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PROBLEM SET 10 SOLUTIONS

PROBLEM 1: THE MAGNETIC MONOPOLE PROBLEM (10 points)

(a) If the universe is flat and radiation dominated, then the Friedmann equation becomes

H? = %”Gp : (S1.1)
where ) ( )4
U 7 (kT
= = g— . 1.2
P= =95 733 (51.2)

p=4-21 (S1.3)

and then

¢ (S1.4)

T 2H

Using Eq. (S1.1) to replace H in the above equation, and then Eq. (S1.2) to replace
p, we find an equation for ¢ in terms of T'. Taking T" as the temperature of the phase
transition, T, we find after some algebra that

3 5h3c5 1
t = —,/ . S1.5
4 7T39GUTG (k’Tc)Q ( )

3\/5 (1.055 x 1034 J - 5)3 (2.998 x 108 m -s~1)5 1

Inserting numbers,

4\ 73200 (6.674 x 10-1T m3 - kg~ ' -s72) (1016 GeV)?

2
y 1 GeV I (S1.6)
1.602 x 10-10 ] kg -m2 - 52

=] 1.713x 107 s .
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(b) The horizon distance for a radiation-dominated universe is

t t
_ c 1 41/2 c r_
ghor,phys = G,(t)/o a(t/) dt' =t /O m dt’ = 2ct N (Sl?)
so the monopole number density just after the phase transition can be written as
1 1
~N o S1.8
M T ey (518)
Using Eq. (S1.5) for ¢, this gives
(47739GUTG)3/2 (k/‘T )6 (S]_ 9)
’[’L ~Y _— c . .
M 45R3c7
Numerically,
1

nar ~ 3
(2(2.998 x 108 m - s1) (1.713 x 10739 s))
(S1.10)

=1 9.23x10% m=3 .

(¢) From Lecture Notes 6, Eq. (6.52), the number density of photons at temperature T,

is given by
((3) (KT.)°
=2 1.11
Ny T2 (hC)S (S )
By combining Eq. (S1.9) with Eq. (S1.11), we find
nar 47T5 WgGUTG 3/2 3
— kT3 . S1.12
ny  27¢(3) ( 5he? (RTe) ( )
Inserting numbers,
ny An 7200 - (6.674 x 1071 m3 kg1 .s72) \*
n, 27 x 1.202 \ 5 (1.055 x 10734 J - 5) (2.998 x 108 m - s~1)5
1.602 x 10710 J\*  /kg-m? . s2\*?
10 ’ et S1.13
x (10 GeV)x( TGV )><< 7 ) ( )

= 2.92x107°.
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Recall that the WMAP collaboration estimated that the ratio of baryons to photons
is only

n= % = (6.14+0.2) x 10710, (S1.14)

Ny
so this calculation is saying that the number of monopoles is more than four orders
of magnitude larger than the number of baryons!

To find the contribution of monopoles to the value of ) today, we recall that the
critical density today is given by

3H2

=2, (S1.15)

Pc,0

where the WMAP 7-year value of Hy is 70.4 £ 2.5 km -s~! - Mpc™'. (Recall that
the subscript “0” denotes the present time.) The mass density in monopoles can be

expressed as

n
prM0 = n—Mn%O My (S1.16)

Y

where ;
¢(3) (kTp)

— 92
0TI (e
where the COBE experiment determined that T, = 2.725 4+ 0.002 K. Using
Eq. (S1.12) with Egs. (S1.15), (S1.16), and (S1.17), we find after some algebra that

(S1.17)

_ PMo _ V3TAG My (167T9GUTG

3/2
kTy)2 (KT.)3 . S1.18
Pe,0 H? 135h3c7> (FTo)” (KTe) ( )

Numerically, we could simply insert numbers into the above formula, but it is more
informative to evaluate the pieces separately and then put them together. Using the
numbers that have been stated,

~ 3-(704 km s~ Mpc')?
87 (6.674 x 10-11 m3 - kg~ ! - s72)

y 1 Mpc 2 . (1000 m 2
3.086 x 1022 m 1 km (S1.19)

=| 931x1072"kg-m>=931x10"3"g.-cm™3 .

Pc,0
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1202 ((1.380 x 10728 J. K1) (2.725 K))®
™ ((1.055 x 1034 J - 5) (2.998 x 108 m - s~1))”

Ny,0 =

(S1.20)

=] 4.09x10® m2 =409 cm™3 .

1018 GeV
(2.098 x 108 m -5 1)2

1.602 x 10710 J kg -m?-s72
(e ) s1.21)

= 213x10°kg - m>=213x10%g-cm™° .

paro = (2.92 x 107°) (4.09 x 10° m~?)

