
M
A
SSA

C
H
U
SE

T
T
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O
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O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

T
he

follow
ing

5
questions

are
each

w
orth

5
points:

(a)
In

the
1940’s,

three
astrophysicists

proposed
a
“steady

state”
theory

of
cos-

m
ology,

in
w
hich

the
universe

has
alw

ays
looked

about
the

sam
e
as

it
does

now
.
State

the
last

nam
e
of

at
least

one
of

these
authors.

(B
onus

points:
you

can
earn

1
point

each
for

nam
ing

the
other

tw
o
authors,

and
hence

up
to

2
additional

points,
but

1
point

w
illbe

taken
off

for
each

incorrect
answ

er.)

(b)
In

1917,
a
D
utch

astronom
er

nam
ed

W
illem

de
Sitter

did
w
hich

one
of

the
follow

ing
accom

plishm
ents:

(i)
m
easured

the
size

of
the

M
ilky

W
ay

galaxy,
finding

it
to

be
about

one
billion

light-years
in

diam
eter.

(ii)
resolved

C
epheid

variable
stars

in
A
ndrom

eda
and

thereby
obtained

per-
suasive

evidence
that

A
ndrom

eda
is

not
w
ithin

our
ow

n
galaxy,

but
is

apparently
another

galaxy
like

our
ow

n.

(iii)
published

a
catalog,

N
ebulae

and
Star

C
lusters,

listing
103

ob
jects

that
astronom

ers
should

avoid
w
hen

looking
for

com
ets.

(iv)
published

a
m
odel

for
the

universe,
based

on
general

relativity,
w
hich

appeared
to

be
static

but
w
hich

produced
a
redshift

proportional
to

the
distance.

(v)
discovered

that
the

orbital
periods

of
the

planets
are

proportional
to

the
3/2

pow
er

of
the

sem
i-m

ajor
axis

of
their

ellipticalorbits.

(c)
In

1964–65,
A
rno

A
.
P
enzias

and
R
obert

W
.
W

ilson
observed

a
flux

of
m
i-

crow
ave

radiation
com

ing
from

alldirections
in

the
sky,w

hich
w
as

interpreted
by

a
group

of
physicists

at
a
neighboring

institution
as

the
cosm

ic
background

radiation
left

over
from

the
big

bang.
C
ircle

the
tw

o
item

s
on

the
follow

ing
list

that
w
ere

n
ot

part
of

the
story

behind
this

spectacular
discovery:

(i)
B
ellT

elephone
L
aboratory

(ii)
M
IT

(iii)
P
rinceton

U
niversity

(iv)
pigeons

(v)
ground

hogs
(vi)

H
ubble’s

constant
(vii)

liquid
helium

(viii)
7.35

cm

(G
rading:

3
pts

for
1
correct

answ
er,

5
for

2
correct

answ
ers,

and
-2

for
each

incorrect
answ

er,
but

the
m
inim

um
score

is
zero.)

(d)
Im

portant
predictions

of
the

C
opernican

theory
w
ere

confirm
ed

by
the

discov-
ery

of
the

aberration
of

starlight
(w

hich
show

ed
that

the
velocity

of
the

E
arth
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has
the

tim
e-dependence

expected
for

rotation
about

the
Sun)

and
by

the
be-

havior
ofthe

Foucault
pendulum

(w
hich

show
ed

that
the

E
arth

rotates).
T
hese

discoveries
w
ere

m
ade

(i)
during

C
opernicus’

lifetim
e.

(ii)
approxim

ately
tw

o
and

three
decades

after
C
opernicus’death,respectively.

(iii)
about

one
hundred

years
after

C
opernicus’

death.

(iv)
approxim

ately
tw

o
and

three
centuries

after
C
opernicus’

death,
respec-

tively.

(e)
If

one
averages

over
suffi

ciently
large

scales,
the

universe
appears

to
be

ho-
m
ogeneous

and
isotropic.

H
ow

large
m
ust

the
averaging

scale
be

before
this

hom
ogeneity

and
isotropy

set
in?

(i)
1
A
U

(1
A
U

=
1
.496×

10
1
1
m
).

(ii)
100

kpc
(1

kpc
=

1000
pc,

1
pc

=
3.086×

10
1
6
m

=
3.262

light-year).

(iii)
1
M
pc

(1
M
pc

=
10

6
pc).

(iv)
10

M
pc.

(v)
100

M
pc.

(vi)
1000

M
pc.

P
R

O
B

L
E
M

2:
A

N
E
X

P
O

N
E
N

T
IA

L
LY

E
X

P
A

N
D

IN
G

U
N

IV
E
R

S
E

(20
points)

T
he

follow
ing

problem
w
as

P
roblem

4
on

the
R
eview

P
roblem

s
for

Q
uiz

1.

