MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Physics Department

Physics 8.286: The Early Universe December 5, 2007
Prof. Alan Guth

QUIZ 3 FORMULA SHEET

USEFUL INFORMATION:
DOPPLER SHIFT (For motion along a line):

z=v/u (nonrelativistic, source moving)

L v/u
1—v/u

1
z =] % — 1 (special relativity, with 8 = v/c)

COSMOLOGICAL REDSHIFT:

(nonrelativistic, observer moving)

)\observed . R(tobserved)

1+2z= =
)\emitted R(temitted)

SPECIAL RELATIVITY:
Time Dilation Factor:
1

Y \/1——752, B=ov/c

Lorentz-Fitzgerald Contraction Factor:

Relativity of Simultaneity:
Trailing clock reads later by an amount 34y/c .

Energy-Momentum Four-Vector:

E — — —
P = (? 7p) , P=ymol, E=7ymoc® = \/(m0c2)2 + 7% 2
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3(t. 40t
pm(t) = ng((?)) pm(t;) (matter), p.(t) = 124((%) pr(t;) (radiation).
. LR p _ _ 3H?
IO__BE (p+C_2> ’ QZP/ﬂC? where pc—% .
Flat (k= 0): R(t)  t?/3 (matter-dominated) ,
R(t) o t1/? (radiation-dominated) ,

Q=1.

EVOLUTION OF A MATTER-DOMINATED UNIVERSE:

R
Closed (k > 0): ct =a(f —sinf), — = a(l —cosh),
(k> 0) ( ) N ( )
__ 2 o
1+ cos@
where o = 41@ i 3
3 c? \/E
Open (k < 0): ct = a(sinhf —0) | ﬁ =a(coshf—1) ,
R
1+ cosh@
where o = 4—W@ R 3
3 2 \WVk
k=—-k>0.
ROBERTSON-WALKER METRIC:
dr?

2 2 5 2 2 12 p2
ds® = —c*dr® = —c* dt*+R (t){l—Im“Q

r? (d92 + sin” d¢2)}

SCHWARZSCHILD METRIC:

+7r2d6? + r?sin® 0 dop? |
GEODESIC EQUATION:
4L, )dik da*
ds 9ii ds [ 2 ikt ds ds

d dz” _1(3 )Edﬁ
dr I~ gr dr [ 2 ngre dr dr
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BLACK-BODY RADIATION:

2 4
= (kT) .
uU=g— energy densit
930 (ho)? (energy y)
1 9 )
p=3u p=u/c (pressure, mass density)
¢(3) (kT)° .
n=g">=—= number densit
9T o)y ( y)
2n2 kAT .
S=94 W , (entropy density)
where
1 per spin state for bosons (integer spin)
g=
7/8 per spin state for fermions (half-integer spin)
i} 1 per spin state for bosons
g" =
3/4 per spin state for fermions ,
and ) . )
<(3)21—3+2—3+3—3+"'%1.202.
gy =9,=2,
7 21
gy = 3 x 3 X 2 X 1 =7
——— = S—~— S——
Fermion 3 species Particle/ Spin states
factor Ve, Vp Vs antiparticle
3 9
g, = 1 = 3 X 2 X 1 = 35>
——— = S—~— S——
Fermion 3 species Particle/ Spin states
factor Ve,V Vr antiparticle
7 7
Jetem = 3 x 1 x 2 X 2 =3
S~ = S—~— S—~—
Fermion  Species Particle/ Spin states
factor antiparticle
. 3
Jete- = 7 x 1 x 2 X 2 = 3.
S~ = S—~— S—~—
Fermion  Species Particle/ Spin states

factor antiparticle
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CHEMICAL EQUILIBRIUM:
Ideal Gas of Classical Nonrelativistic Particles:

n; = g; —(27TmikT)3/2 e(pi—mic®)/kT
(27h)3

where n; = number density of particle
g; = number of spin states of particle
m; = mass of particle
1; = chemical potential

For any reaction, the sum of the y; on the left-hand side of the
reaction equation must equal the sum of the u; on the right-
hand side. Formula assumes gas is nonrelativistic (kT <
m;c?) and dilute (n; < (2rmkT)3/2/(2rh)3).

EVOLUTION OF A FLAT RADIATION-DOMINATED

UNIVERSE: 5

P = 39rGe2

3 5\ 1/4
VT — 45h°¢ 1
16m3gG Vit
For m, = 106 MeV > kT > m, = 0.511 MeV, g = 10.75 and
then

860 M 10.75\ /4
L 0860 eV<O75)

t (in sec) g

After the freeze-out of electron-positron pairs,

T, 4N\ 1/3
B

HORIZON DISTANCE:

C

t
14 orizon(t) = R(t / dt’
p,h ( ) ( ) 0 R(t/)

{ 3ct  (flat, matter-dominated),

2ct  (flat, radiation-dominated).
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COSMOLOGICAL CONSTANT:

5 Act
Uvac = PvacC = T~ »
p &1
_ 2 Act
pvac - pvac - 87TG .
GENERALIZED COSMOLOGICAL EVOLUTION:
dzx
tadg 4 2
X dt HO \/Qm,()x + Qrad,O + Qvac,()x + Qk,Ox ’
where
= R(t) _ 1
B R(to) B 1—|— z ’
kc?
Qk,o = —m =1- Qm,o - Qrahd,o - QV&C,O .
Age of universe:
b i /1 zdx
°7 Hy Jy V0% + Qrad,0 + Qvac,0z? + Q022

1 /°° dz
C HoJo (14 2)v/Qmo(1+2)% + Qrado(1 + 2)T + Quaco + Qo(1 + 2)2

Look-back time:

tlook—back<z) —
1 /z dz'
Ho Jo (14 2)3/ Qo1+ 23 + Qraao(1 + 2) + Quaco + Qo1+ 2/)2

ENERGY FLUX FROM A DISTANT SOURCE:

The energy flux received from a source at redshift zg, for a source
that emitted power P isotropically at the time of emission, is given

by
Q.0 :
2 FREIER) if £ <0,
J=—""0__- x4 if k=0,
Am(1+ zg)2%c? Ol
k,0 3
m if k& > O,
where

zs 1
- |
0 \/Qm,()(l + Z)3 + Qrad,O(1 + 2)4 + Qvac,O + Qk,()(l + 2)2

and
Y(zs) = /|10l I .

dz ,
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PHYSICAL CONSTANTS:

G=6673x10"%cm?. gt .s72
k = Boltzmann’s constant = 1.381 x 10~ % erg/K
=8.617 x 107°eV/K

h
h=— =1.055x 10727 erg-s
2

= 6.582 x 107! eV-s
c=2.998 x 10'° cm/s
he=197.3 MeV-fm, 1fm=10"%m
1 yr=3.156 x 10" s
1 eV =1.602x 107 erg
1 GeV = 10° eV = 1.783 x 10™* gram (where c=1) .

Planck Units: The Planck length ¢p, the Planck time ¢p, the Planck
mass mp, and the Planck energy E, are given by

Q
>

=1.616 x 107**cm,

<
[
|

C

G

>t

5.391 x 10~ # s,

~
v
I

3
B
Il
ﬁ |

2177 x 10 % g,

=t
&)

C

e 1.221 x 10" GeV.

S
v
I



