u
rin
g
a
p
h
ase
tran
sition
a
t
t�
1
0
�

6
seco
n
d
,
w
h
en

th
e
h
ot
q
u
ark
sou
p
con
v
erted
to
a
g
as
o
f
m
ain
ly
p
ro
to
n
s,
n
eu
tro
n
s,
an
d
in
th
e
early

stages,
p
ion
s.
T
h
e
b
aryon
s
w
ou
ld
th
en
b
e
con
cen
trated
in
sm
a
ll
n
u
g
gets,
w
ith
a

com
p
aratively
low
d
en
sity
ou
tsid
e
of
th
ese
n
u
gg
ets.
A
fter
th
e
p
h
a
se
tran
sition
b
u
t

b
efore
n
u
cleosy
n
th
esis,
th
e
n
eu
tron
s
w
ou
ld
h
ave
th
e
op
p
o
rtu
n
ity
to
d
i�
u
se
aw
ay
from

th
ese
n
u
ggets,
b
ecom
in
g
m
o
re
or
less
u
n
iform
ly
d
istrib
u
ted
in
sp
a
ce.
T
h
e
p
roto
n
s,

h
ow
ev
er,
sin
ce
th
ey
a
re
ch
arg
ed
,
in
teract
electrom
ag
n
etica
lly
w
ith
th
e
p
lasm
a
th
a
t

�
lls
th
e
u
n
iverse,
an
d
th
erefore
h
ave
a
m
u
ch
sh
orter
m
ea
n
free
p
a
th
th
an
th
e
n
eu
-

tron
s.
M
ost
of
th
e
p
roton
s,
th
erefore,
rem
ain
co
n
cen
tra
ted
in
th
e
n
u
ggets.
D
o
es
th
is

scen
ario
resu
lt
in
an
in
crea
se
or
a
d
ecrease
in
th
e
ex
p
ected
h
eliu
m
a
b
u
n
d
an
ce?
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P
R
O
B
L
E
M

2
:
B
R
IG
H
T
N
E
S
S
V
S
.
R
E
D
S
H
IF
T

W

IT
H

A

P
O
S
S
IB
L
E

C
O
S
-

M
O
L
O
G
IC
A
L
C
O
N
S
T
A
N
T

(2
5
poin
ts)

In
L
ectu
re
N
otes
7,
w
e
d
eriv
ed
th
e
relation
b
etw
een
th
e
p
ow
er
ou
tp
u
t
P
of
a
sou
rce

an
d
th
e
en
ergy

u
x
J
,
for
th
e
case
of
a
closed
u
n
iv
erse:

J
=

P
H
20 j


k
;0 j

4
�
(1
+
z
S
)
2c
2
sin
2
 
(z
S
)
;

w
h
ere 

(z
S
)
= q
j

k
;0 j Z

z
S

0

d
z

p


m
;0 (1
+
z)
3
+


ra
d
;0 (1
+
z
)
4
+


v
a
c
;0
+


k
;0 (1
+
z
)
2

:

H
ere
z
S

d
en
otes
th
e
ob
serv
ed
red
sh
ift,
H
0

d
en
otes
th
e
p
resen
t
valu
e
of
th
e
H
u
b
-

b
le
ex
p
an
sion
rate,


m
;0 ,


ra
d
;0 ,
a
n
d


v
a
c;0

d
en
ote
th
e
p
resen
t
con
trib
u
tion
s
to



from

n
on
relativ
istic
m
atter,
rad
iation
,
an
d
vacu
u
m

en
ergy,
resp
ectiv
ely,
an
d


k
;0

�

1�


m
;0 �


ra
d
;0 �


v
a
c;0 .

(a)
D
eriv
e
th
e
corresp
on
d
in
g
form
u
la
for
th
e
case
of
an
op
en
u
n
iv
erse.
Y
ou
can
of
cou
rse

fo
llow
th
e
sam
e
logic
as
th
e
d
erivation
in
th
e
lectu
re
n
otes,
b
u
t
th
e
solu
tion
y
ou
w
rite

sh
ou
ld
b
e
com
p
lete
an
d
self-con
tain
ed
.
(I.e.,
y
ou
sh
ou
ld
N
O
T

say
\th
e
d
erivation

is
th
e
sam
e
as
th
e
lectu
re
n
otes
ex
cep
t
for
:::
.")

