
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent
P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
10,2005

P
rof.A

lan
G
uth

Q
U
IZ
2

R
eform

atted
to
R
em
ove

B
lan
k
P
ages

Y
our

N
am

e

P
rob
lem

M
ax
im
u
m

S
core

1
25

2
20

3
30

4
35

T
O
T
A
L

110

U
S
E
F
U
L
IN
F
O
R
M
A
T
IO
N
:

D
O
P
P
L
E
R
S
H
IF
T
:

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(specialrelativity,

w
ith

β
=

v
/
c)

C
O
S
M
O
L
O
G
IC
A
L
R
E
D
S
H
IF
T
:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
R
(t

o
b
se

rv
e
d )

R
(t

e
m

itte
d )

8
.2

8
6

Q
U

IZ
2
,
F
A

L
L

2
0
0
5

p
.
2

C
O
S
M
O
L
O
G
IC
A
L
E
V
O
L
U
T
IO
N
:

H
2
= (

ṘR )
2

=
8
π3
G
ρ−

k
c
2

R
2

⇐
or⇒

H
2
= (

ȧa )
2

=
8
π
G

3
c
2
ε−

κ
c
2

R
20 a

2

R̈
=

−
4
π3
G (

ρ
+

3
pc
2 )

R
⇐

or⇒
äa
=

−
4
π
G

3
c
2
(ε

+
3
P
)

ρ̇
=

−
3
ṘR (

ρ
+

pc
2 )

⇐
or⇒

ε̇
=

−
3
ȧa
(ε

+
P
)

E
V
O
L
U
T
IO
N
O
F
A
F
L
A
T
(Ω

≡
ρ
/
ρ

c
=
1)
U
N
IV
E
R
S
E
:

R
(t)∝

t
2
/
3

(m
atter-dom

inated)

R
(t)∝

t
1
/
2

(radiation-dom
inated)

E
V
O
L
U
T
IO
N
O
F
A
M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
:

(
ṘR )

2

=
8
π3
G
ρ−

k
c
2

R
2

R̈
=

−
4
π3
G
ρ
R

ρ(t)
=

R
3(t

i )
R

3(t)
ρ(t

i )

C
losed

(Ω
>

1):
ct

=
α
(θ−

sin
θ)

,
R√
k
=

α
(1−

cos
θ)

,

w
here

α
≡

4
π3
G
ρ
R

3

k
3
/
2c

2

O
pen

(Ω
<

1):
ct

=
α
(sinh

θ−
θ)

R√
κ
=

α
(cosh

θ−
1)

,

w
here

α
≡

4
π3
G
ρ
R

3

κ
3
/
2c

2
,

κ≡
−
k
.



8
.2

8
6

Q
U

IZ
2
,
F
A

L
L

2
0
0
5

p
.
3

R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R
M
E
T
R
IC
:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+

R
2(t) {

d
r
2

1−
k
r
2
+

r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }

S
C
H
W
A
R
Z
S
C
H
IL
D
M
E
T
R
IC
:

d
s
2
=

−
c
2d
τ

2
=

− (
1−

2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d

θ
2
+

r
2
sin

2
θ
d
φ

2
,

G
E
O
D
E
S
IC
E
Q
U
A
T
IO
N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
� )

d
x

k

d
s

d
x

�

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ

P
H
Y
S
IC
A
L
C
O
N
S
T
A
N
T
S
:

G
=

6
.673×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1
.381×

10 −
1
6erg

/K

=
8
.617×

10 −
5eV

/K
,

h̄
=

h2
π

=
1
.055×

10 −
2
7
erg-sec

=
6
.582×

10 −
1
6
eV

-sec
,

c
=

2
.998×

10
1
0
cm

/sec

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
2
erg

.

8
.2

8
6

Q
U

IZ
2
,
F
A

L
L

2
0
0
5

p
.
4

P
R
O
B
L
E
M
1:
D
ID
Y
O
U
D
O
T
H
E
R
E
A
D
IN
G
?

(25
points)

(a)
(4

points)
For

an
open

universe
w
ith

a
positive

m
ass

density,R
yden

show
s
(in

chapter
4)

that
the

radius
of

curvature
R

c
u
rv

≡
R
(t)/ √−

k
and

the
H
ubble

length
$
H

u
b
b
le ≡

c/
H

0
obey

one
of

the
follow

ing
relations:

(i)
R

c
u
rv

>
$
H

u
b
b
le

(ii)
R

c
u
rv

=
$
H

u
b
b
le

(iii)
R

c
u
rv

<
$
H

u
b
b
le

W
hich

of
these

relations
is

true?

(b)
(6

points)
G
ive

a
derivation

of
the

relation
in

part
(a).

(c)
(5

points)
A
s
R
yden

discusses
in

chapter
5,

the
universe

today
contains

not
only

the
photons

of
the

cosm
ic

m
icrow

ave
background

(C
M
B
),

but
also

pho-
tons

that
originated

as
starlight.

