
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent

P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
3,2005

P
rof.A

lan
G
uthR

E
V

IE
W

P
R

O
B

L
E

M
S

F
O

R
Q

U
IZ

2

Q
U

IZ
D

A
T

E
:
T
hursday,N

ovem
ber

10,2005

C
O

V
E

R
A

G
E

:
L
ecture

N
otes

6,
pp.

1–5
of

L
ecture

N
otes

7;
P
roblem

Sets
3
and

4;R
yden,C

hapters
4-6

(but
there

w
illbe

no
questions

about
Λ
).

O
n

e
of

th
e

p
rob

lem
s

on
th

e
q
u

iz
w

ill
b

e
taken

verb
atim

(or
at

least
a
lm

o
st

ver-
b

atim
)

from
eith

er
th

e
h

om
ew

ork
assign

m
en

ts,
or

from
th

e
starred

p
rob

lem
s

from
th

is
set

of
R

ev
iew

P
rob

lem
s.

T
he

starred
problem

s
are

the
ones

that
I
recom

m
end

that
you

review
m
ost

carefully:
P
roblem

s
1,

2,
4,

8,
10,

11,
13,

and
14.

T
here

is
only

one
reading

question,
P
roblem

12.
Y
ou

should
be

prepared
both

to
w
ork

problem
s
and

to
answ

er
short-answ

er
ques-

tions
related

to
the

m
aterialin

R
yden’s

C
hapters

4
–
6.

T
he

problem
s
at

the
end

of
these

chapters
look

like
a
good

review
.
Since

w
e
have

not
yet

talked
about

a
cosm

ological
constant

in
lecture,

although
the

cosm
ological

constant
is

discussed
in

R
yden’s

chapters
4,

5,
and

6,
there

w
ill

be
no

questions
about

it
on

the
quiz.

P
U

R
P

O
S

E
:
T
hese

review
problem

s
are

not
to

be
handed

in,but
are

being
m
ade

available
to

help
you

study.
T
hey

com
e
m
ainly

from
quizzes

in
previous

years.
In

som
e
cases

the
num

ber
ofpoints

assigned
to

the
problem

on
the

quiz
is
listed

—
in

allsuch
cases

it
is

based
on

100
points

for
the

fullquiz.

In
addition

to
this

set
of

problem
s,you

w
ill

find
on

the
course

w
eb

page
the

actual
quizzes

that
w
ere

given
in

1994,
1996,

1998,
2000,

2002,
and

2004.
T
he

relevant
problem

s
from

those
quizzes

have
m
ostly

been
incorporated

into
these

review
problem

s,but
you

stillm
ay

be
interested

in
looking

at
the

quizzes,
just

to
see

how
m
uch

m
aterialhas

been
included

in
each

quiz.
T
he

coverage
of

the
upcom

ing
quiz

w
illnot

necessarily
m
atch

the
coverage

ofany
ofthe

quizzes
from

previous
years.

Q
uiz

2
of

this
year

covers
a
little

bit
m
ore

than
Q
uiz

2
did

in
2004.

R
E

V
IE

W
S

E
S

S
IO

N
:
T
o
help

you
study

for
the

quiz,
A
lan

G
uth

w
ill

hold
a

review
session

on
T
uesday,N

ovem
ber

8,
from

7:30
pm

untilw
henever

it
ends,

probably
about

an
hour

and
a
half.

T
he

location
w
ill

be
announced

on
the

course
w
eb

page.

IN
F

O
R

M
A

T
IO

N
T

O
B

E
G

IV
E

N
O

N
Q

U
IZ

:

E
ach

quiz
in

this
course

w
ill

have
a
section

of
“useful

inform
ation”

at
the

beginning.
For

the
second

quiz,this
usefulinform

ation
w
illbe

the
follow

ing:

8
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6

Q
U
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2
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R
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2
0
0
5

p
.
2

D
O

P
P

L
E

R
S

H
IF

T
:

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(specialrelativity,

w
ith

β
=
v
/
c)

C
O

S
M

O
L

O
G

IC
A

L
R

E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se
rv
e
d

λ
e
m
itte
d

=
R
(t
o
b
se
rv
e
d )

R
(t
e
m
itte
d )

C
O

S
M

O
L

O
G

IC
A

L
E

V
O

L
U

T
IO

N
:

(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2

R̈
=

−
4
π3
G (

ρ
+

3
pc
2 )

R

E
V

O
L

U
T

IO
N

O
F

A
F

L
A

T
(Ω

≡
ρ
/
ρ

c
=

1)
U

N
IV

E
R

S
E

:

R
(t)∝

t
2
/
3

(m
atter-dom

inated)

R
(t)∝

t
1
/
2

(radiation-dom
inated)

E
V

O
L

U
T

IO
N

O
F

A
M

A
T

T
E

R
-D

O
M

IN
A

T
E

D
U

N
IV

E
R

S
E

:

(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2

R̈
=

−
4
π3
G
ρ
R

ρ(t)
=
R
3(t

i )
R
3(t)

ρ(t
i )
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C
losed

(Ω
>

1):
ct

=
α
(θ−

sin
θ)
,

R√
k
=
α
(1−

cos
θ)
,

w
here

α
≡

4
π3
G
ρ
R
3

k
3
/
2c
2

O
pen

(Ω
<

1):
ct

=
α
(sinh

θ−
θ)

R√
κ
=
α
(cosh

θ−
1)

,

w
here

α
≡

4
π3
G
ρ
R
3

κ
3
/
2c
2
,

κ≡
−
k
.

R
O

B
E

R
T

S
O

N
-W

A
L

K
E

R
M

E
T

R
IC

:

d
s
2
=

−
c
2
d
τ
2
=

−
c
2
d
t
2
+
R
2(t) {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+
sin

2
θ
d
φ
2 ) }

S
C

H
W

A
R

Z
S

C
H

IL
D

M
E

T
R

IC
:

d
s
2
=

−
c
2d
τ
2
=

− (
1−

2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+
r
2
sin
2
θ
d
φ
2
,

G
E

O
D

E
S

IC
E

Q
U

A
T

IO
N

:

dd
s {

g
ij
d
x
j

d
s }

=
12
(∂
i g
k
� )
d
x
k

d
s

d
x
�

d
s

or:
dd
τ {

g
µ
ν
d
x
ν

d
τ }

=
12
(∂
µ
g
λ
σ )
d
x
λ

d
τ

d
x
σ

d
τ

P
H

Y
S

IC
A

L
C

O
N

S
T

A
N

T
S

:

G
=

6
.673×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1
.381×

10 −
1
6erg

/K

=
8
.617×

10 −
5eV

/K
,

h̄
=

h2
π

=
1
.055×

10 −
2
7
erg-sec

=
6
.582×

10 −
1
6
eV

-sec
,

c
=

2
.998×

10
1
0
cm

/sec

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
2
erg

.

8
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8
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Q
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R
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V
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R
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0
5

p
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∗
P

R
O

B
L

E
M

1:
T

R
A

C
IN

G
L

IG
H

T
R

A
Y

S
IN

A
C

L
O

S
E

D
,

M
A

T
T

E
R

-
D

O
M

IN
A

T
E

D
U

N
IV

E
R

S
E

(30
points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

2,
1998.

T
he

spacetim
e
m
etric

for
a
hom

ogeneous,isotropic,closed
universe

is
given

by
the

R
obertson-W

alker
form

ula:

d
s
2
=

−
c
2
d
τ
2
=

−
c
2
d
t
2
+
R
2(t) {

d
r
2

1−
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ
2 ) }

,

w
here

I
have

taken
k
=

1.
T
o
discuss

m
otion

in
the

radial
direction,

it
is

m
ore

convenient
to

w
ork

w
ith

an
alternative

radialcoordinate
ψ
,
related

to
r
by

r
=

sin
ψ
.

T
hen

d
r

√
1−

r
2
=
d
ψ
,

so
the

m
etric

sim
plifies

to
d
s
2
=

−
c
2
d
τ
2
=

−
c
2
d
t
2
+
R
2(t) {

d
ψ
2
+
sin
2
ψ (d

θ
2
+
sin

2
θ
d
φ
2 )}

.

(a)
(7

points)
A

light
pulse

travels
on

a
nulltrajectory,

w
hich

m
eans

that
d
τ
=

0
for

each
segm

ent
of

the
trajectory.

C
onsider

a
light

pulse
that

m
oves

along
a
radial

line,
so
θ
=
φ
=

constant.
F
ind

an
expression

for
d
ψ
/
d
t
in

term
s
of

quantities
that

appear
in

the
m
etric.

(b)
(8

points)
W
rite

an
expression

for
the

physical
horizon

distance
!
p
h
y
s
at

tim
e

t.
Y
ou

should
leave

your
answ

er
in

the
form

of
a
definite

integral.

T
he

form
of
R
(t)

depends
on

the
content

of
the

universe.
If
the

universe
is

m
atter-

dom
inated

(i.e.,
dom

inated
by

nonrelativistic
m
atter),

then
R
(t)

is
described

by
the

param
etric

equations
ct

=
α
(θ−

sin
θ)
,

R
=
α
(1−

cos
θ)
,

w
here

α
≡

4
π3
G
ρ
R
3

c
2

.

T
hese

equations
are

identicalto
those

on
the

front
of

the
exam

,except
that

I
have

chosen
k
=

1.

(c)
(10

points)
C
onsider

a
radial

light-ray
m
oving

through
a
m
atter-dom

inated
closed

universe,
as

described
by

the
equations

above.
F
ind

an
expression

for
d
ψ
/
d
θ,

w
here

θ
is

the
param

eter
used

to
describe

the
evolution.

(d)
(5

points)
Suppose

that
a
photon

leaves
the

origin
of

the
coordinate

system
(ψ

=
0)

at
t
=

0.
H
ow

long
w
illit

take
for

the
photon

to
return

to
its

starting
place?

E
xpress

your
answ

er
as

a
fraction

of
the

full
lifetim

e
of

the
universe,

from
big

bang
to

big
crunch.
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∗
P

R
O

B
L

E
M

2:
L

E
N

G
T

H
S

A
N

D
A

R
E

A
S

IN
A

T
W

O
-D

IM
E

N
S

IO
N

A
L

M
E

T
R

IC
(25

points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

2,
1994:

Suppose
a
tw

o
dim

ensional
space,

described
in

polar
coordinates

(r,θ),
has

a
m
etric

given
by

d
s
2
=

(1
+
a
r)
2
d
r
2
+
r
2(1

+
br)

2
d
θ
2
,

w
here

a
and

b
are

positive
constants.

C
onsider

the
path

in
this

space
w
hich

is
form

ed
by

starting
at

the
origin,

m
oving

along
the

θ
=

0
line

to
r
=
r
0 ,

then
m
oving

at
fixed

r
to
θ
=
π
/2,

and
then

m
oving

back
to

the
origin

at
fixed

θ.
T
he

path
is

show
n
below

:

a)
(10

points)
F
ind

the
total

length
of

this
path.

b)
(15

points)
F
ind

the
area

enclosed
by

this
path.

P
R

O
B

L
E

M
3:

G
E

O
M

E
T

R
Y

IN
A

C
L

O
S

E
D

U
N

IV
E

R
S

E
(25

points)

T
he

follow
ing

problem
w
as

P
roblem

4,
Q
uiz

2,
1988:

C
onsidera

universe
described

by
the

R
obertson–W

alkerm
etric

on
the

firstpage
of

the
quiz,

w
ith

k
=

1.
T
he

questions
below

all
pertain

to
som

e
fixed

tim
e
t,

so
the

scale
factor

can
be

w
ritten

sim
ply

as
R
,
dropping

its
explicit

t-dependence.

A
sm

allrod
has

one
end

at
the

point
(r

=
a
,
θ
=

0
,
φ
=

0)
and

the
other

end
at

the
point

(r
=
a
,
θ
=

∆
θ,
φ
=

0).
A
ssum

e
that

∆
θ�

1.
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(a)
F
ind

the
physical

distance
!
p
from

the
origin

(r
=

0)
to

the
first

end
(a
,0
,0)

of
the

rod.
Y
ou

m
ay

find
one

of
the

follow
ing

integrals
useful:

∫
d
r

√
1−

r
2
=

sin −
1
r

∫
d
r

1−
r
2
=

12
ln (

1
+
r

1−
r )

.

(b)
F
ind

the
physical

length
s
p
of

the
rod.

E
xpress

your
answ

er
in

term
s
of

the
scale

factor
R
,and

the
coordinates

a
and

∆
θ.

(c)
N
ote

that
∆
θ
is
the

angle
subtended

by
the

rod,as
seen

from
the

origin.
W
rite

an
expression

for
this

angle
in

term
s
of

the
physical

distance
!
p ,

the
physical

length
s
p ,

and
the

scale
factor

R
.

∗
P

R
O

B
L

E
M

4:
T

H
E

G
E

N
E

R
A

L
S

P
H

E
R

IC
A

L
LY

S
Y

M
M

E
T

R
IC

M
E

T
R

IC
(20

points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

2,
1986:

T
he

m
etric

for
a
given

space
depends

ofcourse
on

the
coordinate

system
w
hich

is
used

to
describe

it.
It

can
be

show
n
that

for
any

three
dim

ensionalspace
w
hich

is
spherically

sym
m
etric

about
a
particular

point,coordinates
can

be
found

so
that

the
m
etric

has
the

form

d
s
2
=
d
r
2
+
ρ
2(r) [d

θ
2
+

sin
2
θ
d
φ
2 ]
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for
som

e
function

ρ(r).
T
he

coordinates
θ
and

φ
have

their
usual

ranges:
θ
varies

betw
een

0
and

π,and
φ
varies

from
0
to

2
π,w

here
φ
=

0
and

φ
=

2
π
are

identified.
G
iven

this
m
etric,consider

the
sphere

w
hose

outer
boundary

is
defined

by
r
=
r
0 .