(b
)
D
eriv
e
th
e
corresp
on
d
in
g
form
u
la
for
th
e
case
of
a

at
u
n
iv
erse.
H
ere
th
ere
is
of

cou
rse
n
o
n
eed
to
rep
eat
an
y
th
in
g
th
at
y
ou
h
ave
a
lread
y
d
on
e
in
p
art
(a).
If
y
ou

w
ish
y
ou
can
start
w
ith
th
e
an
sw
er
for
an
op
en
or
closed
u
n
iv
erse,
tak
in
g
th
e
lim
it
as

k!
0.
T
h
e
lim
it
is
d
elicate,
h
ow
ev
er,
b
ecau
se
b
oth
th
e
n
u
m
erator
an
d
d
en
om
in
ator

of
th
e
eq
u
ation
for
J
van
ish
as


k
;0 !
0.

P
R
O
B
L
E
M

3
:
A
G
E

O
F

A

U
N
IV
E
R
S
E

W

IT
H

M
Y
S
T
E
R
IO
U
S
S
T
U
F
F

(20

po
in
ts)

R
E
A
D

T
H
IS
:
T
h
is
p
roblem

w
as
P
roblem

8
of
R
eview
P
roblem
s
for
Q
u
iz
3
of
2011,

an
d
the
solu
tion
is
posted
as
http://w
eb.m
it.edu
/8.286
/w
w
w
/qu
iz1
1/
ecqr3-1.pd
f.

L
ike

P
ro
blem
4
o
f
P
roblem
S
et
3
a
n
d
P
roblem
3
of
P
roblem
S
et
6,
bu
t
u
n
like
all
other
hom
ew
ork

problem
s
so
far,
in
this
ca
se
yo
u
a
re
en
cou
raged
to
look
at
the
solu
tion
s
an
d
ben
e�
t
from

them
.
W
hen
you
w
rite
you
r
solu
tion
,
you
can
even
copy
it
verbatim
from
these
solu
tion
s

if
you
w
ish,
althou
gh
obviou
sly
you
w
ill
learn
m
ore
if
you
thin
k
abou
t
the
solu
tion
an
d

w
rite
you
r
ow
n
version
.

C
o
n
sid
er
a
u
n
iverse
th
at
con
tain
s
n
on
relativ
istic
m
atter,
rad
iation
,
vacu
u
m
en
ergy,

an
d
th
e
sam
e
m
y
s
te
r
io
u
s
s
tu
�
th
at
w
as
in
tro
d
u
ced
in
P
rob
lem
7
of
R
ev
iew
P
rob
lem
s

for
Q
u
iz
3,
from
2011.
S
in
ce
th
e
m
ass
d
en
sity
o
f
m
y
steriou
s
stu
�
falls
o�
as
1
= p
V
,
w
h
ere

V
is
th
e
volu
m
e,
it
follow
s
th
at
in
an
ex
p
an
d
in
g
u
n
iv
erse
th
e
m
ass
d
en
sity
of
m
y
steriou
s

stu
�
fa
lls
o
�
a
s
1
=
a
3
=
2(t).

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
8
,
F
A
L
L
2
0
1
8

p
.
4

S
u
p
p
ose
th
at
y
ou
are
given
th
e
p
resen
t
valu
e
o
f
th
e
H
u
b
b
le
ex
p
an
sio
n
rate
H
0 ,
an
d

also
th
e
p
resen
t
valu
es
o
f
th
e
co
n
trib
u
tio
n
s
to


�
�
=
�
c
from
each
of
th
e
con
stitu
en
ts:



m
;0
(n
on
relativ
istic
m
atter),


r;0
(ra
d
iation
),


v
;0
(vacu
u
m
en
erg
y
d
en
sity
),
a
n
d


m
s;0

(m
y
steriou
s
stu
�
).
O
u
r
goa
l
is
to
ex
p
ress
th
e
age
of
th
e
u
n
iv
erse
t
0

in
term
s
o
f
th
ese

q
u
an
tities.

(a)
(10
poin
ts)
L
et
x
(t)
d
en
o
te
th
e
ratiox

(t)�
a
(t)

a
(t
0 )

for
an
arb
itrary
tim
e
t.
W
rite
an
ex
p
ression
for
th
e
total
m
ass
d
en
sity
of
th
e
u
n
iv
erse

�
(t)
in
term
s
of
x
(t)
an
d
th
e
giv
en
q
u
a
n
tities
d
escrib
ed
ab
ove.

(b
)
(10
poin
ts)
W
rite
an
in
tegra
l
ex
p
ression
for
th
e
age
of
th
e
u
n
iv
erse
t
0 .
T
h
e
ex
p
ressio
n

sh
ou
ld
d
ep
en
d
o
n
ly
on
H
0
an
d
th
e
va
riou
s
con
trib
u
tion
s
to


0
listed
ab
ov
e
(

m
;0
,



r;0
,
etc.),
b
u
t
it
m
igh
t
in
clu
d
e
x
as
a
variab
le
of
in
tegration
.

