
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

D
ecem
b
er
6,
2018

P
rof.
A
lan
G
u
th

P
R
O
B
L
E
M

S
E
T
9
(T
h
e
L
a
st!)

D
U
E
D
A
T
E
:
W
ed
n
esd
ay,
D
ecem
b
er
12,
2018,
at
5:00
p
m
.

R
E
A
D
IN
G

A
S
S
IG
N
M
E
N
T
:
N
on
e.

C
A
L
E
N
D
A
R

T
H
R
O
U
G
H

T
H
E
E
N
D

O
F
T
H
E
T
E
R
M
:

D
E
C
E
M
B
E
R

M
O
N

T
U
E
S

W
E
D

T
H
U
R
S

F
R
I

D
ecem
b
er
3

L
ectu
re
2
2

4

5Q
u
iz
3

|

in
class

6

7

D
ecem
b
er
10

L
ectu
re
2
3

1
1

12L
ast
C
lass

P
S
9
d
u
e

13

14

P
R
O
B
L
E
M

1
:
T
H
E
H
O
R
IZ
O
N

P
R
O
B
L
E
M

(20
poin
ts)

T
h
e
su
ccess
of
th
e
b
ig
b
an
g
p
red
iction
s
for
th
e
ab
u
n
d
an
ces
of
th
e
ligh
t
elem
en
ts

su
ggests
th
at
th
e
u
n
iv
erse
w
as
alread
y
in
th
erm
al
eq
u
ilib
riu
m
at
on
e
secon
d
after
th
e
b
ig

b
an
g.
A
t
th
is
tim
e,
th
e
region
th
at
later
ev
olv
es
to
b
ecom
e
th
e
ob
serv
ed
u
n
iverse
w
as,

in
th
e
co
n
tex
t
of
th
e
con
ven
tion
al
(n
on
-in

ation
ary
)
cosm
ological
m
o
d
el,
m
an
y
h
orizo
n

d
istan
ces
across.
T
ry
to
estim
ate
h
ow
m
an
y.
Y
ou
m
ay
assu
m
e
th
at
th
e
u
n
iv
erse
is

at,

th
at
it
w
as
rad
iation
-d
om
in
ated
for
t
<�
50
;000
y
r,
an
d
for
th
is
cru
d
e
estim
ate
y
ou
can

also
assu
m
e
th
at
it
h
as
b
een
m
atter-d
om
in
ated
for
a
ll
t
>�
50
;000
y
r,
an
d
th
at
a
(t)T
(t)�

con
st
for
th
e
w
h
ole
p
erio
d
from
1
secon
d
to
th
e
p
resen
t.

P
R
O
B
L
E
M

2
:
T
H
E
F
L
A
T
N
E
S
S
P
R
O
B
L
E
M

(20
poin
ts)

A
lth
ou
gh
w
e
n
ow
k
n
ow
th
a
t


0

=
1
to
an
accu
racy
of
ab
ou
t
h
alf
a
p
ercen
t,
let
u
s

p
reten
d
th
at
th
e
valu
e
of


to
d
ay
is
0.1.
It
n
on
eth
eless
follow
s
th
at
at
10
�

3
7

secon
d

after
th
e
b
ig
b
an
g
(ab
o
u
t
th
e
tim
e
of
th
e
gran
d
u
n
i�
ed
th
eory
p
h
ase
tran
sition
),


m
u
st

h
ave
b
een
ex
traord
in
arily
close
to
on
e.
W
ritin
g


=
1
�
Æ
;
estim
ate
th
e
valu
e
of
Æ
at

t
=
1
0
�

3
7

sec
(u
sin
g
th
e
stan
d
ard
cosm
ological
m
o
d
el).
Y
ou
m
ay
again
u
se
an
y
of
th
e

ap
p
rox
im
ation
s
m
en
tion
ed
in
P
rob
lem
1.

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
9
,
F
A
L
L
2
0
1
8

p
.
2

P
R
O
B
L
E
M

3
:
T
H
E
M
A
G
N
E
T
IC

M
O
N
O
P
O
L
E

P
R
O
B
L
E
M

(20
poin
ts)

In
L
ectu
re
N
otes
9,
w
e
learn
ed
th
at
G
ran
d
U
n
i�
ed
T
h
eo
ries
(G
U
T
s)
im
p
ly
th
e

ex
isten
ce
of
m
agn
etic
m
on
o
p
o
les,
w
h
ich
form
as
\top
ological
d
efects"
(top
olo
gically
sta-

b
le
k
n
ots)
in
th
e
con
�
gu
ra
tion
o
f
th
e
H
iggs
�
eld
s
th
at
are
resp
o
n
sib
le
fo
r
b
reak
in
g
th
e

gran
d
u
n
i�
ed
sy
m
m
etry
to
th
e
S
U
(3
)�
S
U
(2)�
U
(1
)
sy
m
m
etry
of
th
e
sta
n
d
ard
m
o
d
el

of
p
article
p
h
y
sics.
It
w
as
stated
th
a
t
if
g
ran
d
u
n
i�
ed
th
eo
ries
a
n
d
th
e
co
n
ven
tion
al

(n
on
-in

ation
ary
)
cosm
ological
m
o
d
el
w
ere
b
oth
correct,
th
en
far
to
o
m
an
y
m
ag
n
etic

m
on
op
oles
w
ou
ld
h
ave
b
een
p
ro
d
u
ced
in
th
e
b
ig
b
a
n
g
.
In
th
is
p
rob
lem
w
e
w
ill
�
ll
in
th
e

m
ath
em
atical
step
s
of
th
at
arg
u
m
en
t.

