
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent

P
hysics

8.286:
T
he

E
arly

U
niverse

O
ctober

6,2005
P
rof.A

lan
G
uthR

E
V

IE
W

P
R

O
B

L
E
M

S
F
O

R
Q

U
IZ

1

Q
U

IZ
D

A
T

E
:
T
uesday,O

ctober
18,

2005

N
E
W

R
E
A

D
IN

G
A

S
S
IG

N
M

E
N

T
:Steven

W
einberg,

T
h
e
F
irst

T
h
ree

M
in
u
tes,

C
hapters

4
and

5.

Q
U

IZ
C

O
V

E
R

A
G

E
:L

ecture
N
otes

1
(sections

on
the

D
opplershiftonly);L

ecture
N
otes

3,
4,

and
5;

P
roblem

Sets
1
and

2;
W
einberg,

C
hapters

1-5,
R
yden,

C
hapters

1-3.
O

n
e

of
th

e
p
rob

lem
s

on
th

e
q
u
iz

w
ill

b
e

taken
verb

atim
(or

at
least

a
lm

o
st

verb
atim

)
from

eith
er

th
e

h
om

ew
ork

assign
m

en
ts,

or
from

th
e

starred
p
rob

lem
s

from
th

is
set

of
R

ev
iew

P
rob

lem
s.

T
he

starred
problem

sare
the

ones
that

Irecom
m
end

that
you

review
m
ost

carefully:
P
roblem

s
2,

4,7,12,14,
15,and

18.
T
he

starred
problem

s
do

not
include

any
reading

questions,but
parts

ofthe
reading

questions
in

these
R
eview

P
roblem

s
m
ay

also
recur

on
the

upcom
ing

quiz.

P
U

R
P

O
S
E
:
T
hese

review
problem

s
are

not
to

be
handed

in,but
are

being
m
ade

available
to

help
you

study.
T
hey

com
e
m
ainly

from
quizzes

in
previous

years.
E
xcept

for
a
few

parts
w
hich

are
clearly

m
arked,they

are
all

problem
s
that

I
w
ould

consider
fair

for
the

com
ing

quiz.
In

som
e
cases

the
num

ber
of

points
assigned

to
the

problem
on

the
quiz

is
listed

—
in

allsuch
cases

it
is

based
on

100
points

for
the

fullquiz.

In
addition

to
this

set
ofproblem

s,you
w
illfind

on
the

course
w
eb

page
the

actualquizzes
that

w
ere

given
in

1994,1996,1998,2000,2002,
and

2004.
T
he

relevant
problem

s
from

those
quizzes

have
m
ostly

been
incorporated

into
these

review
problem

s,but
you

stillm
ay

be
interested

in
looking

at
the

quizzes,just
to

see
how

m
uch

m
aterial

has
been

included
in

each
quiz.

Since
the

schedule
and

the
num

ber
of

quizzes
has

varied
over

the
years,the

coverage
of

this
quiz

w
ill

not
necessarily

be
the

sam
e
as

Q
uiz

1
from

previous
years.

In
fact,

the
first

quiz
this

year
covers

the
sam

e
m
aterial

as
the

first
tw

o
quizzes

in
2000,

and
the

sam
e
as

Q
uiz

1
from

2002
and

2004.

R
E
V

IE
W

S
E
S
S
IO

N
:
T
o
help

you
study

for
the

quiz,
Jessie

Shelton
w
ill

hold
a
review

session
on

Sunday,
O
ctober

16,
at

6:00
p.m

.
T
he

location
w
ill

be
announced

on
the

course
w
ebsite.

8
.2
8
6
Q
U
IZ

1
R
E
V
IE

W
P
R
O
B
L
E
M
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,
F
A
L
L
2
0
0
5

p
.
2

IN
F
O

R
M

A
T

IO
N

T
O

B
E

G
IV

E
N

O
N

Q
U

IZ
:

E
ach

quiz
in

this
course

w
ill

have
a
section

of
“useful

inform
ation”

at
the

beginning.
For

the
first

quiz,this
usefulinform

ation
w
illbe

the
follow

ing:

D
O

P
P

L
E
R

S
H

IF
T

:

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(specialrelativity,

w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se
rv
e
d

λ
e
m
itte
d

=
R
(t
o
b
se
rv
e
d )

R
(t
e
m
itte
d )

E
V

O
L
U

T
IO

N
O

F
A

M
A
T

T
E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2

R̈
=

−
4
π3
G
ρ
R

ρ(t)
=

R
3(t

i )
R
3(t)

ρ(t
i )

F
lat

(Ω
≡
ρ
/
ρ

c
=

1):
R
(t)∝

t
2
/
3

C
losed

(Ω
>

1):
ct

=
α
(θ−

sin
θ)

,
R√
k
=
α
(1−

cos
θ)

,

w
here

α
≡

4
π3
G
ρ
R
3

k
3
/
2c
2

O
pen

(Ω
<

1):
ct

=
α
(sinh

θ−
θ)

R√
κ
=
α
(cosh

θ−
1)

,

w
here

α
≡

4
π3
G
ρ
R
3

κ
3
/
2c
2
,

κ≡
−
k
.
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P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(35

points)

T
he
follow

ing
problem

w
as
P
roblem

1,
Q
uiz

1,
2000.

T
he
parts

w
ere

each
w
orth

5
points.

a)
T
he

D
oppler

effect
for

both
sound

and
light

w
aves

is
nam

ed
for

Johann
C
hris-

tian
D
oppler,

a
professor

of
m
athem

atics
at

the
R
ealschule

in
P
rague.

H
e

predicted
the

effect
for

both
types

of
w
aves

in
xx42.

W
hat

are
the

tw
o
digits

xx?

b)
W

hen
the

sky
is
very

clear
(as

it
alm

ost
never

is
in

B
oston),one

can
see

a
band

of
light

across
the

night
sky

that
has

been
know

n
since

ancient
tim

es
as

the
M
ilky

W
ay.

E
xplain

in
a
sentence

or
tw

o
how

this
band

of
light

is
related

to
the

shape
of

the
galaxy

in
w
hich

w
e
live,w

hich
is

also
called

the
M
ilky

W
ay.

c)
T
he

statem
ent

that
the

distant
galaxies

are
on

average
receding

from
us

w
ith

a
speed

proportionalto
their

distance
w
as

first
published

by
E
dw

in
H
ubble

in
1929,

and
has

becom
e
know

n
as

H
ubble’s

law
.
W
as

H
ubble’s

original
paper

based
on

the
study

of
2,

18,180,or
1,800

galaxies?

d)
T
he

follow
ing

diagram
,labeled

H
om
ogeneity

and
the

H
ubble

Law
,
w
as

used
by

W
einberg

to
explain

how
H
ubble’s

law
is

consistent
w
ith

the
hom

ogeneity
of

the
universe:

T
he

arrow
s
and

labels
from

the
“V

elocities
seen

by
B
”
and

the
“V

elocities
seen

by
C
”
row

s
have

been
deleted

from
this

copy
of

the
figure,

and
it

is
your

job
to

sketch
the

figure
in

your
exam

book
w
ith

these
arrow

s
and

labels
included.

(A
ctually,in

W
einberg’s

diagram
these

arrow
s
w
ere

not
labeled,but

the
labels

are
required

here
so

that
the

grader
does

not
have

to
judge

the
precise

length
of

hand-draw
n
arrow

s.)

e)
T
he

horizon
is

the
present

distance
of

the
m
ost

distant
ob

jects
from

w
hich

light
has

had
tim

e
to

reach
us

since
the

beginning
ofthe

universe.
T
he

horizon
changes

w
ith

tim
e,

but
of

course
so

does
the

size
of

the
universe

as
a
w
hole.

D
uring

a
tim

e
interval

in
w
hich

the
linear

size
of

the
universe

grow
s
by

1%
,

does
the

horizon
distance

(i)
grow

by
m
ore

than
1%

,or

8
.2
8
6
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(ii)
grow

by
less

than
1%

,or

(iii)
grow

by
the

sam
e
1%

?

f)
N
am

e
the

tw
o
m
en

w
ho

in
1964

discovered
the

cosm
ic

background
radiation.

W
ith

w
hat

institution
w
ere

they
affi

liated?

g)
A
t
a
tem

perature
of

3000
K
,
the

nuclei
and

electrons
that

filled
the

universe
com

bined
to

form
neutralatom

s,w
hich

interact
very

w
eakly

w
ith

the
photons

ofthe
background

radiation.
A
fter

this
process,know

n
as

“recom
bination,”

the
background

radiation
expanded

freely.
Since

recom
bination,how

have
each

of
the

follow
ing

quantities
varied

as
the

size
of

the
universe

has
changed?

(Y
our

answ
ers

should
resem

ble
statem

ents
such

as
“proportional

to
the

size
of

the
universe,”

or
“inversely

proportionalto
the

square
of

the
size

of
the

universe”.
T
he

w
ord

“size”
w
ill

be
interpreted

to
m
ean

linear
size,not

volum
e.)

(i)
the

average
distance

betw
een

photons

(ii)
the

typicalw
avelength

of
the

radiation

(iii)
the

num
ber

density
of

photons
in

the
radiation

(iv)
the

energy
density

of
the

radiation

(v)
the

tem
perature

of
the

radiation

∗
P

R
O

B
L
E
M

2:
T

H
E

S
T

E
A

D
Y

-S
T
A
T

E
U

N
IV

E
R

S
E

T
H

E
O

R
Y

(25
points)

T
he
follow

ing
problem

w
as
P
roblem

2,
Q
uiz

1,
2000.

T
he

steady-state
theory

ofthe
universe

w
as

proposed
in

the
late

1940s
by

H
er-

m
ann

B
ondi,T

hom
as

G
old,and

Fred
H
oyle,and

w
as

considered
a
viable

m
odelfor

the
universe

untilthe
cosm

ic
background

radiation
w
as

discovered
and

its
properties

w
ere

confirm
ed.

A
s
the

nam
e
suggests,this

theory
is

based
on

the
hypothesis

that
the

large-scale
properties

of
the

universe
do

not
change

w
ith

tim
e.

T
he

expansion
of

the
universe

w
as

an
established

fact
w
hen

the
steady-state

theory
w
as

invented,
but

the
steady-state

theory
reconciles

the
expansion

w
ith

a
steady-state

density
of

m
atter

by
proposing

that
new

m
atter

is
created

as
the

universe
expands,

so
that

the
m
atter

density
does

not
fall.

L
ike

the
conventionaltheory,the

steady-state
the-

ory
describes

a
hom

ogeneous,isotropic,expanding
universe,so

the
sam

e
com

oving
coordinate

form
ulation

can
be

used.

a)
(10

points)
T
he

steady-state
theory

proposes
that

the
H
ubble

constant,
like

other
cosm

ologicalparam
eters,does

not
change

w
ith

tim
e,so

H
(t)

=
H
0 .

F
ind

the
m
ost

generalform
for

the
scale

factor
function

R
(t)

w
hich

is
consistent

w
ith

this
hypothesis.
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b)
(15

points)
Suppose

that
the

m
ass

density
ofthe

universe
is
ρ
0 ,w

hich
ofcourse

does
not

change
w
ith

tim
e.

In
term

s
ofthe

generalform
for

R
(t)

that
you

found
in

part
(a),

calculate
the

rate
at

w
hich

new
m
atter

m
ust

be
created

for
ρ
0
to

rem
ain

constant
as

the
universe

expands.
Y
our

answ
er

should
have

the
units

of
m
ass

per
unit

volum
e
per

unit
tim

e.
[If
you

failed
to
answ

er
part

(a),
you

w
ill

stillreceive
fullcredit

here
if
you

correctly
answ

er
the

question
for

an
arbitrary

scale
factor

function
R
(t).]

P
R

O
B

L
E
M

3:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(25

points)

T
he
follow

ing
problem

w
as
P
roblem

1,
Q
uiz

1,
1994:

T
he

follow
ing

questions
are

w
orth

5
points

each:

a)
In

1750
the

E
nglish

instrum
ent

m
aker

T
hom

as
W
right

published
O
riginalT

he-
ory

or
N
ew

H
ypothesis

of
the

U
niverse.

In
this

book
W
right

described
an

astronom
icalob

ject
that

is
know

n
today

as
the

C
rab

N
ebula,the

solar
system

,
the

M
ilky

W
ay,or

the
local

supercluster?

b)
In

1755
Im

m
anuel

K
ant

published
his

U
niversal

N
atural

H
istory

and
T
heory

of
the

H
eavens.

W
hat

new
hypothesis

w
as

put
forw

ard
in

this
book?

c)
E
stim

ate
the

diam
eter

and
thickness

ofthe
disk

ofthe
M
ilky

W
ay

galaxy.
A
ny

num
bersw

ithin
a
factor

of2
ofthose

given
in

W
einberg’s

book
w
illbe

accepted.

d)
T
he

m
athem

aticaltheory
of

an
expanding

universe
w
as

first
published

in
1922

by
the

R
ussian

m
athem

atician
A
lexandre

Friedm
ann,

the
D
utch

A
stronom

er
W

illem
de

Sitter,the
A
m
erican

astronom
er

E
dw

in
H
ubble,or

the
B
elgian

cleric
G
eorges

L
em

âıtre?

e)
A
fter

discovering
an

inexplicable
hiss

com
ing

from
their

radio
telescope,

A
rno

P
enzias

and
R
obert

W
ilson

of
B
ell

L
aboratories

learned
that

P.J.E
.
P
eebles,

a
P
rinceton

theorist,
had

calculated
that

the
big

bang
w
ould

produce
a
back-

ground
of

cosm
ic

radiation
w
ith

a
tem

perature
today

of
10 ◦

K
.

W
hat

M
IT

radio
astronom

er
inform

ed
them

of
P
eebles’w

ork?

∗
P

R
O

B
L
E
M

4:
A

N
E
X

P
O

N
E
N

T
IA

L
LY

E
X

P
A

N
D

IN
G

U
N

IV
E
R

S
E
(20

points)

T
he
follow

ing
problem

w
as
P
roblem

2,
Q
uiz

2,
1994,

and
had

also
appeared

on
the

1994
R
eview

P
roblem

s.
A
s
is
the

case
this

year,
it
w
as
announced

that
one

of
the

problem
s
on
the

quiz
w
ould

com
e
from

either
the

hom
ew
ork

or
the

R
eview

P
roblem

s.

