
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

O
ctob
er
31,
2020

P
rof.
A
lan
G
u
th

P
R
O

B
L
E
M

S
E
T

7

D
U
E
D
A
T
E
:
F
rid
ay,
N
ovem
b
er
6,
2020,
at
5:00
p
m
.

R
E
A
D
IN
G

A
S
S
IG
N
M
E
N
T
:
S
tev
en
W
ein
b
erg,
T
h
e
F
irst
T
h
ree
M
in
u
tes,
C
h
ap
ter
8

(E
pilogu
e:
T
he
P
rospect
A
hea
d),
a
n
d
A
fterw
ord
:
C
o
sm
o
logy
S
in
ce
1977
.
B
arb
ara

R
y
d
en
,
In
tro
d
u
ctio
n
to
C
o
sm
o
lo
g
y,C
h
ap
ter
8
[F
irst
ed
ition
:
C
h
ap
ter
7](T
he
C
osm
ic

M
icrow
ave
B
ackgro
u
n
d
).

C
A
L
E
N
D
A
R

F
O
R

T
H
E
R
E
S
T

O
F
T
H
E
T
E
R
M
:

N
O
V
E
M
B
E
R

M
O
N

T
U
E
S

W
E
D

T
H
U
R
S

F
R
I

N
ov
em
b
er
2

C
la
ss
1
7

3

4C
lass
18

5

6P
S
7
d
u
e

9C
la
ss
1
9

10

11V
e
te
r
a
n
's

D
a
y

12

13

1
6

C
la
ss
2
0

17

18C
lass
21

19

20P
S
8
d
u
e

2
3

T
h
a
n
k
sg
iv
in
g

W
e
e
k

24|

25|

26|

27|

3
0

C
la
ss
2
2

D
ecem
b
er
1

2C
lass
23

Q
u
iz
3

3

4

7C
la
ss
2
4

8

9C
lass
25

P
S
9
d
u
e

L
ast
C
lass

10

11

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
7
,
F
A
L
L
2
0
2
0

p
.
2

P
R
O
B
L
E
M

1
:
E
F
F
E
C
T

O
F
A
N

E
X
T
R
A

N
E
U
T
R
IN
O

S
P
E
C
IE
S
(15
po
in
ts)

A
ccord
in
g
to
th
e
stan
d
a
rd
a
ssu
m
p
tion
s
(w
h
ich
w
ere
u
sed
in
th
e
lectu
re
n
otes),
th
ere

are
th
ree
sp
ecies
of
e�
ectiv
ely
m
a
ssless
n
eu
trin
os.
In
th
e
tem
p
eratu
re
ran
g
e
of
1
M
eV
<

k
T
<
100
M
eV
,
th
e
m
ass
d
en
sity
of
th
e
u
n
iv
erse
is
b
eliev
ed
to
h
av
e
b
een
d
o
m
in
ated
b
y

th
e
b
lack
-b
o
d
y
rad
iation
o
f
p
h
oton
s,
electron
-p
ositron
p
airs,
a
n
d
th
ese
n
eu
trin
o
s,
a
ll
of

w
h
ich
w
ere
in
th
erm
al
eq
u
ilib
riu
m
.

(a)
(5
poin
ts)
U
n
d
er
th
ese
assu
m
p
tio
n
s,
h
ow
lon
g
d
id
it
tak
e
(sta
rtin
g
from
th
e
in
sta
n
t

of
th
e
b
ig
b
an
g)
for
th
e
tem
p
eratu
re
to
fall
to
th
e
valu
e
su
ch
th
a
t
k
T
=
1
M
eV
?
(In

th
is
p
art
an
d
th
e
n
ex
t,
y
ou
m
ay
a
ssu
m
e
th
at
th
e
p
erio
d
w
h
en
k
T
>
100
M
eV
w
a
s
so

sh
ort
th
at
o
n
e
can
calcu
late
as
if
th
e
va
lu
e
of
g
th
at
y
ou
�
n
d
fo
r
1
M
eV
<
k
T
<
10
0

M
eV
can
b
e
u
sed
for
ea
rlier
tim
es
as
w
ell.)

(b
)
(5
poin
ts)
H
ow
m
u
ch
tim
e
w
o
u
ld
it
h
ave
tak
en
if
th
ere
w
ere
o
n
e
oth
er
sp
ecies
of

m
assless
n
eu
trin
o,
in
ad
d
ition
to
th
e
th
ree
w
h
ich
w
e
are
cu
rren
tly
a
ssu
m
in
g?