A
t
very
h
igh
tem
p
eratu
res
th
e
H
ig
gs
�
eld
s
oscillate
w
ild
ly,
so
th
e
�
eld
s
average
to

zero.
A
s
th
e
tem
p
eratu
re
T
falls,
h
ow
ev
er,
th
e
sy
stem

u
n
d
ergo
es
a
p
h
ase
tran
sitio
n
.

T
h
e
p
h
ase
tran
sition
o
ccu
rs
at
a
tem
p
eratu
re
T
c ,
ca
lled
th
e
critical
tem
p
eratu
re,
w
h
ere

k
T
c
�
10
1
6

G
eV
.
A
t
th
is
p
h
a
se
tran
sition
th
e
H
iggs
�
eld
s
acq
u
ire
n
on
zero
ex
p
ectation

valu
es,
an
d
th
e
gran
d
u
n
i�
ed
sy
m
m
etry
is
th
ereb
y
sp
o
n
tan
eou
sly
b
ro
ken
.
T
h
e
m
on
op
o
les

are
tw
ists
in
th
e
H
iggs
�
eld
ex
p
ectatio
n
valu
es,
so
th
e
m
on
op
oles
form

a
t
th
e
p
h
a
se

tran
sition
.
E
ach
m
on
op
ole
is
ex
p
ected
to
h
ave
a
m
ass
M
M

c
2

�
1
0
1
8

G
eV
,
w
h
ere
th
e

su
b
scrip
t
\
M
"
stan
d
s
for
\m
on
op
ole."
A
ccord
in
g
to
a
n
estim
a
te
�
rst
p
rop
osed
b
y
T
.W
.B
.

K
ib
b
le,
th
e
n
u
m
b
er
d
en
sity
n
M

o
f
m
on
op
oles
form
ed
at
th
e
p
h
a
se
tra
n
sition
is
of
ord
er

n
M

�
1
=
�
3

;

(3
.1)

w
h
ere
�
is
th
e
correlation
len
g
th
o
f
th
e
�
eld
,
d
e�
n
ed
rou
gh
ly
as
th
e
m
a
x
im
u
m
d
istan
ce

over
w
h
ich
th
e
�
eld
a
t
o
n
e
p
o
in
t
in
sp
ace
is
correlated
w
ith
th
e
�
eld
at
a
n
o
th
er
p
o
in
t
in

sp
ace.
T
h
e
correlation
len
gth
is
certain
ly
n
o
larg
er
th
a
n
th
e
p
h
y
sical
h
o
rizo
n
d
istan
ce

at
th
e
tim
e
of
th
e
p
h
ase
tra
n
sitio
n
,
a
n
d
it
is
b
eliev
ed
to
ty
p
ically
b
e
com
p
arab
le
to
th
is

u
p
p
er
lim
it.
N
ote
th
at
an
u
p
p
er
lim
it
on
�
is
a
low
er
lim
it
on
n
M

|

th
ere
m
u
st
b
e
a
t

least
of
ord
er
on
e
m
on
op
ole
p
er
h
orizo
n
-sized
v
olu
m
e.

A
ssu
m
e
th
at
th
e
p
articles
o
f
th
e
gran
d
u
n
i�
ed
th
eory
form
a
th
erm
a
lga
s
of
b
lack
b
o
d
y

rad
iation
,
as
d
escrib
ed
b
y
E
q
.
(6
.48)
o
f
L
ectu
re
N
o
tes
6,

u
=
g
�
2

3
0

(k
T
)
4

(�h
c)
3

;

(3
.2)

w
ith
g
G

U
T

�
200.
F
u
rth
er
assu
m
e
th
a
t
th
e
u
n
iverse
is

at
an
d
ra
d
iatio
n
-d
om
in
ated
fro
m

its
b
egin
n
in
g
to
th
e
tim
e
of
th
e
G
U
T
p
h
ase
tran
sition
,
t
G

U
T

.

F
or
each
of
th
e
follow
in
g
q
u
estion
s,
�
rst
w
rite
th
e
an
sw
er
in
term
s
o
f
p
h
y
sica
l
con
-

stan
ts
an
d
th
e
p
aram
eters
T
c ,
M
M

,
an
d
g
G

U
T

,
an
d
th
en
evalu
ate
th
e
a
n
sw
ers
n
u
m
erica
lly.

(a)
(5
poin
ts)
U
n
d
er
th
e
assu
m
p
tion
s
d
escrib
ed
a
b
ove,
a
t
w
h
at
tim
e
t
G

U
T

d
o
es
th
e
p
h
ase

tran
sition
o
ccu
r?
E
x
p
ress
y
o
u
r
an
sw
er
�
rst
in
term
s
of
sy
m
b
o
ls,
a
n
d
th
en
evalu
a
te

it
in
secon
d
s.



8
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6
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(b
)
(5
poin
ts)
U
sin
g
E
q
.
(3.1)
an
d
settin
g
�
eq
u
al
to
th
e
h
orizon
d
istan
ce,
estim
ate
th
e

n
u
m
b
er
d
en
sity
n
M

of
m
agn
etic
m
on
op
oles
ju
st
after
th
e
p
h
ase
tran
sition
.

(c)
(5
poin
ts)
C
alcu
late
th
e
ratio
n
M

=
n


o
f
th
e
n
u
m
b
er
o
f
m
on
op
oles
to
th
e
n
u
m
b
er
of

p
h
oton
s
im
m
ed
iately
after
th
e
p
h
ase
tran
sition
.
R
efer
to
L
ectu
re
N
otes
6
to
rem
in
d

yo
u
rself
ab
ou
t
th
e
n
u
m
b
er
d
en
sity
of
p
h
oton
s.
Y
ou
m
ay
assu
m
e
th
at
th
e
tem
p
eratu
re

after
th
e
p
h
ase
tran
sition
is
still
ap
p
rox
im
ately
T
c .

