
M
A
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U
T
E
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F
T
E
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P
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D
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P
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P
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1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(25

points)

T
he
follow

ing
parts

are
each

w
orth

5
points.

(a)
(C

M
B

basic
facts)

W
hich

one
of

the
follow

ing
statem

ents
about

C
M
B

is
not

correct:

(i)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

m
ean

tem
-

perature
averaging

over
the

sky
is〈T〉

=
2
.725

K
.

(ii)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

root
m
ean

square
tem

perature
fluctuation

is 〈(
δ
TT )

2 〉
1
/
2

=
1
.1×

10 −
3.

(iii)
T
he

dipole
distortion

is
a
sim

ple
D
oppler

shift,caused
by

the
net

m
otion

of
the

observer
relative

to
a
fram

e
ofreference

in
w
hich

the
C
M
B
is
isotropic.

(iv)
In

their
groundbreaking

paper,W
ilson

and
P
enzias

reported
the

m
easure-

m
ent

ofan
excess

tem
perature

ofabout
3.5

K
that

w
as

isotropic,unpolar-
ized,

and
free

from
seasonal

variations.
In

a
com

panion
paper

w
ritten

by
D
icke,

P
eebles,

R
oll

and
W

ilkinson,
the

authors
interpreted

the
radiation

to
be

a
relic

of
an

early,hot,
dense,

and
opaque

state
of

the
universe.

E
xplanation:

A
fter

subtracting
the

dipole
contribution,

the
tem

perature
fluctuation

is
about

1
.1×

10 −
5.

(b)
(C

M
B

experim
ents)

T
he

current
m
ean

energy
per

C
M
B

photon,
about

6×
10 −

4
eV

,
is

com
parable

to
the

energy
of

vibration
or

rotation
for

a
sm

all
m
olecule

such
as

H
2 O

.
T
hus

m
icrow

aves
w
ith

w
avelengths

shorter
than

λ
∼

3
cm

are
strongly

absorbed
by

w
ater

m
olecules

in
the

atm
osphere.

T
o

m
easure

the
C
M
B

at
λ
<

3
cm

,
w
hich

one
of

the
follow

ing
m
ethods

is
not

a
feasible

solution
to

this
problem

?

(i)
M
easure

C
M
B

from
high-altitude

balloons,e.g.
M
A
X
IM

A
.

(ii)
M
easure

C
M
B

from
the

South
P
ole,

e.g.
D
A
SI.

(iii)
M
easure

C
M
B

from
the

N
orth

P
ole,

e.g.
B
O
O
M
E
R
A
N
G
.

(iv)
M
easure

C
M
B

from
a
satellite

above
the

atm
osphere

of
the

E
arth,

e.g.
C
O
B
E
,
W

M
A
P

and
P
L
A
N
C
K
.

E
xplanation:

T
he
N
orth

P
ole

is
at
sea

level.
In
contrast,

the
South

P
ole

is
nearly

3
kilom

eters
above

sea
level.

B
O
O
M
E
R
A
N
G
is
a
balloon-borne

experim
ent

launched
from

A
ntarctica.
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(c)
(T

em
perature

fluctuations)
T
he

creation
of

tem
perature

fluctuations
in

C
M
B

by
variations

in
the

gravitationalpotentialis
know

n
as

the
Sachs-W

olfe
effect.

W
hich

one
of

the
follow

ing
statem

ents
is
not

correct
concerning

this
effect?

(i)
A

C
M
B
photon

is
redshifted

w
hen

clim
bing

out
ofa

gravitationalpotential
w
ell,

and
is

blueshifted
w
hen

falling
dow

n
a
potentialhill.

(ii)
A
t
the

tim
e
oflast

scattering,the
nonbaryonic

dark
m
atter

dom
inated

the
energy

density,
and

hence
the

gravitationalpotential,of
the

universe.

(iii)
T
he

large-scale
fluctuations

in
C
M
B

tem
peratures

arise
from

the
grav-

itational
effect

of
prim

ordial
density

fluctuations
in

the
distribution

of
nonbaryonic

dark
m
atter.

(iv)
T
he

peaks
in

the
plot

of
tem

perature
fluctuation

∆
T

vs.
m
ultipole

l
are

due
to

variations
in

the
density

of
nonbaryonic

dark
m
atter,

w
hile

the
contributions

from
baryons

alone
w
ould

not
show

such
peaks.