(c)
(5
poin
ts)
W
h
at
w
ou
ld
b
e
th
e
m
ass
d
en
sity
o
f
th
e
u
n
iv
erse
w
h
en
k
T
=
1
M
eV
u
n
d
er

th
e
stan
d
ard
a
ssu
m
p
tion
s,
a
n
d
w
h
at
w
ou
ld
it
b
e
if
th
ere
w
ere
o
n
e
o
th
er
sp
ecies
o
f

m
assless
n
eu
trin
o?

P
R
O
B
L
E
M

2
:
E
N
T
R
O
P
Y

A
N
D

T
H
E
B
A
C
K
G
R
O
U
N
D

N
E
U
T
R
IN
O

T
E
M
-

P
E
R
A
T
U
R
E
(15
po
in
ts)

T
h
e
form
u
la
for
th
e
en
tro
p
y
d
en
sity
of
b
la
ck
-b
o
d
y
rad
iation
is
giv
en
in
L
ectu
re
N
otes

6.
T
h
e
d
erivation
of
th
is
fo
rm
u
la
h
as
b
een
left
to
th
e
statistical
m
ech
a
n
ics
co
u
rse
th
at

you
eith
er
h
ave
taken
or
h
o
p
efu
lly
w
ill
tak
e.
F
o
r
o
u
r
p
u
rp
oses,
th
e
im
p
orta
n
t
p
oin
t
is

th
at
th
e
early
u
n
iv
erse
rem
ain
s
v
ery
clo
se
to
th
erm
al
eq
u
ilib
riu
m
,
an
d
th
erefo
re
en
trop
y

is
con
served
.
T
h
e
con
servatio
n
o
f
en
trop
y
ap
p
lies
ev
en
d
u
rin
g
p
erio
d
s
w
h
en
p
articles,

su
ch
a
s
electron
-p
ositron
p
airs,
a
re
\freezin
g
ou
t"
of
th
e
th
erm
al
eq
u
ilib
riu
m
m
ix
.
S
in
ce

total
en
trop
y
is
con
serv
ed
,
th
e
en
trop
y
d
en
sity
fa
lls
o�
as
1
=
a
3(t).

W
h
en
th
e
electron
-p
ositro
n
p
airs
d
isa
p
p
ear
from
th
e
th
erm
al
eq
u
ilib
riu
m
m
ix
tu
re
as

k
T
falls
b
elow
m
e c
2

=
0
:511
M
eV
,
th
e
w
eak
in
tera
ction
s
h
av
e
su
ch
low
cro
ss
section
s
th
at

th
e
n
eu
trin
os
h
ave
essen
tially
d
eco
u
p
led
.
T
o
a
go
o
d
ap
p
rox
im
atio
n
,
all
o
f
th
e
en
erg
y
an
d

en
trop
y
released
b
y
th
e
an
n
ih
ilation
of
electron
s
an
d
p
o
sitro
n
s
is
a
d
d
ed
to
th
e
p
h
oto
n

gas,
an
d
th
e
n
eu
trin
os
are
u
n
a
�
ected
.
U
se
th
e
co
n
servatio
n
of
en
tro
p
y
to
sh
ow
th
a
t
as

electron
-p
ositron
p
air
an
n
ih
ila
tion
takes
p
la
ce,
a
T



in
creases
b
y
a
factor
of
(11
=
4)
1
=
3,

w
h
ile
a
T
�

rem
ain
s
con
stan
t.
It
follow
s
th
at
after
th
e
d
isa
p
p
eara
n
ce
of
th
e
electron
-

p
ositron
p
airs,
T
�
=
T


=
(4
=
11)
1
=
3.
A
s
fa
r
as
w
e
k
n
ow
,
n
oth
in
g
h
a
p
p
en
s
th
at
sig
n
i�
can
tly

a�
ects
th
is
ratio
righ
t
u
p
to
th
e
p
resen
t
d
ay.
S
o
w
e
ex
p
ect
to
d
ay
a
b
ack
grou
n
d
of
th
erm
a
l

n
eu
trin
os
w
h
ich
a
re
sligh
tly
co
ld
er
th
an
th
e
2.7
ÆK
b
ack
gro
u
n
d
o
f
p
h
oto
n
s.
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A
d
d
ed
n
ote:
In
p
rin
cip
le
th
e
h
eatin
g
of
th
e
p
h
oton
gas
d
u
e
to
electron
-p
ositron