C
onsider

a
flat

(i.e.,
a
k
=

0,
or

a
E
uclidean)

universe
w
ith

scale
factor

given
by

R
(t)

=
R
0 e

χ
t
,

w
here

R
0
and

χ
are

constants.
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(a)
(5
points)

F
ind

the
H
ubble

constant
H

at
an

arbitrary
tim

e
t.

(b)
(5
points)

L
et

(x
,y
,z
,t)

be
the

coordinates
of

a
com

oving
coordinate

system
.

Suppose
that

at
t
=

0
a
galaxy

located
at

the
origin

ofthis
system

em
its

a
light

pulse
along

the
positive

x-axis.
F
ind

the
trajectory

x(t)
w
hich

the
light

pulse
follow

s.

(c)
(5
points)

Suppose
that

w
e
are

living
on

a
galaxy

along
the

positive
x-axis,and

that
w
e
receive

this
light

pulse
at

som
e
later

tim
e.

W
e
analyze

the
spectrum

of
the

pulse
and

determ
ine

the
redshift

z.
E
xpress

the
tim

e
t
r
at

w
hich

w
e
receive

the
pulse

in
term

s
of
z,
χ
,
and

any
relevant

physicalconstants.

(d)
(5
points)

A
t
the

tim
e
of

reception,w
hat

is
the

physicaldistance
betw

een
our

galaxy
and

the
galaxy

w
hich

em
itted

the
pulse?

E
xpress

your
answ

er
in

term
s

of
z,
χ
,
and

any
relevant

physicalconstants.

P
R

O
B

L
E
M

5:
“
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?”

(a)
T
he

assum
ptions

of
hom

ogeneity
and

isotropy
greatly

sim
plify

the
description

of
our

universe.
W
e
find

that
there

are
three

possibilities
for

a
hom

ogeneous
and

isotropic
universe:

an
open

universe,
a
flat

universe,
and

a
closed

uni-
verse.

W
hat

quantity
or

condition
distinguishes

betw
een

these
three

cases:
the

tem
perature

of
the

m
icrow

ave
background,the

value
of

Ω
=
ρ
/
ρ

c ,
m
atter

vs.
radiation

dom
ination,or

redshift?

(b)
W

hat
is

the
tem

perature,
in

K
elvin,

of
the

cosm
ic

m
icrow

ave
background

to-
day?

(c)
W

hich
of

the
follow

ing
supports

the
hypothesis

that
the

universe
is

isotropic:
the

distances
to

nearby
clusters,

observations
of

the
cosm

ic
m
icrow

ave
back-

ground,
clustering

of
galaxies

on
large

scales,
or

the
age

and
distribution

of
globular

clusters?

(d)
Is

the
distance

to
the

A
ndrom

eda
N
ebula

(roughly)
10

kpc,5
billion

light
years,

2
m
illion

light
years,or

3
light

years?

(e)
D
id

H
ubble

discover
the

law
w
hich

bears
his

nam
e
in

1862,
1880,

1906,
1929,

or
1948?

(f)
W

hen
H
ubble

m
easured

the
value

ofhis
constant,he

found
H

−
1≈

100
m
illion

years,2
billion

years,10
billion

years,or
20

billion
years?

(g)
C
epheid

variables
are

im
portant

to
cosm

ology
because

they
can

be
used

to
esti-

m
ate

the
distances

to
the

nearby
galaxies.

W
hat

property
ofC

epheid
variables

m
akes

them
usefulfor

this
purpose,and

how
are

they
used?

(h)
C
epheid

variable
stars

can
be

used
as

estim
ators

of
distance

for
distances

up
to

about
100

light-years,
10
4
light-years,

10
7
light

years,
or

10
1
0
light-years?
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[N
ote

for
2004:

this
question

w
as
based

on
the

reading
from

Joseph
Silk’s

T
h
e

B
ig

B
an

g,
and

therefore
w
ould

be
not

be
a
fair

question
for

this
year.]

(i)
N
am

e
the

tw
o
m
en

w
ho

in
1964

discovered
the

cosm
ic

background
radiation.

W
ith

w
hat

institution
w
ere

they
affi

liated?

(j)
A
t
the

tim
e
ofthe

discovery
ofthe

cosm
ic
m
icrow

ave
background,an

active
but

independent
effort

w
as

taking
place

elsew
here.

P.J.E
.
P
eebles

had
estim

ated
that

the
universe

m
ust

contain
background

radiation
w
ith

a
tem

perature
of

at
least

10 ◦K
,and

R
obert

H
.D

icke,P.G
.R

oll,and
D
.T

.W
ilkinson

had
m
ounted

an
experim

ent
to

look
for

it.
A
t
w
hat

institution
w
ere

these
people

w
orking?

P
R

O
B

L
E
M

6:
A

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
U

N
U

S
U

A
L

T
IM

E
E
V

O
L
U

-
T

IO
N

T
he
follow

ing
problem

w
as
P
roblem

3,
Q
uiz

2,
1988:

C
onsider

a
flat

universe
filled

w
ith

a
new

and
peculiar

form
of

m
atter,

w
ith

a
R
obertson–W

alker
scale

factor
that

behaves
as

R
(t)

=
bt
1
/
3
.

H
ere

b
denotes

a
constant.

(a)
If

a
light

pulse
is

em
itted

at
tim

e
t
e
and

observed
at

tim
e
t
o ,

find
the

phys-
ical

separation
�
p (t

o )
betw

een
the

em
itter

and
the

observer,
at

the
tim

e
of

observation.

(b)
A
gain

assum
ing

that
t
e
and

t
o
are

given,find
the

observed
redshift

z.

(c)
F
ind

the
physical

distance
�
p (t

o )
w
hich

separates
the

em
itter

and
observer

at
the

tim
e
of

observation,
expressed

in
term

s
of

c,
t
o ,

and
z
(i.e.,

w
ithout

t
e

appearing).

(d)
A
t
an

arbitrary
tim

e
t
in

the
interval

t
e
<
t
<
t
o ,

find
the

physical
distance

�
p (t)

betw
een

the
light

pulse
and

the
observer.

E
xpress

your
answ

er
in

term
s

of
c,
t,
and

t
o .

∗
P

R
O

B
L
E
M

7:
A

N
O

T
H

E
R

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
A

N
U

N
U

S
U

A
L

T
IM

E
E
V

O
L
U

T
IO

N
(40

points)

T
he
follow

ing
problem

w
as
P
roblem

3,
Q
uiz

1,
2000.

C
onsider

a
fl
a
t
universe

w
hich

is
filled

w
ith

som
e
peculiar

form
of

m
atter,

so
that

the
R
obertson–W

alker
scale

factor
behaves

as

R
(t)

=
bt

γ
,
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w
here

b
and

γ
are

constants.
[T
his

universe
diff
ers

from
the

m
atter-dom

inated
universe

described
in
the

lecture
notes

in
that

ρ
is
not

proportional
to

1
/
R
3(t).

Such
behavior

is
possible

w
hen

pressures
are

large,
because

a
gas

expanding
under

pressure
can

lose
energy

(and
hence

m
ass)

during
the

expansion.]
For

the
follow

ing
questions,any

of
the

answ
ers

m
ay

depend
on

γ,
w
hether

it
is

m
entioned

explicitly
or

not.

a)
(5
points)

L
et
t
0
denote

the
present

tim
e,

and
let

t
e
denote

the
tim

e
at

w
hich

the
light

that
w
e
are

currently
receiving

w
as

em
itted

by
a
distant

ob
ject.

In
term

s
ofthese

quantities,find
the

value
ofthe

redshift
param

eter
z
w
ith

w
hich

the
light

is
received.

b)
(5
points)

F
ind

the
“look-back”

tim
e
as

a
function

of
z
and

t
0 .

T
he

look-back
tim

e
is
defined

as
the

length
ofthe

intervalin
cosm

ic
tim

e
betw

een
the

em
ission

and
observation

of
the

light.

c)
(10

points)
E
xpress

the
present

value
of

the
physicaldistance

to
the

ob
ject

as
a
function

of
H
0 ,
z,

and
γ.

d)
(10

points)
A
t
the

tim
e
of

em
ission,the

distant
ob

ject
had

a
pow

er
output

P
(m

easured,say,in
ergs/sec)

w
hich

w
as

radiated
uniform

ly
in

all
directions,in

the
form

of
photons.

W
hat

is
the

radiation
energy

flux
J

from
this

ob
ject

at
the

earth
today?

E
xpress

your
answ

er
in

term
s
of

P
,
H
0 ,
z,

and
γ.
[E
nergy

flux
(w
hich

m
ight

be
m
easured

in
erg-cm

−
2-sec −

1)
is
defined

as
the

energy
per

unit
area

per
unit

tim
e
striking

a
surface

that
is
orthogonal

to
the

direction
of

energy
flow

.]

e)
(10

points)
Suppose

that
the

distantob
ject

is
a
galaxy,m

oving
w
ith

the
H
ubble

expansion.
W

ithin
the

galaxy
a
supernova

explosion
has

hurled
a
jet

ofm
aterial

directly
tow

ards
E
arth

w
ith

a
speed

v,m
easured

relative
to

the
galaxy,

w
hich

is
com

parable
to

the
speed

of
light

c.
A
ssum

e,how
ever,that

the
distance

the
jet

has
traveled

from
the

galaxy
is

so
sm

all
that

it
can

be
neglected.

W
ith

w
hat

redshift
z
J

w
ould

w
e
observe

the
light

com
ing

from
this

jet?
E
xpress

your
answ

er
in

term
s
of

all
or

som
e
of

the
variables

v,
z
(the

redshift
of

the
galaxy),

t
0 ,
H
0 ,

and
γ,and

the
constant

c.

P
R

O
B

L
E
M

8:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(25

points)

T
he
follow

ing
problem

w
as
P
roblem

1,
Q
uiz

1,
1996:

T
he

follow
ing

questions
are

w
orth

5
points

each.

a)
In

1814-1815,
the

M
unich

optician
Joseph

Frauenhofer
allow

ed
light

from
the

sun
to

pass
through

a
slit

and
then

through
a
glass

prism
.
T
he

light
w
as

spread
into

a
spectrum

of
colors,

show
ing

lines
that

could
be

identified
w
ith

know
n

elem
ents

—
sodium

,
iron,

m
agnesium

,
calcium

,
and

chrom
ium

.
W
ere

these
lines

dark,or
bright

(2
points)?

W
hy
(3
points)?
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b)
T
he

A
ndrom

eda
N
ebula

w
as

show
n
conclusively

to
lie

outside
our

ow
n
galaxy

w
hen

astronom
ers

acquired
telescopes

pow
erfulenough

to
resolve

the
individ-

ual
stars

of
A
ndrom

eda.
W
as

this
feat

accom
plished

by
G
alileo

in
1609,

by
Im

m
anuelK

ant
in

1755,by
H
enrietta

Sw
an

L
eavitt

in
1912,by

E
dw

in
H
ubble

in
1923,or

by
W
alter

B
aade

and
A
llan

Sandage
in

the
1950s?

c)
Som

e
of

the
earliest

m
easurem

ents
of

the
cosm

ic
background

radiation
w
ere

m
ade

indirectly,by
observing

interstellar
clouds

of
a
m
olecule

called
cyanogen

(C
N
).

State
w
hether

each
of

the
follow

ing
statem

ents
is

true
or

false
(1
point

each):

(i)
T
he

first
m
easurem

ents
of

the
tem

perature
of

the
interstellar

cyanogen
w
ere

m
ade

over
tw

enty
years

before
the

cosm
ic

background
radiation

w
as

directly
observed.

(ii)
C
yanogen

helps
to

m
easure

the
cosm

ic
background

radiation
by

reflecting
it

tow
ard

the
earth,so

that
it

can
be

received
w
ith

m
icrow

ave
detectors.

(iii)
O
ne

reason
w
hy

the
cyanogen

observations
w
ere

im
portant

w
as

that
they

gave
the

first
m
easurem

ents
of

the
equivalent

tem
perature

of
the

cosm
ic

background
radiation

at
w
avelengths

shorter
than

the
peak

of
the

black-
body

spectrum
.

(iv)
B
y
m
easuring

the
spectrum

of
visible

starlight
that

passes
through

the
cyanogen

clouds,
astronom

ers
can

infer
the

intensity
of

the
m
icrow

ave
radiation

that
bathes

the
clouds.

(v)
B
y
observing

chem
icalreactions

in
the

cyanogen
clouds,astronom

ers
can

infer
the

tem
perature

ofthe
m
icrow

ave
radiation

in
w
hich

they
are

bathed.

d)
In

about
280

B
.C

.,a
G
reek

philosopher
proposed

that
the

E
arth

and
the

other
planets

revolve
around

the
sun.

W
hat

w
as

the
nam

e
of

this
person?

[N
ote

for
2004:

this
question

w
as
based

on
readings

from
Joseph

Silk’s
T

h
e

B
ig

B
an

g,
and

therefore
is
not

appropriate
for

Q
uiz

1
of
this

year.]

e)
In

1832
H
einrich

W
ilhelm

O
lbers

presented
w
hat

w
e
now

know
as

“O
lbers’

P
aradox,”

although
a
sim

ilar
argum

ent
had

been
discussed

as
early

as
1610

by
Johannes

K
epler.

O
lbers

argued
that

if
the

universe
w
ere

transparent,static,
infinitely

old,
and

w
as

populated
by

a
uniform

density
of

stars
sim

ilar
to

our
sun,then

one
of

the
follow

ing
consequences

w
ould

result:

(i)
T
he

brightness
of

the
night

sky
w
ould

be
infinite.

(ii)
A
ny

patch
of

the
night

sky
w
ould

look
as

bright
as

the
surface

of
the

sun.

(iii)
T
he

total
energy

flux
from

the
night

sky
w
ould

be
about

equal
to

the
total

energy
flux

from
the

sun.
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(iv)
A
ny

patch
of

the
night

sky
w
ould

look
as

bright
as

the
surface

of
the

m
oon.

W
hich

one
of

these
statem

ents
is

the
correct

statem
ent

of
O
lbers’

paradox?
[N
ote

for
2004:

this
question

w
as
based

on
readings

from
Joseph

Silk’s
T

h
e

B
ig

B
an

g,
and

therefore
is
not

appropriate
for

Q
uiz

1
of
this

year.]

