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USEFUL INFORMATION:

DOPPLER SHIFT:
z = v/u (nonrelativistic, source moving)

z =
v/u

1− v/u
(nonrelativistic, observer moving)

z =

√
1 + β

1− β
− 1 (special relativity, with β = v/c)

COSMOLOGICAL REDSHIFT:

1 + z ≡ λobserved

λemitted
=

R(tobserved)
R(temitted)

COSMOLOGICAL EVOLUTION:

H2 =

(
Ṙ

R

)2

=
8π
3
Gρ− kc2

R2

R̈ = −4π
3
G

(
ρ+

3p
c2

)
R

EVOLUTION OF A FLAT (Ω ≡ ρ/ρc = 1) UNIVERSE:

R(t) ∝ t2/3 (matter-dominated)

R(t) ∝ t1/2 (radiation-dominated)

EVOLUTION OF A MATTER-DOMINATED
UNIVERSE:

(
Ṙ

R

)2

=
8π
3
Gρ− kc2

R2

R̈ = −4π
3
GρR

ρ(t) =
R3(ti)
R3(t)

ρ(ti)
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Closed (Ω > 1): ct = α(θ − sin θ) ,
R√
k
= α(1− cos θ) ,

where α ≡ 4π
3
GρR3

k3/2c2

Open (Ω < 1): ct = α (sinh θ − θ)
R√
κ
= α (cosh θ − 1) ,

where α ≡ 4π
3
GρR3

κ3/2c2
,

κ ≡ −k .

ROBERTSON-WALKER METRIC:

ds2 = −c2 dτ 2 = −c2 dt2 +R2(t)
{

dr2

1− kr2
+ r2

(
dθ2 + sin2 θ dφ2

)}

SCHWARZSCHILD METRIC:

ds2 = −c2dτ 2 = −
(
1− 2GM

rc2

)
c2dt2 +

(
1− 2GM

rc2

)−1

dr2

+ r2dθ2 + r2 sin2 θ dφ2 ,

GEODESIC EQUATION:

d

ds

{
gij

dxj

ds

}
=

1
2
(∂igk�)

dxk

ds

dx�

ds

or:
d

dτ

{
gµν

dxν

dτ

}
=

1
2
(∂µgλσ)

dxλ

dτ

dxσ

dτ

COSMOLOGICAL CONSTANT:

pvac = −ρvacc
2 ρvac =

Λc2

8πG

where Λ is the cosmological constant.
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PHYSICAL CONSTANTS:

G = 6.673× 10−8 cm3 · g−1 · s−2

k = Boltzmann’s constant = 1.381× 10−16 erg/K

= 8.617× 10−5 eV/K ,

h̄ =
h

2π
= 1.055× 10−27 erg-sec

= 6.582× 10−16 eV-sec ,

c = 2.998× 1010 cm/sec

1 yr = 3.156× 107 s

1 eV = 1.602× 10−12 erg .

BLACK-BODY RADIATION:

u = g
π2

30
(kT )4

(h̄c)3
(energy density)

p =
1
3
u ρ = u/c2 (pressure, mass density)

n = g∗
ζ(3)
π2

(kT )3

(h̄c)3
(number density)

s = g
2π2

45
k4T 3

(h̄c)3
, (entropy density)

where

g ≡
{
1 per spin state for bosons (integer spin)

7/8 per spin state for fermions (half-integer spin)

g∗ ≡
{
1 per spin state for bosons

3/4 per spin state for fermions ,

and

ζ(3) =
1
13

+
1
23

+
1
33

+ · · · ≈ 1.202 .
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EVOLUTION OF A FLAT RADIATION-DOMINATED
UNIVERSE:

kT =
(

45h̄3c5

16π3gG

)1/4
1√
t

For mµ = 106 MeV � kT � me = 0.511 MeV, g = 10.75 and
then

kT =
0.860 MeV√
t (in sec)

PROBLEM 1: DID YOU DO THE READING? (20 points)

Each of the following questions is worth 5 points.

(a) Do we believe that there is the same amount of matter as antimatter in the
universe? There are several observations that lead us to this belief. State one
of them.

(b) At about what time, measured from the big bang, did the deuterium nucleus
become stable? Just after this happened, the neutrons were predominantly in
what form?

(c) Measurements of the orbital speeds of stars and gas in spiral galaxies indicate
the existence of a halo of dark matter surrounding the visible stellar disk. What
roughly do these measurements show, and how does this observation imply the
existence of dark matter?

(d) In a plot of the temperature fluctuation of the Cosmic Microwave Background
(CMB) versus the multipole l, as reproduced below, the location of the first
peak at l ∼ 200 tells us what about our universe? (You may simply state the
answer without any explanation.)