(a)
F
ind

the
physical

radius
a
of

the
sphere.

(B
y
“radius”,

I
m
ean

the
physical

length
of

a
radial

line
w
hich

extends
from

the
center

to
the

boundary
of

the
sphere.)

(b)
F
ind

the
physicalarea

of
the

surface
of

the
sphere.

(c)
F
ind

an
explicit

expression
for

the
volum

e
of

the
sphere.

B
e
sure

to
include

the
lim

its
of

integration
for

any
integrals

w
hich

occur
in

your
answ

er.

(d)
Suppose

a
new

radialcoordinate
σ
is

introduced,w
here

σ
is

related
to
r
by

σ
=
r
2
.

E
xpress

the
m
etric

in
term

s
of

this
new

variable.

P
R

O
B

L
E

M
5:

V
O

L
U

M
E

S
IN

A
R

O
B

E
R

T
S

O
N

-W
A

L
K

E
R

U
N

IV
E

R
S

E
(20

points)

T
he

follow
ing

problem
w
as

P
roblem

1,
Q
uiz

3,
1990:

T
he

m
etric

for
a
R
obertson-W

alker
universe

is
given

by

d
s
2
=
R
2(t) {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ
2 ) }

.

C
alculate

the
volum

e
V
(r
m
a
x )

of
the

sphere
described

by

r≤
r
m
a
x
.

Y
ou

should
carry

out
any

angular
integrations

that
m
ay

be
necessary,but

you
m
ay

leave
your

answ
er

in
the

form
of

a
radialintegralw

hich
is
not

carried
out.

B
e
sure,

how
ever,to

clearly
indicate

the
lim

its
of

integration.

P
R

O
B

L
E

M
6:

T
H

E
S

C
H

W
A

R
Z

S
C

H
IL

D
M

E
T

R
IC

(25
points)

T
he

follow
problem

w
as

P
roblem

4,
Q
uiz

3,
1992:

T
he

space
outside

a
spherically

sym
m
etric

m
ass

M
is
described

by
the

Schw
arz-

schild
m
etric,

given
at

the
front

of
the

exam
.
T
w
o
observers,designated

A
and

B
,

are
located

along
the

sam
e
radialline,w

ith
values

of
the

coordinate
r
given

by
r
A

and
r
B
,
respectively,

w
ith

r
A
<
r
B
.

Y
ou

should
assum

e
that

both
observers

lie
outside

the
Schw

arzschild
horizon.
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a)
(5

points)
W
rite

dow
n
the

expression
for

the
Schw

arzschild
horizon

radius
R
S
ch ,

expressed
in

term
s
of
M

and
fundam

entalconstants.

b)
(5

points)
W

hat
is

the
proper

distance
betw

een
A

and
B
?

It
is

okay
to

leave
the

answ
er

to
this

part
in

the
form

of
an

integral
that

you
do

not
evaluate—

but
be

sure
to

clearly
indicate

the
lim

its
of

integration.

c)
(5

points)
O
bserver

A
has

a
clock

that
em

its
an

evenly
spaced

sequence
ofticks,

w
ith

proper
tim

e
separation

∆
τ
A
.
W

hat
w
illbe

the
coordinate

tim
e
separation

∆
t
A
betw

een
these

ticks?

d)
(5

points)
A
t
each

tick
of
A
’s

clock,
a
light

pulse
is

transm
itted.

O
bserver

B

receives
these

pulses,and
m
easures

the
tim

e
separation

on
his

ow
n
clock.

W
hat

is
the

tim
e
interval∆

τ
B

m
easured

by
B
.

e)
(5

points)
Suppose

that
the

ob
ject

creating
the

gravitational
field

is
a
static

black
hole,so

the
Schw

arzschild
m
etric

is
valid

for
all

r.
N
ow

suppose
that

one
considers

the
case

in
w
hich

observer
A

lies
on

the
Schw

arzschild
horizon,

so
r
A
≡
R
S
ch .

Is
the

proper
distance

betw
een

A
and

B
finite

for
this

case?
D
oes

the
tim

e
intervalof

the
pulses

received
by

B
,
∆
τ
B
,
diverge

in
this

case?

P
R

O
B

L
E

M
7:

G
E

O
D

E
S

IC
S
(20

points)

T
he

follow
ing

problem
w
as

P
roblem

4,
Q
uiz

2,
1986:

O
rdinary

E
uclidean

tw
o-dim

ensional
space

can
be

described
in

polar
coordi-

nates
by

the
m
etric

d
s
2
=
d
r
2
+
r
2
d
θ
2
.

(a)
Suppose

that
r(λ)

and
θ(λ)

describe
a
geodesic

in
this

space,w
here

the
para-

m
eter

λ
is

the
arc

length
m
easured

along
the

curve.
U
se

the
general

form
ula

on
the

front
of

the
exam

to
obtain

explicit
differential

equations
w
hich

r(λ)
and

θ(λ)
m
ust

obey.

(b)
N
ow

introduce
the

usualC
artesian

coordinates,defined
by

x
=
r
cos

θ
,

y
=
r
sin

θ
.

U
se

your
answ

er
to

(a)
to

show
that

the
line

y
=

1
is

a
geodesic

curve.
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M

E
T

R
IC

O
F

A
S

T
A

T
IC

G
R

A
V

IT
A

T
IO

N
A

L
F

IE
L

D
(30

points)

T
he

follow
ing

problem
w
as

P
roblem

2,
Q
uiz

3,
1990:

In
this

problem
w
e
w
illconsider

the
m
etric

d
s
2S
T
=

− [c
2
+

2
φ()x) ]

d
t
2
+

3
∑i=
1 (d

x
i )
2
,

w
hich

describes
a

static
gravitational

field.
H
ere

i
runs

from
1
to

3,
w
ith

the
identifications

x
1≡

x,
x
2≡

y,and
x
3≡

z.
T
he

function
φ()x)

depends
only

on
the

spatialvariables
)x≡

(x
1,x

2,x
3),

and
not

on
the

tim
e
coordinate

t.

(a)
Suppose

that
a
radio

transm
itter,located

at
)x
e ,em

its
a
series

ofevenly
spaced

pulses.
T
he

pulses
are

separated
by

a
proper

tim
e
interval

∆
T
e ,

as
m
easured

by
a
clock

at
the

sam
e
location.

W
hat

is
the

coordinate
tim

e
interval

∆
t
e

betw
een

the
em

ission
of

the
pulses?

(I.e.,
∆
t
e
is

the
difference

betw
een

the
tim

e
coordinate

t
at

the
em

ission
ofone

pulse
and

the
tim

e
coordinate

t
at

the
em

ission
of

the
next

pulse.)

(b)
T
he

pulses
are

received
by

an
observer

at
)x
r ,w

ho
m
easures

the
tim

e
of

arrival
ofeach

pulse.
W

hat
is
the

c
o
o
rd

in
a
te

tim
e
interval∆

t
r
betw

een
the

reception
of

successive
pulses?

(c)
T
he

observer
uses

his
ow

n
clocks

to
m
easure

the
proper

tim
e
interval

∆
T
r

betw
een

the
reception

of
successive

pulses.
F
ind

this
tim

e
interval,

and
also

the
redshift

z,
defined

by

1
+
z
=

∆
T
r

∆
T
e
.

F
irst

com
pute

an
exact

expression
for

z,and
then

expand
the

answ
er

to
low

est
order

in
φ()x)

to
obtain

a
w
eak-field

approxim
ation.

(T
his

w
eak-field

approxi-
m
ation

is
in

fact
highly

accurate
in

allterrestrialand
solar

system
applications.)

(d)
A

freely
falling

particle
travels

on
a
spacetim

e
geodesic

x
µ(τ),

w
here

τ
is

the
proper

tim
e.

(I.e.,
τ
is

the
tim

e
that

w
ould

be
m
easured

by
a
clock

m
oving

w
ith

the
particle.)

T
he

trajectory
is

described
by

the
geodesic

equation

dd
τ (

g
µ
ν
d
x
ν

d
τ )

=
12
(∂

µ
g
λ
σ )
d
x
λ

d
τ

d
x
σ

d
τ

,

w
here

the
G
reek

indices
(µ
,ν
,λ
,σ,etc.)

run
from

0
to

3,and
are

sum
m
ed

over
w
hen

repeated.
C
alculate

an
explicit

expression
for

d
2x

i

d
τ
2
,

valid
for

i
=

1
,2
,
or

3.
(It

is
acceptable

to
leave

quantities
such

as
d
t/
d
τ
or

d
x
i/
d
τ
in

the
answ

er.)
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G
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A
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P
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E
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E

In
this

problem
w
e
w
ill

test
the

geodesic
equation

by
com

puting
the

geodesic
curves

on
the

surface
of

a
sphere.

W
e
w
ill

describe
the

sphere
as

in
L
ecture

N
otes

6,w
ith

m
etric

given
by

d
s
2
=
a
2 (d

θ
2
+
sin

2
θ
d
φ
2 )

.

(a)
C
learly

one
geodesic

on
the

sphere
is

the
equator,

w
hich

can
be

param
etrized

by
θ
=
π
/2

and
φ

=
ψ
,
w
here

ψ
is

a
param

eter
w
hich

runs
from

0
to

2
π.

Show
that

if
the

equator
is

rotated
by

an
angle

α
about

the
x-axis,

then
the

equations
becom

e:
cos

θ
=

sin
ψ
sin

α

tan
φ
=

tan
ψ
cos

α
.

(b)
U
sing

the
generic

form
ofthe

geodesic
equation

on
the

front
ofthe

exam
,derive

the
differentialequation

w
hich

describes
geodesics

in
this

space.

(c)
Show

that
the

expressions
in

(a)
satisfy

the
differential

equation
for

the
geo-

desic.
H
int:

T
he

algebra
on

this
can

be
m
essy,but

I
found

things
w
ere

reason-
ably

sim
ple

if
I
w
rote

the
derivatives

in
the

follow
ing

w
ay:

d
θ

d
ψ

=
−

cos
ψ
sin

α
√
1−

sin
2
ψ
sin
2
α

,
d
φ

d
ψ

=
cos

α

1−
sin

2
ψ
sin
2
α

.
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T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

3,
2000,

w
here

it
w
as

w
orth

40
points

plus
5
points

extra
credit.

C
onsider

the
case

of
closed

R
obertson-W

alker
universe.

T
aking

k
=

1,
the

spacetim
e
m
etric

can
be

w
ritten

in
the

form

d
s
2
=

−
c
2
d
τ
2
=

−
c
2
d
t
2
+
R
2(t) {

d
r
2

1−
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ
2 ) }

.

W
e
w
ill

assum
e
that

this
m
etric

is
given,

and
that

R
(t)

has
been

specified.
W

hile
galaxies

are
approxim

ately
stationary

in
the

com
oving

coordinate
system

described
by

this
m
etric,w

e
can

stillconsider
an

ob
ject

that
m
oves

in
this

system
.
In

particu-
lar,in

this
problem

w
e
w
illconsider

an
ob

ject
that

is
m
oving

in
the

radialdirection
(r-direction),

under
the

influence
of

no
forces

other
than

gravity.
H
ence

the
ob

ject
w
illtravelon

a
geodesic.

(a)
(7

points)
E
xpress

d
τ
/
d
t
in

term
s
of
d
r/
d
t.
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(b)
(3

points)
E
xpress

d
t/
d
τ
in

term
s
of
d
r/
d
t.

(c)
(10

points)
If

the
ob

ject
travels

on
a
trajectory

given
by

the
function

r
p (t)

betw
een

som
e
tim

e
t
1
and

som
e
later

tim
e
t
2 ,w

rite
an

integralw
hich

gives
the

total
am

ount
of

tim
e
that

a
clock

attached
to

the
ob

ject
w
ould

record
for

this
journey.

(d)
(10

points)
D
uring

a
tim

e
interval

d
t,the

ob
ject

w
illm

ove
a
coordinate

distance

d
r
=
d
rd
t
d
t
.

L
et
d
!
denote

the
physicaldistance

that
the

ob
ject

m
oves

during
this

tim
e.

B
y

“physicaldistance,”
Im

ean
the

distance
that

w
ould

be
m
easured

by
a
com

oving
observer

(an
observer

stationary
w
ith

respect
to

the
coordinate

system
)
w
ho

is
located

at
the

sam
e
point.

T
he

quantity
d
!/
d
t
can

be
regarded

as
the

physical
speed

v
p
h
y
s
of

the
ob

ject,
since

it
is

the
speed

that
w
ould

be
m
easured

by
a

com
oving

observer.
W
rite

an
expression

for
v
p
h
y
s
as

a
function

of
d
r/
d
t
and

r.