(d
)
(5
poin
ts)
F
or
top
ological
reason
s
m
on
op
oles
can
n
ot
d
isap
p
ear,
b
u
t
th
ey
form
w
ith
an

eq
u
al
n
u
m
b
er
of
m
on
op
oles
an
d
an
tim
on
op
oles,
w
h
ere
th
e
an
tim
on
op
oles
corresp
on
d

to
tw
ists
in
th
e
H
iggs
�
eld
in
th
e
op
p
osite
sen
se.
M
on
op
oles
an
d
an
tim
on
op
oles
can

a
n
n
ih
ila
te
ea
ch
o
th
er,
b
u
t
estim
ates
of
th
e
rate
for
th
is
p
ro
cess
sh
ow
th
at
it
is

n
eg
lig
ib
le.
T
h
u
s,
in
th
e
con
tex
t
of
th
e
con
ven
tion
al
(n
on
-in

ation
ary
)
h
ot
b
ig
b
an
g

m
o
d
el,
th
e
ratio
of
m
on
op
oles
to
p
h
oton
s
w
ou
ld
b
e
ab
ou
t
th
e
sam
e
to
d
ay
as
it
w
as

ju
st
after
th
e
p
h
ase
tran
sition
.
U
se
th
is
assu
m
p
tion
to
estim
ate
th
e
con
trib
u
tion

th
at
th
ese
m
on
op
oles
w
o
u
ld
m
a
ke
to
th
e
valu
e
of


to
d
ay.

P
R
O
B
L
E
M

4
:
E
X
P
O
N
E
N
T
IA
L

E
X
P
A
N
S
IO
N

O
F

T
H
E

IN
F
L
A
T
IO
N
A
R
Y

U
N
IV
E
R
S
E
(15
poin
ts)

R
eca
ll
th
a
t
th
e
evolu
tion
of
a
R
ob
ertson
-W
alk
er
u
n
iv
erse
is
d
escrib
ed
b
y
th
e
eq
u
ation

�
_aa �
2

=
8
�3

G
�
�
k
c
2

a
2

:

(4.1)

S
u
p
p
ose
th
at
th
e
m
ass
d
en
sity
�
is
giv
en
b
y
th
e
co
n
sta
n
t
m
ass
d
en
sity
�
f

of
th
e
false

vacu
u
m
.
F
o
r
th
e
ca
se
k
=
0
,
th
e
grow
in
g
solu
tion
is
giv
en
sim
p
ly
b
y

a
(t)
=
con
st
e
�
t;

(4.2)

w
h
ere

�
= r
8
�3

G
�
f

(4.3)

an
d
con
st
is
an
arb
itrary
con
stan
t.
F
in
d
th
e
grow
in
g
solu
tion
to
th
is
eq
u
ation
for
an

arb
itrary
valu
e
of
k
.
B
e
su
re
to
con
sid
er
b
oth
p
ossib
ilities
for
th
e
sign
of
k
.
Y
ou
m
ay

�
n
d
th
e
follow
in
g
in
tegrals
u
sefu
l:Z

d
x

p
1
+
x
2

=
sin
h
�

1

x
:

(4.4a)

Z
d
x

p
1�
x
2

=
sin
�

1

x
:

(4.4b
)

Z
d
x

p
x
2�
1
=
co
sh
�

1

x
:

(4.4c)

S
h
ow
th
at
for
large
tim
es
on
e
h
as

a
(t)/
e
�
t

(4.5)

for
all
ch
oices
of
k
.
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P
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P
R
O
B
L
E
M

5
:

T
H
E

H
O
R
IZ
O
N

D
IS
T
A
N
C
E

F
O
R

T
H
E

P
R
E
S
E
N
T

U
N
I-

V
E
R
S
E
(25
poin
ts)

W
e
h
ave
n
ot
d
iscu
ssed
h
orizon
d
istan
ces
sin
ce
th
e
b
egin
n
in
g
of
L
ectu
re
N
o
tes
4,

w
h
en
w
e
fou
n
d
th
at

`
p
;h
o
r
iz
o
n (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

:

(5.1
)

T
h
is
form
u
la
w
as
d
erived
b
efore
w
e
d
iscu
ssed
cu
rved
sp
acetim
es,
b
u
t
th
e
fo
rm
u
la
is
va
lid

for
an
y
R
ob
ertson
-W
alker
u
n
iverse,
w
h
eth
er
it
is
op
en
,
closed
,
or

a
t.

(a)
S
h
ow
th
at
th
e
form
u
la
ab
ov
e
is
valid
for
closed
u
n
iv
erses.
H
in
t:
w
rite
th
e
closed

u
n
iverse
m
etric
as
it
w
as
w
ritten
in
E
q
.
(7
.27):

d
s
2

=
�
c
2
d
t
2

+
~a
2(t) �
d
 
2

+
sin
2
 �d
�
2

+
sin
2

�
d
�
2 �	
;

(5
.2)

w
h
ere

~a
(t)�
a
(t)
p

k

(5.3)

an
d
 
is
related
to
th
e
u
su
a
l
R
ob
ertson
-W
a
lker
co
o
rd
in
ate
r
b
y

sin
 
�
p

k
r
:

(5
.4)

U
se
th
e
fact
th
at
th
e
p
h
y
sical
sp
eed
of
lig
h
t
is
c,
or
eq
u
iva
len
tly
th
e
fact
th
at
d
s
2

=
0

for
an
y
segm
en
t
of
th
e
ligh
t
ray
's
tra
jectory.