P
R
O
B
L
E
M

4
:
S
H
A
R
E
D

C
A
U
S
A
L
P
A
S
T

(20
poin
ts)

R
ecen
tly
sev
eral
of
m
y
co
lleagu
es
p
u
b
lish
ed
a
p
ap
er
(A
n
d
rew
S
.
F
ried
m
an
,
D
av
id

I.
K
aiser,
an
d
J
ason
G
allicch
io
,
\T
h
e
S
h
ared
C
au
sal
P
a
sts
a
n
d
F
u
tu
res
o
f
C
osm
olo
g-

ical
E
v
en
ts,"
h
ttp
://arx
iv
.o
rg/a
b
s/arX
iv
:1305.394
3,
P
hysical
R
eview
D
,
V
ol.
8
8,
arti-

cle
044038
(2013))
in
w
h
ich
th
ey
in
vestig
ated
th
e
cau
sal
con
n
ection
s
in
th
e
sta
n
d
ard

cosm
ological
m
o
d
el.
In
p
articu
lar,
th
ey
ca
lcu
lated
th
e
p
resen
t
red
sh
ift
z
of
a
d
istan
t

q
u
asar
w
h
ich
h
as
th
e
p
rop
erty
th
at
a
ligh
t
sign
al,
if
sen
t
from
o
u
r
ow
n
lo
ca
tio
n
at
th
e

in
stan
t
o
f
th
e
b
ig
b
a
n
g,
w
o
u
ld
h
ave
ju
st
en
ou
gh
tim
e
to
rea
ch
th
e
q
u
asar
an
d
retu
rn

to
u
s,
so
th
at
w
e
cou
ld
see
th
e
re
ection
of
th
e
sign
al
at
th
e
p
resen
t
tim
e.
T
h
ey
fou
n
d

z
=
3
:65,
u
sin
g


m
a
tte
r;0

=
0
:31
5,


ra
d
;0
=
9
:29�
10
�

5,


v
a
c;0

=
0
:68
5�


ra
d
;0 ,
an
d

H
0
=
67
:3
k
m
-s
�

1-M
p
c
�

1.
F
eel
free
to
read
th
eir
p
ap
er
if
y
ou
lik
e.
Y
ou
r
jo
b
,
h
ow
ever,
is

to
carry
ou
t
an
in
d
ep
en
d
en
t
calcu
lation
to
�
n
d
ou
t
if
th
ey
g
ot
it
righ
t.

(a)
(15
poin
ts)
W
rite
an
eq
u
atio
n
th
at
d
eterm
in
es
th
is
red
sh
ift
z
.
T
h
e
eq
u
a
tion
m
ay

in
volve
on
e
or
m
ore
in
tegra
ls
w
h
ich
are
n
ot
evalu
ated
,
an
d
th
e
eq
u
a
tion
itself
d
o
es

n
ot
h
ave
to
b
e
solved
.

(b
)
(5
poin
ts)
T
h
e
in
tegrals
th
at
sh
o
u
ld
ap
p
ea
r
in
y
o
u
r
an
sw
er
to
p
a
rt
(a
)
ca
n
b
e
eval-

u
ated
n
u
m
erically,
a
n
d
th
e
w
h
ole
eq
u
atio
n
y
ou
fou
n
d
in
p
art
(a)
can
b
e
solv
ed

n
u
m
erically.
D
o
th
is,
a
n
d
see
h
ow
y
ou
r
z
com
p
a
res
w
ith
3
.65.
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P
R
O
B
L
E
M

5
:
M
A
S
S
D
E
N
S
IT
Y
O
F
V
A
C
U
U
M

F
L
U
C
T
U
A
T
IO
N
S
(25
poin
ts)

T
h
e
en
ergy
d
en
sity
of
vacu
u
m

u
ctu
ation
s
h
as
b
een
d
iscu
ssed
q
u
alitativ
ely
in
lectu
re.

In
th
is
p
rob
lem
w
e
w
ill
calcu
late
in
d
etail
th
e
en
ergy
d
en
sity
asso
ciated
w
ith
q
u
an
tu
m


u
ctu
ation
s
o
f
th
e
electrom
agn
etic
�
eld
.
T
o
k
eep
th
e
p
rob
lem
�
n
ite,
w
e
w
ill
n
ot
con
sid
er

all
of
sp
ace
at
on
ce,
b
u
t
in
stead
w
e
w
ill
con
sid
er
th
e
electrom
agn
etic
�
eld
in
sid
e
a
cu
b
e

of
sid
e
L
,
d
e�
n
ed
b
y
co
ord
in
ates

0�
x�
L
;

0�
y�
L
;

0�
z�
L
:

O
u
r
g
oal,
h
ow
ever,
w
ill
b
e
to
com
p
u
te
th
e
en
ergy
d
en
sity
in
th
e
lim
it
as
th
e
size
of
th
e

b
ox
is
tak
en
to
in
�
n
ity.