Including
both

direct
starlight

and
starlight

absorbed
and

reradiated
by

dust,
the

ratio
of

energy
densities

ε
S
ta

rlig
h
t /
ε
C

M
B

has
approxim

ately
w
hich

of
the

follow
ing

values:

(i)
10 −

1
0

(ii)
10 −

5
(iii)

10 −
1

(iv)
10

5
(v)

10
1
0

(d)
(10

points)
For

a
flat

universe
that

contains
only

radiation
and

nonrelativistic
m
atter,R

yden
(chapter

6)
w
rites

the
Friedm

ann
equation

as

H
2

H
20

=
Ω

r,0

a
4

+
Ω

m
,0

a
3

,

w
here

H
0
refers

to
the

present
value

of
the

H
ubble

param
eter

H
,and

Ω
r,0

and
Ω

m
,0

refer
to

the
present

values
of

the
m
ass

densities
in

radiation
and

m
atter,

respectively,
com

pared
to

the
critical

density.
R
yden

rearranges
this

form
ula

to
take

the
form

H
0
d
t
=

a
d
a

A

[1
+

a

a
r
m ]

B

,
(1)

w
here

A
and

B
are

constants
that

m
ight

depend
on

the
param

eters
H

0 ,
Ω

r,0 ,
and

Ω
m

,0 .
(R

yden
w
rote

A
and

B
explicitly,but

for
the

purpose
ofthis

question
I
have

not.)
a

r
m

is
the

scale
factor

of
radiation-m

atter
equality:

i.e.,the
scale

factor
w
hen

the
energy

densities
ofradiation

and
m
atter

are
equal.

R
ecallthat

a(t)
is
the

notation
R
yden

uses
for

the
scale

factor,w
hich

in
the

L
ecture

N
otes

is
called

R
(t).

(i)
(4

points)
W
rite

an
expression

for
a

r
m

in
term

s
of

all
or

som
e
of

the
param

eters
H

0 ,Ω
r,0 ,and

Ω
m

,0 .

(ii)
(6

points)
D
erive

E
q.(1)

above,and
find

the
values

of
A

and
B
.

(e)
B
O
N
U
S
Q
U
E
ST

IO
N

(1
point):

W
here

does
B
arbara

R
yden

suggest
w
riting

the
Friedm

ann
equation?



8
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8
6

Q
U
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,
F
A

L
L

2
0
0
5

p
.
5

P
R
O
B
L
E
M
2:
T
IM
E
E
V
O
L
U
T
IO
N
O
F
A
U
N
IV
E
R
S
E
W
IT
H
M
Y
S
T
E
-

R
IO
U
S
S
T
U
F
F

(20
points)

T
he

follow
ing

problem
w
as

P
roblem

5
of

P
roblem

Set
4.

Suppose
that

a
m
odeluniverse

is
filled

w
ith

a
peculiar

form
ofm

atter
for

w
hich

ρ∝
1

R
5(t)

.

A
ssum

ing
that

the
m
odeluniverse

is
flat,calculate

(a)
(5

points)
T
he

behavior
of

the
scale

factor,
R
(t).

Y
ou

should
be

able
to

find
R
(t)

up
to

an
arbitrary

constant
of

proportionality.

(b)
(5

points)
T
he

value
of

the
H
ubble

param
eter

H
(t),

as
a
function

of
t.

(c)
(5

points)
T
he

physicalhorizon
distance,

$
p
,h

o
riz

o
n (t).

(d)
(5

points)
T
he

m
ass

density
ρ(t).

8
.2

8
6

Q
U

IZ
2
,
F
A

L
L

2
0
0
5

p
.
6

P
R
O
B
L
E
M
3:
A
N
E
X
E
R
C
IS
E
IN

T
W
O
-D
IM
E
N
S
IO
N
A
L
M
E
T
R
IC
S

(30
points)

(a)
(8

points)
C
onsider

first
a
tw

o-dim
ensional

space
w
ith

coordinates
r
and

θ.
T
he

m
etric

is
given

by
d
s
2
=

d
r
2
+

r
2d

θ
2
.

C
onsider

the
curve

described
by

r(θ)
=

(1
+

εsin
θ)

r
0
,

w
here

ε
and

r
0
are

constants,
and

θ
runs

from
θ
1
to

θ
2 .

W
rite

an
expression,

in
the

form
of

a
definite

integral,for
the

length
S

of
this

curve.

(b)
(5

points)
N
ow

consider
a
tw

o-dim
ensionalspace

w
ith

the
sam

e
tw

o
coordinates

r
and

θ,
but

this
tim

e
the

m
etric

w
illbe

d
s
2
= (

1
+

r
2

a
2 )

d
r
2
+

r
2
d
θ
2
,

w
here

a
is

a
constant.