Finally,

213X 107° kg -m~3
©0.31 x 10—27 kg - m—3

Qo =2.29 x 10! . (S1.22)

Thus, if conventional big bang cosmology is combined with grand unified theories,
there is a prediction that vastly too many magnetic monopoles would be produced.

PROBLEM 2: EXPONENTIAL EXPANSION OF THE INFLATIONARY
UNIVERSE (15 points)

Suppose k < 0. For convenience of notation, let k = —k > 0, and x = /87Gpy¢/3.
Then the Friedmann equation becomes

Taking the square root,

d
¢ _ vV x2%a? + kc?.

pri
Rearranging, we can integrate both sides to find

d
/ __da / dt .
vV x2a? + kc?
The integral can be put in the form given in the problem set by defining z = xa//kc.
Then

x 'sinh™' 2 + const .

1 dz
t:X [—
vz +1
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The constant of integration is conventionally chosen so that a = 0 at t = 0, which
corresponds here to const = 0. Then we can take the sinh of both sides of the above
equation to find

x = sinh xt

or

a = sinh yt .

VEC
X

For k > 0 the calculation proceeds identically, leading to

1 dz
t=y -
Vaz =1’

where z = ya/Vke. So
t =y 'cosh™' 2 + const .

In this case a is never equal to zero, so the usual convention to choose the origin of
time does not apply. The usual choice in this case is to set the constant in the above
formula equal to zero, so that t = 0 is the time when a(¢) has its minimal value.
This gives

Vke

a = cosh xt .

This describes a universe which begins infinitely large at ¢ = —oo, contracts to a
minimum size at ¢ = 0, and then starts to grow without limit as t — oo.

For large times one has
1
sinh xt — 56’“

1
cosh xt — éext ,
SO
a(t) oc eXt

for all values of k, at large enough time. (One way to understand this result is
by looking at the relative importance of the terms on the right hand side of the
Friedmann equation. The curvature term scales like 1/a?, while the contribution
from the vacuum energy is constant. Therefore, for large a or equivalently for large
t, we can neglect the curvature term compared to the vacuum energy, and our solution
must reduce to the solution for a flat universe.)
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PROBLEM 3: THE HORIZON DISTANCE FOR THE PRESENT
UNIVERSE* (25 points)

(a) From the metric
ds? — — 22 a?(t) dio? - sin2 (d6? + sin? Odd?
5= —c t+T{¢+81nw( + sin® 0d¢?) } |

we deduce that for a light ray moving radially, that is, along 1,

_a(t) _ '
cdt—\/Ed@b — ¢(t)_\/E/O

In here we assumed that the light ray leaves the “origin” ¢ = 0 at t = 0. ¥(t) is
the coordinate value of the horizon at time ¢ for an observer at 1 = 0. The physical
horizon distance ¢p, por (%) is

cdt!
a(t’)

bpnon®) = 22 w0 =att) [ 25 (53.1)

This is the formula we were asked to justify.
(b) To find the horizon distance now we must evaluate (S3.1) for ¢ = t:

gp,hor(to) = a(to)/ O :(Cit,/) - /(; i M . (832)

0 a(t’)

To evaluate this integral we recall the Friedmann equation in the form given in
Eq. (7.22) of Lecture Notes 7:

1 z dx

dt = — .
Ho \/Qad,0 + Q0 + Q022 + Qyac0z?

Since z(t) = a(t)/a(ty) this equation can be rewritten as

a(to)dt 1 dz
a(t) HO \/Qrad,O + Qm,Ox + Qk,Ox2 + QV&C,O'IA .

(S3.3)

* Solution by Barton Zwiebach from 2007, with numerical calculations updated by
Alan Guth.
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Using (S3.3) to evaluate (S3.2), x becomes the variable of integration and runs from
zero (for ¢ = 0) to one (for ¢t = t¢):

c /1 dx
Ho Jo \/Qrad,0 + Qm,0T + Q072 + Quac0z?

lymor(to) = (S3.4)

This is a general formula for the horizon length. The numerical part of the evaluation
requires finding the constant 5y defined by

1
dx
ﬂo = / 5 ik (835)
0 \/Qrad,O + Qm,Ox + Qk,Ogj + Qvac,Ox
so that the horizon distance is
Cpor(to) =~ (S3.6)
p,hor\t0) — HO 0- .