E
xplanation:

T
hese

peaks
are

due
to
the

acoustic
oscillations

in
the

photon-
baryon

fluid.

(d)
(D

ark
m
atter

candidates)
W

hich
one

of
the

follow
ing

is
not

a
candidate

of
nonbaryonic

dark
m
atter?

(i)
m
assive

neutrinos

(ii)
axions

(iii)
m
atter

m
ade

of
top

quarks
(a

type
of

quarks
w
ith

heavy
m
ass

of
about

171
G
eV

).

(iv)
W

IM
P
s
(W

eakly
Interacting

M
assive

P
articles)

(v)
prim

ordial
black

holes

E
xplanation:

M
atter

m
ade

of
top

quarks
is
so
unstable

that
it
is
seen

only
fleetingly

as
a
product

in
high

energy
particle

collisions.

(e)
(Signatures

of
dark

m
atter)

B
y
w
hat

m
ethods

can
signatures

of
dark

m
atter

be
detected?

L
ist

tw
o
m
ethods.

(G
rading:

3
points

for
one

correct
answ

er,
5
points

for
tw

o
correct

answ
ers.

If
you

give
m
ore

than
tw

o
answ

ers,
your

score
w
illbe

based
on

the
num

ber
ofright

answ
ers

m
inus

the
num

ber
ofw

rong
answ

ers,
w
ith

a
low

er
bound

of
zero.)

A
nsw

ers:

(i)
G
alaxy

rotation
curves.

(I.e.,
m
easurem

ents
of
the

orbital
speed

of
stars

in
spiralgalaxies

as
a
function

of
radius

R
show

that
these

curves
rem

ain
flat

at
radii

far
beyond

the
visible

stellar
disk.

If
m
ost

of
the

m
atter

w
ere

contained
in
the

disk,
then

these
velocities

should
fall

off
as

1
/ √

R
.)
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(ii)
U
se
the

virial
theorem

to
estim

ate
the

m
ass

of
a
galaxy

cluster.
(For

exam
ple,

the
virial

analysis
show

s
that

only
2%

of
the

m
ass

of
the

C
om
a

cluster
consistes

of
stars,

and
only

10%
consists

of
hot

intracluster
gas.

(iii)
G
ravitationallensing.

(For
exam

ple,
the

m
ass

ofa
cluster

can
be
estim

ated
from

the
distortion

of
the

shapes
of
the

galaxies
behind

the
cluster.)

(iv)
C
M
B
tem

perature
fluctuations.

(I.e.,
the

analysis
of
the

intensity
of
the

fluctuations
as
a
function

of
m
ultipole

num
ber

show
s
that

Ω
to
t ≈

1,
and

thatdark
energy

contributes
Ω
Λ
≈

0
.7,baryonic

m
atter

contributes
Ω
b
a
ry ≈

0
.04,

and
dark

m
atter

contributes
Ω
d
a
rk

m
a
tte

r ≈
0
.26.)

T
here

are
other

possible
answ

ers
as
w
ell,

but
these

are
the

ones
discussed

by
R
yden

in
C
hapters

8
and

9.

P
R

O
B

L
E
M

2:
N

E
U

T
R

IN
O

N
U

M
B

E
R

A
N

D
T

H
E

N
E
U

T
R

O
N

/P
R

O
-

T
O

N
E
Q

U
IL

IB
R

IU
M

(a)
From

the
chem

ical
equilibrium

equation
on

the
front

of
the

exam
,the

num
ber

densities
of

neutrons
and

protons
can

be
w
ritten

as

n
n
=

g
n
(2
π
m

n
k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

n −
m

n
c
2
)/

k
T

n
p
=

g
p (2

π
m

p k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

p −
m

p
c
2
)/

k
T
,

w
here

g
n
=

g
p
=

2.
D
ividing,

n
n

n
p
= (

m
n

m
p )

3
/
2

e −
(∆

E
+

µ
p −

µ
n
)/

k
T
,

w
here

∆
E

=
(m

n −
m

p )c
2
is

the
proton-neutron

m
ass-energy

difference.
A
p-

proxim
ating

m
n
/
m

p ≈
1,

one
has

n
n

n
p
=

e −
(∆

E
+

µ
p −

µ
n
)/

k
T
.