(b
)
T
h
e
evalu
ation
of
th
e
form
u
la
d
ep
en
d
s
of
co
u
rse
o
n
th
e
form
of
th
e
fu
n
ction
a
(t),

w
h
ich
is
govern
ed
b
y
th
e
F
ried
m
an
n
eq
u
ation
s.
F
o
r
th
e
P
la
n
ck
2018
b
est
�
t
to
th
e

p
aram
eters
(see
T
ab
le
7
.1
o
f
L
ectu
re
N
o
tes
7
,
an
d
E
q
.
(6.2
3)
of
L
ectu
re
N
o
tes
6
),

H
0

=
67
:7
k
m
�
s
�

1�M
p
c
�

1

(5.5a)



m
;0

=
0
:3
1
1

(5.5b
)



r
;
0

=
4
:1
5
�
10
�

5h
�

2

0

(T

;0
=
2
:7
2
5
K
)

=
9
:0
5
�
10
�

5

(5.5c)



v
a
c
;
0

=
1
�


m
;0 �


r
;0

;

(5
.5d
)

�
n
d
th
e
cu
rren
t
h
orizon
d
ista
n
ce,
ex
p
ressed
b
oth
in
ligh
t-years
an
d
in
M
p
c.
H
in
t:

�
n
d
an
in
tegral
ex
p
ressio
n
for
th
e
h
o
rizo
n
d
ista
n
ce,
sim
ilar
to
E
q
.
(7.23a
)
for
th
e
a
ge

of
th
e
u
n
iv
erse.
T
h
en
d
o
th
e
in
tegral
n
u
m
erica
lly.

N
ote
th
at
th
e
m
o
d
elfor
w
h
ich
you
are
ca
lcu
latin
g
d
o
es
n
ot
ex
p
licitly
in
clu
d
e
in

a
tion
.

If
it
d
id
,
th
e
h
orizon
d
ista
n
ce
w
ou
ld
tu
rn
ou
t
to
b
e
va
stly
larger.
B
y
ig
n
o
rin
g
th
e

in

ation
ary
era
in
calcu
la
tin
g
th
e
in
tegral
of
E
q
.
(5.1
),
w
e
a
re
�
n
d
in
g
a
n
e�
ective

h
orizon
d
istan
ce,
d
e�
n
ed
as
th
e
p
resen
t
d
istan
ce
of
th
e
m
ost
d
istan
t
ob
jects
th
a
t

w
e
can
in
p
rin
cip
le
o
b
serve
b
y
u
sin
g
on
ly
p
h
oton
s
th
at
h
av
e
left
th
eir
so
u
rces
a
fter

th
e
en
d
of
in

ation
.
P
h
oto
n
s
th
a
t
left
th
eir
sou
rces
ea
rlier
th
a
n
th
e
en
d
o
f
in

a
tion

h
ave
u
n
d
ergon
e
in
cred
ib
ly
larg
e
red
sh
ifts,
so
it
is
rea
son
ab
le
to
con
sid
er
th
em
to
b
e

com
p
letely
u
n
ob
servab
le
in
p
ractice.
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P
R
O
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6
:
A

Z
E
R
O

M
A
S
S
D
E
N
S
IT
Y

U
N
IV
E
R
S
E
|

G
E
N
E
R
A
L
R
E
L
-

A
T
IV
IT
Y

D
E
S
C
R
IP
T
IO
N

(T
h
is
p
ro
blem
is
n
o
t
requ
ired,
bu
t
ca
n
be
d
on
e
for
20
poin
ts
extra
credit.)

In
th
is
p
rob
lem
a
n
d
th
e
n
ex
t
w
e
w
ill
ex
p
lore
th
e
con
n
ection
s
b
etw
een
sp
ecial
rela-

tiv
ity
a
n
d
th
e
stan
d
ard
cosm
ological
m
o
d
el
w
h
ich
w
e
h
ave
b
een
d
iscu
ssin
g.
A
lth
ou
gh
w
e

h
ave
n
ot
stu
d
ied
g
en
eral
relativ
ity
in
d
etail,
th
e
d
escrip
tion
of
th
e
cosm
ological
m
o
d
el

th
at
w
e
h
av
e
b
een
u
sin
g
is
p
recisely
th
at
of
gen
eral
relativ
ity.
In
th
e
lim
it
of
zero
m
ass

d
en
sity
th
e
e�
ects
of
grav
ity
w
ill
b
ecom
e
n
egligib
le,
an
d
th
e
form
u
las
m
u
st
th
en
b
e
com
-

p
atib
le
w
ith
th
e
sp
ecial
relativ
ity
w
h
ich
w
e
d
iscu
ssed
at
th
e
b
egin
n
in
g
of
th
e
cou
rse.
T
h
e

goal
of
th
ese
tw
o
p
rob
lem
s
is
to
see
ex
actly
h
ow
th
is
h
ap
p
en
s.

T
h
ese
tw
o
p
rob
lem
s
w
ill
em
p
h
asize
th
e
n
otion
th
at
a
co
ord
in
ate
sy
stem
is
n
oth
in
g

m
ore
th
an
an
arb
itrary
sy
stem

of
d
esign
atin
g
p
o
in
ts
in
sp
acetim
e.
A
p
h
y
sical
ob
ject

m
igh
t
th
erefore
lo
ok
v
ery
d
i�
eren
t
in
tw
o
d
i�
eren
t
co
ord
in
ate
sy
stem
s,
b
u
t
th
e
an
sw
er
to

an
y
w
ell-d
e�
n
ed
p
h
y
sical
q
u
estion
m
u
st
tu
rn
ou
t
th
e
sam
e
regard
less
of
w
h
ich
co
ord
in
ate

sy
stem
is
u
sed
in
th
e
calcu
lation
.