We are told that

Qo = 0311, Qago =9.05x107°,  Quaco = 1—Qm0— 20 = 0.688910. (S3.7)
The Planck team actually gives their best fit value as yac,0 = 0.689, but their model
also assumes that the universe is flat. Here we are imposing exact flatness, so that
our numerics are exactly consistent with both ;o =0 and

1= QJrad,() + Qm,O + Qk,O + QV&C,O . (838)

With these values we find:

1
dx c
= =3.19662, /,hor(to) = — o -
Po /0 v/0.0000905 + 0.311 2 + 0.688910 z4 ph (to) H, Fo
(S3.9)

Numerical analysis Here we chose to maintain exact consistency with €2 o = 0 and
Eq. (S3.8), which seemed like a safe way to proceed. Eq. (S3.8) is an exact equation of
the theoretical formalism, and the Planck 2018 fit that we are using was derived under
the assumption that Q¢ = 0. (The Planck 2018 estimate of €y = 0.9993 £ 0.0037
given as Eq. (8.8) of Lecture Notes 8 was obtained in a completely separate analysis
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by the Planck team.) However, it was not really necessary for us to enforce these
relations exactly. If we allowed a small error in Eq. (S3.8), and calculated

g — /1 dz
® " Jo +0.0000905 + 0.31Tx + 0.689 2% °

we would have found ), = 3.19659, which is identical to the 3-figure accuracy that
we can reasonably expect. If we had ignored radiation altogether, however, and
calculated

"o /1 dx
* Jo V0.309z +0.691 2%
we would have found 5{ = 3.25707, which differs significantly, by about 2%.

We are asked to give the horizon distance both in light-years and Mpc’s. For this
we recall that

1 9.778 x 10° 1
o 2 YT with h=0677 — F0:14.44><109yeaucs.

Thus we get

Cp o (t0) = 3.20 Hi — 46.3 x 10° light-years. (S3.11)
0

Roughly a horizon distance of 50 billion light years! For the computation in Mpc we
recall that

k k
Hy = 100h ——=  with h=0.677 Hy=67.7 ——
s - Mpc s - Mpc
We thus find
c  2.998 x 10°
— = ————— Mpc = 4428 Mpc.
Ho 677 LC pe
As a result,
U hor(to) = 3.20 x 4428 = 14170 Mpc. (S3.12)

This can also be checked with the relation 1 Mpc= 3.262 x 10° ly.
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PROBLEM 4: HUBBLE CROSSING FOR GALAXY-SIZE PERTURBA-
TIONS (25 points)

(a) We are assuming that the galaxy consists of matter that collapsed from a bigger
radius, and we are trying to figure out how big that radius is. So we ask, if the
universe were still homogeneous, how large would a sphere have to be to contain
enough matter to build a galaxy of mass Mg, = 1012 Mg? By “matter,” here we
mean baryons and dark matter. Neither radiation nor vacuum energy collapse in the
formation of galaxies, so they do not contribute. Electrons can be considered part
of “baryonic matter,” but since an electron is about 2000 times less massive than a
proton, their contribution to the mass density of matter is small compared to the
uncertainty in the mass density of matter.

If we imagine that the matter was still uniformly distributed, its mass density p., (to)
would be equal to the average mass density of matter today,

3H?
mO08rG

were we used the facts that Q,, 0 = pm.o/pe(to), and p.(to) = 3HZ /(87G). The total
mass of the matter in a sphere of radius Ry is then

pm(tO) = Qm70 pc(tO) = (841)

4 Q 0R3 H2
M = — R p(to) = —"5 =22 4.2
3 for (to) 5C (S4.2)
Setting M = Mg, and solving for Ry,
2G Mg \ /*
Ry = —=% ) S4.3
" (Qm,o Hg) (543)

Ryden’s Benchmark Model takes Hy = 68 km-s~'-Mpc~!, which can be converted
to inverse seconds by
km 10°m Mpc 1 pc

Hy = 68 km-s~*-Mpc ™" = 68
0 m-s —-Vpe s-Mpc km 105 pc 3.085678 x 1016 m  (S4.4)

=2204x1071¥® 571,

where I am using the Particle Data Group’s Review of Astrophysical Constants
(https://pdg.lbl.gov /2020 /reviews/rpp2020-rev-astrophysical-constants.pdf) for the
conversion factors. Then Ry can be found, in meters, as

1/3
P (2 26674 x 1071 m3kg 's~2- 1012 - 1.9884 x 103° kg> /
O p—

0.31-(2.204 x 10-18)% =2
(S4.5)

=] 5.607x10*? m .



https://pdg.lbl.gov/2020/reviews/rpp2020-rev-astrophysical-constants.pdf
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Converting to light-years,

ly
Ry = 5.607 x 10%> m =| 5.927 x 10% 1y . S4.6
0 % 0.946073 x 106 m % Y (54.6)

Converting to Mpc,

Mpc
=5. 1022 =| 1.817 Mpc . 4,
Ry = 5.607 x 10*? m 3085078 X 0% o 817 Mpc (S4.7)

All of the above answers could appropriately have been rounded to two significant
figures, since Hy and €2, o are only known to that accuracy. Here I kept 4 significant
figures, to make it easier to check for consistency.