C
onsider

a
flat

(i.e.,
a

k
=

0,
or

a
E
uclidean)

universe
w
ith

scale
factor

given
by

R
(t)

=
R

0 e
χ

t
,

w
here

R
0
and

χ
are

constants.

(a)
(5

points)
F
ind

the
H
ubble

constant
H

at
an

arbitrary
tim

e
t.

(b)
(5

points)
L
et

(x
,y

,z
,t)

be
the

coordinates
of

a
com

oving
coordinate

system
.

Suppose
that

at
t
=

0
a
galaxy

located
at

the
origin

ofthis
system

em
its

a
light

pulse
along

the
positive

x-axis.
F
ind

the
trajectory

x(t)
w
hich

the
light

pulse
follow

s.

(c)
(5

points)
Suppose

that
w
e
are

living
on

a
galaxy

along
the

positive
x-axis,and

that
w
e
receive

this
light

pulse
at

som
e
later

tim
e.

W
e
analyze

the
spectrum

of
the

pulse
and

determ
ine

the
redshift

z.
E
xpress

the
tim

e
t
r
at

w
hich

w
e
receive

the
pulse

in
term

s
of

z,
χ
,
and

any
relevant

physical
constants.

(d)
(5

points)
A
t
the

tim
e
of

reception,
w
hat

is
the

physical
distance

betw
een

our
galaxy

and
the

galaxy
w
hich

em
itted

the
pulse?

E
xpress

your
answ

er
in

term
s

of
z,

χ
,
and

any
relevant

physical
constants.
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P
R

O
B

L
E
M

3:
A

T
W

O
-L

E
V

E
L

H
IG

H
-S

P
E
E
D

M
E
R

R
Y

-G
O

-R
O

U
N

D
(15

points)

C
onsider

a
high-speed

m
erry-go-round

w
hich

is
sim

ilar
to

the
one

discussed
in

P
roblem

3
ofP

roblem
Set

1,but
w
hich

has
tw

o
levels.

T
hat

is,there
are

four
evenly

spaced
cars

w
hich

travel
around

a
central

hub
at

speed
v
at

a
distance

R
from

a
central

hub,
and

also
another

four
cars

that
are

attached
to

extensions
of

the
four

radial
arm

s,
each

m
oving

at
a
speed

2
v
at

a
distance

2
R

from
the

center.
In

this
problem

w
e
w
ill

consider
only

light
w
aves,

not
sound

w
aves,

and
w
e
w
ill

assum
e

that
v
is

not
negligible

com
pared

to
c,

but
that

2
v

<
c.

W
e
learned

in
P
roblem

Set
1
that

there
is

no
redshift

w
hen

light
from

one
car

at
radius

R
is

received
by

an
observer

on
another

car
at

radius
R
.

(a)
(5

points)
Suppose

that
cars

5–8
are

allem
itting

light
w
aves

in
alldirections.

If
an

observer
in

car
1
receives

light
w
aves

from
each

of
these

cars,w
hat

redshift
z
does

she
observe

for
each

of
the

four
signals?

(b)
(10

points)
Suppose

that
a
spaceship

is
receding

to
the

right
at

a
relativistic

speed
u
along

a
line

through
the

hub,
as

show
n
in

the
diagram

.
Suppose

that
an

observer
in

car
6
receives

a
radio

signalfrom
the

spaceship,at
the

tim
e
w
hen

the
car

is
in

the
position

show
n
in

the
diagram

.
W

hat
redshift

z
is

observed?
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P
R

O
B

L
E
M

4:
A

T
O

Y
U

N
IV

E
R

S
E

W
IT

H
M

A
T

T
E
R

A
N

D
P

U
R

P
L
E

E
N

E
R

G
Y

(40
points)

In
this

problem
w
e
exam

ine
the

behavior
of

a
toy-m

odel
closed

universe
that

includes
both

ordinary
nonrelativistic

m
atter,

plus
a
new

form
of

m
atter

w
hich

w
e

w
ill

call
purple

energy.
N
othing

like
purple

energy
is

know
n
or

even
suspected

to
exist,

but
one

never
know

s
w
hat

m
ight

som
eday

be
discovered.

D
ark

energy,
after

all,w
as

not
thought

to
exist

until
1998.

T
he

universe
w
illobey

the
usual

Friedm
ann

equation,
(

ṘR )
2

=
8
π3

G
ρ−

k
c
2

R
2

,

but
the

m
ass

density
ρ
w
illinclude

tw
o
term

s:

ρ(t)
=

ρ
m
(t)

+
ρ

p (t)
,

w
here

ρ
m
(t)

is
the

m
ass

density
of

norm
alm

atter,

ρ
m
(t)

=
ρ̄

m

R
3(t)

,

and
ρ

p (t)
is

the
m
ass

density
of

purple
energy,

given
by

ρ
p (t)

=
−

ρ̄
p

R
4(t)

.