(e)
(10

points)
U
sing

the
form

ulas
at

the
front

of
the

exam
,
derive

the
geodesic

equation
of

m
otion

for
the

coordinate
r
of

the
ob

ject.
Specifically,you

should
derive

an
equation

of
the

form

dd
τ [

A
d
r

d
τ ]

=
B (

d
t

d
τ )

2

+
C (

d
r

d
τ )

2

+
D (

d
θ

d
τ )

2

+
E (

d
φ

d
τ )

2

,

w
here

A
,
B
,
C
,
D
,and

E
are

functions
ofthe

coordinates,som
e
ofw

hich
m
ight

be
zero.

(f)
(5

points
E
X
T
R
A

C
R
E
D
IT

)
O
n
P
roblem

4
of

P
roblem

Set
3
w
e
learned

that
in

a
flat

R
obertson-W

alker
m
etric,

the
relativistically

defined
m
om

entum
of

a
particle,

p
=

m
v
p
h
y
s

√
1−

v
2p
h
y
s

c
2

,

falls
off

as
1
/
R
(t).

U
se

the
geodesic

equation
derived

in
part

(e)
to

show
that

the
sam

e
is

true
in

a
closed

universe.
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S
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E
(40

points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

2,
2002.
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C
onsider

a
tw

o-dim
ensionalcurved

space
described

by
polar

coordinates
u
and

θ,w
here

0≤
u≤

a
and

0≤
θ≤

2
π,

and
θ
=

2
π
is

as
usualidentified

w
ith

θ
=

0.
T
he

m
etric

is
given

by

d
s
2
=

a
d
u
2

4
u(a−

u)
+
u
d
θ
2
.

A
diagram

ofthe
space

is
show

n
at

the
right,but

you
should

ofcourse
keep

in
m
ind

that
the

diagram
does

not
accurately

reflect
the

distances
defined

by
the

m
etric.

(a)
(6

points)
F
ind

the
radius

R
of

the
space,

defined
as

the
length

of
a
radial

(i.e.,
θ
=

constant)
line.

Y
ou

m
ay

express
your

answ
er

as
a
definite

integral,
w
hich

you
need

not
evaluate.

B
e
sure,how

ever,to
specify

the
lim

its
of

integration.

(b)
(6

points)
F
ind

the
circum

ference
S

of
the

space,
de-

fined
as

the
length

of
the

boundary
of

the
space

at
u
=
a.

(c)
(7

points)
C
onsider

an
annular

region
as

show
n,con-

sisting
of

all
points

w
ith

a
u-coordinate

in
the

range
u
0 ≤

u
≤
u
0
+

d
u.

F
ind

the
physicalarea

d
A

of
this

region,to
first

order
in

d
u.

(d)
(3

points)
U
sing

your
answ

er
to

part
(c),w

rite
an

expression
for

the
totalarea

of
the

space.

(e)
(10

points)
C
onsider

a
geodesic

curve
in

this
space,described

by
the

functions
u(s)

and
θ(s),

w
here

the
param

eter
s
is

chosen
to

be
the

arc
length

along
the
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curve.
F
ind

the
geodesic

equation
for

u(s),
w
hich

should
have

the
form

dd
s [
F
(u
,θ)

d
u

d
s ]

=
...

,

w
here

F
(u
,θ)

is
a
function

that
you

w
ill

find.
(N

ote
that

by
w
riting

F
as

a
function

of
u
and

θ,
w
e
are

saying
that

it
could

depend
on

either
or

both
of

them
,
but

w
e
are

not
saying

that
it

necessarily
depends

on
them

.)
Y
ou

need
not

sim
plify

the
left-hand

side
of

the
equation.

(f)
(8

points)
Sim

ilarly,find
the

geodesic
equation

for
θ(s),

w
hich

should
have

the
form

dd
s [
G
(u
,θ)

d
θ

d
s ]

=
...

,

w
here

G
(u
,θ)

is
a
function

that
you

w
illfind.

A
gain,you

need
not

sim
plify

the
left-hand

side
of

the
equation.

P
R

O
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L
E

M
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E
V

O
L

U
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O
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E
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E

S
(30

points)

T
he

follow
ing

problem
w
as

P
roblem

1,
Q
uiz

2,
2004.

T
his

problem
is

based
on

C
hapter

5
of

R
yden.

Since
her

notation
is

a
little

diff
erent

from
m
ine,

I
am

presenting
the

problem
in

both
notations,

and
you

can
answ

er
it

in
the

notation
of

your
choice.

T
he

evolution
ofa

hom
ogeneous,isotropic

universe
is
governed

by
the

follow
ing

three
independent

equations:

T
he

Friedm
ann

equation,

(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2

⇐
or⇒

(
ȧa )

2

=
8
π
G

3
c
2
ε−

κ
c
2

R
20 a
2
,

(1)

the
fluid

equation,

ρ̇
=

−
3
ṘR (

ρ
+

pc
2 )

⇐
or⇒

ε̇
=

−
3
ȧa
(ε

+
P
)
,

(2)

and
the

equation
of

state,p
=
w
ρ
c
2

⇐
or⇒

P
=
w
ε
.

(3)

In
E
q.

(3)
w
e
assum

e
that

w
is

a
constant.

In
this

problem
w
e
w
ill

exam
ine

the
tim

e
evolution

ofthe
scale

factor,
R
(t)

[or
a(t)],for

different
assum

ptions
about

the
nature

of
the

m
atter

and
its

equation
of

state.
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(a)
(8

points)
F
irst

consider
an

em
pty

universe
(ρ

=
ε
=

0).
W

hat
are

the
possible

form
s
for

the
function

R
(t)

[or
a(t)],and

is
the

universe
open,closed,or

flat
in

each
case?

For
the

rest
of

the
problem

w
e
consider

a
fl
a
t
universe,

m
ade

up
of

“stuff
”
that

has
som

e
constant

w
relating

the
pressure

and
the

m
ass

density
(according

to
the

equation
of

state
above).

(b)
(8

points)
W

hat
value

of
w

corresponds
to

(i)
nonrelativistic

m
atter?

(ii)
relativistic

m
atter

(i.e.,radiation)?

and

(iii)
the

cosm
ologicalconstant?

For
this

part
you

m
ay

sim
ply

state
the

answ
ers

w
ithout

doing
any

calculations.

(c)
(6

points)
In

such
a
universe,

ρ∝
R

−
b
[or

ε∝
a −

b],w
here

b
is

a
constant

that
depends

only
on

w
.
F
ind

b.
For

full
credit,

your
answ

er
should

show
how

to
derive

the
expression

for
b
using

only
m
athem

atics
and

E
qs.

(1),
(2),

and
(3)

above.

(d)
(6

points)
U
sing

ρ∝
R

−
b
[or

ε∝
a −

b],determ
ine

R
(t)

[or
a(t)]

for
both

b
=

0
and

b�=
0.

For
b�=

0
you

should
express

R
(t)

in
term

s
of
t
and

b.
For

the
case

b
=

0
you

should
express

your
answ

er
in

term
s
of

the
present

value
of

the
H
ubble

constant,
H
0 .

In
both

cases
your

answ
er

can
contain

a
“proportional

to”
sign

(∝
),

or
you

can
introduce

an
arbitrary

constant
of

proportionality.
A
gain,

to
obtain

full
credit

you
m
ust

show
how

to
derive

the
answ

er
from

E
qs.(1),

(2),
and

(3)
above.

∗
P

R
O

B
L

E
M

13:
R

O
T

A
T

IN
G

F
R

A
M

E
S

O
F

R
E

F
E

R
E

N
C

E
(35

points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

2,
2004.

In
this

problem
w
e
w
illuse

the
form

alism
ofgeneralrelativity

and
geodesics

to
derive

the
relativistic

description
of

a
rotating

fram
e
of

reference.

T
he

problem
w
illconcern

the
consequences

of
the

m
etric

c
2d
τ
2
=
c
2d
t
2− [d

r
2
+
r
2
(d
φ
+
ω
d
t)
2
+

d
z
2 ]

,
(1)

w
hich

corresponds
to

a
coordinate

system
rotating

about
the

z-axis,
w
here

φ
is

the
azim

uthal
angle

around
the

z-axis.
T
he

coordinates
have

the
usual

range
for

cylindricalcoordinates:−∞
<
t
<

∞
,
0≤

r
<

∞
,−∞

<
z
<

∞
,
and

0≤
φ
<

2
π,

w
here

φ
=

2
π
is

identified
w
ith

φ
=

0.
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T
o
w
ork

the
problem

,
you

do
not

need
to

know
anything

about
w
here

this
m
etric

cam
e
from

.
H
ow

ever,
it
m
ight

(or
m
ight

not!)
help

your
intuition

to
know

that
E
q.

(1)
w
as

obtained
by

starting
w
ith

a
M
inkow

ski
m
etric

in
cylindrical

coordinates
t̄,
r̄,
φ̄,

and
z̄,

c
2d
τ
2
=
c
2d
t̄
2− [d

r̄
2
+
r̄
2
d
φ̄
2
+

d
z̄
2 ]

,

and
then

introducing
new

coordinates
t,
r,
φ,

and
z
that

are
related

by

t̄
=
t,

r̄
=
r,

φ̄
=
φ
+
ω
t,

z̄
=
z
,

so
d
t̄
=

d
t,

d
r̄
=

d
r,

d
φ̄
=

d
φ
+
ω
d
t,

and
d
z̄
=

d
z.

(a)
(8

points)
T
he

m
etric

can
be

w
ritten

in
m
atrix

form
by

using
the

standard
definition

c
2d
τ
2≡

g
µ
ν
d
x
µ
d
x
ν
,

w
here

x
0≡

t,
x
1≡

r,
x
2≡

φ,
and

x
3≡

z.
T
hen,

for
exam

ple,
g
1
1
(w

hich
can

also
be

called
g
r
r )

is
equalto

-1.
F
ind

explicit
expressions

to
com

plete
the

list
of

the
nonzero

entries
in

the
m
atrix

g
µ
ν :

g
1
1 ≡

g
r
r
=

−
1

g
0
0 ≡

g
tt
=

?

g
2
0 ≡

g
0
2 ≡

g
φ
t ≡

g
tφ

=
?

g
2
2 ≡

g
φ
φ
=

?

g
3
3 ≡

g
z
z
=

?

(2)

Ifyou
cannot

answ
er

part
(a),you

can
introduce

unspecified
functions

f
1 (r),

f
2 (r),

f
3 (r),

and
f
4 (r),

w
ith

g
1
1 ≡

g
r
r
=

−
1

g
0
0 ≡

g
tt
=
f
1 (r)

g
2
0 ≡

g
0
2 ≡

g
φ
t ≡

g
tφ

=
f
1 (r)

g
2
2 ≡

g
φ
φ
=
f
3 (r)

g
3
3 ≡

g
z
z
=
f
4 (r)

,

(3)
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and
you

can
then

express
your

answ
ers

to
the

subsequent
parts

in
term

s
of

these
unspecified

functions.

(b)
(10

points)
U
sing

the
geodesic

equations
from

the
front

of
the

quiz,

dd
τ {

g
µ
ν
d
x
ν

d
τ }

=
12
(∂

µ
g
λ
σ )

d
x
λ

d
τ

d
x
σ

d
τ
,

explicitly
w
rite

the
equation

that
results

w
hen

the
free

index
µ
is

equal
to

1,
corresponding

to
the

coordinate
r.

(c)
(7

points)
E
xplicitly

w
rite

the
equation

that
results

w
hen

the
free

index
µ

is
equalto

2,corresponding
to

the
coordinate

φ.

(d)
(10

points)
U
se

the
m
etric

to
find

an
expression

for
d
t/d

τ
in

term
s
of

d
r/d

t,
d
φ
/d
t,and

d
z
/d
t.

T
he

expression
m
ay

also
depend

on
the

constants
c
and

ω
.

B
e
sure

to
note

that
your

answ
er

should
depend

on
the

derivatives
of
t,
φ,and

z
w
ith

respect
to
t,

not
τ.

(H
int:

first
find

an
expression

for
d
τ
/d
t,

in
term

s
of

the
quantities

indicated,
and

then
ask

yourself
how

this
result

can
be

used
to

find
d
t/d

τ.)

∗
P

R
O

B
L

E
M

14:
P

R
E

S
S

U
R

E
A

N
D

E
N

E
R

G
Y

D
E

N
S

IT
Y

O
F

M
Y

S
T

E
R

IO
U

S
S

T
U

F
F

(25
points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

3,
2002.

A
lthough

it
is

couched
in

the
language

of
Lecture

N
otes

13,
the

physics
is

really
the

sam
e
as

the
pressure

calculations
in

Lecture
N
otes

7,
so

a
m
odified

form
of

this
problem

w
ould

be
fair

for
the

com
ing

quiz.

In
L
ecture

N
otes

13,a
thought

experim
ent

involving
a
piston

w
as

used
to

show
that

p
=

−
ρ
c
2
for

any
substance

for
w
hich

the
energy

density
rem

ains
constant

under
expansion.

In
this

problem
you

w
ill

apply
the

sam
e
technique

to
calculate

the
pressure

of
m

y
ste

rio
u
s

stu
ff
,
w
hich

has
the

property
that

the
energy

density
falls

off
in

proportion
to

1/ √
V

as
the

volum
e
V

is
increased.

Ifthe
initialenergy

density
ofthe

m
ysterious

stuff
is
u
0
=
ρ
0 c
2,then

the
initial

configuration
of

the
piston

can
be

draw
n
as
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T
he

piston
is

then
pulled

outw
ard,

so
that

its
initial

volum
e
V

is
increased

to
V

+
∆
V
.
Y
ou

m
ay

consider
∆
V

to
be

infinitesim
al,so

∆
V
2
can

be
neglected.