P
R

O
B

L
E
M

9:
A

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
R

(t)∝
t
3
/
5

T
he
follow

ing
problem

w
as
P
roblem

3,
Q
uiz

1,
1996:

C
onsider

a
fl
a
t
universe

w
hich

is
filled

w
ith

som
e
peculiar

form
of

m
atter,

so
that

the
R
obertson–W

alker
scale

factor
behaves

as

R
(t)

=
bt
3
/
5
,

w
here

b
is

a
constant.

a)
(5
points)

F
ind

the
H
ubble

constant
H

at
an

arbitrary
tim

e
t.

b)
(5
points)

W
hat

is
the

physicalhorizon
distance

at
tim

e
t?

c)
(5
points)

Suppose
a
lightpulse

leaves
galaxy

A
at

tim
e
t
A
and

arrives
at

galaxy
B

at
tim

e
t
B
.
W

hat
is

the
coordinate

distance
betw

een
these

tw
o
galaxies?

d)
(5
points)

W
hat

is
the

physicalseparation
betw

een
galaxy

A
and

galaxy
B

at
tim

e
t
A
?
A
t
tim

e
t
B
?

e)
(5
points)

A
t
w
hat

tim
e
is

the
light

pulse
equidistant

from
the

tw
o
galaxies?

f)
(5
points)

W
hat

is
the

speed
of

B
relative

to
A

at
the

tim
e
t
A
?
(B

y
“speed,”

I
m
ean

the
rate

of
change

of
the

physicaldistance
w
ith

respect
to

cosm
ic

tim
e,

d
�
p /
d
t.)

g)
(5
points)

For
observations

m
ade

at
tim

e
t,

w
hat

is
the

present
value

of
the

physicaldistance
as

a
function

ofthe
redshift

z
(and

the
tim

e
t)?

W
hat

physical
distance

corresponds
to

z
=

∞
?

H
ow

does
this

com
pare

w
ith

the
horizon

distance?
(N

ote
that

this
question

does
not

refer
to

the
galaxies

A
and

B
discussed

in
the

earlier
parts.

In
particular,

you
should

not
assum

e
that

the
light

pulse
left

its
source

at
tim

e
t
A
.)

h)
(5
points)

R
eturning

to
the

discussion
of

the
galaxies

A
and

B
w
hich

w
ere

considered
in

parts
(c)-(f),

suppose
the

radiation
from

galaxy
A

is
em

itted
w
ith

total
pow

er
P
.
W

hat
is

the
pow

er
per

area
received

at
galaxy

B
?

i)
(5
points)

W
hen

the
light

pulse
is
received

by
galaxy

B
,a

pulse
is
im

m
ediately

sentback
tow

ard
galaxy

A
.A

t
w
hat

tim
e
does

this
second

pulse
arrive

at
galaxy

A
?
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D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(20

points)

T
he
follow

ing
questions

w
ere

taken
from

P
roblem

1,
Q
uiz

1,
1998:

T
he

follow
ing

questions
are

w
orth

5
points

each.

a)
In

1917,
E
instein

introduced
a
m
odel

of
the

universe
w
hich

w
as

based
on

his
new

ly
developed

general
relativity,

but
w
hich

contained
an

extra
term

in
the

equations
w
hich

he
called

the
“cosm

ological
term

.”
(T

he
coeffi

cient
of

this
term

is
called

the
“cosm

ological
constant.”)

W
hat

w
as

E
instein’s

m
otivation

for
introducing

this
term

?

b)
W

hen
the

redshift
ofdistant

galaxies
w
as

first
discovered,the

earliest
observa-

tions
w
ere

analyzed
according

to
a
cosm

ologicalm
odelinvented

by
the

D
utch

astronom
er

W
.
de

Sitter
in

1917.
A
t
the

tim
e
of

its
discovery,w

as
this

m
odel

thought
to

be
static

or
expanding?

From
the

m
odern

perspective,is
the

m
odel

thought
to

be
static

or
expanding?

c)
T
he

early
universe

is
believed

to
have

been
filled

w
ith

therm
al,or

black-body,
radiation.

For
such

radiation
the

num
ber

density
of

photons
and

the
energy

density
are

each
proportionalto

pow
ers

of
the

absolute
tem

perature
T
.
Say

N
um

ber
density∝

T
n

1

E
nergy

density∝
T

n
2

G
ive

the
values

of
the

exponents
n
1
and

n
2 .

d)
A
t
about

3,000
K

the
m
atter

in
the

universe
underw

ent
a
certain

chem
ical

change
in

its
form

,a
change

that
w
as

necessary
to

allow
the

differentiation
of

m
atter

into
galaxies

and
stars.

W
hat

w
as

the
nature

of
this

change?

P
R

O
B

L
E
M

11:
A

N
O

T
H

E
R

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
R

(t)∝
t
3
/
5
(40

points)

T
he
follow

ing
w
as
P
roblem

3,
Q
uiz

1,
1998:

C
onsider

a
fl
a
t
universe

w
hich

is
filled

w
ith

som
e
peculiar

form
of

m
atter,

so
that

the
R
obertson–W

alker
scale

factor
behaves

as

R
(t)

=
bt
3
/
5
,

w
here

b
is

a
constant.

a)
(5
points)

F
ind

the
H
ubble

constant
H

at
an

arbitrary
tim

e
t.

b)
(10

points)
Suppose

a
m
essage

is
transm

itted
by

radio
signal(traveling

at
the

speed
of

light
c)

from
galaxy

A
to

galaxy
B
.
T
he

m
essage

is
sent

at
cosm

ic
tim

e
t
1 ,w

hen
the

physicaldistance
betw

een
the

galaxies
is
�
0 .

A
t
w
hat

cosm
ic
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tim
e
t
2
is
the

m
essage

received
at

galaxy
B
?
(E

xpress
your

answ
er

in
term

s
of

�
0 ,
t
1 ,and

c.)

c)
(5
points)

U
pon

receipt
ofthe

m
essage,the

creatures
on

galaxy
B

im
m
ediately

send
back

an
acknow

ledgem
ent,

by
radio

signal,
that

the
m
essage

has
been

received.
A
t
w
hat

cosm
ic

tim
e
t
3
is
the

acknow
ledgm

ent
received

on
galaxy

A
?

(E
xpress

your
answ

er
in

term
s
of
�
0 ,
t
1 ,
t
2 ,

and
c.)

d)
(10

points)
T
he

creatures
on

galaxy
B

spend
som

e
tim

e
trying

to
decode

the
m
essage,finally

deciding
that

it
is

an
advertisem

ent
for

K
ellogg’s

C
orn

F
lakes

(w
hatever

that
is).

A
t
a
tim

e
∆
t
after

the
receipt

ofthe
m
essage,as

m
easured

on
their

clocks,
they

send
back

a
response,requesting

further
explanation.

A
t

w
hat

cosm
ic

tim
e
t
4
is

the
response

received
on

galaxy
A
?
In

answ
ering

this
part,you

should
not

assum
e
that

∆
t
is
necessarily

sm
all.

(E
xpress

your
answ

er
in

term
s
of
�
0 ,
t
1 ,
t
2 ,
t
3 ,∆

t,and
c.)

e)
(5
points)

W
hen

the
response

is
received

by
galaxy

A
,
the

radio
w
aves

w
ill

be
redshifted

by
a
factor

1
+
z.

G
ive

an
expression

for
z.

(E
xpress

your
answ

er
in

term
s
of
�
0 ,
t
1 ,
t
2 ,
t
3 ,
t
4 ,

∆
t,and

c.)

f)
(5
points;

N
o
partial

credit)
If
the

tim
e
∆
t
introduced

in
part

(d)
is

sm
all,the

tim
e
difference

t
4 −

t
3
can

be
expanded

to
first

order
in

∆
t.

C
alculate

t
4 −

t
3

to
first

order
accuracy

in
∆
t.

(E
xpress

your
answ

er
in

term
s
of

�
0 ,
t
1 ,
t
2 ,
t
3 ,

t
4 ,

∆
t,
and

c.)
[H

int:
w
hile

this
part

can
be

answ
ered

by
using

brute
force

to
expand

the
answ

er
in

part
(d),there

is
an

easier
w
ay.]
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T

H
E

D
E
C

E
L
E
R

A
T

IO
N

P
A

R
A

M
E
T

E
R

T
he
follow

ing
problem

w
as
P
roblem

2,
Q
uiz

2,
1992,

w
here

it
counted

10
points

out
of
100.

M
any

standard
references

in
cosm

ology
define

a
quantity

called
the

d
e
c
e
le

r-
a
tio

n
p
a
ra

m
e
te

r
q,

w
hich

is
a
direct

m
easure

of
the

slow
ing

dow
n
of

the
cosm

ic
expansion.

T
he

param
eter

is
defined

by

q≡
−
R̈
(t)

R
(t)

Ṙ
2(t)

.

F
ind

the
relationship

betw
een

q
and

Ω
for

a
m
atter-dom

inated
universe.

[In
case

you
have

forgotten,
Ω
is
defined

by

Ω
=
ρ
/
ρ

c
,

w
here

ρ
is
the

m
ass

density
and

ρ
c
is
the

critical
m
ass

density
(i.e.,

that
m
ass

density
w
hich

corresponds
to

k
=

0).]
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R
A

D
IA

T
IO

N
-D

O
M

IN
A
T

E
D

F
L
A
T

U
N

IV
E
R

S
E

W
e
have

learned
that

a
m
atter-dom

inated
hom

ogeneous
and

isotropic
universe

can
be

described
by

a
scale

factor
R
(t)

obeying
the

equation

(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2
.

T
his

equation
in

fact
applies

to
any

form
of

m
ass

density,
so

w
e
can

apply
it

to
a

universe
in

w
hich

the
m
ass

density
is

dom
inated

by
the

energy
of

photons.
R
ecall

that
the

m
ass

density
of

nonrelativistic
m
atter

falls
off

as
1/
R
3(t)

as
the

universe
expands;the

m
assofeach

particle
rem

ainsconstant,and
the

density
ofparticles

falls
off

as
1
/
R
3(t)

because
the

volum
e
increases

as
R
3(t).

For
the

photon-dom
inated

universe,
the

density
of

photons
falls

of
as

1
/
R
3(t),

but
in

addition
the

frequency
(and

hence
the

energy)
of

each
photon

redshifts
in

proportion
to

1
/
R
(t).

Since
m
ass

and
energy

are
equivalent,

the
m
ass

density
of

the
gas

of
photons

falls
off

as
1
/
R
4(t).

For
a
flat

(i.e.,
k
=

0)
m
atter-dom

inated
universe

w
e
learned

that
the

scale
factor

R
(t)

is
proportionalto

t
2
/
3.

H
ow

does
R
(t)

behave
for

a
photon-dom

inated
universe?
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T
he
follow

ing
problem

w
as
taken

from
Q
uiz

2,
1990,

w
here

it
counted

10
points

out
of
100.

C
onsider

an
open,

m
atter-dom

inated
universe,

as
described

by
the

evolution
equations

on
the

front
of

the
quiz.

F
ind

the
tim

e
t
at

w
hich

R
/ √

κ
=

2
α
.

∗
P
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A

N
T

IC
IP

A
T

IN
G

A
B

IG
C

R
U

N
C

H

Suppose
that

w
e
lived

in
a
closed,m

atter-dom
inated

universe,as
described

by
the

equations
on

the
front

of
the

quiz.
Suppose

further
that

w
e
m
easured

the
m
ass

density
param

eter
Ω

to
be

Ω
0
=

2,and
w
e
m
easured

the
H
ubble

“constant”
to

have
som

e
value

H
0 .

H
ow

m
uch

tim
e
w
ould

w
e
have

before
our

universe
ended

in
a
big

crunch,at
w
hich

tim
e
the

scale
factor

R
(t)

w
ould

collapse
to

0?
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A

P
O

S
S
IB

L
E

M
O

D
IF

IC
A
T

IO
N

O
F

N
E
W

T
O

N
’S

L
A
W

O
F

G
R

A
V

IT
Y
(35

points)

T
he
follow

ing
problem

w
as
P
roblem

2,
Q
uiz

2,
2000.

In
L
ecture

N
otes

4
w
e
developed

a
N
ew

tonian
m
odelof

cosm
ology,by

consid-
ering

a
uniform

sphere
of

m
ass,centered

at
the

origin,w
ith

initialm
ass

density
ρ

i

and
an

initialpattern
of

velocities
corresponding

to
H
ubble

expansion:
#v

i
=
H

i #r:

W
e
denoted

the
radius

at
tim

e
t
ofa

particle
w
hich

started
at

radius
r
i
by

the
function

r(r
i ,t).

A
ssum

ing
N
ew

ton’s
law

ofgravity,w
e
concluded

that
each

particle
w
ould

experience
an

acceleration
given

by

#g
=

−
G
M

(r
i )

r
2(r

i ,t)
r̂
,

w
here

M
(r

i )
denotes

the
total

m
ass

contained
initially

in
the

region
r
<
r
i ,

given
by

M
(r

i )
=

4
π3
r
3i ρ

i
.

Suppose
that

the
law

of
gravity

is
m
odified

to
contain

a
new

,
repulsive

term
,

producing
an

acceleration
w
hich

grow
s
as

the
nth

pow
er

of
the

distance,
w
ith

a
strength

that
is

independent
of

the
m
ass.

T
hat

is,suppose
#g
is

given
by

#g
=

−
G
M

(r
i )

r
2(r

i ,t)
r̂
+
γ
r
n(r

i ,t)
r̂
,

w
here

γ
is

a
constant.

T
he

function
r(r

i ,t)
then

obeys
the

differentialequation

r̈
=

−
G
M

(r
i )

r
2(r

i ,t)
+
γ
r
n(r

i ,t)
.
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a)
(6
points)

A
s
done

in
the

lecture
notes,w

e
define

u(r
i ,t)≡

r(r
i ,t)/

r
i
.

W
rite

the
differentialequation

obeyed
by

u.

b)
(6
points)

For
w
hat

value
of

the
pow

er
n
is

the
differential

equation
found

in
part

(a)
independent

of
r
i ?

c)
(8
points)

W
rite

the
initial

conditions
for

u
w
hich,

w
hen

com
bined

w
ith

the
differentialequation

found
in

(a),
uniquely

determ
ine

the
function

u.

d)
(15

points)
If

all
is

going
w
ell,

then
you

have
learned

that
for

a
certain

value
of
n,

the
function

u(r
i ,t)

w
illin

fact
not

depend
on

r
i ,so

w
e
can

define

R
(t)≡

u(r
i ,t)

.

Show
that

the
differentialequation

for
R

can
be

integrated
once

to
obtain

an
equation

related
to

the
conservation

of
energy.

T
he

desired
equation

should
include

term
s
depending

on
R

and
Ṙ
,
but

not
R̈

or
any

higher
derivatives.