F
rom
th
e
gen
eral
relativ
ity
p
oin
t
of
v
iew
,
th
e
m
o
d
el
u
n
iv
erse
is
d
escrib
ed
b
y
th
e

R
ob
ertson
-W
alk
er
sp
acetim
e
m
etric:

d
s
2

=
�
c
2d
t
2

+
a
2(t) �
d
r
2

1�
k
r
2

+
r
2 �d
�
2

+
sin
2
�d
�
2 � �
:

(6.1)

T
h
is
form
u
la
d
escrib
es
th
e
an
alogu
e
of
th
e
\in
va
ria
n
t
in
terva
l"
of
sp
ecial
relativ
ity,
m
ea-

su
red
b
etw
een
th
e
sp
acetim
e
p
oin
ts
(t;r;�;�
)
an
d
(t
+
d
t;r
+
d
r;�
+
d
�;�
+
d
�
).

T
h
e
ev
olu
tion
of
th
e
m
o
d
el
u
n
iv
erse
is
gov
ern
ed
b
y
th
e
gen
eral
relation

�
_aa �
2

=
8
�3

G
�
�
k
c
2

a
2

;

(6.2)

ex
cep
t
in
th
is
case
th
e
m
ass
d
en
sity
term
is
to
b
e
set
eq
u
al
to
zero.

(a)
(5
poin
ts)
S
in
ce
th
e
m
ass
d
en
sity
is
zero,
it
is
certain
ly
less
th
an
th
e
critical
m
ass

d
en
sity,
so
th
e
u
n
iv
erse
is
op
en
.
W
e
ca
n
th
en
ch
o
ose
k
=
�
1.
D
erive
an
ex
p
licit

ex
p
ression
for
th
e
scale
factor
a
(t).

(b
)
(5
poin
ts)
S
u
p
p
o
se
th
a
t
a
lig
h
t
p
u
lse
is
em
itted
b
y
a
co
m
ov
in
g
sou
rce
at
tim
e
t
e ,
an
d

is
receiv
ed
b
y
a
co
m
ov
in
g
ob
serv
er
at
tim
e
t
o .
F
in
d
th
e
D
op
p
ler
sh
ift
ratio
z.

(c)
(5
poin
ts)
C
on
sid
er
a
ligh
t
p
u
lse
th
at
leaves
th
e
origin
at
tim
e
t
e .
In
an
in
�
n
itesim
al

tim
e
in
terval
d
t
th
e
p
u
lse
w
ill
travel
a
p
h
y
sical
d
istan
ce
d
s
=
cd
t.
S
in
ce
th
e
p
u
lse
is

travelin
g
in
th
e
rad
ial
d
irection
(i.e.,
w
ith
d
�
=
d
�
=
0
),
on
e
h
as

cd
t
=
a
(t)

d
r

p
1
�
k
r
2

:

(6.3)
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N
ote
th
at
th
is
is
a
slig
h
t
g
en
era
lizatio
n
of
E
q
.
(2.9),
w
h
ich
ap
p
lies
fo
r
th
e
case
o
f

a
E
u
clid
ean
geom
etry
(k
=
0
).
D
eriv
e
a
form
u
la
for
th
e
tra
jectory
r(t)
o
f
th
e
lig
h
t

p
u
lse.
Y
ou
m
ay
�
n
d
th
e
follow
in
g
in
tegral
u
sefu
l:

Z
d
r

p
1
+
r
2

=
sin
h
�

1

r
:

(6.4)

(d
)
(5
poin
ts)
U
se
th
ese
resu
lts
to
ex
p
ress
th
e
red
sh
ift
z
in
term
s
o
f
th
e
co
ord
in
ate
r
of

th
e
o
b
server.
If
you
h
ave
d
on
e
it
righ
t,
yo
u
r
a
n
sw
er
w
ill
b
e
in
d
ep
en
d
en
t
of
t
e .
(In

th
e
sp
ecial
relativ
ity
d
escrip
tio
n
th
at
w
ill
follow
,
it
w
ill
b
e
ob
v
iou
s
w
h
y
th
e
red
sh
ift

m
u
st
b
e
in
d
ep
en
d
en
t
of
t
e .
C
an
yo
u
see
th
e
reason
n
ow
?)
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R
O
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L
E
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C
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R
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S
C
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(T
his
problem
is
also
n
ot
requ
ired
,
bu
t
can
be
do
n
e
for
2
0
poin
ts
extra
cred
it.)

In
th
is
p
rob
lem
w
e
w
ill
d
escrib
e
th
e
sam
e
m
o
d
el
u
n
iv
erse
as
in
th
e
p
rev
iou
s
p
rob
lem
,

b
u
t
w
e
w
ill
u
se
th
e
stan
d
ard
form
u
lation
of
sp
ecia
l
rela
tiv
ity.
W
e
w
ill
th
erefo
re
u
se
an

in
ertial
co
ord
in
ate
sy
stem
,
rath
er
th
a
n
th
e
com
ov
in
g
sy
stem

o
f
th
e
p
rev
iou
s
p
rob
lem
.