(a)
(15

points)
U
sing

the
fact

that
the

energy
density

of
m
ysterious

stuff
falls

off
as

1
/ √

V
,
find

the
am

ount
∆
U

by
w
hich

the
energy

inside
the

piston
changes

w
hen

the
volum

e
is

enlarged
by

∆
V
.
D
efine

∆
U

to
be

positive
if
the

energy
increases.

(b)
(5

points)
If

the
(unknow

n)
pressure

of
the

m
ysterious

stuff
is

called
p,

how
m
uch

w
ork

∆
W

is
done

by
the

agent
that

pulls
out

the
piston?

(c)
(5

points)
U
se

your
results

from
(a)

and
(b)

to
express

the
pressure

p
of

the
m
ysterious

stuff
in

term
s
of

its
energy

density
u.

(If
you

did
not

answ
er

parts
(a)

and/or
(b),explain

as
best

you
can

how
you

w
ould

determ
ine

the
pressure

if
you

knew
the

answ
ers

to
these

tw
o
questions.)
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.
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S
O

L
U

T
IO

N
S

P
R

O
B

L
E

M
1:

T
R

A
C

IN
G

L
IG

H
T

R
A

Y
S

IN
A

C
L

O
S

E
D

,
M

A
T

T
E

R
-

D
O

M
IN

A
T

E
D

U
N

IV
E

R
S

E

(a)
Since

θ
=
φ
=

constant,
d
θ
=
d
φ
=

0,and
for

light
rays

one
alw

ays
has

d
τ
=

0.
T
he

line
elem

ent
therefore

reduces
to

0
=

−
c
2
d
t
2
+
R
2(t)d

ψ
2
.

R
earranging

gives
(
d
ψd
t )

2

=
c
2

R
2(t)

,

w
hich

im
plies

that

d
ψd
t
=

±
c

R
(t)

.

T
he

plus
sign

describes
outw

ard
radialm

otion,w
hile

the
m
inus

sign
describes

inw
ard

m
otion.

(b)
T
he

m
axim

um
value

ofthe
ψ
coordinate

that
can

be
reached

by
tim

e
t
is
found

by
integrating

its
rate

of
change:

ψ
h
o
r
= ∫

t

0

c

R
(t ′)

d
t ′
.

T
he

physicalhorizon
distance

is
the

proper
length

ofthe
shortest

line
draw

n
at

the
tim

e
t
from

the
origin

to
ψ
=
ψ
h
o
r ,
w
hich

according
to

the
m
etric

is
given

by

!
p
h
y
s (t)

= ∫
ψ
=
ψ

h
o
r

ψ
=
0

d
s
= ∫

ψ
h
o
r

0

R
(t)
d
ψ
=

R
(t) ∫

t

0

c

R
(t ′)

d
t ′
.

(c)
From

part
(a),

d
ψd
t
=

c

R
(t)

.

B
y
differentiating

the
equation

ct
=
α
(θ−

sin
θ)

stated
in

the
problem

,
one

finds
d
t

d
θ
=
αc
(1−

cos
θ)
.
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T
hen

d
ψd
θ
=
d
ψd
t

d
t

d
θ
=
α
(1−

cos
θ)

R
(t)

.

T
hen

using
R

=
α
(1−

cos
θ),as

stated
in

the
problem

,one
has

the
very

sim
ple

result

d
ψd
θ
=

1
.

(d)
T
his

part
is

very
sim

ple
if

one
know

s
that

ψ
m
ust

change
by

2
π

before
the

photon
returns

to
its

starting
point.

Since
d
ψ
/
d
θ
=

1,this
m
eans

that
θ
m
ust

also
change

by
2
π.

From
R

=
α
(1−

cos
θ),

one
can

see
that

R
returns

to
zero

at
θ
=

2
π,so

this
is

exactly
the

lifetim
e
of

the
universe.

So,

T
im

e
for

photon
to

return
L
ifetim

e
of

universe
=

1
.

If
it

is
not

clear
w
hy

ψ
m
ust

change
by

2
π

for
the

photon
to

return
to

its
starting

point,
then

recall
the

construction
of

the
closed

universe
that

w
as

used
in

L
ecture

N
otes

6.
T
he

closed
universe

is
described

as
the

3-dim
ensional

surface
of

a
sphere

in
a
four-dim

ensional
E
uclidean

space
w
ith

coordinates
(x
,y
,z
,w

):
x
2
+
y
2
+
z
2
+
w
2
=
a
2
,

w
here

a
is

the
radius

of
the

sphere.
T
he

R
obertson-W

alker
coordinate

system
is

constructed
on

the
3-dim

ensional
surface

of
the

sphere,
taking

the
point

(0
,0
,0
,1)

as
the

center
of

the
coordinate

system
.
If

w
e
define

the
w
-direction

as
“north,”

then
the

point
(0
,0
,0
,1)

can
be

called
the

north
pole.

E
ach

point
(x
,y
,z
,w

)
on

the
surface

ofthe
sphere

is
assigned

a
coordinate

ψ
,defined

to
be

the
angle

betw
een

the
positive

w
axis

and
the

vector
(x
,y
,z
,w

).
T
hus

ψ
=

0
at

the
north

pole,and
ψ
=
π
for

the
antipodalpoint,(0,0

,0
,−

1),w
hich

can
be

called
the

south
pole.

In
m
aking

the
round

trip
the

photon
m
ust

travel
from

the
north

pole
to

the
south

pole
and

back,for
a
total

range
of

2π.

D
iscussion:

Som
e
students

answ
ered

that
the

photon
w
ould

return
in

the
life-

tim
e
ofthe

universe,but
reached

this
conclusion

w
ithout

considering
the

details
ofthe

m
otion.

T
he

argum
ent

w
as

sim
ply

that,at
the

big
crunch

w
hen

the
scale

factor
returns

to
zero,alldistances

w
ould

return
to

zero,including
the

distance
betw

een
the

photon
and

its
starting

place.
T
his

statem
ent

is
correct,butit

does
not

quite
answ

er
the

question.
F
irst,the

statem
ent

in
no

w
ay

rules
out

the
pos-

sibility
that

the
photon

m
ight

return
to

its
starting

point
before

the
big

crunch.
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Second,
if
w
e
use

the
delicate

but
w
ell-m

otivated
definitions

that
general

rel-
ativists

use,
it

is
not

necessarily
true

that
the

photon
returns

to
its

starting
point

at
the

big
crunch.

T
o
be

concrete,let
m
e
consider

a
radiation-dom

inated
closed

universe—
a
hypothetical

universe
for

w
hich

the
only

“m
atter”

present
consists

of
m
assless

particles
such

as
photons

or
neutrinos.

In
that

case
(you

can
check

m
y
calculations)

a
photon

that
leaves

the
north

pole
at
t
=

0
just

reaches
the

south
pole

at
the

big
crunch.

It
m
ight

seem
that

reaching
the

south
pole

at
the

big
crunch

is
not

any
different

from
com

pleting
the

round
trip

back
to

the
north

pole,since
the

distance
betw

een
the

north
pole

and
the

south
pole

is
zero

at
t
=
t
C
ru
n
ch ,

the
tim

e
of

the
big

crunch.
H
ow

ever,
suppose

w
e
adopt

the
principle

that
the

instant
of

the
initial

singularity
and

the
instant

of
the

finalcrunch
are

both
too

singular
to

be
considered

part
of

the
spacetim

e.
W
e

w
ill

allow
ourselves

to
m
athem

atically
consider

tim
es

ranging
from

t
=
ε
to

t
=
t
C
ru
n
ch −

ε,
w
here

ε
is

arbitrarily
sm

all,
but

w
e
w
ill

not
try

to
describe

w
hat

happens
exactly

at
t
=

0
or
t
=
t
C
ru
n
ch .

T
hus,w

e
now

consider
a
photon

that
starts

its
journey

at
t
=
ε,

and
w
e
follow

it
until

t
=
t
C
ru
n
ch −

ε.
For

the
case

of
the

m
atter-dom

inated
closed

universe,
such

a
photon

w
ould

traverse
a
fraction

of
the

full
circle

that
w
ould

be
alm

ost
1,

and
w
ould

approach
1
as

ε→
0.

B
y
contrast,

for
the

radiation-dom
inated

closed
universe,

the
photon

w
ould

traverse
a
fraction

of
the

full
circle

that
is

alm
ost

1/2,
and

it
w
ould

approach
1/2

as
ε→

0.
T
hus,from

this
point

of
view

the
tw

o
cases

look
very

different.
In

the
radiation-dom

inated
case,

one
w
ould

say
that

the
photon

has
com

e
only

half-w
ay

back
to

its
starting

point.

P
R

O
B

L
E

M
2:

L
E

N
G

T
H

S
A

N
D

A
R

E
A

S
IN

A
T

W
O

-D
IM

E
N

-
S

IO
N

A
L

M
E

T
R

IC

a)
A
long

the
first

segm
ent

d
θ
=

0,
so

d
s
2
=

(1
+
a
r)
2
d
r
2,

or
d
s
=

(1
+
a
r)
d
r.

Integrating,the
length

of
the

first
segm

ent
is

found
to

be

S
1
= ∫

r
0

0

(1
+
a
r)
d
r
=
r
0
+

12
a
r
20
.

A
long

the
second

segm
ent

d
r
=

0,
so
d
s
=
r(1

+
br)

d
θ,

w
here

r
=
r
0 .

So
the

length
of

the
second

segm
ent

is

S
2
= ∫

π
/
2

0

r
0 (1

+
br
0 )
d
θ
=
π2
r
0 (1

+
br
0 )
.

F
inally,the

third
segm

ent
is
identicalto

the
first,so

S
3
=
S
1 .

T
he

totallength
is

then

S
=

2
S
1
+
S
2
=

2 (
r
0
+

12
a
r
20 )

+
π2
r
0 (1

+
br
0 )

=
(2

+
π2 )

r
0
+

12
(2
a
+
π
b)r

20
.
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b)
T
o
find

the
area,it

is
best

to
divide

the
region

into
concentric

strips
as

show
n:

N
ote

that
the

strip
has

a
coordinate

w
idth

of
d
r,

but
the

distance
across

the
w
idth

of
the

strip
is

determ
ined

by
the

m
etric

to
be

d
h
=

(1
+
a
r)
d
r
.

T
he

length
of

the
strip

is
calculated

the
sam

e
w
ay

as
S
2
in

part
(a):

s(r)
=
π2
r(1

+
br)

.

T
he

area
is

then
d
A

=
s(r)

d
h
,

so

A
= ∫

r
0

0

s(r)
d
h

= ∫
r
0

0

π2
r(1

+
br)(1

+
a
r)
d
r

=
π2 ∫

r
0

0

[r
+

(a
+
b)r

2
+
a
br
3]d

r

=
π2 [

12
r
20
+

13
(a

+
b)r

30
+

14
a
br
40 ]
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.
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G
E

O
M

E
T

R
Y

IN
A

C
L

O
S

E
D

U
N

IV
E

R
S

E

(a)
A
s
one

m
oves

along
a
line

from
the

origin
to

(a
,0
,0),

there
is
no

variation
in
θ

or
φ.

So
d
θ
=
d
φ
=

0,and

d
s
=

R
d
r

√
1−

r
2
.

So

!
p
= ∫

a

0

R
d
r

√
1−

r
2
=
R
sin −

1
a
.

(b)
In

this
case

it
is

only
θ
that

varies,so
d
r
=
d
φ
=

0.
So

d
s
=
R
r
d
θ
,

so

s
p
=
R
a
∆
θ
.

(c)
From

part
(a),

one
has

a
=

sin(!
p /
R
)
.

Inserting
this

expression
into

the
answ

er
to

(b),
and

then
solving

for
∆
θ,

one
has

∆
θ
=

s
p

R
sin(!

p /
R
)
.

N
ote

that
as
R

→
∞

,this
approaches

the
E
uclidean

result,∆
θ
=
s
p /
!
p .

P
R

O
B

L
E

M
4:

T
H

E
G

E
N

E
R

A
L

S
P

H
E

R
IC

A
L

LY
S

Y
M

M
E

T
R

IC
M

E
T

-
R

IC

(a)
T
he

m
etric

is
given

byd
s
2
=
d
r
2
+
ρ
2(r) [d

θ
2
+

sin
2
θ
d
φ
2 ]

.

T
he

radius
a
is

defined
as

the
physical

length
of

a
radial

line
w
hich

extends
from

the
center

to
the

boundary
ofthe

sphere.
T
he

length
ofa

path
is
just

the
integralof

d
s,so

a
= ∫

radialpath
from

origin
to
r
0

d
s
.
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T
he

radial
path

is
at

a
constant

value
of
θ
and

φ,
so
d
θ
=
d
φ
=

0,
and

then
d
s
=
d
r.

So

a
= ∫

r
0

0

d
r
=

r
0
.

(b)
O
n
the

surface
r
=
r
0 ,

so
d
r≡

0.
T
hen

d
s
2
=
ρ
2(r

0 ) [d
θ
2
+

sin
2
θ
d
φ
2 ]

.

T
o
find

the
area

elem
ent,

consider
first

a
path

obtained
by

varying
only

θ.
T
hen

d
s
=
ρ(r

0 )
d
θ.