θ
is

a
periodic

(angular)
variable,

w
ith

a
range

of
0
to

2
π,w

ith
2
π
identified

w
ith

0.
W

hat
is
the

length
R

ofthe
path

from
the

origin
(r

=
0)

to
the

point
r
=

r
0 ,θ

=
0,

along
the

path
for

w
hich

θ
=

0
everyw

here
along

the
path?

Y
ou

can
leave

your
answ

er
in

the
form

of
a
definite

integral.
(B

e
sure,how

ever,to
specify

the
lim

its
of

integration.)

(c)
(7

points)
For

the
space

described
in

part
(b),w

hat
is
the

totalarea
contained

w
ithin

the
region

r
<

r
0 .

A
gain

you
can

leave
your

answ
er

in
the

form
of

a
definite

integral,m
aking

sure
to

specify
the

lim
its

of
integration.

(d)
(10

points)
A
gain

for
the

space
described

in
part

(b),
consider

a
geodesic

de-
scribed

by
the

usualgeodesic
equation,

dd
s {

g
ij d

x
j

d
s }

=
12
(∂

i g
k
� )

d
x

k

d
s

d
x

�

d
s

.

T
he

geodesic
is

described
by

functions
r(s)

and
θ(s),

w
here

s
is
the

arc
length

along
the

curve.
W
rite

explicitly
both

(i.e.,
for

i=
1=

r
and

i=
2=

θ)
geodesic

equations.
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R
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S
E

(35
points)

C
onsider

the
case

of
an

open
R
obertson-W

alker
universe.

T
aking

k
=

−
1,

the
spacetim

e
m
etric

can
be

w
ritten

in
the

form

c
2
d

2
=

−
d
s
2
=

c
2
d
t
2−

R
2(t) {

d
r
2

1
+

r
2
+

r
2 (d

θ
2
+

sin
2
θ
d
φ

2 ) }
.

W
e
w
ill

assum
e
that

this
m
etric

is
given,

and
that

R
(t)

has
been

specified.
W

hile
galaxies

are
approxim

ately
stationary

in
the

com
oving

coordinate
system

described
by

this
m
etric,w

e
can

stillconsider
an

ob
ject

that
m
oves

in
this

system
.
In

partic-
ular,in

this
problem

w
e
w
illconsider

an
ob

ject
that

is
m
oving

in
the

θ-direction.

(a)
(7

points)
E
xpress

d
/
d
t
in

term
s
of

d
θ/

d
t,assum

ing
that

the
ob

ject
is
m
oving

in
the

θ-direction,w
ith

r
=

r
0
and

φ
=

φ
0 .

(b)
(3

points)
For

the
sam

e
situation

as
in

part
(a),express

d
t/
d

in
term

s
of

d
θ/

d
t.

(c)
(10

points)
Suppose

the
ob

ject
travels

on
a
trajectory

given
by

the
function

θ
p (t)

betw
een

som
e
tim

e
t
1
and

som
e
later

tim
e
t
2 ,for

r
=

r
0
and

φ
=

φ
0
every-

w
here

on
the

trajectory.
W
e
are

not
claim

ing
that

this
trajectory

is
necessarily

a
geodesic,so

perhaps
som

e
kind

ofrocket
engine

is
needed

to
cause

the
ob

ject
to

m
ove

on
this

trajectory.
W
rite

an
integral

w
hich

gives
the

total
am

ount
of

tim
e
that

a
clock

attached
to

the
ob

ject
w
ould

record
for

this
journey.

(d)
(10

points)
U
sing

the
form

ulas
at

the
front

of
the

exam
,
derive

the
geodesic

equation
of

m
otion

for
the

coordinate
θ
of

the
ob

ject,
assum

ing
again

that
it

is
m
oving

in
the

θ-direction.
Specifically,you

should
derive

an
equation

of
the

form

dd [
A
d
θ

d ]
=

B (
d
t

d )
2

+
C (

d
r

d )
2

+
D (

d
θ

d )
2

+
E (

d
φ

d )
2

,

w
here

A
,
B
,
C
,
D
,
and

E
are

functions
of

the
coordinates,

and
w
here

som
e

of
the

functions
A
,
B
,
C
,
D
,
and

E
m
ight

be
identically

zero.
(Y

ou
need

not
include

any
term

s
that

are
not

present
for

the
specified

m
otion,

in
the

θ-direction.)

(e)
(5

points)
A
gain

assum
ing

that
the

ob
ject

is
m
oving

in
the

θ-direction,derive
the

geodesic
equation

of
m
otion

for
the

coordinate
r
of

the
ob

ject.
If

there
are

no
forces

acting
on

the
ob

ject
other

than
gravity,does

this
equation

allow
the

ob
ject

to
continue

at
r
=

r
0 ,or

w
illthe

velocity
in

the
r-direction

becom
e

nonzero?