(b) For a flat universe, the first-order Friedmann equation reduces to
8
H? = ng . (S4.8)

During the radiation-dominated era we can take p = pyaq and a(t) t1/2 so H =
a/a =1/(2t). Thus,

3
rad(l) = ——= . 4.
praa(?) 321 Gt? (54.9)
(¢) The mass density in radiation today is given by
=Q (to) = Q2 3H (S4.10)
Prad,0 = 34r,0 Pcllo) = 3ir0 el .
The energy density in radiation is proportional to 1/a*(t), so
/4
alte)  [p®) 1" 11
0= 58 = [ Q7 VAT (S
(d) Taking Ao = Ry as the problem asks, we are looking for the time when
. a(t) _ Al/4
A(t) = Ry = QY \/2Hyt R, (S4.12)

a(to)
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is equal to the Hubble length,

cH™Y(t) = 2ct . (S4.13)
So
QL' /2Hot Ry = 2ct
_ . 9711’/02H0R% ) Q71~,/02 2G M 2/3 (S4.14)
2c2 QHé/BCQ Qm,O '

Numerically, it is easiest to use the first of these expressions,

(9 x 107°)1/2.2.204 x 10718 571 - (5.607 x 10?2 m)?

t =
2-(2.998 x 108 m s—1)2
= 3.657 x 10% s (S4.15)
_3 108 — | 11. .
3.657 x 10% s oo 59 yr

Thus, rounded to the nearest year, we agree with Ryden’s estimate of 12 years.

PROBLEM 5: A ZERO MASS DENSITY UNIVERSE— GENERAL REL-
ATIVITY DESCRIPTION (20 points extra credit)

(a) To find the behavior of a(t) with time in a zero mass density universe set p = 0 and

k = —1 in the expression governing the evolution of the scale factor. The equation
becomes
L\ 2 2
a c
a a
a(t)? = 2

After taking the square root of the above equation we choose the positive sign, since
we believe the universe is expanding and not contracting. Then

da = cdt.

Integrating both sides of this equation, we have

a(t) =ct .
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(b) We know the expression for the cosmological redshift is just

a
14+2=
Using our result from part (a) we can rewrite this in terms of the time coordinate,

t
1—|—z:t—o =

(c) We find the trajectory of the light pulse by solving

dr
Ny

for r as a fuction of ¢. Using the result that a(t) = ct, we rearrange the above
expression to get

cdt = a(t)

dt dr

t V1—Fkr?
We can now integrate this from the time of emission ¢, to the time of observation
t,, finding

/vtod_t/_/”r' d,r/
W T Vi

In(t,) — In(t.) = In(t,/te) = sinh ™ r .

Solving this for r gives

r = sinh (In(¢, /t.)) .
To simplify this expression, remember that
0 _ o0

sinh 8 = €
2

Defining = = t,/t,, we have # = Inz and e’ = €% = 2. Then

_ to/te - te/to
—2 .
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Alternatively we can multiply the top and bottom of the right hand side by ¢,/t.
and write

_ (tO/te)2 -1
o 2(te/te)

(d) We found in part (b) that

e

We can reexpress z in terms of r by solving for ¢,/t. in terms of r. Again using the
definition = = t,/t., the result from part (c) becomes

2 -1
2x

r= —

22 —2xr—1=0.

Using the quadratic formula we can solve this for z:

t 2r + /4r? + 4
m:t—oz " 2T+ :T:t T2+1.

Only the positive root is valid, since the negative root would give a physically mean-
ingless negative value for ¢,/t.. Substituting this into the expression for z we get

l+z=r+vr2+1.

Since the mass density of the universe is zero there is no gravity and hence no
force acting on the comoving observers. We know that such observers must then be
moving with constant velocity. In the absence of gravity it is the relative velocity of
two observers that determines the redshift, so it follows that z is independent of the
time ..

PROBLEM 6: A ZERO MASS DENSITY UNIVERSE— SPECIAL RELA-
TIVITY DESCRIPTION (20 points extra credit)

(a) Since there is no gravitational field, the comoving observers move at a constant
velocity in the inertial frame of reference (described by coordinates ¢/, r/, €', and
¢'). Since the comoving observers all start at the origin of the coordinate system,
each comoving observer travels on a trajectory v’ = vt’, where v = 7’ /t’ will have a
different value for different comoving observers. The cosmic time t is defined to be
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the proper time as measured by comoving observers, so from the point of view of the
inertial frame ¢ is measured on clocks that are running slowly by a factor of v(v):

/ 2 / 12
/ / v / r

or

Notice that since v is constant the comoving observers are also inertial observers in
the special relativistic sense.