(a)
(10
poin
ts)
T
h
e
electrom
agn
etic
w
aves
in
sid
e
th
e
b
ox
can
b
e
d
ecom
p
osed
in
to
a

F
o
u
rier
su
m

of
sin
u
soid
al
n
orm
al
m
o
d
es.
S
u
p
p
o
se
w
e
con
sid
er
on
ly
m
o
d
es
th
at

ex
ten
d
u
p
to
a
m
ax
im
u
m
w
ave
n
u
m
b
er
k
m
a
x ,
or
eq
u
ivalen
tly
m
o
d
es
th
at
ex
ten
d

d
ow
n
to
a
m
in
im
u
m
w
avelen
gth
�
m
in ,
w
h
ere

k
m
a
x
=

2
�

�
m
in

:

H
ow
m
an
y
su
ch
m
o
d
es
are
th
ere?
I
d
o
n
ot
ex
p
ect
an
ex
act
an
sw
er,
b
u
t
y
ou
r
ap
p
rox
-

im
ation
s
sh
ou
ld
b
ecom
e
arb
itrarily
accu
rate
w
h
en
�
m
in �
L
.
(T
h
ese
m
o
d
e
cou
n
tin
g

tech
n
iq
u
es
are
p
rob
ab
ly
fam
iliar
to
m
an
y
of
y
ou
,
b
u
t
in
case
th
ey
are
n
ot
I
h
ave

a
tta
ch
ed
an
ex
ten
d
ed
h
in
t
after
p
art
(c).)

(b
)
(10
poin
ts)
W
h
en
th
e
electrom
agn
etic
�
eld
is
d
escrib
ed
q
u
an
tu
m
m
ech
an
ically,
each

n
orm
al
m
o
d
e
b
eh
aves
ex
actly
as
a
h
arm
on
ic
oscillator:
if
th
e
an
gu
lar
freq
u
en
cy
of

th
e
m
o
d
e
is
!
,
th
en
th
e
q
u
an
tized
en
ergy
lev
els
h
ave
en
ergies
giv
en
b
y

E
n
= �n
+
12 �
�h
!
;

w
h
ere
�h
is
P
la
n
ck
's
o
rigin
al
con
stan
t
d
iv
id
ed
b
y
2
�
,
an
d
n
is
an
in
teger.
T
h
e
in
teger

n
is
called
th
e
\o
ccu
p
ation
n
u
m
b
er,"
an
d
is
in
terp
reted
a
s
th
e
n
u
m
b
er
of
p
h
oton
s
in

th
e
sp
eci�
ed
m
o
d
e.
T
h
e
m
in
im
u
m
en
ergy
is
n
ot
zero,
b
u
t
in
stead
is
12
�h
!
,
w
h
ich
is

th
e
en
ergy
of
th
e
q
u
an
tu
m

u
ctu
ation
s
of
th
e
electrom
agn
etic
�
eld
.
A
ssu
m
in
g
th
at

th
e
m
o
d
e
su
m
is
cu
t
o�
at
�
m
in
eq
u
al
to
th
e
P
lan
ck
len
gth
(as
d
e�
n
ed
in
th
e
L
ectu
re

N
otes),
w
h
at
is
th
e
total
m
ass
d
en
sity
of
th
ese
q
u
an
tu
m

u
ctu
ation
s?

(c)
(5
poin
ts)
H
ow
d
o
es
th
e
m
ass
d
en
sity
of
th
e
q
u
an
tu
m

u
ctu
ation
s
of
th
e
electrom
ag-

n
etic
�
eld
com
p
are
w
ith
th
e
critical
d
en
sity
o
f
o
u
r
u
n
iv
erse?

E
xten
ded
H
in
t:
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T
h
e
electrom
agn
etic
�
eld
s
in
sid
e
a
clo
sed
b
ox
can
b
e
ex
p
an
d
ed
a
s
th
e
su
m
o
f
m
o
d
es,

each
o
f
w
h
ich
h
as
a
sin
u
soid
ally
va
ry
in
g
tim
e
d
ep
en
d
en
ce,
b
u
t
th
e
p
recise
form
of
th
ese

m
o
d
es
d
ep
en
d
s
on
th
e
n
atu
re
of
th
e
b
ou
n
d
a
ry
con
d
ition
s
on
th
e
w
a
lls
of
th
e
b
ox
.
P
h
y
s-

ically
reason
ab
le
b
ou
n
d
ary
con
d
itio
n
s,
su
ch
as
to
ta
l
re
ection
,
are
in
fact
d
iÆ
cu
lt
to
u
se