If
all

has
not

gone
so

w
ell,

you
m
ay

not
know

w
hat

differential
equation

R
(t)

obeys.
If

that
is

the
case,

then
for

a
m
axim

um
of

12
points

you
can

consider
the

generic
equationR̈

+
AR

p
+
B
R

q
=

0
,

w
here

A
and

B
are

arbitrary
constants,and

p
and

q
are

positive
integers,w

ith
p
>

1.
Show

that
this

equation
can

be
integrated

once,
as

described
in

the
previous

paragraph.
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T
he
follow

ing
problem

w
as
taken

from
P
roblem

1,
Q
uiz

1,
2004,

w
here

each
part

counted
5
points,

for
a
totalof

25
points.

T
he
reading

assignm
ent

included
the

first
three

chapters
ofR

yden,
In

tro
d
u
ction

to
C

osm
ology,and

the
first

three
chapters

of
W
einberg,

T
h
e

F
irst

T
h
ree

M
in

u
tes.

(a)
In

1826,the
astronom

er
H
einrich

O
lber

w
rote

a
paper

on
a
paradox

regarding
the

night
sky.

W
hat

is
O
lber’s

paradox?
W

hat
is
the

prim
ary

resolution
of

it?

(b)
W

hat
is

the
value

of
the

N
ew

tonian
gravitationalconstant

G
in

P
lanck

units?
T
he

P
lanck

length
is

of
the

order
of

10 −
3
5
m
,10 −

1
5
m
,10

1
5
m
,or

10
3
5
m
?

(c)
W

hat
is

the
C
osm

ological
P
rinciple?

Is
the

H
ubble

expansion
of

the
universe

consistent
w
ith

it?
(For

the
latter

question,a
sim

ple
“yes”

or
“no”

w
illsuffi

ce.)

(d)
In

the
“Standard

M
odel”

of
the

universe,
w
hen

the
universe

cooled
to

about
3×

10
a
K
,it

becam
e
transparentto

photons,and
today

w
e
observe

these
as

the
C
osm

ic
M
icrow

ave
B
ackground

(C
M
B
)
at

a
tem

perature
of

about
3×

10
b
K
.

W
hat

are
the

integers
a
and

b?

(e)
W

hat
did

the
universe

prim
arily

consist
of

at
about

1/100th
of

a
second

after
the

B
ig

B
ang?

Include
any

constituent
that

is
believed

to
have

m
ade

up
m
ore

than
1%

of
the

m
ass

density
of

the
universe.
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S
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E
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R
E
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S
H

IF
T

T
he
follow

ing
problem

w
as
taken

from
P
roblem

2,
Q
uiz

1,
2004,

w
here

it
counted

20
points.

C
onsider

the
D
oppler

shift
of

radio
w
aves,for

a
case

in
w
hich

both
the

source
and

the
observer

are
m
oving.

Suppose
the

source
is
a
spaceship

m
oving

w
ith

a
speed

v
s
relative

to
the

space
station

A
lpha-7,w

hile
the

observer
is
on

another
spaceship,

m
oving

in
the

opposite
direction

from
A
lpha-7

w
ith

speed
v

o
relative

to
A
lpha-7.

(a)
(10

points)
C
alculate

the
D
oppler

shift
z
of

the
radio

w
ave

as
received

by
the

observer.
(R

ecall
that

radio
w
aves

are
electrom

agnetic
w
aves,

just
like

light
except

that
the

w
avelength

is
longer.)

(b)
(10

points)
U
se

the
results

of
part

(a)
to

determ
ine

v
to
t ,

the
velocity

of
the

source
spaceship

as
it

w
ould

be
m
easured

by
the

observer
spaceship.

(8
p
o
in
ts

w
ill

b
e
g
iv
en

fo
r
th
e
b
a
sic

id
ea
,
w
h
eth

er
o
r
n
o
t
y
o
u
h
av
e
th
e
rig

h
t
a
n
sw

er
fo
r

p
a
rt

(a
),

a
n
d
2
p
o
in
ts

w
ill

b
e
g
iv
en

fo
r
th
e
a
lg
eb

ra
.)
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Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(35

points)

a)
D
oppler

predicted
the

D
oppler

effect
in

1842.

b)
M
ostofthe

stars
ofour

galaxy,including
our

sun,lie
in

a
flat

disk.
W
e
therefore

see
m
uch

m
ore

light
w
hen

w
e
look

out
from

earth
along

the
plane

of
the

disk
than

w
hen

w
e
look

in
any

other
direction.

c)
H
ubble’s

originalpaper
on

the
expansion

ofthe
universe

w
as

based
on

a
study

of
only

18
galaxies.

W
ell,

at
least

W
einberg’s

book
says

18
galaxies.

For
m
y

ow
n

book
I
m
ade

a
copy

of
H
ubble’s

original
graph,

w
hich

seem
s
to

show
24

black
dots,

each
of

w
hich

represents
a
galaxy,

as
reproduced

below
.
T
he

vertical
axis

show
s
the

recession
velocity,

in
kilom

eters
per

second.
T
he

solid
line

show
sthe

best
fit

to
the

black
dots,each

ofw
hich

represents
a
galaxy.

E
ach

open
circle

represents
a
group

of
the

galaxies
show

n
as

black
dots,selected

by
their

proxim
ity

in
direction

and
distance;the

broken
line

is
the

best
fit

to
these

points.
T
he

cross
show

s
a
statisticalanalysis

of22
galaxies

for
w
hich

individual
distance

m
easurem

ents
w
ere

not
available.

I
am

not
sure

w
hy

W
einberg

refers
to

18
galaxies,but

it
is
possible

that
the

text
ofH

ubble’s
article

indicated
that

18
of

these
galaxies

w
ere

m
easured

w
ith

m
ore

reliability
than

the
rest.
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d)e)
D
uring

a
tim

e
intervalin

w
hich

the
linear

size
ofthe

universe
grow

s
by

1%
,the

horizon
distance

grow
s
by

m
ore

than
1%

.
T
o
see

w
hy,

note
that

the
horizon

distance
is

equalto
the

scale
factor

tim
es

the
com

oving
horizon

distance.
T
he

scale
factor

grow
s
by

1%
during

this
tim

e
interval,

but
the

com
oving

horizon
distance

also
grow

s,since
light

from
the

distant
galaxies

has
had

m
ore

tim
e
to

reach
us.

f)
A
rno

A
.P

enzias
and

R
obert

W
.
W

ilson,B
ell

T
elephone

L
aboratories.

g)
(i)

the
average

distance
betw

een
photons:

proportionalto
the

size
of

the
universe

(P
hotons

are
neither

created
nor

destroyed,
so

the
only

effect
is

that
the

average
distance

betw
een

them
is

stretched
w
ith

the
expansion.

Since
the

universe
expands

uniform
ly,

all
distances

grow
by

the
sam

e
factor.)

(ii)
the

typical
w
avelength

of
the

radiation:
proportionalto

the
size

of

the
universe

(See
L
ecture

N
otes

3.)

(iii)
the

num
ber

density
of

photons
in

the
radiation:

inversely
propor-

tionalto
the

cube
of

the
size

of
the

universe
(From

(i),
the

average
dis-

tance
betw

een
photons

grow
s
in

proportion
to

the
size

of
the

universe.
Since

the
volum

e
of

a
cube

is
proportional

to
the

cube
of

the
length

of
a
side,

the
average

volum
e
occupied

by
a
photon

grow
s
as

the
cube

of
the

size
of

the
universe.

T
he

num
ber

density
is

the
inverse

of
the

average
volum

e
occupied

by
a
photon.)

(iv)
the

energy
density

of
the

radiation:
inversely

proportionalto
the

fourth
pow

er
of

the
size

of
the

universe
(T

he
energy

of
each

photon
is

proportionalto
its

frequency,and
hence

inversely
proportionalto

its
w
ave-

length.
So

from
(ii)

the
energy

of
each

photon
is

inversely
proportional

to
the

size
of

the
universe,

and
from

(iii)
the

num
ber

density
is

inversely
proportionalto

the
cube

of
the

size.)
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(v)
the

tem
perature

of
the

radiation:
inversely

proportionalto
the

size

of
the

universe
(T

he
tem

perature
is

directly
proportional

to
the

aver-
age

energy
of

a
photon,

w
hich

according
to

(iv)
is

inversely
proportional

to
the

size
of

the
universe.)

P
R

O
B

L
E
M

2:
T

H
E

S
T

E
A

D
Y

-S
T
A
T

E
U

N
IV

E
R

S
E

T
H

E
O

R
Y
(25

points)

a)
(10

points)
A
ccording

to
E
q.

(3.7),

H
(t)

=
1

R
(t)

d
Rd
t
.

So
in

this
case

1
R
(t)

d
Rd
t
=
H
0
,

w
hich

can
be

rew
ritten

as
d
RR

=
H
0
d
t
.

Integrating,

ln
R

=
H
0
t+

c
,

w
here

c
is

a
constant

of
integration.

E
xponentiating,

R
=
be

H
0

t
,

w
here

b
=
e
c
is

an
arbitrary

constant.

b)
(15

points)
C
onsidera

cube
ofside

�
c
draw

n
on

the
com

oving
coordinate

system
diagram

.
T
he

physicallength
ofeach

side
is
then

R
(t)

�
c ,so

the
physicalvolum

e
is

V
(t)

=
R
3(t)

�
3c
.

Since
the

m
ass

density
is
fixed

at
ρ
=
ρ
0 ,the

totalm
ass

inside
this

cube
at

any
given

tim
e
is

given
by

M
(t)

=
R
3(t)

�
3c
ρ
0
.

In
the

absence
of

m
atter

creation
the

total
m
ass

w
ithin

a
com

oving
volum

e
w
ould

not
change,

so
the

increase
in

m
ass

described
by

the
above

equation

8
.2
8
6
Q
U
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1
R
E
V
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W
P
R
O
B
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,
F
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2
0

m
ust

be
attributed

to
m
atter

creation.
T
he

rate
of

m
atter

creation
per

unit
tim

e
per

unit
volum

e
is

then
given

by

R
ate

=
1

V
(t)

d
Md
t

=
1

R
3(t)

�
3c

3
R
2(t)

d
Rd
t
�
3c
ρ
0

=
3R

d
Rd
t
ρ
0

=
3
H
0
ρ
0
.

Y
ou

w
ere

not
asked

to
insert

num
bers,

but
it

is
w
orthw

hile
to

consider
the

num
ericalvalue

after
the

exam
,to

see
w
hat

this
answ

er
is

telling
us.

Suppose
w
e
take

H
0
=

70
km

-sec −
1-M

pc −
1,

and
take

ρ
0
to

be
the

critical
density,

ρ
c
=

3
H
20 /8

π
G
.
T
hen

T
o
put

this
num

ber
into

m
ore

m
eaningful

term
s,

note
that

the
m
ass

of
a
hy-

drogen
atom

is
1.67×

10 −
2
7
kg,

and
that

1
year

=
3.156×

10
7
s.

T
he

rate
of

m
atter

production
required

for
the

steady-state
universe

theory
can

then
be

expressed
as

roughly
one

hydrogen
atom

per
cubic

m
eter

per
billion

years!
N
eedless

to
say,

such
a
rate

of
m
atter

production
is

totally
undetectable,

so
the

steady-state
theory

cannot
be

ruled
out

by
the

failure
to

detect
m
atter

production.

P
R

O
B

L
E
M

3:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

a)
W
right’s

book
described

the
disk

structure
of

the
M
ilky

W
ay.
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b)
K
ant

proposed
that

the
faint

nebulae
seen

in
the

sky
are

distant
galaxies,

sim
ilar

to
the

M
ilky

W
ay.

c)
T
he

M
ilky

W
ay

galaxy
has

a
diam

eter
ofabout

80,000
light-years,and

a
thick-

ness
of

6,000
light-years.

d)
T
he

m
athem

atical
theory

of
an

expanding
universe,

in
the

context
of

general
relativity,

w
as

invented
by

A
lexandre

Friedm
ann

in
1922.

(A
ctually

the
1922

paper
discussed

only
closed

universes,but
Friedm

ann
published

a
second

paper
on

open
universes

in
1924.)

W
illem

de
Sitter

published
his

m
odel

of
the

uni-
verse

in
1917.

D
e
Sitter’s

m
odel

w
as

initially
believed

to
be

static,
but

it
w
as

later
discovered

that
it

appeared
static

only
because

it
w
as

w
ritten

in
peculiar

coordinates—
in

fact
it
w
as

also
an

expanding
m
odel.

W
hile

Friedm
ann’sequa-

tions
described

the
generalcase

ofa
hom

ogeneous
isotropic

expanding
universe,

de
Sitter’s

m
odelw

as
m
ore

specific:
it
w
as

a
m
odeldevoid

of
m
atter,w

ith
the

expansion
driven

by
a
positive

cosm
ologicalconstant.

T
he

intended
answ

er
for

this
question

w
as

Friedm
ann,but

fullcredit
w
as

given
for

either
Friedm

ann
or

de
Sitter.

e)
It

w
as

B
ernard

B
urke

w
ho

told
A
rno

P
enzias

about
the

prediction
of

radio
noise

from
the

big
bang.

P
R

O
B

L
E
M

4:
A

N
E
X

P
O

N
E
N

T
IA

L
LY

E
X

P
A

N
D

IN
G

U
N

IV
E
R

S
E

(a)
A
ccording

to
E
q.

(3.7),
the

H
ubble

constant
is

related
to

the
scale

factor
by

H
=
Ṙ
/
R
.

So

H
=

χ
R
0 e

χ
t

R
0 e

χ
t

=
χ
.

(b)
A
ccording

to
E
q.

(3.8),
the

coordinate
velocity

of
light

is
given

by

d
xd
t
=

c

R
(t)

=
cR
0
e −

χ
t
.

Integrating,

x(t)
=

cR
0 ∫

t

0

e −
χ

t ′d
t ′

=
cR
0 [−

1χ
e −

χ
t ′ ]

t0

=
c

χ
R
0 [1−

e −
χ

t ]
.
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.
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(c)
From

E
q.(3.11),

or
from

the
front

of
the

quiz,one
has

1
+
z
=

R
(t

r )
R
(t

e )
.

H
ere

t
e
=

0,
so

1
+
z
=
R
0 e

χ
t
r

R
0

=⇒
e
χ

t
r
=

1
+
z

=⇒
t
r
=

1χ
ln(1

+
z)

.