an
n
ih
ilation
can
also
b
e
calcu
lated
b
y
u
sin
g
en
ergy
con
servation
,
b
u
t
it
is
m
u
ch
m
ore

d
iÆ
cu
lt.
S
in
ce

_�
=
�

3
H

�
�
+

pc
2 �

(th
is
w
as
E
q
.
(6.36)
of
L
ectu
re
N
otes
6),
on
e
n
eed
s
to
k
n
ow
p(t)
to
u
n
d
erstan
d
th
e
ch
an
ges

in
en
ergy
d
en
sity.
B
u
t
as
th
e
electron
-p
ositron
p
airs
are
d
isap
p
earin
g,
k
T
is
com
p
arab
le

to
th
e
electon
rest
m
ass
m
e c
2,
an
d
th
e
form
u
la
for
th
e
th
erm
aleq
u
ilib
riu
m
p
ressu
re
u
n
d
er

th
ese
circu
m
stan
ces
is
com
p
licated
.

P
R
O
B
L
E
M

3
:
F
R
E
E
Z
E
-O
U
T
O
F
M
U
O
N
S
(25
po
in
ts)

A
p
article
called
th
e
m
u
on
seem
s
to
b
e
essen
tially
id
en
tical
to
th
e
electron
,
ex
cep
t

th
at
it
is
h
eav
ier|

th
e
m
ass/en
ergy
of
a
m
u
o
n
is
10
6
M
eV
,
com
p
ared
to
0.511
M
eV
for

th
e
electron
.
T
h
e
m
u
on
(�
�

)
h
a
s
th
e
sa
m
e
ch
arge
as
an
electron
,
d
en
oted
b
y
�

e.
T
h
ere

is
also
an
an
tim
u
on
(�
+

),
an
alogou
s
to
th
e
p
ositron
,
w
ith
ch
arge
+
e.
T
h
e
m
u
on
an
d

an
tim
u
o
n
h
av
e
th
e
sam
e
sp
in
as
th
e
electron
.
T
h
ere
is
n
o
k
n
ow
n
p
article
w
ith
a
m
ass

b
etw
een
th
at
of
a
n
electron
an
d
th
at
of
a
m
u
o
n
.

(a)
T
h
e
form
u
la
for
th
e
en
ergy
d
en
sity
of
b
lack
-b
o
d
y
rad
iation
,
a
s
giv
en
b
y
E
q
.
(6.48)

of
th
e
lectu
re
n
otes,

u
=
g
�
2

30
(k
T
)
4

(�h
c)
3

;

is
w
ritten
in
term
s
of
a
n
orm
alization
con
stan
t
g
.
W
h
at
is
th
e
valu
e
of
g
for
th
e

m
u
o
n
s,
ta
k
in
g
�
+

an
d
�
�

to
g
eth
er?

(b
)
W
h
en
k
T
is
ju
st
ab
ove
1
06
M
eV
a
s
th
e
u
n
iv
erse
co
ols,
w
h
at
p
articles
b
esid
es
th
e

m
u
on
s
are
con
tain
ed
in
th
e
th
erm
al
rad
iation
th
at
�
lls
th
e
u
n
iv
erse?
W
h
at
is
th
e

con
trib
u
tion
to
g
from
each
of
th
ese
p
articles?

(c)
A
s
k
T
falls
b
elow
1
0
6
M
eV
,
th
e
m
u
on
s
d
isap
p
ear
from

th
e
th
erm
al
eq
u
ilib
riu
m

rad
iation
.
A
t
th
ese
tem
p
eratu
res
all
of
th
e
oth
er
p
articles
in
th
e
b
lack
-b
o
d
y
rad
iation

a
re
in
teractin
g
fast
en
ou
gh
to
m
ain
tain
eq
u
ilib
riu
m
,
so
th
e
h
eat
g
iv
en
o�
from
th
e

m
u
on
s
is
sh
ared
a
m
on
g
all
th
e
o
th
er
p
articles.
L
ettin
g
a
d
en
ote
th
e
R
ob
ertson
-

W
alk
er
scale
factor,
b
y
w
h
at
factor
d
o
es
th
e
q
u
an
tity
a
T
in
crease
w
h
en
th
e
m
u
on
s

d
isap
p
ear?