in
calcu
lation
s.
H
ow
ever,
it
is
k
n
ow
n
th
at
in
th
e
lim
it
of
an
in
�
n
ite-sized
b
ox
,
th
e
n
a-

tu
re
of
th
e
b
o
u
n
d
ary
con
d
ition
s
w
ill
n
ot
m
ak
e
an
y
d
i�
eren
ce.
W
e
a
re
th
erefore
free
to

ch
o
ose
th
e
sim
p
lest
b
o
u
n
d
ary
co
n
d
ition
s
th
at
w
e
can
im
agin
e,
an
d
for
th
is
p
u
rp
ose
w
e

w
ill
ch
o
ose
p
erio
d
ic
b
o
u
n
d
a
ry
con
d
ition
s.
T
h
at
is,
w
e
w
ill
assu
m
e
th
at
th
e
�
eld
s
a
n
d

th
eir
n
orm
al
d
erivatives
on
ea
ch
w
a
ll
are
�
x
ed
to
p
recisely
m
atch
th
e
�
eld
s
an
d
th
eir

n
orm
al
d
erivatives
on
th
e
op
p
osite
w
all.

T
o
b
egin
,
w
e
con
sid
er
a
w
ave
in
on
e
d
im
en
sion
,
m
ov
in
g
at
th
e
sp
eed
o
f
ligh
t.
S
u
ch

w
av
es
are
m
ost
easily
d
escrib
ed
in
term
s
of
com
p
lex
ex
p
on
en
tials.
If
A
(x
;t)
rep
resen
ts

th
e
am
p
litu
d
e
of
th
e
w
ave,
th
en
a
sin
u
soid
a
l
w
ave
m
ov
in
g
in
th
e
p
o
sitiv
e
x
-d
irection
ca
n

b
e
w
ritten
as

A
(x
;t)
=
R
e hB
e
ik
(x
�

c
t) i
;

w
h
ere
B
is
a
com
p
lex
con
sta
n
t
an
d
k
is
a
real
con
stan
t.
D
e�
n
in
g
!
=
cjkj,
w
aves
in

eith
er
d
irection
can
b
e
w
ritten
as

A
(x
;t)
=
R
e hB
e
i(k
x
�

!
t) i
;

w
h
ere
th
e
sign
o
f
k
d
eterm
in
es
th
e
d
irectio
n
.
T
o
b
e
p
erio
d
ic
w
ith
p
erio
d
L
,
th
e
p
ara
m
eter

k
m
u
st
satisfy

k
L
=
2
�
n
;

w
h
ere
n
is
an
in
teger.
S
o
th
e
sp
acin
g
b
etw
een
m
o
d
es
is
�
k
=
2
�
=
L
.
T
h
e
d
en
sity
o
f

m
o
d
es
d
N
=
d
k
(i.e.,
th
e
n
u
m
b
er
of
m
o
d
es
p
er
in
terva
l
of
k
)
is
th
en
o
n
e
d
iv
id
ed
b
y
th
e

sp
acin
g,
o
r
1
=�
k
,
so

d
Nd

k
=

L2
�

(on
e
d
im
en
sion
)
:

In
th
ree
d
im
en
sion
s,
a
sin
u
soid
a
l
w
ave
ca
n
b
e
w
ritten
as

A
(~x
;t)
=
R
e hB
e
i( ~k
�~x
�

!
t) i
;

w
h
ere
!
=
cj ~kj,
an
d

k
x
L
=
2
�
n
x
;

k
y L
=
2
�
n
y
;

k
z L
=
2
�
n
z
;

w
h
ere
n
x ,
n
y ,
a
n
d
n
z
are
in
teg
ers.
T
h
u
s,
in
th
ree-d
im
en
sion
al ~k
-sp
ace
th
e
a
llow
ed
valu
es

o
f
~k
lie
o
n
a
cu
b
ical
lattice,
w
ith
sp
acin
g
2
�
=
L
.
In
cou
n
tin
g
th
e
m
o
d
es,
on
e
sh
o
u
ld
also

rem
em
b
er
th
at
for
p
h
oton
s
th
ere
is
a
n
ex
tra
factor
of
2
asso
ciated
w
ith
th
e
fa
ct
th
at

electrom
agn
etic
w
aves
h
ave
tw
o
p
ossib
le
p
olarizatio
n
s
for
each
allow
ed
va
lu
e
of
~k
.
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P
R
O
B
L
E
M

6
:
P
L
O
T
T
IN
G

T
H
E

S
U
P
E
R
N
O
V
A

D
A
T
A

(E
X
T
R
A
C
R
E
D
IT
,
20

pts)