(d)
T
he

coordinate
distance

is
x(t

r ),
w
here

x(t)
is

the
function

found
in

part
(b),

and
t
r
is

the
tim

e
found

in
part

(c).
So

e
χ

t
r
=

1
+
z
,

and
x(t

r )
=

c

χ
R
0 [1−

e −
χ

t
r ]

=
c

χ
R
0 [1−

1
1
+
z ]

=
cZ

χ
R
0 (1

+
z)

.

T
he

physical
distance

at
the

tim
e
of

reception
is

found
by

m
ultiplying

by
the

scale
factor

at
the

tim
e
of

reception,so

�
p (t

r )
=
R
(t

r )x(t
r )

=
cz
e
χ

t
r

χ
(1

+
z)

=
czχ

.

P
R

O
B

L
E
M

5:
“
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?”

(a)
T
he

distinguishing
quantity

is
Ω

≡
ρ
/
ρ

c .
T
he

universe
is

open
if
Ω
<

1,
flat

if
Ω
=

1,or
closed

if
Ω
>

1.

(b)
T
he

tem
perature

of
the

m
icrow

ave
background

today
is

about
3
K
elvin.

(T
he

best
determ

ination
to

date*
w
as

m
ade

by
the

C
O
B
E
satellite,w

hich
m
easured

*
A
strophysicalJournal,vol.

473,p.
576

(1996):
T
he
C
osm

ic
M
icrow

ave
B
ack-

ground
Spectrum

from
the

FullC
O
B
E
F
IR
A
S
D
ata

Sets,
D
.J.F

ixsen,E
.S.

C
heng,

J.M
.G

ales,J.C
.M

ather,R
.A

.Shafer,and
E
.L
.W

right.
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the
tem

perature
as

2
.728±

0
.004

K
elvin.

T
he

error
here

is
quoted

w
ith

a
95%

confidence
lim

it,
w
hich

m
eans

that
the

experim
enters

believe
that

the
probability

that
the

true
value

lies
outside

this
range

is
only

5%
.)

(c)
T
he

cosm
ic

m
icrow

ave
background

is
observed

to
be

highly
isotropic.

(d)
T
he

distance
to

the
A
ndrom

eda
nebula

is
roughly

2
m
illion

light
years.

(e)
1929.

(f)
2
billion

years.
H
ubble’s

value
for

H
ubble’s

constant
w
as

high
by

m
odern

standards,by
a
factor

of
5
to

10.

(g)
T
he

absolute
lum

inosity
(i.e.,

the
total

light
output)

of
a
C
epheid

variable
star

appears
to

be
highly

correlated
w
ith

the
period

of
its

pulsations.
T
his

correlation
can

be
used

to
estim

ate
the

distance
to

the
C
epheid,by

m
easuring

the
period

and
the

apparent
lum

inosity.
From

the
period

one
can

estim
ate

the
absolute

lum
inosity

ofthe
star,and

then
one

uses
the

apparent
lum

inosity
and

the
1
/
r
2
law

for
the

intensity
of

a
point

source
to

determ
ine

the
distance

r.

(h)
10
7
light-years.

(i)
A
rno

A
.P

enzias
and

R
obert

W
.
W

ilson,B
ell

T
elephone

L
aboratories.

(j)
P
rinceton

U
niversity.

P
R

O
B

L
E
M

6:
A

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
U

N
U

S
U

A
L

T
IM

E
E
V

O
L
U

-
T

IO
N

T
he

key
to

this
problem

is
to

w
ork

in
com

oving
coordinates.

[S
o
m
e
stu

d
en
ts

h
av
e
a
sk
ed

m
e
w
h
y
o
n
e
ca
n
n
o
t
u
se

“
p
h
y
sica

l”
co
o
rd
in
a
tes,

fo
r

w
h
ich

th
e
co
o
rd
in
a
tes

rea
lly

m
ea
su
re

th
e
p
h
y
sica

l
d
ista

n
ces.

In
p
rin

cip
le

o
n
e
ca
n

u
se

a
n
y
co
o
rd
in
a
te

sy
stem

o
n
lik

es,
b
u
t
th
e
co
m
ov

in
g
co
o
rd
in
a
tes

a
re

th
e
sim

p
lest.

In
a
n
y
o
th
er

sy
stem

it
is

d
iffi

cu
lt

to
w
rite

d
ow

n
th
e
tra

jecto
ry

o
f
eith

er
a
p
a
rticle

or
a
lig

h
t-b

eam
.
In

com
ov

in
g
co
ord

in
a
tes

it
is
easy

to
w
rite

th
e
tra

jectory
o
f
eith

er
a
lig

h
t
b
ea
m
,
o
r
a
p
a
rticle

w
h
ich

is
m
ov

in
g
w
ith

th
e
ex
p
a
n
sio

n
o
f
th
e
u
n
iv
erse

(a
n
d

h
en

ce
sta

n
d
in
g
still

in
th
e
co
m
ov

in
g
co
o
rd
in
a
tes).

N
o
te,

b
y
th
e
w
ay,

th
a
t
w
h
en

o
n
e

say
s
th
a
t
a
p
a
rticle

is
sta

n
d
in
g
still

in
co
m
ov

in
g
co
o
rd
in
a
tes,

o
n
e
h
a
s
n
o
t
rea

lly
sa
id

v
ery

m
u
ch

a
b
o
u
t
it’s

tra
jecto

ry.
O
n
e
h
a
s
sa
id

th
a
t
it

is
m
ov

in
g
w
ith

th
e
m
a
tter

w
h
ich

fi
lls

th
e
u
n
iv
erse,

b
u
t
o
n
e
h
a
s
n
o
t
sa
id
,
fo
r
ex
a
m
p
le,

h
ow

th
e
d
ista

n
ce

b
etw

een
th
e
p
a
rticle

a
n
d
o
rig

in
va
ries

w
ith

tim
e.

T
h
e
a
n
sw

er
to

th
is

la
tter

q
u
estio

n
is

th
en

d
eterm

in
ed

b
y
th
e
ev
o
lu
tio

n
o
f
th
e
sca

le
fa
cto

r,
R
(t).]

(a)
T
he

physical
separation

at
t
o
is

given
by

the
scale

factor
tim

es
the

coordi-
nate

distance.
T
he

coordinate
distance

is
found

by
integrating

the
coordinate

velocity,so

�
p (t

o )
=
R
(t

o ) ∫
t
o

t
e

c
d
t ′

R
(t ′)

=
bt
1
/
3

o ∫
t
o

t
e

c
d
t ′

bt ′1
/
3
=

32
ct
1
/
3

o [t
2
/
3

o
−
t
2
/
3

e ]

8
.2
8
6
Q
U
IZ
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R
E
V
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W
P
R
O
B
L
E
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S
O
L
U
T
IO

N
S
,
F
A
L
L
2
0
0
5

p
.
2
4

=
32
ct

o [1−
(t

e /
t
o )
2
/
3 ]

.

(b)
From

the
front

of
the

exam
,1
+
z
=

R
(t

o )
R
(t

e )
= (

t
o

t
e )

1
/
3

=⇒
z
= (

t
o

t
e )

1
/
3−

1
.

(c)
B
y
com

bining
the

answ
ers

to
(a)

and
(b),

one
has

�
p (t

o )
=

32
ct

o [1−
1

(1
+
z)
2 ]

.

(d)
T
he

physical
distance

of
the

light
pulse

at
tim

e
t
is

equal
to

R
(t)

tim
es

the
coordinate

distance.
T
he

coordinate
distance

at
tim

e
t
is
equalto

the
starting

coordinate
distance,

�
c (t

e ),
m
inus

the
coordinate

distance
that

the
light

pulse
travels

betw
een

tim
e
t
e
and

tim
e
t.

T
hus,

�
p (t)

=
R
(t) [

�
c (t

e )− ∫
t

t
e

c
d
t ′

R
(t ′) ]

=
R
(t) [∫

t
o

t
e

c
d
t ′

R
(t ′) − ∫

t

t
e

c
d
t ′

R
(t ′) ]

=
R
(t) ∫

t
o

t

c
d
t ′

R
(t ′)

=
bt
1
/
3 ∫

t
o

t

c
d
t ′

bt ′1
/
3
=

32
ct
1
/
3 [t

2
/
3

o
−
t
2
/
3 ]

=
32
ct [(

t
ot )

2
/
3−

1 ]
.
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7:
A

N
O

T
H

E
R

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
A

N
U

N
U

S
U

A
L

T
IM

E
E
V

O
L
U

T
IO

N
(40

points)

a)
(5
points)

T
he

cosm
ologicalredshift

is
given

by
the

usualform
,

1
+
z
=
R
(t
0 )

R
(t

e )
.

For
light

em
itted

by
an

ob
ject

at
tim

e
t
e ,

the
redshift

of
the

received
light

is

1
+
z
=
R
(t
0 )

R
(t

e )
= (

t
0

t
e )

γ

.

So,

z
= (

t
0

t
e )

γ−
1
.

b)
(5
points)

T
he

coordinates
t
0
and

t
e
are

cosm
ic

tim
e
coordinates.

T
he

“look-
back”

tim
e
as

defined
in

the
exam

is
then

the
interval

t
0 −

t
e .

W
e
can

w
rite

this
as

t
0 −

t
e
=
t
0 (

1−
t
e

t
0 )

.

W
e
can

use
the

result
of

part
(a)

to
elim

inate
t
e /
t
0
in

favor
of
z.

From
(a),

t
e

t
0
=

(1
+
z) −

1
/
γ

.

T
herefore,

t
0 −

t
e
=
t
0 [1−

(1
+
z) −

1
/
γ ]

.

c)
(10

points)
T
he

present
value

of
the

physical
distance

to
the

ob
ject,

�
p (t
0 ),

is
found

from

�
p (t
0 )

=
R
(t
0 ) ∫

t0

t
e

c

R
(t)

d
t
.

C
alculating

this
integralgives

�
p (t
0 )

=
ct

γ0

1−
γ [

1
t
γ−
1

0

−
1

t
γ−
1

e

]
.
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R
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.
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Factoring
t
γ−
1

0
out

of
the

parentheses
gives

�
p (t
0 )

=
ct
0

1−
γ [1− (

t
0

t
e )

γ−
1 ]

.

T
his

can
be

rew
ritten

in
term

s
of
z
and

H
0
using

the
result

of
part

(a)
as

w
ell

as,

H
0
=
Ṙ
(t
0 )

R
(t
0 )

=
γt
0

.

F
inally

then,

�
p (t
0 )

=
cH

−
1

0

γ

1−
γ [1−

(1
+
z)

γ−
1

γ ]
.

d)
(10

points)
A

nearly
identical

problem
w
as

w
orked

through
in

P
roblem

8
of

P
roblem

Set
1.

T
he

energy
ofthe

observed
photons

w
illbe

redshifted
by

a
factor

of(1
+
z).

In
addition

the
rate

of
arrivalof

photons
w
illbe

redshifted
relative

to
the

rate
of

photon
em

m
ission,reducing

the
flux

by
another

factor
of(1+

z).
C
onsequently,

the
observed

pow
er

w
illbe

redshifted
by

tw
o
factors

of
(1

+
z)

to
P
/(1

+
z)
2.

Im
agine

a
hypothetical

sphere
in

com
oving

coordinates
as

draw
n
above,

cen-
tered

on
the

radiating
ob

ject,
w
ith

radius
equal

to
the

com
oving

distance
�
c .
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N
ow

consider
the

photons
passing

through
a
patch

of
the

sphere
w
ith

physical
area

A
.
In

com
oving

coordinates
the

present
area

of
the

patch
is
A
/
R
(t
0 )
2.

Since
the

ob
ject

radiates
uniform

ly
in

alldirections,the
patch

w
illintercept

a
fraction

(A
/
R
(t
0 )
2)/(4

π
�
2c )

of
the

photons
passing

through
the

sphere.
T
hus

the
pow

er
hitting

the
area

A
is

(A
/
R
(t
0 )
2)

4
π
�
2c

P

(1
+
z)
2

.

T
he

radiation
energy

flux
J
,w

hich
is
the

received
pow

er
per

area,reaching
the

earth
is

then
given

by

J
=

1
4
π
�
p (t
0 )
2

P

(1
+
z)
2

w
here

w
e
used

�
p (t
0 )

=
R
(t
0 )�

c .
U
sing

the
result

ofpart
(c)

to
w
rite

J
in

term
s

of
P
,H

0 ,z
,
and

γ
gives,

J
=

H
20

4
π
c
2 (

1−
γ

γ

)
2

P

(1
+
z)
2 [1−

(1
+
z)

γ−
1

γ ]
2

.

e)
(10

points)
Follow

ing
the

solution
of

P
roblem

1
of

P
roblem

Set
1,

w
e
can

introduce
a
fictitious

relay
station

that
is

at
rest

relative
to

the
galaxy,

but
located

just
next

to
the

jet,
betw

een
the

jet
and

E
arth.

A
s
in

the
previous

solution,
the

relay
station

sim
ply

rebroadcasts
the

signal
it

receives
from

the
source,

at
exactly

the
instant

that
it

receives
it.

T
he

relay
station

therefore
has

no
effect

on
the

signalreceived
by

the
observer,but

allow
s
us

to
divide

the
problem

into
tw

o
sim

ple
parts.

T
he

distance
betw

een
the

jet
and

the
relay

station
is

very
short

com
pared

to
cosm

ologicalscales,so
the

effect
of

the
expansion

of
the

universe
is

negligible.
For

this
part

of
the

problem
w
e
can

use
specialrelativity,

w
hich

says
that

the
period

w
ith

w
hich

the
relay

station
m
easures

the
received

radiation
is
given

by

∆
t
re
la
y
sta
tio
n
= √

1−
vc

1
+

vc

×
∆
t
so
u
rc
e
.

N
ote

that
I
have

used
the

form
ula

from
the

front
of

the
exam

,
but

I
have

changed
the

size
of
v,

since
the

source
in

this
case

is
m
oving

tow
ard

the
relay

station,so
the

light
is

blue-shifted.
T
o
observers

on
E
arth,the

relay
station

is
just

a
source

at
rest

in
the

com
oving

coordinate
system

,so

∆
t
o
b
se
rv
e
d
=

(1
+
z)∆

t
re
la
y
sta
tio
n
.
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T
hus,

1
+
z
J ≡

∆
t
o
b
se
rv
e
d

∆
t
so
u
rc
e

=
∆
t
o
b
se
rv
e
d

∆
t
re
la
y
sta
tio
n

∆
t
re
la
y
sta
tio
n

∆
t
so
u
rc
e

=
(1

+
z)|c

o
sm
o
lo
g
ic
a
l ×

(1
+
z)|sp

e
c
ia
l
re
la
tiv
ity

=
(1

+
z) √

1−
vc

1
+

vc

.