P
R
O
B
L
E
M

4
:
T
H
E
R
E
D
S
H
IF
T

O
F
T
H
E
C
O
S
M
IC

M
IC
R
O
W
A
V
E

B
A
C
K
-

G
R
O
U
N
D

(25
poin
ts)

It
w
as
m
en
tion
ed
in
L
ectu
re
N
otes
6
th
at
th
e
b
lack
-b
o
d
y
sp
ectru
m
h
as
th
e
p
ecu
liar

featu
re
th
at
it
m
ain
tain
s
its
form
u
n
d
er
u
n
iform
red
sh
ift.
T
h
at
is,
as
th
e
u
n
iv
erse
ex
p
an
d
s,

ev
en
if
th
e
p
h
oton
s
d
o
n
ot
in
tera
ct
w
ith
a
n
y
th
in
g,
th
ey
w
ill
con
tin
u
e
to
b
e
d
escrib
ed
b
y
a

b
lack
-b
o
d
y
sp
ectru
m
,
alth
ou
gh
at
a
tem
p
eratu
re
th
at
d
ecreases
as
th
e
u
n
iv
erse
ex
p
an
d
s.

T
h
u
s,
ev
en
th
ou
gh
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
(C
M
B
)
h
as
n
ot
b
een
in
teractin
g

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
7
,
F
A
L
L
2
0
2
0

p
.
4

sign
i�
can
tly
w
ith
m
atter
sin
ce
3
5
0,0
00
y
ears
after
th
e
b
ig
b
an
g,
th
e
rad
iation
to
d
ay
still

h
as
a
b
lack
-b
o
d
y
sp
ectru
m
.
In
th
is
p
rob
lem
w
e
w
ill
d
em
on
stra
te
th
is
im
p
ortan
t
p
rop
erty

of
th
e
b
lack
-b
o
d
y
sp
ectru
m
.

T
h
e
sp
ectral
en
ergy
d
en
sity
�
� (�
;T
)
fo
r
th
e
th
erm
a
l
(b
lack
-b
o
d
y
)
rad
ia
tion
o
f
p
h
o
-

ton
s
at
tem
p
eratu
re
T
w
as
stated
in
L
ectu
re
N
otes
6
as
E
q
.
(6.7
5),
w
h
ich
w
e
can
rew
rite

as

�
� (�
;T
)
=
16
�
2�h
�
3

c
3

1

e
h
�
=
k
T
�

1
;

(4.1
)

w
h
ere
h
=
2
�
�h
is
P
lan
ck
's
o
rig
in
al
con
stan
t.
�
� (�
;T
)
d
�
is
th
e
en
ergy
p
er
u
n
it
vo
lu
m
e

carried
b
y
p
h
oton
s
w
h
ose
freq
u
en
cy
is
in
th
e
in
terva
l
[�
;�
+
d
�
].
In
th
is
p
ro
b
lem
w
e
w
ill

assu
m
e
th
at
th
is
form
u
la
h
old
s
a
t
som
e
in
itial
tim
e
t
1 ,
w
h
en
th
e
tem
p
eratu
re
h
ad
so
m
e

valu
e
T
1 .
W
e
w
ill
let
~�(�
;t)
d
en
ote
th
e
sp
ectral
d
istrib
u
tion
fo
r
p
h
oto
n
s
in
th
e
u
n
iv
erse,

w
h
ich
is
a
fu
n
ction
of
freq
u
en
cy
�
an
d
tim
e
t.
T
h
u
s,
ou
r
assu
m
p
tion
a
b
ou
t
th
e
in
itial

con
d
ition
can
b
e
ex
p
ressed
as

~�(�
;t
1 )
=
�
� (�
;T
1 )
:

(4.2)

T
h
e
p
h
oton
s
red
sh
ift
a
s
th
e
u
n
iv
erse
ex
p
an
d
s,
a
n
d
to
a
go
o
d
a
p
p
rox
im
ation
th
e

red
sh
ift
an
d
th
e
d
ilu
tion
o
f
p
h
oton
s
d
u
e
to
th
e
ex
p
an
sion
a
re
th
e
on
ly
p
h
y
sical
e�
ects

th
at
cau
se
th
e
d
istrib
u
tion
of
p
h
oton
s
to
evolve.
T
h
u
s,
u
sin
g
o
u
r
k
n
ow
led
g
e
of
th
e

red
sh
ift,
w
e
can
calcu
late
th
e
sp
ectral
d
istrib
u
tio
n
~�(�
;t
2 )
at
som
e
later
tim
e
t
2