T
he

approxim
ation

m
n
/
m

p
≈

1
is

very
accurate

(0.14%
),

but
is

clearly
not

necessary.
Full

credit
w
as

given
w
hether

or
not

this
approxim

ation
w
as

used.

(b)
For

any
allow

ed
chem

ical
reaction,

the
sum

of
the

chem
ical

potentials
on

the
tw

o
sides

m
ust

be
equal.

So,
from

e
+
+
n
←→

p
+
ν̄

e
,
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w
e
can

infer
that

−
µ

e
+
µ

n
=

µ
p −

µ
ν
,

w
hich

im
plies

that

µ
n −

µ
p
=

µ
e −

µ
ν
.

(c)
A
pplying

the
form

ula
given

in
the

problem
to

the
num

ber
densities

of
electron

neutrinos
and

the
corresponding

antineutrinos,

n
ν
=

g ∗ν

ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
e
µ

ν
/
k
T

n̄
ν
=

g ∗ν

ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
e −

µ
ν
/
k
T
,

since
the

chem
ical

potential
for

the
antineutrinos

(ν̄)
is

the
negative

of
the

chem
ical

potential
for

neutrinos.
A

neutrino
has

only
one

spin
state,

so
g

ν
=

3
/4,

w
here

the
factor

of
3/4

arises
because

neutrinos
are

ferm
ions.

Setting

x≡
e −

µ
ν
/
k
T

and

A
≡

34
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
,

the
num

ber
density

equations
can

be
w
ritten

com
pactly

as

n
ν
=

Ax
,

n̄
ν
=

x
A

.

T
o
express

x
in

term
s
of

the
ratio

n̄
ν /
n

ν ,
divide

the
second

equation
by

the
first

to
obtain

n̄
ν

n
ν
=

x
2

=⇒
x
= √

n̄
ν

n
ν
.

A
lternatively,

x
can

be
expressed

in
term

s
ofthe

difference
in

num
ber

densities
n̄

ν −
n

ν
by

starting
w
ith

∆
n
=

n̄
ν −

n
ν
=

x
A
−

Ax
.

R
ew

riting
the

above
form

ula
as

an
explicit

quadratic,

A
x
2−

∆
n
x−

A
=

0
,
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one
finds

x
=

∆
n±
√
∆
n
2
+

4
A
2

2
A

.

Since
the

definition
of

x
im

plies
x
>

0,only
the

positive
root

is
relevant.

Since
the

num
ber

ofelectrons
is
stillassum

ed
to

be
equalto

the
num

ber
ofpositrons,

µ
e
=

0,
so

the
answ

er
to

(b)
reduces

to
µ

n −
µ

p
=
−
µ

ν .
From

(a),

n
n

n
p
=

e −
(∆

E
+

µ
p −

µ
n
)/

k
T

=
e −

(∆
E
+

µ
ν
)/

k
T

=
x
e −

∆
E

/
k
T

=
√

n̄
ν

n
ν
e −

∆
E

/
k
T
.

A
lternatively,one

can
w
rite

the
answ

er
as

n
n

n
p
=
√
∆
n
2
+
4
A
2
+
∆
n

2
A

e −
∆

E
/
k
T
,

w
here

A
≡

34
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
.

(d)
For

∆
n
>

0,
the

answ
er

to
(c)

im
plies

that
the

ratio
n

n
/
n

p
w
ould

be
larger

than
in

the
usual

case
(∆

n
=

0).
T
his

is
consistent

w
ith

the
expectation

that
an

excess
of

antineutrinos
w
ill

tend
to

cause
p’s

to
turn

into
n’s

according
to

the
reaction

p
+
ν̄

e −→
e
+
+
n
.

Since
the

am
ount

of
helium

produced
is

proportional
to

the
num

ber
of

neu-
trons

that
survive

until
the

breaking
of

the
deuterium

bottleneck,
starting

w
ith

a
higher

equilibrium
abundance

ofneutrons
w
ill

increase
the

production
of

helium
.
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R
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3:
S
E
C

O
N

D
H

U
B

B
L
E

C
R

O
S
S
IN

G
(40

points)

(a)
From

the
form

ula
sheets,w

e
know

that
for

a
flat

radiation-dom
inated

universe,

a(t)∝
t
1
/
2
.

Since
H

=
ȧa
,

(w
hich

is
also

on
the

form
ula

sheets),

H
=

12
t
.