T
hus,

z
J
=

(1
+
z) √

1−
vc

1
+

vc

−
1
.

N
ote

added:
In

looking
over

the
solutions

to
this

problem
,I

found
that

a
sub-

stantialnum
ber

of
students

w
rote

solutions
based

on
the

incorrect
assum

ption
that

the
D
oppler

shift
could

be
treated

as
if

it
w
ere

entirely
due

to
m
otion.

T
hese

students
used

the
special

relativity
D
oppler

shift
form

ula
to

convert
the

redshift
z
of

the
galaxy

to
a
velocity

of
recession,

then
subtracted

from
this

the
speed

v
of

the
jet,

and
then

again
used

the
special

relativity
D
oppler

shift
form

ula
to

find
the

D
oppler

shift
corresponding

to
this

com
posite

velocity.
H
ow

ever,as
discussed

at
the

end
of

L
ecture

N
otes

3,the
cosm

ologicalD
oppler

shift
is

given
by

1
+
z≡

∆
t
o

∆
t
e
=

R
(t

o )
R
(t

e )
,

(3.11)

and
is

not
purely

an
effect

caused
by

m
otion.

It
is

really
the

com
bined

effect
of

the
m
otion

of
the

distant
galaxies

and
the

gravitational
field

that
exists

betw
een

the
galaxies,so

the
specialrelativity

form
ula

relating
z
to

v
does

not
apply.

P
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B

L
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M

8:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

a)
T
he

lines
w
ere

dark,caused
by

absorption
of

the
radiation

in
the

cooler,outer
layers

of
the

sun.

b)
Individualstars

in
the

A
ndrom

eda
N
ebula

w
ere

resolved
by

H
ubble

in
1923.

[T
he

other
nam

es
and

dates
are

not
w
ithout

significance.
In

1609
G
alileo

built
his

first
telescope;

during
1609-10

he
resolved

the
individualstars

of
the

M
ilky

W
ay,and

also
discovered

that
the

surface
of

the
m
oon

is
irregular,that

Jupiter
has

m
oons

of
its

ow
n,

that
Saturn

has
handles

(later
recognized

as
rings),that

the
sun

has
spots,

and
that

V
enus

has
phases.

In
1755

Im
m
anuel

K
ant

published
his

U
niversal

N
atural

H
istory

and
T
heory

of
the

H
eavens,

in



8
.2
8
6
Q
U
IZ

1
R
E
V
IE

W
P
R
O
B
L
E
M

S
O
L
U
T
IO

N
S
,
F
A
L
L
2
0
0
5

p
.
2
9

w
hich

he
suggested

that
at

least
som

e
of

the
nebulae

are
galaxies

like
our

ow
n.

In
1912

H
enrietta

L
eavitt

discovered
the

relationship
betw

een
the

period
and

lum
inosity

of
C
epheid

variable
stars.

In
the

1950s
W
alter

B
aade

and
A
llan

Sandage
recalibrated

the
extra-galactic

distance
scale,

reducing
the

accepted
value

of
the

H
ubble

constant
by

about
a
factor

of
10.]

c)

(i)
T
rue.

[In
1941,

A
.M

cK
ellar

discovered
that

cyanogen
clouds

behave
as

if
they

are
bathed

in
m
icrow

ave
radiation

at
a
tem

perature
of

about
2.3 ◦K

,
but

no
connection

w
as

m
ade

w
ith

cosm
ology.]

(ii)
False.

[A
ny

radiation
reflected

by
the

clouds
is
far

too
w
eak

to
be

detected.
It

is
the

bright
starlight

shining
through

the
cloud

that
is

detectable.]

(iii)
T
rue.

[E
lectrom

agnetic
w
aves

at
these

w
avelengths

are
m
ostly

blocked
by

the
E
arth’s

atm
osphere,

so
they

could
not

be
detected

directly
until

high
altitude

balloons
and

rockets
w
ere

introduced
into

cosm
ic
background

radiation
research

in
the

1970s.
P
recise

data
w
as

not
obtained

until
the

C
O
B
E

satellite,in
1990.]

(iv)
T
rue.

[T
he

m
icrow

ave
radiation

can
boost

the
C
N
m
olecule

from
its

ground
state

to
a
low

-lying
excited

state,
a
state

in
w
hich

the
C

and
N

atom
s

rotate
about

each
other.

T
he

population
ofthis

low
-lying

state
is
therefore

determ
ined

by
the

intensity
of

the
m
icrow

ave
radiation.

T
his

population
is

m
easured

by
observing

the
absorption

of
starlight

passing
through

the
clouds,

since
there

are
absorption

lines
in

the
visible

spectrum
caused

by
transitions

betw
een

the
low

-lying
state

and
higher

energy
excited

states.]

(v)
False.

[N
o
chem

icalreactions
are

seen.]

d)
A
ristarchus.

[T
he

heliocentric
picture

w
as

never
accepted

by
other

G
reek

philosophers,how
ever,

and
w
as

not
revived

until
the

publication
of
D
e
R
evo-

lutionibus
O
rbium

C
oelestium

(O
n
the

R
evolutions

of
the

C
elestialSpheres)

by
C
opernicus

in
1543.]

e)
(ii)

A
ny

patch
of

the
night

sky
w
ould

look
as

bright
as

the
surface

of
the

sun.
[E
xplanation:

T
he

crux
of

the
argum

ent
is

that
the

brightness
of

an
ob

ject,
m
easured

for
exam

ple
by

the
pow

er
per

area
(i.e.,

flux)
hitting

the
retina

of
your

eye,
does

not
change

as
the

ob
ject

is
m
oved

further
aw

ay.
T
he

pow
er

falls
off

w
ith

the
square

of
the

distance,
but

so
does

the
area

of
the

im
age

on
your

retina
—

so
the

pow
er

per
area

is
independent

of
distance.

U
nder

the
assum

ptions
stated,your

line
ofsight

w
illeventually

hit
a
star

no
m
atter

w
hat

direction
you

are
looking.

T
he

energy
flux

on
your

retina
w
illtherefore

be
the

sam
e
as

in
the

im
age

of
the

sun,so
the

entire
sky

w
illappear

as
bright

as
the

surface
of

the
sun.]
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9:
A

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
R

(t)∝
t
3
/
5

a)
In

general,
the

H
ubble

constant
is

given
by

H
=

Ṙ
/
R
,
w
here

the
overdot

denotes
a
derivative

w
ith

respect
to

cosm
ic

tim
e
t.

In
this

case

H
=

1
bt
3
/
5

35
bt −

2
/
5
=

35
t
.

b)
In

general,the
(physical)

horizon
distance

is
given

by

�
p
,h
o
riz
o
n (t)

=
R
(t) ∫

t

0

c

R
(t ′)

d
t ′
.

In
this

case
one

has

�
p
,h
o
riz
o
n (t)

=
bt
3
/
5 ∫

t

0

c

bt ′3
/
5
d
t ′=

ct
3
/
5
52 [t

2
/
5−

0
2
/
5 ]

=
52
ct
.

c)
T
he

coordinate
speed

of
light

is
c/
R
(t),

so
the

coordinate
distance

that
light

travels
betw

een
t
A

and
t
B

is
given

by

�
c
= ∫

t
B

t
A

c

R
(t ′)

d
t ′= ∫

t
B

t
A

c

bt ′3
/
5
d
t ′=

5
c

2
b (

t
2
/
5

B
−
t
2
/
5

A )
.

d)
T
he

physicalseparation
is
just

the
scale

factor
tim

es
the

coordinate
separation,

so

�
p (t

A
)
=
R
(t

A
)
�
c
=

52
ct

A [(
t
Bt
A )

2
/
5−

1 ]
.

�
p (t

B
)
=
R
(t

B
)
�
c
=

52
ct

B [1− (
t
A

t
B )

2
/
5 ]

.

e)
L
et
t
e
q
be

the
tim

e
at

w
hich

the
light

pulse
is
equidistant

from
the

tw
o
galaxies.

A
t
this

tim
e
it

w
ill

have
traveled

a
coordinate

distance
�
c /2,

w
here

�
c
is

the
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answ
er

to
part

(c).
Since

the
coordinate

speed
is
c/
R
(t),

the
tim

e
t
e
q
can

be
found

from
:

∫
teq

t
A

c

R
(t ′)

d
t ′=

12
�
c

5
c

2
b (

t
2
/
5

e
q

−
t
2
/
5

A )
=

5
c

4
b (

t
2
/
5

B
−
t
2
/
5

A )
Solving

for
t
e
q ,

t
e
q
= [

t
2
/
5

A
+
t
2
/
5

B

2

]
5
/
2

.

f)
A
ccording

to
H
ubble’s

law
,
the

speed
is

equal
to

H
ubble’s

constant
tim

es
the

physicaldistance.
B
y
com

bining
the

answ
ers

to
parts

(a)
and

(d),
one

has

v
=
H
(t

A
)
�
p (t

A
)

=
35
t
A

52
ct

A [(
t
Bt
A )

2
/
5−

1 ]
=

32
c [(

t
Bt
A )

2
/
5−

1 ]
.

g)
T
he

redshift
for

radiation
observed

at
tim

e
t
can

be
w
ritten

as

1
+
z
=

R
(t)

R
(t

e )
,

w
here

t
e
is

the
tim

e
that

the
radiation

w
as

em
itted.

Solving
for

t
e ,

t
e
=

t

(1
+
z)
5
/
3
.

A
s
found

in
part

(d),
the

physical
distance

that
the

light
travels

betw
een

t
e

and
t,
as

m
easured

at
tim

e
t,
is

given
by

�
p (t)

=
R
(t) ∫

t

t
e

c

R
(t ′)

d
t ′=

52
ct [1− (

t
et )

2
/
5 ]

.

Substituting
the

expression
for

t
e ,

one
has

�
p (t)

=
52
ct [1−

1
(1

+
z)
2
/
3 ]

.
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A
s
z→

∞
,this

expression
approaches

lim
z→

∞
�
p (t)

=
52
ct
,

w
hich

is
exactly

equal
to

the
horizon

distance.
It

is
a
general

rule
that

the
horizon

distance
corresponds

to
infinite

redshift
z.

h)
A
gain

w
e
w
ill

view
the

problem
in

com
oving

coordinates.
P
ut

galaxy
B

at
the

origin,and
galaxy

A
at

a
coordinate

distance
�
c
along

the
x-axis.

D
raw

a
sphere

ofradius
�
c ,centered

galaxy
A
.A

lso
draw

a
detector

on
galaxy

B
,w

ith
physicalarea

A
(m

easured
at

the
present

tim
e).

T
he

energy
from

the
quasar

w
illradiate

uniform
ly

on
the

sphere.
T
he

detector
has

a
physicalarea

A
,so

in
the

com
oving

coordinate
picture

its
area

in
square

notches
w
ould

be
A
/
R
(t

B
)
2.

T
he

detector
therefore

occupies
a
fraction

of
the

sphere
given

by
[A
/
R
(t

B
)
2]

4
π
�
2c

=
A

4
π
�
p (t

B
)
2
,

so
this

fraction
of

the
em

itted
photons

w
illstrike

the
detector.

N
ext

consider
the

rate
of

arrival
of

the
photons

at
the

sphere.
In

lecture
w
e

figured
out

that
if
a
periodic

w
ave

is
em

itted
at

tim
e
t
A
and

observed
at

tim
e

t
B
,
then

the
rate

of
arrival

of
the

w
ave

crests
w
ill

be
slow

er
than

the
rate

of
em

ission
by

a
redshift

factor
1
+
z
=
R
(t

B
)/
R
(t

A
).

T
he

sam
e
argum

ent
w
ill

apply
to

the
rate

of
arrival

of
photons,

so
the

rate
of

photon
arrival

at
the
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sphere
w
illbe

slow
er

than
the

rate
ofem

ission
by

the
factor

1
+
z,reducing

the
energy

flux
by

this
factor.

In
addition,each

photon
is

redshifted
in

frequency
by

1
+
z.

Since
the

energy
of

each
photon

is
proportionalto

its
frequency,

the
energy

flux
is
reduced

by
an

additionalfactor
of1

+
z.

T
hus,the

rate
at

w
hich

energy
reaches

the
detector

is

P
ow

er
hitting

detector
=

A

4
π
�
p (t

B
)
2

P

(1
+
z)
2
.

T
he

red
shift

z
of

the
light

pulse
received

at
galaxy

B
is

given
by

1
+
z
=
R
(t

B
)

R
(t

A
)
= (

t
Bt
A )

3
/
5

.

U
sing

once
m
ore

the
expression

for
�
P
(t

B
)
from

part
(d),

one
has

J
=

P
ow

er
hitting

detector
A

=
P
(t

A
/
t
B
)
6
/
5

25
π
c
2
t
2B [1− (

t
A

t
B )

2
/
5 ]
2
.

T
he

problem
is

w
orded

so
that

t
A
,
and

not
z,

is
the

given
variable

that
deter-

m
ines

how
far

galaxy
A

is
from

galaxy
B
.
In

practice,
how

ever,
it

is
usually

m
ore

useful
to

express
the

answ
er

in
term

s
of

the
redshift

z
of

the
received

radiation.
O
ne

can
do

this
by

using
the

above
expression

for
1
+
z
to

elim
inate

t
A
in

favor
of
z,

finding

J
=

P

25
π
c
2
t
2B
(1

+
z)
2
/
3 [(1

+
z)
2
/
3−

1 ]
2
.

i)
L
et
t ′A

be
the

tim
e
at

w
hich

the
light

pulse
arrives

back
at

galaxy
A
.
T
he

pulse
m
ust

therefore
travela

coordinate
distance

�
c
(the

answ
er

to
part

(c))
betw

een
tim

e
t
B

and
t ′A

,
so

∫
t ′A

t
B

c

R
(t ′)

d
t ′=

�
c
.

U
sing

the
answ

er
from

(c)
and

integrating
the

left-hand
side,

5
c

2
b (

t ′2
/
5

A
−
t
2
/
5

B )
=

5
c

2
b (

t
2
/
5

B
−
t
2
/
5

A )
.