P
lease
n
ote,
h
ow
ever,
th
at
in
th
e
u
su
al
case
in
w
h
ich
g
rav
ity
is
sign
i�
can
t,
th
ere
is
n
o

in
ertial
co
ord
in
ate
sy
stem
.
O
n
ly
w
h
en
grav
ity
is
a
b
sen
t
d
o
es
su
ch
a
co
o
rd
in
ate
sy
stem

ex
ist.T

o
d
istin
gu
ish
th
e
tw
o
sy
stem
s,
w
e
w
ill
u
se
p
rim
es
to
d
en
ote
th
e
in
ertia
l
co
ord
in
a
tes:

(t
0;x
0;y
0;z
0).
S
in
ce
th
e
p
rob
lem
is
sp
h
erically
sy
m
m
etric,
w
e
w
ill
a
lso
in
tro
d
u
ce
\p
ola
r

in
ertial
co
ord
in
ates"
(r
0;�
0;�
0)
w
h
ich
are
related
to
th
e
C
artesian
in
ertia
l
co
ord
in
ates
b
y

th
e
u
su
al
relation
s:

x
0

=
r
0sin
�
0co
s
�
0

y
0

=
r
0sin
�
0sin
�
0

z
0

=
r
0co
s
�
0

:

(7.1)

In
term
s
of
th
ese
p
o
lar
in
ertia
l
co
ord
in
a
tes,
th
e
in
varia
n
t
sp
a
cetim
e
in
terval
of
sp
ecial

relativ
ity
can
b
e
w
ritten
as

d
s
2

=
�
c
2d
t
0
2

+
d
r
0
2

+
r
0
2 �d
�
0
2

+
sin
2

�
0d
�
0
2 �
:

(7.2
)

F
or
p
u
rp
oses
of
d
iscu
ssio
n
w
e
w
ill
in
tro
d
u
ce
a
set
of
co
m
ov
in
g
ob
servers
w
h
ich
trav
el

alon
g
w
ith
th
e
m
atter
in
th
e
u
n
iv
erse,
follow
in
g
th
e
H
u
b
b
le
ex
p
an
sio
n
p
attern
.
(A
lth
ou
gh

th
e
m
atter
h
as
a
n
egligib
le
m
a
ss
d
en
sity,
I
w
ill
a
ssu
m
e
th
at
en
ou
gh
of
it
ex
ists
to
d
e�
n
e

a
velo
city
at
an
y
p
oin
t
in
sp
a
ce.)
T
h
ese
tra
jectories
m
u
st
all
m
eet
a
t
som
e
sp
acetim
e

p
oin
t
corresp
on
d
in
g
to
th
e
in
sta
n
t
of
th
e
b
ig
b
an
g,
a
n
d
w
e
w
ill
take
th
a
t
sp
a
cetim
e
p
oin
t

to
b
e
th
e
origin
of
th
e
co
ord
in
a
te
sy
stem
.
S
in
ce
th
ere
are
n
o
forces
a
ctin
g
in
th
is
m
o
d
el
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u
n
iverse,
th
e
co
m
ov
in
g
o
b
servers
travel
on
lin
es
o
f
con
stan
t
v
elo
city
(all
em
an
atin
g
from

th
e
origin
).
T
h
e
m
o
d
el
u
n
iv
erse
is
th
en
co
n
�
n
ed
to
th
e
fu
tu
re
ligh
t-con
e
of
th
e
origin
.

(a)
(5
poin
ts)
T
h
e
co
sm
ic
tim
e
variab
le
t
u
sed
in
th
e
p
rev
iou
s
p
rob
lem
can
b
e
d
e�
n
ed
as

th
e
tim
e
m
easu
red
on
th
e
clo
ck
s
of
th
e
com
ov
in
g
o
b
servers,
startin
g
at
th
e
in
stan
t

of
th
e
b
ig
b
an
g.
U
sin
g
th
is
d
e�
n
ition
an
d
y
ou
r
k
n
ow
led
ge
of
sp
ecial
relativ
ity,
�
n
d

th
e
va
lu
e
o
f
th
e
co
sm
ic
tim
e
t
for
giv
en
valu
es
of
th
e
in
ertial
co
ord
in
ates|

i.e.,
�
n
d

t(t
0;r
0).
[H
in
t:
�
rst
�
n
d
th
e
v
elo
city
o
f
a
co
m
ov
in
g
ob
serv
er
w
h
o
starts
at
th
e
origin

an
d
reach
es
th
e
sp
acetim
e
p
oin
t
(t
0;r
0;�
0;�
0).
N
ote
th
at
th
e
rotation
al
sy
m
m
etry

m
ak
es
�
0

an
d
�
0

irrelevan
t,
so
on
e
can
ex
am
in
e
m
otion
alon
g
a
sin
gle
ax
is.]

(b
)
(5
poin
ts)
L
et
u
s
assu
m
e
th
at
an
gu
lar
co
ord
in
ates
h
ave
th
e
sam
e
m
ean
in
g
in
th
e
tw
o

co
ord
in
ate
sy
stem
s,
so
th
at
�
=
�
0

an
d
�
=
�
0.
W
e
w
ill
verify
in
p
art
(d
)
b
elow
th
at

th
is
assu
m
p
tion
is
correct.
U
sin
g
th
is
a
ssu
m
p
tion
,
�
n
d
th
e
valu
e
of
th
e
com
ov
in
g

rad
ial
co
ord
in
ate
r
in
term
s
of
th
e
in
ertial
co
ord
in
ates|

i.e.,
�
n
d
r(t
0;r
0).
[H
in
t:

con
sid
er
an
in
�
n
itesim
al
lin
e
segm
en
t
w
h
ich
ex
ten
d
s
in
th
e
�-d
irection
,
w
ith
con
stan
t

valu
es
o
f
t,
r,
an
d
�
.
U
se
th
e
fact
th
at
th
is
lin
e
segm
en
t
m
u
st
h
av
e
th
e
sam
e
p
h
y
sical

len
gth
,
regard
less
of
w
h
ich
co
ord
in
ate
sy
stem
is
u
sed
to
d
escrib
e
it.]
D
raw
a
grap
h

of
th
e
t
0-r
0

p
lan
e,
a
n
d
sk
etch
in
lin
es
of
con
stan
t
t
an
d
lin
es
of
con
stan
t
r.