>
t
1 .
It

is
n
ot
ob
v
iou
s
th
at
~�(�
;t
2 )
w
ill
b
e
a
th
erm
al
d
istrib
u
tion
,
b
u
t
in
fa
ct
w
e
w
ill
b
e
ab
le
to

sh
ow
th
at

~�(�
;t
2 )
=
� ��
;T
(t
2 ) �
;

(4
.3)

w
h
ere
in
fact
T
(t
2 )
w
ill
agree
w
ith
w
h
at
w
e
alread
y
k
n
ow
a
b
o
u
t
th
e
evo
lu
tion
of
T
in
a

rad
iation
-d
om
in
ated
u
n
iverse:

T
(t
2 )
=
a
(t
1 )

a
(t
2 )
T
1

:

(4.4)

T
o
follow
th
e
ev
olu
tion
o
f
th
e
p
h
oton
s
from
tim
e
t
1

to
tim
e
t
2 ,
w
e
can
im
ag
in
e
select-

in
g
a
region
of
com
ov
in
g
co
ord
in
ates
w
ith
co
ord
in
ate
v
olu
m
e
V
c .
W
ith
in
th
is
co
m
ov
in
g

volu
m
e,
w
e
can
im
agin
e
taggin
g
a
ll
th
e
p
h
oton
s
in
a
sp
eci�
ed
in
�
n
itesim
a
l
ra
n
g
e
o
f
fre-

q
u
en
cies,
th
ose
b
etw
een
�
1

an
d
�
1

+
d
�
1 .
R
ecallin
g
th
at
th
e
en
erg
y
of
each
su
ch
p
h
oton

is
h
�
,
th
e
n
u
m
b
er
d
N
1

of
tag
ged
p
h
oton
s
is
th
en

d
N
1

=

~�(�
1 ;t
1 )
a
3(t

1 )
V
c
d
�
1

h
�
1

:

(4.5
)

(a)
W
e
n
ow
w
ish
to
follow
th
e
p
h
oton
s
in
th
is
freq
u
en
cy
ran
ge
fro
m
tim
e
t
1

to
tim
e
t
2 ,

d
u
rin
g
w
h
ich
tim
e
each
p
h
o
to
n
red
sh
ifts.
A
t
th
e
latter
tim
e
w
e
can
d
en
o
te
th
e
ra
n
ge
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of
freq
u
en
cies
b
y
�
2

to
�
2
+
d
�
2 .
E
x
p
ress
�
2

an
d
d
�
2

in
term
s
of
�
1

an
d
d
�
1 ,
assu
m
in
g

th
at
th
e
scale
factor
a
(t)
is
giv
en
.

(b
)
A
t
tim
e
t
2

w
e
can
im
agin
e
taggin
g
all
th
e
p
h
oton
s
in
th
e
freq
u
en
cy
ran
ge
�
2

to

�
2

+
d
�
2

th
at
are
fou
n
d
in
th
e
o
rigin
al
com
ov
in
g
region
w
ith
co
ord
in
ate
v
olu
m
e

V
c .
E
x
p
lain
w
h
y
th
e
n
u
m
b
er
d
N
2

of
su
ch
p
h
oton
s,
on
av
erage,
w
ill
eq
u
al
d
N
1

as

calcu
lated
in
E
q
.
(4.5).

(c)
S
in
ce
~�(�
;t
2 )
d
en
otes
th
e
sp
ectral
en
ergy
d
en
sity
at
tim
e
t
2 ,
w
e
can
w
rite

d
N
2

=

~�(�
2 ;t
2 )
a
3(t

2 )
V
c
d
�
2

h
�
2

;

(4.6)

u
sin
g
th
e
sam
e
logic
as
in
E
q
.
(4.5).
U
se
d
N
2

=
d
N
1

to
sh
ow
th
at

~�(�
2 ;t
2 )
=
a
3(t

1 )

a
3(t
2 )
~�(�
1 ;t
1 )
:

(4.7)

U
se
th
e
ab
ov
e
eq
u
ation
to
sh
ow
th
at
E
q
.
(4.3)
is
satis�
ed
,
for
T
(t)
given
b
y
E
q
.
(4.4).

T
o
ta
l
p
o
in
ts
fo
r
P
r
o
b
le
m

S
e
t
7
:
8
0
.