Sim
ilarly,

a
path

obtained
by

varying
only

φ
has

length
d
s
=
ρ(r

0 )sin
θ
d
φ.

Furtherm
ore,

these
tw

o
paths

are
perpendicular

to
each

other,
a
fact

that
is

incorporated
into

the
m
etric

by
the

absence
of

a
d
r
d
θ

term
.
T
hus,the

area
of

a
sm

allrectangle
constructed

from
these

tw
o
paths

is
given

by
the

product
of

their
lengths,so

d
A

=
ρ
2(r

0 )sin
θ
d
θ
d
φ
.

T
he

area
is

then
obtained

by
integrating

over
the

range
of

the
coordinate

variables:

A
=
ρ
2(r

0 ) ∫
2
π

0

d
φ ∫

π

0

sin
θ
d
θ

=
ρ
2(r

0 )(2
π) (−

cos
θ ∣∣∣
π0 )

=⇒
A

=
4
π
ρ
2(r

0 )
.

A
s
a
check,

notice
that

if
ρ(r)

=
r,

then
the

m
etric

becom
es

the
m
etric

of
E
uclidean

space,
in

sphericalpolar
coordinates.

In
this

case
the

answ
er

above
becom

es
the

w
ell-know

n
form

ula
for

the
area

of
a
E
uclidean

sphere,4π
r
2.

(c)
A
s
in

P
roblem

2
of

P
roblem

Set
3
(2000),

w
e
can

im
agine

breaking
up

the
volum

e
into

spherical
shells

of
infinitesim

al
thickness,

w
ith

a
given

shell
ex-

tending
from

r
to
r+

d
r.

B
y
the

previous
calculation,the

area
ofsuch

a
shellis

A
(r)

=
4
π
ρ
2(r).

(In
the

previous
part

w
e
considered

only
the

case
r
=
r
0 ,but

the
sam

e
argum

ent
applies

for
any

value
of
r.)

T
he

thickness
ofthe

shellis
just

the
path

length
d
s
ofa

radialpath
corresponding

to
the

coordinate
interval

d
r.

For
radialpaths

the
m
etric

reduces
to
d
s
2
=
d
r
2,

so
the

thickness
of

the
shell

is
d
s
=
d
r.

T
he

volum
e
of

the
shellis

then

d
V

=
4
π
ρ
2(r)

d
r
.
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T
he

total
volum

e
is

then
obtained

by
integration:

V
=

4
π ∫

r
0

0

ρ
2(r)

d
r
.

C
hecking

the
answ

er
for

the
E
uclidean

case,
ρ(r)

=
r,

one
sees

that
it

gives
V

=
(4
π
/3)r

30 ,as
expected.

(d)
If
r
is
replaced

by
a
new

coordinate
σ
≡
r
2,then

the
infinitesim

alvariations
of

the
tw

o
coordinates

are
related

by

d
σd
r
=

2
r
=

2 √
σ
,

so

d
r
2
=
d
σ
2

4
σ

.

T
he

function
ρ(r)

can
then

be
w
ritten

as
ρ( √

σ
),so

d
s
2
=
d
σ
2

4
σ

+
ρ
2( √

σ
) [d

θ
2
+

sin
2
θ
d
φ
2 ]

.

P
R

O
B

L
E

M
5:

V
O

L
U

M
E

S
IN

A
R

O
B

E
R

T
S

O
N

-W
A

L
K

E
R

U
N

IV
E

R
S

E

T
he

product
of

differential
length

elem
ents

corresponding
to

infinitesim
al

changes
in

the
coordinates

r,θ
and

φ
equals

the
differential

volum
e
elem

ent
d
V
.

T
herefore

d
V

=
R
(t)

d
r

√
1−

k
r
2 ×

R
(t)rd

θ×
R
(t)r

sin
θd
φ

T
he

total
volum

e
is

then

V
= ∫

d
V

=
R
3(t) ∫

r
m

a
x

0

d
r ∫

π

0

d
θ ∫

2
π

0

d
φ
r
2
sin

θ
√
1−

k
r
2

W
e
can

do
the

angular
integrations

im
m
ediately:

V
=

4
π
R
3(t) ∫

r
m

a
x

0

r
2d
r

√
1−

k
r
2
.
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[P
edagogicalN

ote:
If
you

don’t
see

through
the

solutions
above,then

note
that

the
volum

e
ofthe

sphere
can

be
determ

ined
by

integration,after
first

breaking
the

volum
e
into

infinitesim
alcells.

A
generic

cell
is

show
n
in

the
diagram

below
:

T
he

cellincludes
the

volum
e
lying

betw
een

r
and

r
+
d
r,betw

een
θ
and

θ
+
d
θ,

and
betw

een
φ
and

φ
+
d
φ.

In
the

lim
it

as
d
r,
d
θ,

and
d
φ
all

approach
zero,

the
cell

approaches
a
rectangular

solid
w
ith

sides
of

length:

d
s
1
=
R
(t)

d
r

√
1−

k
r
2

d
s
2
=
R
(t)r

d
θ

d
s
3
=
R
(t)r

sin
θ
d
θ
.

H
ere

each
d
s
is
calculated

by
using

the
m
etric

to
find

d
s
2,in

each
case

allow
ing

only
one

ofthe
quantities

d
r,
d
θ,or

d
φ
to

be
nonzero.

T
he

infinitesim
alvolum

e
elem

ent
is
then

d
V

=
d
s
1 d
s
2 d
s
3 ,resulting

in
the

answ
er

above.
T
he

derivation
relies

on
the

orthogonality
of

the
d
r,
d
θ,

and
d
φ
directions;

the
orthogonality

is
im

plied
by

the
m
etric,

w
hich

otherw
ise

w
ould

contain
cross

term
s
such

as
d
r
d
θ.]

[E
xtension:

T
he

integralcan
in

fact
be

carried
out,using

the
substitution

√
k
r
=

sin
ψ

(if
k
>

0)
√−

k
r
=

sinh
ψ

(if
k
>

0).
T
he

answ
er

is

V
= 

2
π
R
3(t) 

sin −
1 (√

k
r
m
a
x )

k
3
/
2

− √
1−

k
r
2m
a
x

k


(if

k
>

0)

2
π
R
3(t) [√

1−
k
r
2m
a
x

(−
k)

−
sinh −

1 (√−
k
r
m
a
x )

(−
k)
3
/
2

]
(if

k
<

0)
.]
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S

C
H
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R
Z

S
C

H
IL

D
M

E
T

R
IC

a)
T
he

Schw
arzschild

horizon
is

the
value

of
r
for

w
hich

the
m
etric

becom
es

sin-
gular.

Since
the

m
etric

contains
the

factor
(
1−

2
G
M

rc
2 )

,

it
becom

es
singular

at

R
S
ch

=
2
G
M

c
2

.

b)
T
he

separation
betw

een
A

and
B

is
purely

in
the

radialdirection,so
the

proper
length

of
a
segm

ent
along

the
path

joining
them

is
given

by

d
s
2
= (

1−
2
G
M

rc
2 )

−
1

d
r
2
,

so
d
s
=

d
r

√
1−

2
G
M

r
c
2

.

T
he

proper
distance

from
A

to
B

is
obtained

by
adding

the
proper

lengths
of

allthe
segm

ents
along

the
path,

so

s
A
B
= ∫

r
B

r
A

d
r

√
1−

2
G
M

r
c
2

.

E
X

T
E

N
S
IO

N
:
T
he

integration
can

be
carried

out
explicitly.

F
irst

use
the

expression
for

the
Schw

arzschild
radius

to
rew

rite
the

expression
for

s
A
B

as

s
A
B
= ∫

r
B

r
A

√
r
d
r

√
r−

R
S
ch

.

T
hen

introduce
the

hyperbolic
trigonom

etric
substitution

r
=
R
S
ch

cosh
2
u
.

O
ne

then
has

√
r−

R
S
ch

= √
R
S
ch

sinh
u
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d
r
=

2
R
S
ch
cosh

u
sinh

u
d
u
,

and
the

indefinite
integralbecom

es
∫

√
r
d
r

√
r−

R
S
ch

=
2
R
S
ch ∫

cosh
2
u
d
u

=
R
S
ch ∫

(1
+

cosh
2
u)d

u

=
R
S
ch (

u
+

12
sinh

2
u )

=
R
S
ch (u

+
sinh

u
cosh

u)

=
R
S
ch
sinh −

1 (√
r

R
S
ch −

1 )
+ √

r(r−
R
S
ch )

.

T
hus,

s
A
B
=
R
S
ch [sinh −

1 (√
r
B

R
S
ch −

1 )
−

sinh −
1 (√

r
A

R
S
ch −

1 )]

+ √
r
B
(r
B
−
R
S
ch )− √

r
A
(r
A
−
R
S
ch )

.

c)
A

tick
ofthe

clock
and

the
follow

ing
tick

are
tw

o
events

that
differ

only
in

their
tim

e
coordinates.

T
hus,the

m
etric

reduces
to

−
c
2d
τ
2
=

− (
1−

2
G
M

rc
2 )

c
2d
t
2
,

so

d
τ
= √

1−
2
G
M

rc
2
d
t
.

T
he

reading
on

the
observer’s

clock
corresponds

to
the

proper
tim

e
interval

d
τ,

so
the

corresponding
intervalof

the
coordinate

t
is

given
by

∆
t
A
=

∆
τ
A

√
1−

2
G
M

r
A
c
2

.

d)
Since

the
Schw

arzschild
m
etric

does
not

change
w
ith

tim
e,

each
pulse

leaving
A

w
illtake

the
sam

e
length

oftim
e
to

reach
B
.
T
hus,the

pulses
em

itted
by

A
w
illarrive

at
B

w
ith

a
tim

e
coordinate

spacing

∆
t
B
=

∆
t
A
=

∆
τ
A

√
1−

2
G
M

r
A
c
2

.
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T
he

clock
at

B
,
how

ever,
w
ill

read
the

proper
tim

e
and

not
the

coordinate
tim

e.
T
hus,

∆
τ
B
= √

1−
2
G
M

r
B
c
2
∆
t
B

=

√√√√
1−

2
G
M

r
B
c
2

1−
2
G
M

r
A
c
2

∆
τ
A
.

e)
From

parts
(a)

and
(b),the

proper
distance

betw
een

A
and

B
can

be
rew

ritten
as

s
A
B
= ∫

r
B

R
S
ch

√
rd
r

√
r−

R
S
ch

.

T
he

potentially
divergent

part
ofthe

integralcom
es

from
the

range
ofintegra-

tion
in

the
im

m
ediate

vicinity
of
r
=
R
S
ch ,

say
R
S
ch
<
r
<
R
S
ch

+
ε.

For
this

range
the

quantity
√
r
in

the
num

erator
can

be
approxim

ated
by

√
R
S
ch ,

so
the

contribution
has

the
form

√
R
S
ch ∫

R
S
ch
+
ε

R
S
ch

d
r

√
r−

R
S
ch

.

C
hanging

the
integration

variable
to
u

≡
r−

R
S
ch ,

the
contribution

can
be

easily
evaluated:

√
R
S
ch ∫

R
S
ch
+
ε

R
S
ch

d
r

√
r−

R
S
ch

= √
R
S
ch ∫

ε

0

d
u

√
u
=

2 √
R
S
ch ε

<
∞

.

So,although
the

integrand
is

infinite
at
r
=
R
S
ch ,the

integralis
stillfinite.

T
he

proper
distance

betw
een

A
and

B
does

not
diverge.

L
ooking

at
the

answ
er

to
part

(d),how
ever,one

can
see

that
w
hen

r
A
=
R
S
ch ,

T
he

tim
e
interval∆

τ
B

diverges.
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E

O
D

E
S
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S

T
he

geodesic
equation

for
a
curve

x
i(λ),

w
here

the
param

eter
λ

is
the

arc
length

along
the

curve,can
be

w
ritten

as

dd
λ {

g
ij
d
x
j

d
λ }

=
12
(∂
i g
k
� )
d
x
k

d
λ

d
x
�

d
λ
.

H
ere

the
indices

j,
k,

and
!
are

sum
m
ed

from
1
to

the
dim

ension
of

the
space,

so
there

is
one

equation
for

each
value

of
i.

(a)
T
he

m
etric

is
given

by

d
s
2
=
g
ij d
x
id
x
j
=
d
r
2
+
r
2
d
θ
2
,

so
g
r
r
=

1
,

g
θ
θ
=
r
2
,

g
r
θ
=
g
θ
r
=

0
.

F
irst

taking
i
=
r,

the
nonvanishing

term
s
in

the
geodesic

equation
becom

e

dd
λ {

g
r
r
d
r

d
λ }

=
12
(∂

r g
θ
θ )
d
θ

d
λ

d
θ

d
λ
,

w
hich

can
be

w
ritten

explicitly
as

dd
λ {

d
r

d
λ }

=
12 (∂

r r
2 ) (

d
θ

d
λ )

2

,

or

d
2r

d
λ
2
=
r (

d
θ

d
λ )

2

.

For
i
=
θ,

one
has

the
sim

plification
that

g
ij

is
independent

of
θ
for

all
(i,j).

So

dd
λ {

r
2
d
θ

d
λ }

=
0
.

(b)
T
he

first
step

is
to

param
eterize

the
curve,

w
hich

m
eans

to
im

agine
m
oving

along
the

curve,
and

expressing
the

coordinates
as

a
function

of
the

distance
traveled.