Solving
for

t ′A
,

t ′A
= (2

t
2
/
5

B
−
t
2
/
5

A )
5
/
2

.
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D
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Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

a)
E
instein

believed
that

the
universe

w
as

static,
and

the
cosm

ologicalterm
w
as

necessary
to

prevent
a
static

universe
from

collapsing
under

the
attractive

force
of

norm
al

gravity.
[T

he
repulsive

effect
of

a
cosm

ological
constant

grow
s
lin-

early
w
ith

distance,
so

if
the

coeffi
cient

is
sm

allit
is

im
portant

only
w
hen

the
separations

are
very

large.
Such

a
term

can
be

im
portant

cosm
ologically

w
hile

stillbeing
too

sm
allto

be
detected

by
observations

of
the

solar
system

or
even

the
galaxy.

R
ecent

m
easurem

ents
of

distant
supernovas

(z
≈

1),
w
hich

you
m
ay

have
read

about
in

the
new

spapers,
m
ake

it
look

like
m
aybe

there
is

a
cosm

ologicalconstant
after

all!
Since

the
cosm

ologicalconstant
is
the

hot
issue

in
cosm

ology
this

season,
w
e
w
ill

w
ant

to
look

at
it

m
ore

carefully.
T
he

best
tim

e
w
illbe

after
L
ecture

N
otes

7.]

b)
A
t
the

tim
e
ofits

discovery,de
Sitter’s

m
odelw

as
thoughtto

be
static

[although
it

w
as

know
n
that

the
m
odel

predicted
a
redshift

w
hich,

at
least

for
nearby

galaxies,
w
as

proportional
to

the
distance].

From
a
m
odern

perspective
the

m
odelis

thought
to

be
expanding.

[It
seem

s
strange

that
physicists

in
1917

could
not

correctly
determ

ine
if

the
theory

described
a
universe

that
w
as

static
or

expanding,
but

the
m
ath-

em
atical

form
alism

of
general

relativity
can

be
rather

confusing.
T
he

basic
problem

is
that

w
hen

space
is

not
E
uclidean

there
is

no
sim

ple
w
ay

to
assign

coordinates
to

it.
T
he

m
athem

atics
of

generalrelativity
is
designed

to
be

valid
for

any
coordinate

system
,
but

the
underlying

physics
can

som
etim

es
be

ob-
scured

by
a
peculiar

choice
of

coordinates.
A

change
of

coordinates
can

not
only

distort
the

apparent
geom

etry
of

space,but
it

can
also

m
ix

up
space

and
tim

e.
T
he

de
Sitter

m
odel

w
as

first
w
ritten

dow
n
in

coordinates
that

m
ade

it
look

static,so
everyone

believed
it
w
as.

L
ater

A
rthur

E
ddington

and
H
erm

ann
W
eyl

(independently)
calculated

the
trajectories

of
test

particles,
discovering

that
they

flew
apart.]

c)
n
1
=

3,
and

n
2
=

4.

d)
A
bove

3,000
K

the
universe

w
as

so
hot

that
the

atom
s
w
ere

ionized,dissociated
into

nucleiand
free

electrons.
A
t
about

this
tem

perature,how
ever,the

universe
w
as

cool
enough

so
that

the
nuclei

and
electrons

com
bined

to
form

neutral
atom

s.

[T
his

process
is

usually
called

“recom
bination,”

although
the

prefix
“re-

”
is

totally
inaccurate,

since
in

the
big

bang
theory

these
constituents

had
never

been
previously

com
bined.

A
s
far

as
I
know

the
w
ord

w
as

first
used

in
this

context
by

P.J.E
.
P
eebles,

so
I
once

asked
him

w
hy

the
prefix

w
as

used.
H
e
replied

that
this

w
ord

is
standard

term
inology

in
plasm

a
physics,and

w
as

carried
over

into
cosm

ology.]
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[R
egardless

of
its

nam
e,

recom
bination

w
as

crucial
for

the
clum

ping
of

m
atter

into
galaxies

and
stars,because

the
pressure

ofthe
photons

in
the

early
universe

w
as

enorm
ous.

W
hen

the
m
atter

w
as

ionized,the
free

electrons
inter-

acted
strongly

w
ith

the
photons,so

the
pressure

ofthese
photons

prevented
the

m
atter

from
clum

ping.
A
fter

recom
bination,how

ever,the
m
atter

becam
e
very

transparent
to

radiation,and
the

pressure
ofthe

radiation
becam

e
ineffective.]

[Incidentally,at
roughly

the
sam

e
tim

e
as

recom
bination

(w
ith

big
uncer-

tainties),
the

m
ass

density
of

the
universe

changed
from

being
dom

inated
by

radiation
(photons

and
neutrinos)

to
being

dom
inated

by
nonrelativistic

m
at-

ter.
T
here

is
no

know
n
underlying

connection
betw

een
these

tw
o
events,and

it
seem

s
to

be
som

ething
of

a
coincidence

that
they

occurred
at

about
the

sam
e

tim
e.

T
he

transition
from

radiation-dom
ination

to
m
atter-dom

ination
also

helped
to

prom
ote

the
clum

ping
of

m
atter,

but
the

effect
w
as

m
uch

w
eaker

than
the

effect
ofrecom

bination—
because

ofthe
very

high
velocity

ofphotons
and

neutrinos,their
pressure

rem
ained

a
significant

force
even

after
their

m
ass

density
becam

e
m
uch

sm
aller

than
that

of
m
atter.]
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A

N
O

T
H

E
R

F
L
A
T

U
N

IV
E
R

S
E

W
IT

H
R

(t)∝
t
3
/
5

a)
A
ccording

to
E
q.

(3.7)
of

the
L
ecture

N
otes,

H
(t)

=
1

R
(t)

d
Rd
t
.

For
the

specialcase
of
R
(t)

=
bt
3
/
5,

this
gives

H
(t)

=
1

bt
3
/
5

35
bt −

2
/
5
=

35
t
.

b)
A
ccording

to
E
q.(3.8)

ofthe
L
ecture

N
otes,the

coordinate
velocity

oflight
(in

com
oving

coordinates)
is

given
byd

xd
t
=

c

R
(t)

.

Since
galaxies

A
and

B
have

physicalseparation
�
0
at

tim
e
t
1 ,their

coordinate
separation

is
given

by

�
c
=

�
0

bt
3
/
5

1

.
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T
he

radio
signalm

ust
cover

this
coordinate

distance
in

the
tim

e
intervalfrom

t
1
to

t
2 ,w

hich
im

plies
that∫

t2

t1

c

R
(t)

d
t
=

�
0

bt
3
/
5

1

.

U
sing

the
expression

for
R
(t)

and
integrating,

5
c

2
b (

t
2
/
5

2
−
t
2
/
5

1 )
=

�
0

bt
3
/
5

1

,

w
hich

can
be

solved
for

t
2
to

give

t
2
= (

1
+

2
�
0

5
ct
1 )

5
/
2

t
1
.

c)
T
he

m
ethod

is
the

sam
e
as

in
part

(b).
T
he

coordinate
distance

betw
een

the
tw

o
galaxies

is
unchanged,but

this
tim

e
the

distance
m
ust

be
traversed

in
the

tim
e
intervalfrom

t
2
to

t
3 .

So,

∫
t3

t2

c

R
(t)

d
t
=

�
0

bt
3
/
5

1

,

w
hich

leads
to

5
c

2
b (

t
2
/
5

3
−
t
2
/
5

2 )
=

�
0

bt
3
/
5

1

.

Solving
for

t
3
gives

t
3
= [(

t
2

t
1 )

2
/
5

+
2
�
0

5
ct
1 ]
5
/
2

t
1
.

T
he

above
answ

er
is
perfectly

acceptable,but
one

could
also

replace
t
2
by

using
the

answ
er

to
part

(b),
w
hich

gives

t
3
= (

1
+

4
�
0

5
ct
1 )

5
/
2

t
1
.
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[A
lternatively,

one
could

have
begun

the
problem

by
considering

the
full

round
trip

of
the

radio
signal,

w
hich

travels
a
coordinate

distance
2
�
c
during

the
tim

e
intervalfrom

t
1
to
t
3 .

T
he

problem
then

becom
es

identicalto
part

(b),
except

that
the

coordinate
distance

�
c
is

replaced
by

2
�
c ,and

t
2
is

replaced
by

t
3 .

O
ne

is
led

im
m
ediately

to
the

answ
er

in
the

form
ofthe

previous
equation.]

d)
C
osm

ic
tim

e
is
defined

by
the

reading
ofsuitably

synchronized
clocks

w
hich

are
each

atrest
w
ith

respectto
the

m
atter

ofthe
universe

at
the

sam
e
location.

(For
this

problem
w
e
w
ill

not
need

to
think

about
the

m
ethod

of
synchronization.)

T
hus,

the
cosm

ic
tim

e
interval

betw
een

the
receipt

of
the

m
essage

and
the

response
is

the
sam

e
as

w
hat

is
m
easured

on
the

galaxy
B

clocks,w
hich

is
∆
t.

T
he

response
is
therefore

sent
at

cosm
ic

tim
e
t
2 +

∆
t.

T
he

coordinate
distance

betw
een

the
galaxies

is
still

�
0 /
R
(t
1 ),

so

∫
t4

t2
+
∆

t

c

R
(t)

d
t
=

�
0

bt
3
/
5

1

.

Integration
gives

5
c

2
b [t

2
/
5

4
−
(t
2
+

∆
t)
2
/
5 ]

=
�
0

bt
3
/
5

1

,

w
hich

can
be

solved
for

t
4
to

give

t
4
= [(

t
2
+

∆
t

t
1

)
2
/
5

+
2
�
0

5
ct
1 ]
5
/
2

t
1
.

e)
From

the
form

ula
at

the
front

of
the

exam
,

1
+
z
=

R
(t
o
b
se
rv
e
d )

R
(t
e
m
itte
d )

=
R
(t
4 )

R
(t
2
+

∆
t)

= (
t
4

t
2
+

∆
t )
3
/
5

.

So,

z
=

R
(t
o
b
se
rv
e
d )

R
(t
e
m
itte
d )

=
R
(t
4 )

R
(t
2
+

∆
t)

= (
t
4

t
2
+

∆
t )
3
/
5−

1
.

f)
If

∆
t
is

sm
allcom

pared
to

the
tim

e
that

it
takes

R
(t)

to
change

significantly,
then

the
intervalbetw

een
a
signalsent

at
t
3
and

a
signalsent

at
t
3 +

∆
t
w
illbe

received
w
ith

a
redshift

identicalto
that

observed
betw

een
tw

o
successive

crests
of

a
w
ave.

T
hus,

the
separation

betw
een

the
receipt

of
the

acknow
ledgem

ent
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and
the

receipt
of

the
response

w
ill

be
a
factor

(1
+
z)

tim
es

longer
than

the
tim

e
intervalbetw

een
the

sending
of

the
tw

o
signals,and

therefore

t
4 −

t
3
=

(1
+
z)∆

t+
O
(∆

t
2)

= (
t
4

t
2
+

∆
t )
3
/
5

∆
t+

O
(∆

t
2)
.

Since
the

answ
er

contains
an

explicit
factor

of
∆
t,

the
other

factors
can

be
evaluated

to
zeroth

order
in

∆
t:

t
4 −

t
3
= (

t
4

t
2 )

3
/
5

∆
t+

O
(∆

t
2)

,

w
here

to
first

order
in

∆
t
the

t
4
in

the
num

erator
could

equally
w
ellhave

been
replaced

by
t
3 .

For
those

w
ho

prefer
the

brute
force

approach,the
answ

er
to

part
(d)

can
be

T
aylor

expanded
in

pow
ers

of
∆
t.

T
o
first

order
one

has

t
4
=
t
3
+

∂
t
4

∂∆
t ∣∣∣∣∆

t=
0

∆
t+

O
(∆

t
2)
.

E
valuating

the
necessary

derivative
gives

∂
t
4

∂∆
t
= [(

t
2
+

∆
t

t
1

)
2
/
5

+
2
�
0

5
ct
1 ]
3
/
2(

t
2
+

∆
t

t
1

)
−
3
/
5

,

w
hich

w
hen

specialized
to

∆
t
=

0
becom

es

∂
t
4

∂∆
t ∣∣∣∣∆

t=
0

= [(
t
2

t
1 )

2
/
5

+
2
�
0

5
ct
1 ]
3
/
2(

t
2

t
1 )

−
3
/
5

.

U
sing

the
first

boxed
answ

er
to

part
(c),

this
can

be
sim

plified
to

∂
t
4

∂∆
t ∣∣∣∣∆

t=
0

= (
t
3

t
1 )

3
/
5 (

t
2

t
1 )

−
3
/
5

= (
t
3

t
2 )

3
/
5

.

P
utting

this
back

into
the

T
aylor

series
gives

t
4 −

t
3
= (

t
3

t
2 )

3
/
5

∆
t+

O
(∆

t
2)

,

in
agreem

ent
w
ith

the
previous

answ
er.
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T

H
E

D
E
C

E
L
E
R

A
T

IO
N

P
A

R
A

M
E
T

E
R

From
the

front
of

the
exam

,w
e
are

rem
inded

that

R̈
=

−
4
π3
G
ρ
R

and
(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2
,

w
here

a
dot

denotes
a
derivative

w
ith

respect
to

tim
e
t.

T
he

critical
m
ass

density
ρ

c
is

defined
to

be
the

m
ass

density
that

corresponds
to

a
flat

(k
=

0)
universe,so

from
the

equation
above

it
follow

s
that

(
ṘR )

2

=
8
π3
G
ρ

c
.

Substituting
into

the
definition

of
q,

w
e
find

q
=

−
R̈
(t)

R
(t)

Ṙ
2(t)

=
−
R̈R (

RṘ )
2

= (
4
π3
G
ρ )(

3
8
π
G
ρ

c )
=

12
ρρ
c
=

12
Ω
.
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A

R
A

D
IA

T
IO

N
-D

O
M

IN
A
T

E
D

F
L
A
T

U
N

IV
E
R

S
E

T
he

flatness
of

the
m
odeluniverse

m
eans

that
k
=

0,so

(
ṘR )

2

=
8
π3
G
ρ
.

Since
ρ(t)∝

1
R
4(t)

,

it
follow

s
that

d
Rd
t
=

const
R

.

R
ew

riting
this

as
R
d
R

=
const

d
t
,

8
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the
indefinite

integralbecom
es12

R
2
=

(const)t+
c ′
,

w
here

c ′is
a
constant

of
integration.

D
ifferent

choices
for

c ′correspond
to

different
choices

for
the

definition
of
t
=

0.
W
e
w
illfollow

the
standard

convention
ofchoosing

c ′=
0,w

hich
sets

t
=

0
to

be
the

tim
e
w
hen

R
=

0.
T
hus

the
above

equation
im

plies
that

R
2∝

t,and
therefore

R
(t)∝

t
1
/
2

for
a
photon-dom

inated
flat

universe.