T
hen

�
H
(t)≡

cH
−
1(t)

=
2
ct

.

(b)
W
e
are

told
that

the
energy

density
is

dom
inated

by
photons

and
neutrinos,

so
w
e
need

to
add

together
these

tw
o
contributions

to
the

energy
density.

For
photons,

the
form

ula
sheet

rem
inds

us
that

g
γ
=

2,so

u
γ
=

2
π
2

30
(k
T

γ )
4

(h̄
c)

3
.

For
neutrinos

the
form

ula
sheet

rem
inds

us
that

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
3

︸ ︷︷︸
3
sp
e
c
ie
s

ν
e
,ν

µ
,ν

τ ×
2

︸ ︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸ ︷︷︸
S
p
in

sta
te
s =

214
,

so

u
ν
=

214
π
2

30
(k
T

ν )
4

(h̄
c)

3
.

C
om

bining
these

tw
o
expressions

and
using

T
ν
=

(4
/11)

1
/
3
T

γ ,
one

has

u
=

u
γ
+
u

ν
= [2

+
214 (

411 )
4
/
3 ]

π
2

30
(k
T

γ )
4

(h̄
c)

3
,

so
finally

g
1
=

2
+

214 (
411 )

4
/
3

.
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(c)
T
he

Friedm
ann

equation
tells

us
that,

for
a
flat

universe,

H
2
=

8
π3
G
ρ
,

w
here

in
this

case
H

=
1
/(2

t)
and

ρ
=

uc
2
=

g
1
π
2

30
(k
T

γ )
4

h̄
3c

5
.

T
hus

(
12
t )

2

=
8
π
G3

g
1
π
2

30
(k
T

γ )
4

h̄
3c

5
.

Solving
for

T
γ ,

T
γ
=

1k (
45
h̄
3c

5

16
π
3g

1 G )
1
/
4

1√t
.

(d)
T
he

condition
for

H
ubble

crossing
is

λ(t)
=

cH
−
1(t)

,

and
the

first
H
ubble

crossing
alw

ays
occurs

during
the

inflationary
era.

T
hus

any
H
ubble

crossing
during

the
radiation-dom

inated
era

m
ust

be
the

second
H
ubble

crossing.

If
λ
is

the
present

physical
w
avelength

of
the

density
perturbations

under
dis-

cussion,
the

w
avelength

at
tim

e
t
is

scaled
by

the
scale

factor
a(t):

λ(t)
=

a(t)
a(t

0 )
λ
.

B
etw

een
the

second
H
ubble

crossing
and

now
,
there

have
been

no
freeze-outs

of
particle

species.
T
oday

the
entropy

of
the

universe
is

still
dom

inated
by

photons
and

neutrinos,
so

the
conservation

of
entropy

im
plies

that
a
T

γ
has

rem
ained

essentially
constant

betw
een

then
and

now
.
T
hus,

λ(t)
=

T
γ
,0

T
γ (t)

λ
.

U
sing

the
previous

results
for

cH
−
1(t)

and
for

T
γ (t),

the
condition

λ(t)
=

cH
−
1(t)

can
be

rew
ritten

as

k
T

γ
,0 (

16
π
3g

1 G

45
h̄
3c

5 )
1
/
4√

t
λ
=

2
ct

.
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Solving
for

t,
the

tim
e
of

second
H
ubble

crossing
is

found
to

be

t
H
2 (λ)

=
(k
T

γ
,0 λ)

2 (
π
3g

1 G

45
h̄
3c

9 )
1
/
2

.

E
xtension:

Y
ou

w
ere

not
asked

to
insert

num
bers,but

it
is
ofcourse

interesting
to

know
w
here

the
above

form
ula

leads.
If

w
e
take

λ
=

10
6
lt-yr,it

gives

t
H
2 (10

6
lt-yr)

=
1
.04×

10
7
s
=

0
.330

year
.

For
λ
=

1
M
pc,

t
H
2 (1

M
pc)

=
1
.11×

10
8
s
=

3
.51

year
.

T
aking

λ
=

2
.5×

10
6
lt-yr,

the
distance

to
A
ndrom

eda,
the

nearest
spiral

galaxy,
t
H
2 (2

.5×
10

6
lt-yr)

=
6
.50×

10
7
sec

=
2
.06

year
.