T
h
e
origin
al
d
ata
on
th
e
H
u
b
b
le
d
iagram
b
ased
on
T
y
p
e
Ia
su
p
ern
ovae
are
fou
n
d
in

tw
o
p
ap
ers.
O
n
e
p
ap
er
is
au
th
ored
b
y
th
e
H
igh
Z
S
u
p
ern
ova
S
earch
T
eam
,*
an
d
th
e
oth
er

is
b
y
th
e
S
u
p
ern
ova
C
osm
ology
P
ro
ject.y
M
ore
recen
t
d
ata
from
th
e
H
igh
Z
team
,
w
h
ich

in
clu
d
es
m
an
y
m
ore
d
ata
p
oin
ts,
can
b
e
fou
n
d
in
R
iess
et
a
l.,
h
ttp
://arX
iv
.org/ab
s/astro-

p
h
/0402512.{
(B
y
th
e
w
ay,
th
e
lead
au
th
or
A
d
am

R
iess
w
as
an
M
IT
u
n
d
ergrad
u
ate

p
h
y
sics
m
a
jor,
grad
u
atin
g
in
1
992.)

Y
o
u
a
re
asked
to
p
lot
th
e
d
ata
from
eith
er
th
e
2n
d
or
3rd
of
th
ese
p
ap
ers,
an
d
to

in
clu
d
e
o
n
th
e
grap
h
th
e
th
eoretical
p
red
iction
s
for
sev
eral
cosm
ological
m
o
d
els.

T
h
e
p
lot
w
ill
b
e
sim
ilar
to
th
e
p
lots
con
tain
ed
in
th
ese
p
ap
ers,
an
d
to
th
e
p
lot
on

p
.
121
of
R
y
d
en
's
b
o
ok
,
sh
ow
in
g
a
grap
h
of
(corrected
)
m
agn
itu
d
e
m
v
s.
red
sh
ift
z.
Y
ou
r

grap
h
sh
ou
ld
in
clu
d
e
th
e
error
b
ars.
If
y
o
u
p
lo
t
th
e
P
erlm
u
tter
et
al.
d
ata,
you
w
ill
b
e

p
lottin
g
\e�
ectiv
e
m
agn
itu
d
e"
m

v
s.
red
sh
ift
z.
T
h
e
m
agn
itu
d
e
is
related
to
th
e

u
x

J
o
f
th
e
ob
served
rad
iation
b
y
m

=
�
52
log
1
0 (J
)
+
con
st.
T
h
e
valu
e
of
th
e
con
stan
t

in
th
is
ex
p
ression
w
ill
n
ot
b
e
n
eed
ed
.
T
h
e
w
ord
\corrected
"
refers
b
oth
to
correction
s

related
to
th
e
sp
ectral
sen
sitiv
ity
o
f
th
e
d
etectors
an
d
to
th
e
b
righ
tn
ess
of
th
e
su
p
ern
ova

ex
p
losion
s
th
em
selv
es.
T
h
at
is,
th
e
su
p
ern
ova
a
t
variou
s
d
istan
ces
are
ob
serv
ed
w
ith

d
i�
eren
t
red
sh
ifts,
an
d
h
en
ce
on
e
m
u
st
ap
p
ly
correction
s
if
th
e
d
etectors
u
sed
to
m
easu
re

th
e
rad
iation
d
o
n
ot
h
ave
th
e
sam
e
sen
sitiv
ity
at
all
w
avelen
gth
s.
In
ad
d
ition
,
to
im
p
rove

th
e
u
n
iform
ity
of
th
e
su
p
ern
ova
as
stan
d
ard
can
d
les,
th
e
astron
om
ers
ap
p
ly
a
correction

b
ased
on
th
e
d
u
ration
o
f
th
e
ligh
t
ou
tp
u
t.
N
ote
th
at
ou
r
ign
oran
ce
of
th
e
ab
solu
te

b
righ
tn
ess
of
th
e
su
p
ern
ova,
of
th
e
p
recise
valu
e
of
th
e
H
u
b
b
le
con
stan
t,
an
d
of
th
e

con
stan
t
th
at
a
p
p
ears
in
th
e
d
e�
n
ition
of
m
agn
itu
d
e
all
com
b
in
e
to
give
an
u
n
k
n
ow
n
b
u
t

con
stan
t
con
trib
u
tion
to
th
e
p
red
icted
m
agn
itu
d
es.
T
h
e
con
seq
u
en
ce
is
th
at
y
ou
w
ill
b
e

ab
le
to
m
ove
you
r
p
red
icted
cu
rv
es
u
p
or
d
ow
n
(i.e.,
tran
slate
th
em
b
y
a
�
x
ed
d
istan
ce

alon
g
th
e
m

ax
is).
Y
ou
sh
ou
ld
ch
o
ose
th
e
v
ertical
p
osition
in
g
of
y
ou
r
cu
rve
to
op
tim
ize

you
r
�
t,
eith
er
b
y
eyeb
all
o
r
b
y
som
e
m
ore
sy
stem
atic
m
eth
o
d
.