(c)
(5
poin
ts)
S
h
ow
th
at
th
e
rad
ial
co
ord
in
ate
r
of
th
e
com
ov
in
g
sy
stem
is
related
to
th
e

m
agn
itu
d
e
of
th
e
v
elo
city
in
th
e
in
ertial
sy
stem
b
y

r
=

v
=
c

p
1�
v
2=
c
2

:

(7.3)

S
u
p
p
ose
th
at
a
ligh
t
p
u
lse
is
em
itted
at
th
e
sp
atial
origin
(r
0

=
0,
t
0

=
a
n
y
th
in
g
)

an
d
is
receiv
ed
b
y
an
oth
er
com
ov
in
g
ob
serv
er
w
h
o
is
travelin
g
at
sp
eed
v
.
W
ith

w
h
at
red
sh
ift
z
is
th
e
p
u
lse
receiv
ed
?
E
x
p
ress
z
as
a
fu
n
ction
of
r,
an
d
com
p
are
you
r

an
sw
er
to
p
art
(d
)
of
th
e
p
rev
iou
s
p
rob
lem
.

(d
)
(5
poin
ts)
In
th
is
p
art
w
e
w
ill
sh
ow
th
at
th
e
m
etric
of
th
e
com
ov
in
g
co
ord
in
ate

sy
stem
can
b
e
d
eriv
ed
from
th
e
m
etric
of
sp
ecial
relativ
ity,
a
fact
w
h
ich
com
p
letely

estab
lish
es
th
e
con
sisten
cy
of
th
e
tw
o
d
escrip
tion
s.
T
o
d
o
th
is,
�
rst
w
rite
ou
t
th
e

eq
u
ation
s
o
f
tran
sform
ation
in
th
e
form
:t

0

=
?

r
0

=
?

�
0

=
?

�
0

=
?
;

(7.4)

w
h
ere
th
e
q
u
estion
m
ark
s
d
en
ote
ex
p
ression
s
in
t,
r,
�,
an
d
�
.
N
ow
con
sid
er
an

in
�
n
itesim
al
sp
acetim
e
lin
e
segm
en
t
d
escrib
ed
in
th
e
com
ov
in
g
sy
stem

b
y
its
tw
o

en
d
p
oin
ts:
(t;r;�;�
)
a
n
d
(t
+
d
t;r
+
d
r;�
+
d
�;�
+
d
�
).
C
alcu
latin
g
to
�
rst
ord
er
in

th
e
in
�
n
itesim
al
q
u
an
tities,
�
n
d
th
e
sep
aration
b
etw
een
th
e
co
o
rd
in
ates
of
th
e
tw
o

en
d
p
oin
ts
in
th
e
in
ertial
co
ord
in
ate
sy
stem
|

i.e.,
�
n
d
d
t
0,
d
r
0,
d
�
0,
a
n
d
d
�
0.
N
ow

in
sert
th
ese
ex
p
ression
s
in
to
th
e
sp
ecial
relativ
ity
ex
p
ression
for
th
e
in
varian
t
in
terval

d
s
2

,
an
d
if
y
ou
h
ave
m
a
d
e
n
o
m
istak
es
yo
u
w
ill
recover
th
e
R
ob
ertson
-W
alker
m
etric

u
sed
in
th
e
p
rev
iou
s
p
rob
lem
.
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D
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C
U
S
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N

O
F
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H
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E
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S
E
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T
h
e
tw
o
p
rob
lem
s
ab
ove
d
em
on
strate
h
ow
th
e
gen
eral
relativ
istic
d
escrip
tion
o
f

cosm
ology
can
red
u
ce
to
sp
ecial
relativ
ity
w
h
en
g
rav
ity
is
u
n
im
p
o
rta
n
t,
b
u
t
it
p
rov
id
es

a
m
islead
in
g
p
ictu
re
of
th
e
b
ig-b
an
g
sin
gu
larity
w
h
ich
I
w
o
u
ld
like
to
clear
u
p
.

F
irst,
let
m
e
p
oin
t
o
u
t
th
a
t
th
e
m
ass
d
en
sity
o
f
th
e
u
n
iverse
in
crea
ses
a
s
on
e
lo
ok
s

b
ack
w
ard
in
tim
e.
S
o,
if
w
e
im
agin
e
a
m
o
d
el
u
n
iv
erse
w
ith


=
0
:0
1
at
a
g
iv
en
tim
e,
it

cou
ld
b
e
w
ell-ap
p
rox
im
ated
b
y
th
e
zero
m
ass
d
en
sity
u
n
iverse
at
th
is
tim
e.
H
ow
ever,
n
o

m
atter
h
ow
sm
all


is
at
a
g
iven
tim
e,
th
e
m
a
ss
d
en
sity
w
ill
in
crease
as
o
n
e
follow
s
th
e

m
o
d
el
to
earlier
tim
es,
an
d
th
e
b
eh
av
ior
of
th
e
m
o
d
el
n
ear
t
=
0
w
ill
b
e
very
d
i�
eren
t

from
th
e
zero
m
ass
d
en
sity
m
o
d
el.

In
th
e
zero
m
ass
d
en
sity
m
o
d
el,
th
e
b
ig-b
an
g
\
sin
g
u
larity
"
is
a
sin
g
le
sp
a
cetim
e

p
oin
t
w
h
ich
is
in
fact
n
ot
sin
gu
la
r
a
t
all.
In
th
e
com
ov
in
g
d
escrip
tion
th
e
sca
le
factor
a
(t)

eq
u
als
zero
at
th
is
tim
e,
b
u
t
in
th
e
in
ertia
l
sy
stem
on
e
sees
th
at
th
e
sp
a
cetim
e
m
etric

is
really
ju
st
th
e
u
su
al
sm
o
oth
m
etric
of
sp
ecial
relativ
ity,
ex
p
ressed
in
a
p
ecu
liar
set

of
co
ord
in
ates.
In
th
is
m
o
d
el
it
is
u
n
n
atu
ra
l
to
th
in
k
of
t
=
0
as
rea
lly
d
e�
n
in
g
th
e

b
egin
n
in
g
of
an
y
th
in
g,
sin
ce
th
e
th
e
fu
tu
re
ligh
t-con
e
of
th
e
o
rigin
con
n
ects
sm
o
oth
ly
to

th
e
rest
of
th
e
sp
acetim
e.