PROBLEM 2: A NEW SPECIES OF LEPTON (25 points)

The following problem was Problem 3, Review Problems for Quiz 3:

Suppose the calculations describing the early universe were modified by includ-
ing an additional, hypothetical lepton, called an 8.286ion. The 8.286ion has roughly
the same properties as an electron, except that its mass is given by mc2 = 0.750
MeV.

Parts (a)-(c) of this question require numerical answers, but since you were
not told to bring calculators, you need not carry out the arithmetic. Your answer
should be expressed, however, in “calculator-ready” form— that is, it should be an
expression involving pure numbers only (no units), with any necessary conversion
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factors included. (For example, if you were asked how many meters a light pulse in
vacuum travels in 5 minutes, you could express the answer as 2.998× 108 × 5× 60.)

a) (5 points) What would be the number density of 8.286ions, in particles per
cubic meter, when the temperature T was given by kT = 3 MeV?

b) (5 points) Assuming (as in the standard picture) that the early universe is
accurately described by a flat, radiation-dominated model, what would be the
value of the mass density at t = .01 sec? You may assume that 0.75 MeV 

kT 
 100 MeV, so the particles contributing significantly to the black-body
radiation include the photons, neutrinos, e+-e− pairs, and 8.286ion-anti8286ion
pairs. Express your answer in the units of gm-cm−3.

c) (5 points) Under the same assumptions as in (b), what would be the value of
kT , in MeV, at t = .01 sec?

d) (5 points) When nucleosynthesis calculations are modified to include the effect
of the 8.286ion, is the production of helium increased or decreased? Explain
your answer in a few sentences.

e) (5 points) Suppose the neutrinos decouple while kT � 0.75 MeV. If the
8.286ions are included, what does one predict for the value of Tν/Tγ today?
(Here Tν denotes the temperature of the neutrinos, and Tγ denotes the tem-
perature of the cosmic background radiation photons.)

PROBLEM 3: EVOLUTION OF FLATNESS (15 points)

The “flatness problem” is related to the fact that during the evolution of the
standard cosmological model, Ω is always driven away from 1.

(a) (9 points) During a period in which the universe is matter-dominated (meaning
that the only relevant component is nonrelativistic matter), the quantity

Ω− 1
Ω

grows as a power of t. Show that this is true, and derive the power. (Stating
the right power without a derivation will be worth 3 points.)

(b) (6 points) During a period in which the universe is radiation-dominated, the
same quantity will grow like a different power of t. Show that this is true, and
derive the power. (Stating the right power without a derivation will again be
worth 3 points.)

In each part, you may assume that the universe was always dominated by the
specified form of matter.
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PROBLEM 4: THE SLOAN DIGITAL SKY SURVEY z = 5.82
QUASAR (40 points)

On April 13, 2000, the Sloan Digital Sky Survey announced the discovery of
what was then the most distant object known in the universe: a quasar at z = 5.82.
To explain to the public how this object fits into the universe, the SDSS posted on
their website an article by Michael Turner and Craig Wiegert titled “How Can An
Object We See Today be 27 Billion Light Years Away If the Universe is only 14
Billion Years Old?” Using a model with H0 = 65 km-s−1-Mpc−1, Ωm = 0.35, and
ΩΛ = 0.65, they claimed

(a) that the age of the universe is 13.9 billion years.

(b) that the light that we now see was emitted when the universe was 0.95 billion
years old.

(c) that the distance to the quasar, as it would be measured by a ruler today, is
27 billion light-years.

(d) that the distance to the quasar, at the time the light was emitted, was 4.0
billion light-years.

(e) that the present speed of the quasar, defined as the rate at which the distance
between us and the quasar is increasing, is 1.8 times the velocity of light.

The goal of this problem is to check all of these conclusions, although you are
of course not expected to actually work out the numbers. Your answers can be
expressed in terms of H0, Ωm, ΩΛ, and z. Definite integrals need not be evaluated.

Note that Ωm represents the present density of nonrelativistic matter, expressed
as a fraction of the critical density; and ΩΛ represents the present density of vacuum
energy, expressed as a fraction of the critical density. In answering each of the
following questions, you may consider the answer to any previous part — whether
you answered it or not — as a given piece of information, which can be used in your
answer.

(a) (15 points) Write an expression for the age t0 of this model universe?

(b) (5 points) Write an expression for the time te at which the light which we now
receive from the distant quasar was emitted.

(c) (10 points) Write an expression for the present physical distance 'phys,0 to the
quasar.

(d) (5 points) Write an expression for the physical distance 'phys,e between us and
the quasar at the time that the light was emitted.

(e) (5 points) Write an expression for the present speed of the quasar, defined as
the rate at which the distance between us and the quasar is increasing.