If
yo
u
ch
o
ose
to
p
lot
th
e
d
ata
from
th
e
3
rd
p
ap
er,
R
iess
et
a
l.
2004,
th
en
y
ou
sh
ou
ld

see
th
e
n
ote
at
th
e
en
d
of
th
is
p
rob
lem
.

F
or
y
ou
r
con
ven
ien
ce,
th
e
m
agn
itu
d
es
an
d
red
sh
ifts
for
th
e
S
u
p
ern
ova
C
osm
ology

P
ro
ject
p
ap
er,
from
T
a
b
les
1
a
n
d
2
,
a
re
su
m
m
arized
in
a
tex
t
�
le
on
th
e
8.286
w
eb
p
age.

T
h
e
d
ata
from
T
ab
le
5
of
th
e
R
iess
et
al.
2004
p
ap
er,
m
en
tion
ed
ab
ove,
is
also
p
osted
on

th
e
8.286
w
eb
p
age.

*
h
ttp
://arX
iv
.org/ab
s/astro-p
h
/9805201,later
p
u
b
lish
ed
as
R
iess
et
al.,
A
stron
om
ical

J
ou
rn
al
1
1
6
,
1
0
0
9
(1
9
9
8
).

y
h
ttp
://arX
iv
.org/ab
s/astro-p
h
/9812133,
later
p
u
b
lish
ed
a
s
P
erlm
u
tter
et
al.,
A
stro-

physical
J
ou
rn
al
5
1
7
:5
6
5
{
5
8
6
(1
9
9
9
).

{
P
u
b
lish
ed
as
A
strophysica
l
J
ou
rn
al
6
0
7
:665-687
(2004).
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F
or
th
e
cosm
ological
m
o
d
els
to
p
lot,
y
ou
sh
ou
ld
in
clu
d
e:

(i)
A
m
atter-d
om
in
ated
u
n
iv
erse
w
ith


m

=
1
.

(ii)
A
n
op
en
u
n
iverse,
w
ith


m
;0
=
0
:3.

(iii)
A
u
n
iverse
w
ith


m
;0
=
0
:3
an
d
a
co
sm
olog
ica
l
con
stan
t,
w
ith


v
a
c
;0
=
0
:7
.
(If
y
ou

p
refer
to
avoid
th
e

at
case,
yo
u
can
u
se


v
a
c
;0
=
0
:6
:
O
r,
if
y
o
u
w
an
t
to
com
p
are

d
irectly
w
ith
F
igu
re
4
of
th
e
R
iess
et
al.
(2
004
)
p
ap
er,
y
ou
sh
o
u
ld
u
se


m
;0
=
0
:29,



v
a
c;0
=
0
:71.)

Y
ou
m
ay
in
clu
d
e
an
y
o
th
er
m
o
d
els
if
th
ey
in
terest
yo
u
.
Y
ou
can
d
raw
th
e
p
lo
t
w
ith
eith
er

a
lin
ear
or
a
logarith
m
ic
sca
le
in
z.
I
w
o
u
ld
recom
m
en
d
ex
ten
d
in
g
y
ou
r
th
eoretical
p
lo
t

to
z
=
3,
if
you
d
o
it
logarith
m
ically,
or
z
=
2
if
y
ou
d
o
it
lin
early,
even
th
o
u
gh
th
e
d
a
ta

d
o
es
n
ot
go
ou
t
th
at
far.
T
h
a
t
w
ay
y
ou
ca
n
see
w
h
at
p
ossib
le
k
n
ow
led
ge
ca
n
b
e
gain
ed

b
y
d
ata
a
t
h
igh
er
red
sh
ift.

N
O
T
E
F
O
R

T
H
O
S
E
P
L
O
T
T
IN
G

D
A
T
A

F
R
O
M

R
IE
S
S
E
T

A
L
.
2
0
0
4
:

U
n
like
th
e
P
erlm
u
tter
et
al.
d
ata
,
th
e
R
iess
et
al.
d
a
ta
is
ex
p
ressed
in
term
s
o
f
th
e

d
istan
ce
m
o
d
u
lu
s,
w
h
ich
is
a
d
irect
m
easu
re
of
th
e
lu
m
in
osity
d
istan
ce.
T
h
e
d
istan
ce

m
o
d
u
lu
s
is
d
e�
n
ed
b
oth
in
th
e
R
iess
et
al.
p
ap
er
an
d
in
R
y
d
en
's
b
o
o
k
(p
.
12
0)
as