(I
am

calling
the

locus
y
=

1
a
curve

rather
than

a
line,

since
the

techniques
that

are
used

here
are

usually
applied

to
curves.

Since
a
line

is
a
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specialcase
ofa

curve,there
is
nothing

w
rong

w
ith

treating
the

line
as

a
curve.)

In
C
artesian

coordinates,the
curve

y
=

1
can

be
param

eterized
as

x(λ)
=
λ
,

y(λ)
=

1
.

(T
he

param
eterization

is
not

unique,because
one

can
choose

λ
=

0
to

represent
any

point
along

the
curve.)

C
onverting

to
the

desired
polar

coordinates,

r(λ)
= √

x
2(λ)

+
y
2(λ)

= √
λ
2
+

1
,

θ(λ)
=

tan −
1
y(λ)
x(λ)

=
tan −

1(1
/
λ)

.

C
alculating

the
needed

derivatives,*

d
r

d
λ
=

λ
√
λ
2
+

1

d
2r

d
λ
2
=

1
√
λ
2
+

1 −
λ
2

(λ
2
+

1)
3
/
2
=

1

(λ
2
+

1)
3
/
2
=

1r
3

d
θ

d
λ
=

−
1

1
+ (

1λ )
2

1λ
2
=

−
1r
2
.

T
hen,substituting

into
the

geodesic
equation

for
i
=
r,

d
2r

d
λ
2
=
r (

d
θ

d
λ )

2⇐⇒
1r
3
=
r (−

1r
2 )

2

,

w
hich

checks.
Substituting

into
the

geodesic
equation

for
i
=
θ,

dd
λ {

r
2
d
θ

d
λ }

=
0⇐⇒

dd
λ {

r
2 (−

1r
2 )}

=
0
,

w
hich

also
checks.

*
If

you
do

not
rem

em
ber

how
to

differentiate
φ

=
tan −

1(z),
then

you
should

know
how

to
derive

it.
W
rite

z
=

tan
φ
=

sin
φ
/
cos

φ,so

d
z
= (

cos
φ

cos
φ
+

sin
2
φ

cos
2
φ )

d
φ
=

(1
+

tan
2
φ)d

φ
.

T
hen

d
φd
z
=

1
1
+

tan
2
φ

=
1

1
+
z
2
.
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M
E

T
R

IC
O

F
A

S
T

A
T

IC
G

R
A

V
IT

A
T

IO
N

A
L

F
IE

L
D

(a)
d
s
2S
T
is

the
invariant

separation
betw

een
the

event
at

(x
i,t)

and
the

event
at

(x
i+

d
x
i,t

+
d
t).

H
ere

x
i
and

t
are

arbitrary
coordinates

that
are

connected
to

m
easurem

ents
only

through
the

m
etric.

d
s
2S
T
is

defined
to

equal

−
c
2d
T
2
+
d)r
2
,

w
here

d)r
and

d
T

denote
the

space
and

tim
e
separation

as
it

w
ould

be
m
ea-

sured
by

a
freely

falling
observer.

T
aking

the
transm

itter
as

the
freely

falling
observer*

and
taking

the
em

ission
of

tw
o
successive

pulses
as

the
tw

o
events,

one
has

d
s
2S
T
=

−
c
2(∆

T
e )
2
.

T
o
connect

w
ith

the
m
etric,note

that
the

successive
em

issionshave
a
separation

in
the

tim
e
coordinate

of
∆
t
e ,

and
a
separation

of
space

coordinates
d
x
i
=

0.
So

d
s
2S
T
=

− [c
2
+
2
φ()x

e ) ](∆
t
e )
2
,

and
then

−
c
2(∆

T
e )
2
=

−
[c
2
+

2
φ()x

e )](∆
t
e )
2

=⇒

∆
t
e
=

∆
T
e

√
1
+
2
φ
(�x

e
)

c
2

.

(b)
Since

the
m
etric

is
independent

of
t,

each
pulse

follow
s
a
trajectory

identical
to

the
previous

pulse,but
delayed

in
t.

T
hus

each
pulse

requires
the

sam
e
tim

e
interval∆

t
to

travelfrom
em

itter
to

receiver,so
the

pulses
arrive

w
ith

the
sam

e
t-separation

as
they

have
at

em
ission:

∆
t
r
=

∆
t
e
.

(c)
T
his

is
sim

ilar
to

part
(a),

but
in

this
case

w
e
consider

the
tw

o
events

cor-
responding

to
the

reception
of

tw
o
successive

pulses.
d
s
2S
T

is
related

to
the

physicalm
easurem

ent
∆
T
r
byd
s
2S
T
=

−
c
2(∆

T
r )
2
.

*
T
he

transm
itter

is
not

really
a
freely

falling
observer,

but
is

presum
ably

held
at

rest
in

this
coordinate

system
.
T
hus

gravity
is

acting
on

the
clock,and

could
in

principle
affect

its
speed.

It
is

standard,
how

ever,
to

assum
e
that

such
effects

are
negligible.

T
hat

is,
one

assum
es

that
the

clock
is

ideal,
m
eaning

that
it

ticks
at

the
sam

e
rate

as
a
freely

falling
clock

that
is
instantaneously

m
oving

w
ith

the
sam

e
velocity.
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It
is

connected
to

the
coordinate

separation
∆
t
r
through

the
m
etric,

w
here

again
w
e
use

the
fact

that
the

tw
o
events

have
zero

separation
in

their
space

coordinates—
i.e.,

d
x
i
=

0.
So

d
s
2S
T
=

−
[c
2
+

2
φ()x

r )](∆
t
r )
2
.

T
hen

−
c
2(∆

T
r )
2
=

−
[c
2
+

2
φ()x

r )](∆
t
e )
2

=⇒

∆
T
r
= √

1
+

2
φ()x

r )
c
2

∆
t
e
.

W
e
can

cast
this

into
a
m
ore

usefulform
for

the
problem

by
using

the
solution

for
∆
t
e
found

in
part

(c).
T
his

gives

∆
T
r
=  √

1
+
2
φ
(�x

r
)

c
2

√
1
+
2
φ
(�x

e
)

c
2 

∆
T
e
.

Substitute
this

result
for

∆
T
r
directly

into
the

definition
for

Z
to

obtain
the

exact
expression

for
the

redshift,

1
+
Z

= √
1
+
2
φ
(�x

r
)

c
2

√
1
+
2
φ
(�x

e
)

c
2

.

R
em

em
ber

that √
1
+
x≈

1
+
12
x
for

sm
all

x.
For

w
eak

fields,that
is,for

sm
all

values
of
φ()x),

w
e
can

expand
our

result
to

low
est

order
in
φ()x).

E
xpanding

the
num

erator
w
e
have√

1
+

2
φ()x

r )
c
2

≈
1
+
φ()x

r )
c
2

.

Sim
ilarly

w
e
find

for
1

√
1
+
2
φ
(�x

e
)

c
2

≈
1−

φ()x
e )

c
2

.

P
utting

these
approxim

ations
into

our
exact

expression
for

1
+
Z

w
e
obtain

1
+
Z

≈ (
1
+
φ()x

r )
c
2 )(

1−
φ()x

e )
c
2 )

≈
1
+
φ()x

r )
c
2

−
φ()x

e )
c
2

,
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w
here

w
e
dropped

term
s
in
φ()x

e )φ()x
r ).

F
inally,

Z
≈
φ()x

r )−
φ()x

e )
c
2

.

(d)
For

the
m
etric

at
hand

w
e
know

g
0
0
=

−
[c
2+

2
φ()x)],

g
k
0
=

0
and

g
ik

=
g
k
i =

δ
ik .

It
is

usefulto
notice

that
only

g
0
0
depends

on
)x
and

thus
∂
i g
k
m

=
0.

T
he

geodesic
equation

corresponding
to
µ
=
i,
w
here

i
runs

from
1
to

3,is

dd
τ (

g
ik
d
x
k

d
τ )

=
12
(∂
i g
λ
σ )
d
x
λ

d
τ

d
x
σ

d
τ

=⇒

δ
ik
d
2x

k

d
τ
2

=
12
(∂
i g
0
0 )
d
x
0

d
τ

d
x
0

d
τ
.

U
sing

x
0≡

t,
δ
ik
y
k
=
y
i
and

∂
i g
0
0
=

−
∂
i (c
2
+
2
φ()x))

=
−

2c
2
∂
i φ()x)

w
e
find

d
2x

i

d
2τ

=
−
∂
i φ()x) (

d
t

d
τ )

2

.

[P
edagogical

N
ote:

Y
ou

m
ight

prefer
to

use
the

notation
x
0≡

ct,
w
hich

is
also

a
very

com
m
on

choice.
In

that
case

the
m
etric

is
rew

ritten
as

d
s
2S
T
=

− [1
+

2
φ()x)
c
2 ](d

x
0 )
2
+

3
∑i=
1 (d

x
i )
2
,

so
one

takes
g
0
0
=

− [1
+

(2
φ()x)/

c
2) ].

In
the

end
one

finds
the

sam
e
answ

er
as

the
boxed

equation
above.

N
ote

also
that

w
hen

φ
is

sm
all

and
velocities

are
nonrelativistic,

then
d
t/
d
τ
≈

1.
T
hus

one
has

d
2x

i/
d
2t≈

−
∂
i φ()x),

so
φ()x)

can
be

identified
w
ith

the
N
ew

tonian
gravitational

potential.
In

the
context

of
general

relativity,
N
ew

tonian
gravity

is
a
distortion

of
the

m
etric

in
the

tim
e-direction.]
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E
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F
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C
E

O
F

A
S

P
H

E
R

E

(a)
R
otations

are
easy

to
understand

in
C
artesian

coordinates.
T
he

relationship
betw

een
the

polar
and

C
artesian

coordinates
is

given
by

x
=
r
sin

θ
cos

φ

y
=
r
sin

θ
sin

φ

z
=
r
cos

θ
.

T
he

equator
is

then
described

by
θ
=
π
/2,and

φ
=
ψ
,w

here
ψ

is
a
param

eter
running

from
0
to

2
π.

T
hus,the

equator
is
described

by
the

curve
x
i(ψ

),w
here

x
1
=
x
=
r
cos

ψ

x
2
=
y
=
r
sin

ψ

x
3
=
z
=

0
.

N
ow

introduce
a
prim

ed
coordinate

system
that

is
related

to
the

originalsystem
by

a
rotation

in
the

y-z
plane

by
an

angle
α
:

x
=
x ′

y
=
y ′cos

α−
z ′sin

α

z
=
z ′cos

α
+
y ′sin

α
.
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T
he

rotated
equator,

w
hich

w
e
seek

to
describe,

is
just

the
standard

equator
in

the
prim

ed
coordinates:

x ′=
r
cos

ψ
,

y ′=
r
sin

ψ
,

z ′=
0
.

U
sing

the
relation

betw
een

the
tw

o
coordinate

system
s
given

above,

x
=
r
cos

ψ

y
=
r
sin

ψ
cos

α

z
=
r
sin

ψ
sin

α
.

U
sing

again
the

relations
betw

een
polar

and
C
artesian

coordinates,

cos
θ
=
zr
=

sin
ψ
sin

α

tan
φ
=
yx
=

tan
ψ
cos

α
.

(b)
A

segm
ent

of
the

equator
corresponding

to
an

interval
d
ψ

has
length

a
d
ψ
,
so

the
param

eter
ψ

is
proportional

to
the

arc
length.

E
xpressed

in
term

s
of

the
m
etric,this

relationship
becom

es

d
s
2
=
g
ij
d
x
i

d
ψ

d
x
j

d
ψ
d
ψ
2
=
a
2d
ψ
2
.

T
hus

the
quantity

A
≡
g
ij
d
x
i

d
ψ

d
x
j

d
ψ

is
equal

to
a
2,

so
the

geodesic
equation

(6.36)
reduces

to
the

sim
pler

form
of

E
q.(6.38).

(N
ote

that
w
e
are

follow
ing

the
notation

ofL
ecture

N
otes

6,except
that

the
variable

used
to

param
etrize

the
path

is
called

ψ
,
rather

than
λ
or
s.

A
lthough

A
is
not

equalto
1
as

w
e
assum

ed
in

L
ecture

N
otes

6,it
is
easily

seen
that

E
q.(6.38)

follow
s
from

(6.36)
provided

only
that

A
=
con

sta
n
t.)

T
hus,

dd
ψ {

g
ij
d
x
j

d
ψ }

=
12
(∂
i g
k
� )
d
x
k

d
ψ

d
x
�

d
ψ
.

For
this

problem
the

m
etric

has
only

tw
o
nonzero

com
ponents:

g
θ
θ
=
a
2
,

g
φ
φ
=
a
2
sin
2
θ
.

8
.2

8
6

Q
U

IZ
2

R
E

V
IE

W
P

R
O

B
L
E

M
S
O

L
U

T
IO

N
S
,
F
A

L
L

2
0
0
5

p
.
3
6

T
aking

i
=
θ
in

the
geodesic

equation,

dd
ψ {

g
θ
θ
d
θ

d
ψ }

=
12
∂
θ g

φ
φ
d
φ

d
ψ

d
φ

d
ψ

=⇒

d
2θ

d
ψ
2
=

sin
θ
cos

θ (
d
φ

d
ψ )

2

.