H
ere

ρ̄
m

and
ρ̄

p
are

positive
constants,

so
the

purple
m
atter

contributes
negatively

to
the

totalm
ass

density.

W
e
consider

a
closed

universe,
so

k
>

0,
and

w
e
define

R̃
(t)≡

R
(t)

√
k

,
and

t̃≡
ct

,

as
in

L
ecture

N
otes

5.
A
fter

som
e
algebra

w
hich

you
are

not
asked

to
repeat,

the
Friedm

ann
equation

can
be

rew
ritten

as
(

d
R̃d
t̃ )

2

=
F
( R̃

)
,

w
here

F
(R̃

)≡
2
αR̃
−

2
β

R̃
2 −

1
,

(1)

and

α
≡

4
π3

G
ρ

m
(t)R̃

3(t)
c
2

=
4
π3

G
ρ̄

m

k
3
/
2c

2
>

0
,

β
≡

−
4
π3

G
ρ

p (t)R̃
4(t)

c
2

=
4
π3

G
ρ̄

p

k
2c

2
>

0
.
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N
ote

that
α
and

β
are

both
positive

and
independent

of
tim

e.
M
oreover,

α
and

β
are

chosen
so

that
F
(R̃

)
>

0
for

som
e
values

of
R̃
.

(a)
(10

points)
Sketch

a
graph

of
the

function
F
(R̃

)
for

R̃
>

0.
H
ow

does
F
(R̃

)
behave

for
very

large
R̃
?
H
ow

does
it

behave
for

very
sm

all
(positive)

R̃
?

(b)
(10

points)
W

hat
are

the
m
inim

um
and

m
axim

um
values

R̃
m

in
and

R̃
m

a
x
that

are
attained

by
R̃
(t)

during
the

evolution
of

the
universe?

Show
these

values
on

the
graph

that
you

drew
in

part
(a),and

w
rite

analytic
expressions

in
term

s
of

α
and/or

β
.

A
s
in

L
ecture

N
otes

5,
one

can
w
rite

a
solution

to
the

differential
equation

in
the

form

t̃
f
= ∫

R̃
f

R̃
m

in

...
d
R̃

.
(2)

T
he

integral
can

be
carried

out
by

a
m
ethod

very
sim

ilar
to

that
used

in
L
ecture

N
otes

5,
introducing

the
variable

θ
defined

in
this

case
by

R̃
=

α
− √

α
2−

2
β
cos

θ
.

(3)

A
fter

som
e
algebra

(w
hich

you
are

not
asked

to
reproduce),

E
q.(3)

leads
to

2
α
R̃
−
2
β−

R̃
2
=

(α
2−

2
β
)sin

2
θ

,

w
hich

is
useful

in
sim

plifying
E
q.

(2).
B
y
carrying

out
the

integration
in

E
q.

(2),
one

derives
a
param

etric
form

ofthe
solution

to
the

Friedm
ann

equation,w
hich

can
be

w
ritten

as
ct

=
α
(θ−

λ
sin

θ)
,

R√
k
=

α
(1−

λ ′cos
θ)

,
(4)

w
here

λ
and

λ ′
are

constants
in

the
range

0
<

λ
,λ ′

<
1.

(c)
(10

points)
E
xpress

λ
and

λ ′
in

term
s
of

α
and/or

β
.

(d)
(5

points)
T
his

m
odel

universe
has

neither
a
big

bang
nor

a
big

crunch,
but

instead
oscillates

forever.
W

hat
is

the
period

P
of

these
oscillations?

Y
our

answ
er

m
ay

depend
upon

λ
and/or

λ ′,
as

w
ell

as
α
and/or

β
.

(e)
(5

points)
F
ind

the
value

of
the

H
ubble

param
eter

H
(θ)

as
a
function

of
θ.

Y
our

answ
er

m
ay

depend
upon

any
of

the
variables

listed
in

part
(d).
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
R
(t

o
b
se

rv
e
d )

R
(t

e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2

,
β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /

c
.

—
C
ontinued

on
next

page
—
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E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ṘR )
2

=
8
π3

G
ρ−

k
c
2

R
2

,
R̈

=
−
4
π3

G
ρ
R

,

ρ(t)
=

R
3(t

i )
R

3(t)
ρ(t

i )
,

Ω
≡

ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
R
(t)∝

t
2
/
3

,

Ω
=

1
.

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
R√
k
=

α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ

>
1

,

w
here

α
≡

4
π3

G
ρ

c
2 (

R√
k )

3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
R√
κ
=

α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ

<
1

,

w
here

α
≡

4
π3

G
ρ

c
2 (

R√
κ )

3

,

κ≡
−

k
>

0
.