�
=
5
log
1
0 �
d
L

1
M
p
c �
+
2
5
;

w
h
ere
R
y
d
en
u
ses
th
e
n
otation
m
�
M

for
th
e
d
istan
ce
m
o
d
u
lu
s,
an
d
d
L

is
th
e
lu
m
in
osity

d
istan
ce.
T
h
e
lu
m
in
osity
d
ista
n
ce,
in
tu
rn
,
is
really
a
m
easu
re
o
f
th
e
ob
served
b
rig
h
tn
ess

of
th
e
ob
ject.
It
is
d
e�
n
ed
as
th
e
d
istan
ce
th
a
t
th
e
o
b
ject
w
ou
ld
h
ave
to
b
e
lo
cated
to

resu
lt
in
th
e
ob
serv
ed
b
righ
tn
ess,
if
w
e
w
ere
liv
in
g
in
a
static
E
u
clid
ean
u
n
iv
erse.
M
ore

ex
p
licitly,
if
w
e
lived
in
a
static
E
u
clid
ean
u
n
iverse
an
d
an
ob
ject
rad
iated
p
ow
er
P
in
a

sp
h
erically
sy
m
m
etric
p
attern
,
th
en
th
e
en
erg
y

u
x
J
a
t
a
d
istan
ce
d
w
o
u
ld
b
e

J
=

P
4
�
d
2

:

T
h
at
is,
th
e
p
ow
er
w
ou
ld
b
e
d
istrib
u
ted
u
n
iform
ly
over
th
e
su
rface
o
f
a
sp
h
ere
at
rad
iu
s

d
.
T
h
e
lu
m
in
osity
d
istan
ce
is
th
erefo
re
d
e�
n
ed
a
s

d
L

= r
P4

�
J
:

T
h
u
s,
a
sp
eci�
ed
valu
e
of
th
e
d
ista
n
ce
m
o
d
u
lu
s
�
im
p
lies
a
d
e�
n
ite
valu
e
of
th
e
ratio

J
=
P
.In

p
lottin
g
a
th
eoretica
l
cu
rv
e,
you
w
ill
n
eed
to
ch
o
ose
a
valu
e
for
H
0 .
R
iess
et
a
l.
d
o

n
ot
sp
ecify
w
h
at
valu
e
th
ey
u
sed
,
b
u
t
I
fo
u
n
d
th
at
th
eir
cu
rv
e
is
m
ost
closely
rep
ro
d
u
ced



8
.2
8
6
P
R
O
B
L
E
M

S
E
T
8
,
F
A
L
L
2
0
1
8

p
.
9

if
I
ch
o
o
se
H
0
=
6
6
k
m
-sec
�

1-M
p
c
�

1.
T
h
is
seem
s
a
little
o
n
th
e
low
sid
e,
sin
ce
th
e
valu
e

is
u
su
ally
estim
ated
a
s
70{72
k
m
-sec
�

1-M
p
c
�

1,
b
u
t
R
iess
et
al.
em
p
h
asize
th
at
th
ey

w
ere
n
ot
con
cern
ed
w
ith
th
is
valu
e.
T
h
ey
w
ere
con
cern
ed
w
ith
th
e
relativ
e
valu
es
of
th
e

d
istan
ce
m
o
d
u
li,
an
d
h
en
ce
th
e
sh
ap
e
of
th
e
grap
h
of
th
e
d
istan
ce
m
o
d
u
lu
s
v
s.
z.
In
th
eir

ow
n
w
ord
s,
from
A
p
p
en
d
ix
A
,
\T
h
e
zerop
oin
t,
d
istan
ce
scale,
ab
solu
te
m
agn
itu
d
e
of
th
e

�
d
u
cial
S
N
Ia
or
H
u
b
b
le
con
stan
t
d
erived
from
T
ab
le
5
are
all
closely
related
(or
ev
en

eq
u
ivalen
t)
q
u
a
n
tities
w
h
ich
w
ere
arb
itrarily
set
for
th
e
sam
p
le
p
resen
ted
h
ere.
T
h
eir

correct
va
lu
e
is
n
o
t
relevan
t
for
th
e
a
n
aly
ses
p
resen
ted
w
h
ich
o
n
ly
m
a
ke
u
se
of
d
i�
eren
ces

b
etw
een
S
N
Ia
m
agn
itu
d
es.
T
h
u
s
th
e
an
aly
sis
are
in
d
ep
en
d
en
t
of
th
e
aforem
en
tion
ed

n
orm
alization
p
aram
eters."

T
o
ta
l
p
o
in
ts
fo
r
P
r
o
b
le
m

S
e
t
8
:
1
1
0
,
p
lu
s
a
n
o
p
tio
n
a
l
2
0
p
o
in
ts
o
f
e
x
tr
a
c
r
e
d
it.