T
aking

i
=
φ,

dd
ψ {

a
2
sin
2
θ
d
φ

d
ψ }

=
0

=⇒

dd
ψ {

sin
2
θ
d
φ

d
ψ }

=
0
.

(c)
T
his

part
is

m
ainly

algebra.
T
aking

the
derivative

of

cos
θ
=

sin
ψ
sin

α

im
plies

−
sin

θ
d
θ
=

cos
ψ
sin

α
d
ψ
.

T
hen,using

the
trigonom

etric
identity

sin
θ
=

√
1−

cos
2
θ,one

finds

sin
θ
= √

1−
sin
2
ψ
sin
2
α
,

so
d
θ

d
ψ

=
−

cos
ψ
sin

α
√
1−

sin
2
ψ
sin
2
α
.

Sim
ilarly

tan
φ
=

tan
ψ
cos

α
=⇒

sec
2
φ
d
φ
=

sec
2
ψ
d
ψ
cos

α
.

T
hen

sec
2
φ
=

tan
2
φ
+

1
=

tan
2
ψ
cos

2
α
+
1

=
1

cos
2
ψ
[sin

2
ψ
cos

2
α
+
cos

2
ψ
]

=
sec

2
ψ
[sin

2
ψ
(1−

sin
2
α
)
+
cos

2
ψ
]

=
sec

2
ψ
[1−

sin
2
ψ
sin
2
α
]
,
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So
d
φ

d
ψ

=
cos

α

1−
sin
2
ψ
sin
2
α
.

T
o
verify

the
geodesic

equations
of

part
(b),

it
is

easiest
to

check
the

second
one

first:
sin
2
θ
d
φ

d
ψ

=
(1−

sin
2
ψ
sin
2
α
)

cos
α

1−
sin
2
ψ
sin
2
α

=
cos

α
,

so
clearly

dd
ψ {

sin
2
θ
d
φ

d
ψ }

=
dd
ψ
(cos

α
)
=

0
.

T
o
verify

the
first

geodesic
equation

from
part

(b),first
calculate

the
left-hand

side,
d
2θ/

d
ψ
2,using

our
result

for
d
θ/
d
ψ
:

d
2θ

d
ψ
2
=

dd
ψ (

d
θ

d
ψ )

=
dd
ψ {−

cos
ψ
sin

α
√

1−
sin
2
ψ
sin
2
α }

.

A
fter

som
e
straightforw

ard
algebra,one

finds

d
2θ

d
ψ
2
=

sin
ψ
sin

α
cos

2
α

[1−
sin
2
ψ
sin
2
α ]
3
/
2
.

T
he

right-hand
side

of
the

first
geodesic

equation
can

be
evaluated

using
the

expression
found

above
for

d
φ
/
d
ψ
,giving

sin
θ
cos

θ (
d
φ

d
ψ )

2

= √
1−

sin
2
ψ
sin
2
α
sin

ψ
sin

α
cos

2
α

[1−
sin
2
ψ
sin
2
α ]
2

=
sin

ψ
sin

α
cos

2
α

[1−
sin
2
ψ
sin
2
α ]
3
/
2
.

So
the

left-
and

right-hand
sides

are
equal.
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(a)
(7

points)
For

purely
radial

m
otion,

d
θ
=
d
φ
=

0,
so

the
line

elem
ent

reduces
do

−
c
2
d
2
=

−
c
2
d
t
2
+
R
2(t) {

d
r
2

1−
r
2 }

.
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D
ividing

by
d
t
2,

−
c
2 (

dd
t )

2

=
−
c
2
+
R
2(t)

1−
r
2 (

d
rd
t )

2

.

R
earranging,

dd
t
= √

1−
R
2(t)

c
2(1−

r
2) (

d
rd
t )

2

.

(b)
(3

points)

d
t

d
=

1dd
t

=
1

√
1−

R
2(t)

c
2(1−

r
2) (

d
rd
t )

2
.

(c)
(10

points)
D
uring

any
interval

of
clock

tim
e
d
t,

the
proper

tim
e
that

w
ould

be
m
easured

by
a
clock

m
oving

w
ith

the
ob

ject
is

given
by

d
,as

given
by

the
m
etric.

U
sing

the
answ

er
from

part
(a),

d
=
dd
t
d
t
= √

1−
R
2(t)

c
2(1−

r
2p ) (

d
r
p

d
t )

2

d
t
.

Integrating
to

find
the

total
proper

tim
e,

= ∫
t2

t1 √
1−

R
2(t)

c
2(1−

r
2p ) (

d
r
p

d
t )

2

d
t
.

(d)
(10

points)
T
he

physicaldistance
d
!
that

the
ob

ject
m
oves

during
a
given

tim
e

intervalis
related

to
the

coordinate
distance

d
r
by

the
spatialpart

ofthe
m
etric:

d
!
2
=
d
s
2
=
R
2(t) {

d
r
2

1−
r
2 }

=⇒
d
!
=

R
(t)

√
1−

r
2
d
r
.

T
hus

v
p
h
y
s
=
d
!

d
t
=

R
(t)

√
1−

r
2

d
rd
t
.
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D
iscussion:

A
com

m
on

m
istake

w
as

to
include−

c
2
d
t
2
in

the
expression

for
d
!
2.

T
o
understand

w
hy

this
is

not
correct,

w
e
should

think
about

how
an

observer
w
ould

m
easure

d
!,

the
distance

to
be

used
in

calculating
the

velocity
ofa

passing
ob

ject.
T
he

observerw
ould

place
a
m
eter

stick
along

the
path

ofthe
ob

ject,and
she

w
ould

m
ark

off
the

position
of

the
ob

ject
at

the
beginning

and
end

ofa
tim

e
interval

d
t
m
e
a
s .

T
hen

she
w
ould

read
the

distance
by

subtracting
the

tw
o
readings

on
the

m
eter

stick.
T
his

subtraction
is

equal
to

the
physical

distance
betw

een
the

tw
o
m
arks,

m
easured

at
the

sa
m

e
tim

e
t.

T
hus,

w
hen

w
e
com

pute
the

distance
betw

een
the

tw
o
m
arks,

w
e
set

d
t
=

0.
T
o
com

pute
the

speed
she

w
ould

then
divide

the
distance

by
d
t
m
e
a
s ,w

hich
is

nonzero.

(e)
(10

points)
W
e
start

w
ith

the
standard

form
ula

for
a
geodesic,

as
w
ritten

on
the

front
of

the
exam

:dd {
g
µ
ν
d
x
ν

d }
=

12
(∂
µ
g
λ
σ )
d
x
λ

d

d
x
σ

d
.

T
his

form
ula

is
true

for
each

possible
value

of
µ,w

hile
the

E
instein

sum
m
ation

convention
im

plies
that

the
indices

ν,
λ,

and
σ
are

sum
m
ed.

W
e
are

trying
to

derive
the

equation
for

r,
so

w
e
set

µ
=
r.

Since
the

m
etric

is
diagonal,

the
only

contribution
on

the
left-hand

side
w
ill

be
ν
=
r.

O
n
the

right-hand
side,

the
diagonalnature

of
the

m
etric

im
plies

that
nonzero

contributions
arise

only
w
hen

λ
=
σ.

T
he

term
w
ill

vanish
unless

d
x
λ
/
d

is
nonzero,

so
λ

m
ust

be
either

r
or
t
(i.e.,

there
is

no
m
otion

in
the

θ
or
φ
directions).

H
ow

ever,
the

right-hand
side

is
proportionalto

∂
g
λ
σ

∂
r

.

Since
g
tt

=
−
c
2,

the
derivative

w
ith

respect
to
r
w
ill

vanish.
T
hus,

the
only

nonzero
contribution

on
the

right-hand
side

arises
from

λ
=
σ
=
r.

U
sing

g
r
r
=

R
2(t)

1−
r
2
,

the
geodesic

equation
becom

es

dd {
g
r
r
d
r

d }
=

12
(∂
r g

r
r )
d
r

d

d
r

d
,

or
dd {

R
2

1−
r
2

d
r

d }
=

12 [
∂
r (

R
2

1−
r
2 )]

d
r

d

d
r

d
,
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or
finally

dd {
R
2

1−
r
2

d
r

d }
=
R
2

r

(1−
r
2)
2 (

d
r

d )
2

.

T
his

m
atches

the
form

show
n
in

the
question,w

ith

A
=

R
2

1−
r
2
,
and

C
=
R
2

r

(1−
r
2)
2
,

w
ith

B
=
D

=
E

=
0.

(f)
(5

points
E
X
T
R
A

C
R
E
D
IT

)
T
he

algebra
here

can
get

m
essy,but

it
is
not

too
bad

ifone
does

the
calculation

in
an

effi
cient

w
ay.

O
ne

good
w
ay

to
start

is
to

sim
plify

the
expression

for
p.

U
sing

the
answ

er
from

(d),

p
=

m
v
p
h
y
s

√
1−

v
2p
h
y
s

c
2

=
m

R
(t)

√
1−

r
2
d
r
d
t

√
1−

R
2

c
2
(1−

r
2
) (

d
r
d
t )
2
.

U
sing

the
answ

er
from

(b),
this

sim
plifies

to

p
=
m

R
(t)

√
1−

r
2

d
rd
t

d
t

d
=
m

R
(t)

√
1−

r
2

d
r

d
.

M
ultiply

the
geodesic

equation
by

m
,and

then
use

the
above

result
to

rew
rite

it
as

dd {
R
p

√
1−

r
2 }

=
m
R
2

r

(1−
r
2)
2 (

d
r

d )
2

.

E
xpanding

the
left-hand

side,

L
H
S
=

dd {
R
p

√
1−

r
2 }

=
1

√
1−

r
2

dd
{R
p}

+
R
p

r

(1−
r
2)
3
/
2

d
r

d

=
1

√
1−

r
2

dd
{R
p}

+
m
R
2

r

(1−
r
2)
2 (

d
r

d )
2

.

Inserting
this

expression
back

into
left-hand

side
of

the
originalequation,

one
sees

that
the

second
term

cancels
the

expression
on

the
right-hand

side,leaving

1
√
1−

r
2

dd
{
R
p}

=
0
.

M
ultiplying

by √
1−

r
2,one

has
the

desired
result:

dd
{
R
p}

=
0

=⇒
p∝

1
R
(t)

.
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N
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L
C

U
R

V
E

D
S

P
A

C
E

(40
points)

(a)
For

θ
=
con

sta
n
t,the

expression
for

the
m
etric

reduces
to

d
s
2
=

a
d
u
2

4
u(a−

u)
=⇒

d
s
=

12 √
a

u(a−
u)

d
u
.

T
o

find
the

length
of

the
radial

line
show

n,
one

m
ust

integrate
this

expression
from

the
value

of
u
at

the
center,

w
hich

is
0,

to
the

value
of
u
at

the
outer

edge,
w
hich

is
a.

So

R
=

12 ∫
a

0 √
a

u(a−
u)

d
u
.

Y
ou

w
ere

not
expected

to
do

it,
but

the
integral

can
be

carried
out,

giving
R

=
(π
/2) √

a.

(b)
For

u
=
con

sta
n
t,the

expression
for

the
m
etric

reduces
to

d
s
2
=
u
d
θ
2

=⇒
d
s
=

√
u
d
θ
.

Since
θ
runs

from
0
to

2
π,and

u
=
a
for

the
circum

fer-
ence

of
the

space,

S
= ∫

2
π

0

√
a
d
θ
=

2
π √

a
.
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(c)
T
o
evaluate

the
answ

er
to

first
order

in
d
u
m
eans

to
neglect

any
term

s
that

w
ould

be
proportionalto

d
u
2

or
higher

pow
ers.

T
his

m
eans

that
w
e
can

treat
the

annulus
as

if
it

w
ere

arbitrarily
thin,

in
w
hich

case
w
e
can

im
agine

bending
it

into
a
rectangle

w
ithout

changing
its

area.
T
he

area
is

then
equal

to
the

cir-
cum

ference
tim

es
the

w
idth.

B
oth

the
circum

ference
and

the
w
idth

m
ust

be
calculated

by
using

the
m
etric:

d
A

=
circum

ference×
w
idth

=
[2
π √

u
0 ]× [

12 √
a

u
0 (a−

u
0 )

d
u ]

=
π √

a

(a−
u
0 )

d
u
.

(d)
W
e
can

find
the

total
area

by
im

agining
that

it
is

broken
up

into
annuluses,

w
here

a
single

annulus
starts

at
radial

coordinate
u

and
extends

to
u
+

d
u.

A
s
in

part
(a),

this
expression

m
ust

be
integrated

from
the

value
of
u
at

the
center,w

hich
is

0,
to

the
value

of
u
at

the
outer

edge,w
hich

is
a.

A
=
π ∫

a

0 √
a

(a−
u)

d
u
.

Y
ou

did
not

need
to

carry
out

this
integration,

but
the

answ
er

w
ould

be
A

=
2
π
a.

(e)
From

the
list

at
the

front
of

the
exam

,
the

general
form

ula
for

a
geodesic

is
w
ritten

as
dd
s [
g
ij

d
x
j

d
s ]

=
12
∂
g
k
�

∂
x
i

d
x
k

d
s

d
x
�

d
s
.