P
R
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E
V

O
L
U

T
IO

N
O

F
A

N
O

P
E
N

U
N

IV
E
R

S
E

T
he

evolution
of

an
open,

m
atter-dom

inated
universe

is
described

by
the

fol-
low

ing
param

etric
equations:

ct
=
α
(sinh

θ−
θ)

R√
κ
=
α
(cosh

θ−
1)

.

E
valuating

the
second

of
these

equations
at

R
/ √

κ
=

2
α
yields

a
solution

for
θ:

2
α
=
α
(cosh

θ−
1)

=⇒
cosh

θ
=

3
=⇒

θ
=

cosh −
1(3)

.

W
e
can

use
these

results
in

the
first

equation
to

solve
for

t.
N
oting

that

sinh
θ
= √

cosh
2
θ−

1
=

√
8
=

2 √
2
,

w
e
have

t
=
αc [2 √

2−
cosh −

1(3) ]
.

N
um

erically,
t≈

1
.06567

α
/
c.
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A

N
T

IC
IP

A
T

IN
G

A
B

IG
C

R
U

N
C

H

T
he

criticaldensity
is

given
by

ρ
c
=

3
H
20

8
π
G

,

so
the

m
ass

density
is

given
byρ

=
Ω
0 ρ

c
=

2
ρ

c
=

3
H
20

4
π
G

.
(1)

Substituting
this

relation
into

H
20
=

8
π3
G
ρ−

k
c
2

R
2
,

w
e
find

H
20
=

2
H
20 −

k
c
2

R
2
,

from
w
hich

it
follow

s
that

R√
k
=

cH
0
.

(2)

N
ow

use

α
=

4
π3
G
ρ
R
3

k
3
/
2c
2
.

Substituting
the

values
w
e
have

from
E
qs.

(1)
and

(2)
for

ρ
and

R
/ √

k,w
e
have

α
=

cH
0
.

(3)

T
o
determ

ine
the

value
of

the
param

eter
θ,

use

R√
k
=
α
(1−

cos
θ)

,

w
hich

w
hen

com
bined

w
ith

E
qs.

(2)
and

(3)
im

plies
that

cos
θ
=

0
.
T
he

equation
cos

θ
=

0
has

m
ultiple

solutions,
but

w
e
know

that
the

θ-param
eter

for
a
closed

m
atter-dom

inated
universe

varies
betw

een
0
and

π
during

the
expansion

phase
of

the
universe.

W
ithin

this
range,

cos
θ
=

0
im

plies
that

θ
=
π
/2.

T
hus,

the
age

of
the

universe
at

the
tim

e
these

m
easurem

ents
are

m
ade

is
given

by

t
=
αc
(θ−

sin
θ)

=
1H
0 (

π2
−

1 )
.
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T
he

total
lifetim

e
of

the
closed

universe
corresponds

to
θ
=

2
π,

or

t
fi
n
a
l =

2
π
αc

=
2
π

H
0
,

so
the

tim
e
rem

aining
before

the
big

crunch
is

given
by

t
fi
n
a
l −

t
=

1H
0 [2

π− (
π2
−
1 )]

=
(
3
π2
+
1 )

1H
0
.
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A

P
O

S
S
IB

L
E

M
O

D
IF

IC
A
T

IO
N

O
F

N
E
W

T
O

N
’S

L
A
W

O
F

G
R

A
V

IT
Y
(35

points)

(a)
Substituting

the
equation

for
M

(r
i ),

given
on

the
quiz,

into
the

differential
equation

for
r,

also
given

on
the

quiz,one
finds:

r̈
=

−
4
π3
G
r
3i ρ

i

r
2

+
γ
r
n
.

D
ividing

both
sides

of
the

equation
by

r
i ,one

has

r̈r
i
=

−
4
π3
G
r
2i
ρ

i

r
2

+
γ
r
nr
i
.

Substituting
u
=
r/
r
i ,this

becom
es

ü
=

−
4
π3
G
ρ

i

u
2

+
γ
u

n
r
n−
1

i
.

(b)
T
he

only
dependence

on
r
i
occurs

in
the

last
term

,
w
hich

is
proportional

to
r
n−
1

i
.
T
his

dependence
disappears

if
n
=

1
,
since

the
zeroth

pow
er

of
any

positive
num

ber
is

1.

(c)
T
his

is
exactly

the
sam

e
as

the
case

discussed
in

the
lecture

notes,
since

the
initialconditions

do
not

depend
on

the
differentialequation.

A
t
t
=

0,

r(r
i ,0)

=
r
i
(definition

of
r
i )

ṙ(r
i ,0)

=
H

i r
i
(since

#v
i =

H
i #r).
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D
ividing

these
equations

by
r
i
one

has
the

intialconditions

u
=

1

u̇
=
H

i
.

(d)
R
(t)

should
obey

the
differential

equation
obtained

in
part

(a)
for

u,
for

the
value

of
n
that

w
as

obtained
in

part
(b):

n
=

1.
So,

R̈
=

−
4
π3
G
ρ

i

R
2

+
γ
R
.

M
ultiplying

the
equation

by
Ṙ

≡
d
R
/
d
t,one

finds

d
2R

d
t
2

d
Rd
t
= {−

4
π3
G
ρ

i

R
2

+
γ
R }

d
Rd
t
,

w
hich

can
be

rew
ritten

as

dd
t {

12 (
d
Rd
t )

2−
4
π3
G
ρ

i

R
−

12
γ
R
2 }

=
0
.

T
hus

the
quantity

inside
the

curly
brackets

m
ust

be
constant.

Follow
ing

the
lecture

notes,I
w
illcallthis

constant
E
:

12 (
d
Rd
t )

2−
4
π3
G
ρ

i

R
−

12
γ
R
2
=
E
.

O
r
one

can
use

the
standardly

defined
quantity

k
=

−
2
Ec
2
,

in
w
hich

case
the

equation
can

be
w
ritten

−
2c
2 {

12 (
d
Rd
t )

2−
4
π3
G
ρ

i

R
−

12
γ
R
2 }

=
k
.

O
ne

can
then

rew
rite

the
equation

in
the

m
ore

standard
form


ṘR 

2

=
8
π3
G
ρ

i

R
3

+
γ−

k
c
2

R
2
.
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A
dditional

N
ote:

H
istorically,the

constant
γ
corresponds

to
the

“cosm
ological

constant”
w
hich

w
as

introduced
by

A
lbert

E
instein

in
1917

in
an

effort
to

build
a
static

m
odelof

the
universe.

T
he

cosm
ologicalconstant

Λ
is

related
to

γ
by

γ
=

13
Λ
c
2
.

Since
the

tim
e-dependent

m
ass

density
ρ(t)

=
ρ

i /
R
3,

the
differentialequation

can
be

rew
ritten

as
ṘR 

2

=
8
π3
G (

ρ
+

Λ
c
2

8
π
G )

−
k
c
2

R
2
.

Since
the

cosm
ologicalconstant

contributes
like

a
constant

addition
to

the
m
ass

density,m
odern

physicists
interpret

it
as

the
m
ass

density
ofthe

vacuum
.
T
he

m
ass

density
ofthe

vacuum
is
then

related
to

E
instein’s

cosm
ologicalconstant

Λ
by

ρ
v
a
c
=

Λ
c
2

8
π
G

.
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D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(25

points)

(a)
In

1826,the
astronom

er
H
einrich

O
lber

w
rote

a
paper

on
a
paradox

regarding
the

night
sky.

W
hat

is
O
lber’s

paradox?
W

hat
is
the

prim
ary

resolution
of

it?

(R
yden,C

hapter
2,P

ages
6-8)

A
ns:

O
lber’s

paradox
is
that

the
night

sky
appears

to
be

dark,instead
ofbeing

uniform
ly

bright.
T
he

prim
ary

resolution
is

that
the

universe
has

a
finite

age,
and

so
the

light
from

stars
beyond

the
horizon

distance
has

not
reached

us
yet.

(H
ow

ever,
even

in
the

steady-state
m
odel

of
the

universe,
the

paradox
is

resolved
because

the
light

from
distant

stars
w
ill

be
red-shifted

beyond
the

visible
spectrum

).

(b)
W

hat
is

the
value

of
the

N
ew

tonian
gravitationalconstant

G
in

P
lanck

units?
T
he

P
lanck

length
is

of
the

order
of

10 −
3
5
m
,10 −

1
5
m
,10

1
5
m
,or

10
3
5
m
?

(R
yden,C

hapter
1,P

age
3)

A
ns:

G
=

1
in

P
lanck

units,by
definition.

T
he

P
lanck

length
is

of
the

order
of

10 −
3
5
m
.
(N

ote
that

this
answ

er
could

be
obtained

by
a
process

of
elim

ination
as

long
as

you
rem

em
ber

that
the

P
lanck

length
is

m
uch

sm
aller

than
10 −

1
5
m
,w

hich
is

the
typicalsize

of
a
nucleus).

(c)
W

hat
is

the
C
osm

ological
P
rinciple?

Is
the

H
ubble

expansion
of

the
universe

consistent
w
ith

it?
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(W
einberg,C

hapter
2,

P
ages

21-23;R
yden,C

hapter
2,P

age
11)

A
ns:

T
he

C
osm

ologicalP
rinciple

states
that

there
is
nothing

specialabout
our

location
in

the
universe,i.e.

the
universe

is
hom

ogeneous
and

isotropic.

Y
es,

the
H
ubble

expansion
is

consistent
w
ith

it
(since

there
is

no
center

of
expansion).

(d)
In

the
“Standard

M
odel”

of
the

universe,
w
hen

the
universe

cooled
to

about
3×

10
a
K
,it

becam
e
transparentto

photons,and
today

w
e
observe

these
as

the
C
osm

ic
M
icrow

ave
B
ackground

(C
M
B
)
at

a
tem

perature
of

about
3×

10
b
K
.

W
hat

are
the

integers
a
and

b?

(W
einberg,C

hapter
3;

R
yden,C

hapter
2,

P
age

22)

a
=

3,
b
=

0.

(e)
W

hat
did

the
universe

prim
arily

consist
of

at
about

1/100th
of

a
second

after
the

B
ig

B
ang?

Include
any

constituent
that

is
believed

to
have

m
ade

up
m
ore

than
1%

of
the

m
ass

density
of

the
universe.

(W
einberg,C

hapter
1,

P
age

5)

A
ns:

E
lectrons,positrons,neutrinos,and

photons.

P
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S
P

E
C

IA
L

R
E
L
A
T

IV
IT

Y
D

O
P

P
L
E
R

S
H

IF
T
(20

points)

(a)
T
he

easiest
w
ay

to
solve

this
problem

is
by

a
double

application
ofthe

standard
special-relativity

D
oppler

shift
form

ula,
w
hich

w
as

given
on

the
front

of
the

exam
:

z
= √

1
+
β

1−
β
−

1
,

(18.1)

w
here

β
=

v
/
c.

R
em

em
bering

that
the

w
avelength

is
stretched

by
a
factor

1
+
z,

w
e
find

im
m
ediately

that
the

w
avelength

of
the

radio
w
ave

received
at

A
lpha-7

is
given

by

λ
A
lp
h
a−
7
= √

1
+
v

s /
c

1−
v

s /
c
λ
e
m
itte
d
.

(18.2)

T
he

photons
that

are
received

by
the

observer
are

in
fact

never
received

by
A
lpha-7,

but
the

w
avelength

found
by

the
observer

w
ill

be
the

sam
e
as

if
A
lpha-7

acted
as

a
relay

station,receiving
the

photons
and

retransm
itting

them
at

the
received

w
avelength.

So,applying
E
q.(18.1)

again,the
w
avelength

seen
by

the
observer

can
be

w
ritten

as

λ
o
b
se
rv
e
d
= √

1
+
v

o /
c

1−
v

o /
c
λ
A
lp
h
a−
7
.

(18.3)
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C
om

bining
E
qs.(18.2)

and
(18.3),

λ
o
b
se
rv
e
d
= √

1
+
v

o /
c

1−
v

o /
c √

1
+
v

s /
c

1−
v

s /
c
λ
e
m
itte
d
,

(18.4)

so
finally

z
= √

1
+
v

o /
c

1−
v

o /
c √

1
+
v

s /
c

1−
v

s /
c −

1
.

(18.5)

(b)
A
lthough

w
e
used

the
presence

of
A
lpha-7

in
determ

ining
the

redshift
z
of

E
q.

(18.5),
the

redshift
is

not
actually

affected
by

the
space

station.
So

the
special-relativity

D
oppler

shift
form

ula,E
q.

(18.1),
m
ust

directly
describe

the
redshift

resulting
from

the
relative

m
otion

ofthe
source

and
the

observer.
T
hus

√
1
+
v
to
t /
c

1−
v
to
t /
c −

1
= √

1
+
v

o /
c

1−
v

o /
c √

1
+
v

s /
c

1−
v

s /
c −

1
.

(18.6)

T
he

equation
above

determ
ines

v
to
t
in

term
s
of

v
o
and

v
s ,

so
the

rest
is

just
algebra.

T
o
sim

plify
the

notation,let
β
to
t ≡

v
to
t /
c,
β

o ≡
v

o /
c,

and
β

s ≡
v

s /
c.

T
hen

1
+
β
to
t
=

1
+
β

o

1−
β

o

1
+
β

s

1−
β

s
(1−

β
to
t )

β
to
t [1

+
1
+
β

o

1−
β

o

1
+
β

s

1−
β

s ]
=

1
+
β

o

1−
β

o

1
+
β

s

1−
β

s −
1

β
to
t [

(1−
β

o −
β

s
+
β

o β
s )

+
(1

+
β

o
+
β

s
+
β

o β
s )

(1−
β

o )(1−
β

s )

]
=

(1
+
β

o
+
β

s
+
β

o β
s )−

(1−
β

o −
β

s
+
β

o β
s )

(1−
β

o )(1−
β

s )

β
to
t [2(1

+
β

o β
s )]=

2(β
o
+
β

s )

β
to
t
=

β
o
+
β

s

1
+
β

o β
s

v
to
t
=

v
o
+
v

s

1
+
v

o v
s

c
2

.
(18.7)

T
he

final
form

ula
is

the
relativistic

expression
for

the
addition

of
velocities.

N
ote

that
it

guarantees
that|v

to
t |≤

c
as

long
as|v

o |≤
c
and

|v
s |≤

c.