We are assuming that § = 0’ and ¢ = ¢’, and we also know that r is a rotationally
invariant coordinate, so it depends only on " and ¢, but not ' or ¢’. Thus, if an
infinitesimal line segment has the property that 6 is the only coordinate that changes
in the Robertson-Walker (unprimed) coordinates, then #’ is the only coordinate that
varies in the inertial (primed) coordinates. The special relativistic metric (inertial,
primed coordinates) reduces to

ds® = r'?do"”

while the general relativistic metric (Robertson-Walker, unprimed coordinates) be-
comes

ds* = a*(t) r? do>.

The physical length of the line segment must be independent of the coordinate system
used to describe it, so the two expressions for ds must be equal:

r'df = a(t)rdo .

We know from part (a) of the previous problem that a(t) = ct, and since we are
assuming that #’ = 6, we have

,r,/

r’ v/c
ct /242 — 12 / a2 ’
02

where v =1’ /t’.

To sketch lines of constant ¢ in the r’-t’ plane, note that the answer to part (a) can

be rewritten as
7,/2
t, — t2 + —
c
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which for a fixed value of ¢ describes a hyperbola. Each value of ¢ gives a different
hyperbola, and ¢ = 0 gives the degenerate hyperbola ¢’ = |r’/c|. To sketch lines of
constant r, we can first solve the boxed equation above for v, finding

r

VItrZ

v
c
Since v = 7’ /t/, this equation becomes

t/ — \ 1 + r2 /r/
cr ’
so the lines of constant r are straight lines in the r’-¢' plane. Note that as r — 4o,

the slope approaches +1/c:

| oy
! ¢
= o-.’” o
7, o &// V]
7 Vi ¢ & i
A = & 7
T <
) & /Q n
N 7
\O X,
| | | | | |
| \ | | \ |
-3 -2 -1 1 2 3
r/
(¢) We have shown in the previous part that

v/c

V1—0v%/c?

and

r

V1i+r2’

so all that remains is to calculate the redshift. The redshift in special relativity is

given by

1+ 2

[14+v/c

S\ 1-v/c”’

Substituting the previous expression for v/c, one finds

14 2=

T
v
1— =

1412

V1i+rZ4r

Vi+rZ—p
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The expression simplifies dramatically if one multiplies the numerator and denomi-

nator by v/v/1 + r2 + r, yielding

1+Z:\/(\/r2—|—1—|—r)( r2+1+r
(V1+7r2—=r)(V1+7r2+7r)

~—

=| r+v1+1r2.

As expected, this agrees with the redshift found in part (d) of the previous problem.

(d) We have the following transformation equations:

ct = A /02t12 _ 7“/2

/

.
C Ve o
=20
b=9¢ .

We want to invert these equations in order to express t',7/,0" and ¢’ in terms of
t,r,60 and ¢. Immediately we know 6’ = 6 and ¢’ = ¢. Note that we get a simple
relation by using the first two equations to calculate the product of ¢t and r: the r/
transformation equation multiply ct with 7:

/

r
ctr =\ c*t? —r?—00o— =1,
\ /02t12 _ ?a/2

SO

r = ctr .

Substituting this result into the expression for ¢t above yields an equation that can
be solved for ¢/, yielding

' =t\/1+1r2.

We thus find for an infinitesimal change in the coordinates:

rt
dt' = \/1+ r2dt + ———dr
i

dr’ = ctdr + crdt
df’ = db
d¢' = do |
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Finally, we substitute these expressions into the special relativistic expression for the
invariant interval ds3y, finding

d82 _ _02 dt/Q + d?“/2 + T’l2 d9/2 + Sin2 9/ d¢12
ST

2 2 2 r2t?
= — dt“(1
c ( +r)+1+

5 dr? + 2rt dr dt
r

+ ¢ [2dr? + r?dt® + 2rt dr dt] + Pt*r?[d6? + sin® 0 d¢?]
62t2 2

4+ 2t*r?[dh* + sin? 6 d¢?) .
1+ 72

= —c2dt’ +

Since a(t) = ct we find that the spacetime metric can be written as

dr?

1472

dsip = —2dt? + a(t)? +73(d6? + sin? 0d¢?) |

which is identical to the general relativistic Robertson-Walker open-universe expres-
sion for the invariant spacetime interval.