T
he

m
etric

com
ponents

g
ij

are
related

to
d
s
2
by

d
s
2
=
g
ij d

x
id
x
j
,
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w
here

the
E
instein

sum
m
ation

convention
(sum

over
repeated

indices)
is

as-
sum

ed.
In

this
case

g
1
1 ≡

g
u
u
=

a

4
u(a−

u)

g
2
2 ≡

g
θ
θ
=
u

g
1
2
=
g
2
1
=

0
,

w
here

I
have

chosen
x
1
=
u
and

x
2
=
θ.

T
he

equation
w
ith

d
u
/d
s
on

the
left-

hand
side

is
found

by
looking

at
the

geodesic
equations

for
i
=

1.
O
f
course

j,
k,

and
!
m
ust

all
be

sum
m
ed,

but
the

only
nonzero

contributions
arise

w
hen

j
=

1,
and

k
and

!
are

either
both

equalto
1
or

both
equal

to
2:

dd
s [
g
u
u
d
u

d
s ]

=
12
∂
g
u
u

∂
u (

d
u

d
s )

2

+
12
∂
g
θ
θ

∂
u (

d
θ

d
s )

2

.

dd
s [

a

4
u(a−

u)
d
u

d
s ]

=
12 [

dd
u (

a

4
u(a−

u) )](
d
u

d
s )

2

+
12 [

dd
u
(u) ](

d
θ

d
s )

2

=
12 [

a

4
u(a−

u)
2 −

a

4
u
2(a−

u) ](
d
u

d
s )

2

+
12 (

d
θ

d
s )

2

=
18
a(2

u−
a)

u
2(a−

u)
2 (

d
u

d
s )

2

+
12 (

d
θ

d
s )

2

.

(f)
T
his

part
is
solved

by
the

sam
e
m
ethod,but

it
is
sim

pler.
H
ere

w
e
consider

the
geodesic

equation
w
ith

i
=

2.
T
he

only
term

that
contributes

on
the

left-hand
side

is
j
=

2.
O
n
the

right-hand
side

one
finds

nontrivial
expressions

w
hen

k
and

!
are

either
both

equal
to

1
or

both
equal

to
2.

H
ow

ever,
the

term
s
on

the
right-hand

side
both

involve
the

derivative
of

the
m
etric

w
ith

respect
to

x
2
=
θ,

and
these

derivatives
allvanish.

So

dd
s [
g
θ
θ d
θ

d
s ]

=
12
∂
g
u
u

∂
θ (

d
u

d
s )

2

+
12
∂
g
θ
θ

∂
θ (

d
θ

d
s )

2

,

w
hich

reduces
to

dd
s [
u
d
θ

d
s ]

=
0
.
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N
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E
R

S
E

S
(30

points)

(a)
For

an
em

pty
universe,the

Friedm
ann

equation
is

(
ṘR )

2

=
−
k
c
2

R
2
.

Since
the

left-hand
side

cannot
be

negative,
an

em
pty

universe
cannot

have
k
>

0,i.e.it
cannot

be
closed.

N
ow

consider
k
=

0,
i.e.

a
flat

universe.
In

this
case

the
above

equation
has

the
solution

R
(t)

=
R
0
,

w
here

R
0
is

independent
of

tim
e.

So
an

em
pty

universe
can

be
flat

as
long

as
it
is

static.

F
inally

consider
k
<

0,i.e.an
open

universe.
From

the
Friedm

ann
equation

w
e

get
Ṙ

= √
|k|c

=⇒
R
(t)

= √
|k|ct+

const
,

w
here

the
constant

ofintegration
const

can
be

set
to

zero
by

using
the

conven-
tion

that
t
=

0
w
hen

R
(t)

=
0.

So,an
em

pty
universe

can
be

open
w
ith

a
scale

factor
that

increases
linearly

w
ith

tim
e.

(b)

(i)
N
onrelativistic

m
atter:

w
=

0.

(ii)
R
elativistic

m
atter:

w
=

1
/3.

(iii)
T
he

cosm
ologicalconstant:

w
=

−
1.

(c)
T
he

fluid
equation

is

ρ̇
=

−
3
ṘR
(1

+
w
)ρ
,

w
here

w
e
have

used
the

equation
of

state
to

express
p
in

term
s
of
ρ.

N
ow

w
e’re

given
that

ρ
∝
R

−
b
and

so
ρ̇
∝

−
bR

−
b−
1Ṙ

,
w
ith

the
sam

e
constant

of
proportionality.

P
lugging

these
expressions

into
the

fluid
equation,

−
bR

−
b−
1Ṙ

=
−
3
ṘR
(1

+
w
)R

−
b

=⇒
b
=

3(1
+
w
)
.
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(d)
W
e
can

use
the

Friedm
ann

equation
for

a
flat

universe
to

determ
ine

R
(t):

(
ṘR )

2

=
8
π3
G
ρ
.

For
ρ∝

R
−
b,the

above
equation

can
be

w
ritten

as

(
ṘR )

2∝
R

−
b
.

F
irst

consider
the

case
b
=

0,
for

w
hich

w
e
find

ṘR
=

const
=
H
0

=⇒
d
RR

=
H
0
d
t
.

Integrating,

ln
R

=
H
0 t+

const
=⇒

R
(t)∝

e
H

0
t
.

N
ext

consider
the

case
b�=

0,for
w
hich

w
e
find

ṘR
∝
R

−
b
/
2

=⇒
R
b
/
2−
1d
R

∝
d
t
.

Integrating,

R
b
/
2∝

t+
const

=⇒
R
b
/
2∝

t
=⇒

R
(t)∝

t
2
/
b
,

w
here

again
the

constant
of

integration
w
as

set
to

zero
by

our
convention

for
choosing

the
origin

of
tim

e
t.

—
P
roblem

and
solution

w
ritten

by
V
ishesh

K
hem

ani.

P
R

O
B

L
E

M
13:

R
O

T
A

T
IN

G
F

R
A

M
E

S
O

F
R

E
F

E
R

E
N

C
E

(35
points)

(a)
T
he

m
etric

w
as

given
as

c
2
d
τ
2
=
c
2
d
t
2− [d

r
2
+
r
2
(d
φ
+
ω
d
t)
2
+

d
z
2 ]

,
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and
the

m
etric

coeffi
cients

are
then

just
read

off
from

this
expression:

g
1
1 ≡

g
r
r
=

−
1

g
0
0 ≡

g
tt
=

coeffi
cient

of
d
t
2
=
c
2−

r
2ω
2

g
2
0 ≡

g
0
2 ≡

g
φ
t ≡

g
tφ

=
12 ×

coeffi
cient

of
d
φ
d
t
=

−
r
2ω
2

g
2
2 ≡

g
φ
φ
=

coeffi
cient

of
d
φ
2
=

−
r
2

g
3
3 ≡

g
z
z
=

coeffi
cient

of
d
z
2
=

−
1
.

N
ote

that
the

off-diagonal
term

g
φ
t
m
ust

be
m
ultiplied

by
1/2,

because
the

expression
3
∑µ
=
0

3
∑ν
=
0

g
µ
ν
d
x
µ
d
x
ν

includes
the

tw
o
equalterm

s
g
2
0 d
φ
d
t+

g
0
2
d
td
φ,w

here
g
2
0 ≡

g
0
2 .

(b)
Starting

w
ith

the
generalexpression

dd
τ {

g
µ
ν
d
x
ν

d
τ }

=
12
(∂

µ
g
λ
σ )

d
x
λ

d
τ

d
x
σ

d
τ
,

w
e
set

µ
=
r:

dd
τ {

g
r
ν
d
x
ν

d
τ }

=
12
(∂

r g
λ
σ )

d
x
λ

d
τ

d
x
σ

d
τ
.

W
hen

w
e
sum

over
ν
on

the
left-hand

side,the
only

value
for

w
hich

g
r
ν �=

0
is

ν
=

1≡
r.

T
hus,the

left-hand
side

is
sim

ply

L
H
S
=

dd
τ (

g
r
r d
x
1

d
τ )

=
dd
τ (−

d
r

d
τ )

=
−
d
2r

d
τ
2
.

T
he

R
H
S
includes

every
com

bination
of
λ
and

σ
for

w
hich

g
λ
σ
depends

on
r,

so
that

∂
r
g
λ
σ �=

0.
T
his

m
eans

g
tt ,
g
φ
φ ,

and
g
φ
t .

So,

R
H
S
=

12
∂
r (c

2−
r
2ω
2) (

d
t

d
τ )

2

+
12
∂
r (−

r
2) (

d
φ

d
τ )

2

+
∂
r (−

r
2ω

)
d
φ

d
τ

d
t

d
τ

=
−
rω
2 (

d
t

d
τ )

2−
r (

d
φ

d
τ )

2−
2
rω

d
φ

d
τ

d
t

d
τ

=
−
r (

d
φ

d
τ
+
ω

d
t

d
τ )

2

.
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N
ote

that
the

final
term

in
the

first
line

is
really

the
sum

of
the

contributions
from

g
φ
t
and

g
tφ ,

w
here

the
tw

o
term

s
w
ere

com
bined

to
cancel

the
factor

of
1/2

in
the

generalexpression.
F
inally,

d
2r

d
τ
2
=
r (

d
φ

d
τ
+
ω

d
t

d
τ )

2

.

If
one

expands
the

R
H
S
as

d
2r

d
τ
2
=
r (

d
φ

d
τ )

2

+
rω
2 (

d
t

d
τ )

2

+
2
rω

d
φ

d
τ

d
t

d
τ
,

then
one

can
identify

the
term

proportionalto
ω
2
as

the
centrifugalforce,and

the
term

proportionalto
ω

as
the

C
oriolis

force.

(c)
Substituting

µ
=
φ,

dd
τ {

g
φ
ν
d
x
ν

d
τ }

=
12
(∂

φ
g
λ
σ )

d
x
λ

d
τ

d
x
σ

d
τ
.

B
ut

none
ofthe

m
etric

coeffi
cients

depend
on

φ,so
the

right-hand
side

is
zero.

T
he

left-hand
side

receives
contributions

from
ν
=
φ
and

ν
=
t:

dd
τ (

g
φ
φ
d
φ

d
τ
+
g
φ
t
d
t

d
τ )

=
dd
τ (−

r
2
d
φ

d
τ
−
r
2ω

d
t

d
τ )

=
0
,

so

dd
τ (

r
2
d
φ

d
τ
+
r
2ω

d
t

d
τ )

=
0
.

N
ote

that
one

cannot
“factor

out”
r
2,since

r
can

depend
on

τ.
Ifthis

equation
is
expanded

to
give

an
equation

for
d
2φ
/d
τ
2,the

term
proportionalto

ω
w
ould

be
identified

as
the

C
oriolis

force.
T
here

is
no

term
proportionalto

ω
2,

since
the

centrifugalforce
has

no
com

ponent
in

the
φ
direction.

(d)
If
E
q.

(1)
of

the
problem

is
divided

by
c
2d
t
2,one

obtains

(
d
τd
t )

2

=
1−

1c
2 [(

d
r

d
t )

2

+
r
2 (

d
φd
t
+
ω )

2

+ (
d
zd
t )

2 ]
.

T
hen

using
d
t

d
τ
=

1
(
d
τ
d
t )

,

8
.2

8
6

Q
U

IZ
2

R
E

V
IE

W
P

R
O

B
L
E

M
S
O

L
U

T
IO

N
S
,
F
A

L
L

2
0
0
5

p
.
4
8

one
has

d
t

d
τ
=

1
√√√√

1−
1c
2 [(

d
r

d
t )

2

+
r
2 (

d
φd
t
+
ω )

2

+ (
d
zd
t )

2 ]
.

N
ote

that
this

equation
is

really
just

d
t

d
τ
=

1
√

1−
v
2/
c
2
,

adapted
to

the
rotating

cylindricalcoordinate
system

.

P
R

O
B

L
E

M
14:

P
R

E
S

S
U

R
E

A
N

D
E

N
E

R
G

Y
D

E
N

S
IT

Y
O

F
M

Y
S

T
E

R
IO

U
S

S
T

U
F

F

(a)
If
u∝

1
/ √

V
,then

one
can

w
rite

u(V
+

∆
V
)
=
u
0 √

V

V
+

∆
V
.

(T
he

above
expression

is
proportionalto

1/ √
V

+
∆
V
,
and

reduces
to
u
=
u
0

w
hen

∆
V

=
0.)

E
xpanding

to
first

order
in

∆
V
,

u
=

u
0

√
1
+
∆
VV

=
u
0

1
+
12
∆
VV

=
u
0 (

1−
12
∆
VV )

.

T
he

total
energy

is
the

energy
density

tim
es

the
volum

e,so

U
=
u(V

+
∆
V
)
=
u
0 (

1−
12
∆
VV )

V (
1
+

∆
VV )

=
U
0 (

1
+

12
∆
VV )

,

w
here

U
0
=
u
0 V

.T
hen

∆
U

=
12
∆
VV
U
0
.

(b)
T
he

w
ork

done
by

the
agent

m
ust

be
the

negative
ofthe

w
ork

done
by

the
gas,

w
hich

is
p
∆
V
.
So

∆
W

=
−
p
∆
V

.
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(c)
T
he

agent
m
ust

supply
the

fullchange
in

energy,so

∆
W

=
∆
U

=
12
∆
VV
U
0
.

C
om

bining
this

w
ith

the
expression

for
∆
W

from
part

(b),one
sees

im
m
ediately

that

p
=

−
12
U
0

V
=

−
12
u
0
.