In
th
e
stan
d
ard
m
o
d
el
o
f
th
e
u
n
iverse
w
ith
a
n
o
n
zero
m
ass
d
en
sity,
th
e
b
eh
av
io
r
of

th
e
sin
gu
larity
is
very
d
i�
eren
t.
F
irst
of
all,
it
rea
lly
is
sin
gu
lar|

on
e
can
m
ath
em
a
tically

p
rove
th
at
th
ere
is
n
o
co
o
rd
in
a
te
sy
stem
in
w
h
ich
th
e
sin
gu
larity
d
isa
p
p
ea
rs.
T
h
u
s,
th
e

sp
acetim
e
can
n
ot
b
e
join
ed
sm
o
oth
ly
on
to
an
y
th
in
g
th
at
m
ay
h
av
e
h
a
p
p
en
ed
ea
rlier.

T
h
e
d
i�
eren
ces
b
etw
een
th
e
sin
gu
larities
in
th
e
tw
o
m
o
d
els
ca
n
also
b
e
seen
b
y

lo
ok
in
g
at
th
e
h
orizon
d
istan
ce.
W
e
learn
ed
in
L
ectu
re
N
otes
4
th
at
ligh
t
can
trav
el
on
ly

a
�
n
ite
d
istan
ce
from
th
e
tim
e
of
th
e
b
ig
b
a
n
g
to
som
e
arb
itra
ry
tim
e
t,
an
d
th
at
th
is

\h
orizon
d
istan
ce"
is
g
iven
b
y

`
p (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

:

(7
.5)

F
or
th
e
scale
factor
o
f
th
e
zero
m
ass
d
en
sity
u
n
iverse
as
fou
n
d
in
th
e
p
ro
b
lem
,
on
e
can

see
th
at
th
is
d
istan
ce
is
in
�
n
ite
fo
r
an
y
t|

for
th
e
zero
m
ass
d
en
sity
m
o
d
el
th
ere
is
n

o

h
orizon
.
F
or
a
rad
iation
-d
o
m
in
ated
m
o
d
el,
h
ow
ever,
th
ere
is
a
�
n
ite
h
o
rizo
n
d
istan
ce

given
b
y
2
ct.

F
in
ally,
in
th
e
zero
m
ass
d
en
sity
m
o
d
el
th
e
b
ig
b
a
n
g
o
ccu
rs
at
a
sin
gle
p
oin
t
in

sp
acetim
e,
b
u
t
for
a
n
on
zero
m
a
ss
d
en
sity
m
o
d
el
it
seem
s
b
etter
to
th
in
k
o
f
th
e
b
ig

b
an
g
as
o
ccu
rrin
g
every
w
h
ere
at
on
ce.
In
term
s
o
f
th
e
R
ob
ertson
-W
alk
er
co
ord
in
a
tes,

th
e
sin
gu
larity
o
ccu
rs
at
t
=
0
,
for
all
valu
es
o
f
r,
�,
an
d
�
.
T
h
ere
is
a
su
b
tle
issu
e,

h
ow
ever,
b
ecau
se
w
ith
a
(t
=
0
)
=
0,
a
ll
of
th
ese
p
oin
ts
h
av
e
zero
d
istan
ce
from

each

oth
er.
M
ath
em
atically
th
e
lo
cu
s
t
=
0
in
a
n
on
zero
m
ass
d
en
sity
m
o
d
el
is
to
o
sin
gu
lar

to
ev
en
b
e
con
sid
ered
p
art
o
f
th
e
sp
ace,
w
h
ich
co
n
sists
of
all
valu
es
of
t
>
0.
T
h
u
s,
th
e



8
.2
8
6
P
R
O
B
L
E
M

S
E
T
9
,
F
A
L
L
2
0
1
8

p
.
9

q
u
estion
of
w
h
eth
er
th
e
sin
gu
larity
is
a
sin
gle
p
oin
t
is
n
ot
w
ell
d
e�
n
ed
.
F
o
r
a
n
y
t
>
0
th
e

issu
e
is
of
cou
rse
clear|

th
e
sp
ace
is
h
om
ogen
eou
s
an
d
in
�
n
ite
(for
th
e
case
of
th
e
op
en

u
n
iverse).
If
on
e
w
ish
es
to
ign
ore
th
e
m
ath
em
atical
su
b
tleties
an
d
call
th
e
sin
gu
larity

at
t
=
0
a
sin
gle
p
oin
t,
th
en
o
n
e
certain
ly
m
u
st
rem
em
b
er
th
at
th
e
sin
gu
larity
m
ak
es

it
a
v
ery
u
n
u
su
al
p
oin
t.
O
b
jects
em
an
atin
g
from

th
is
\p
oin
t"
can
ach
ieve
an
in
�
n
ite

sep
aration
in
an
arb
itrarily
sh
ort
len
gth
of
tim
e.

T
o
ta
l
p
o
in
ts
fo
r
P
r
o
b
le
m

S
e
t
9
:
1
0
0
,
p
lu
s
a
n
o
p
tio
n
a
l
4
0
p
o
in
ts
o
f
e
x
tr
a
c
r
e
d
it.


