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1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(24
points)

(a)
(6

points)
In

1948
R
alph

A
.A

lpher
and

R
obert

H
erm

an
w
rote

a
paper

predict-
ing

a
cosm

ic
m
icrow

ave
background

w
ith

a
tem

perature
of5

K
.
T
he

paper
w
as

based
on

a
cosm

ological
m
odel

that
they

had
developed

w
ith

G
eorge

G
am

ow
,

in
w
hich

the
early

universe
w
as

assum
ed

to
have

been
filled

w
ith

hot
neutrons.

A
s
the

universe
expanded

and
cooled

the
neutrons

underw
ent

beta
decay

into
protons,

electrons,
and

antineutrinos,
until

at
som

e
point

the
universe

cooled
enough

for
light

elem
ents

to
be

synthesized.
A
lpher

and
H
erm

an
found

that
to

account
for

the
observed

present
abundances

oflight
elem

ents,the
ratio

ofpho-
tons

to
nuclear

particles
m
ust

have
been

about
10

9.
A
lthough

the
predicted

tem
perature

w
as

very
close

to
the

actual
value

of
2.7

K
,
the

theory
differed

from
our

present
theory

in
tw

o
w
ays.

C
ircle

the
tw

o
correct

statem
ents

in
the

follow
ing

list.
(3

points
for

each
right

answ
er;

circle
at

m
ost

2.)

(i)
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed
that

the
neutron

could
decay,

but
now

the
neutron

is
thought

to
be

absolutely
stable.

(ii)
In

the
current

theory,
the

universe
started

w
ith

nearly
equal

densities
of

protons
and

neutrons,
not

all
neutrons

as
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed.

(iii)
In

the
current

theory,the
universe

started
w
ith

m
ainly

alpha
particles,not

all
neutrons

as
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed.
(N

ote:
an

alpha
particle

is
the

nucleus
ofa

helium
atom

,com
posed

oftw
o
protons

and
tw

o
neutrons.)

(iv)
In

the
current

theory,
the

conversion
of

neutrons
into

protons
(and

vice
versa)

took
place

m
ainly

through
collisions

w
ith

electrons,positrons,neu-
trinos,

and
antineutrinos,

not
through

the
decay

of
the

neutrons.

(v)
T
he

ratio
of

photons
to

nuclear
particles

in
the

early
universe

is
now

be-
lieved

to
have

been
about

10
3,

not
10

9
as

A
lpher

and
H
erm

an
concluded.

(b)
(6

points)
In

W
einberg’s

“R
ecipe

for
a
H
ot

U
niverse,”

he
described

the
prim

or-
dialcom

position
ofthe

universe
in

term
s
ofthree

conserved
quantities:

electric
charge,

baryon
num

ber,
and

lepton
num

ber.
If

electric
charge

is
m
easured

in
units

of
the

electron
charge,

then
all

three
quantities

are
integers

for
w
hich

the
num

ber
density

can
be

com
pared

w
ith

the
num

ber
density

of
photons.

For
each

quantity,
w
hich

choice
m
ost

accurately
describes

the
initial

ratio
of

the
num

ber
density

of
this

quantity
to

the
num

ber
density

of
photons:

E
lectric

C
harge:

(i)∼
10

9
(ii)∼

1000(iii)∼
1

(iv)∼
10 −

6
(v)

either
zero

or
negligible

B
aryon

N
um

ber:
(i)∼

10 −
2
0

(ii)∼
10 −

9(iii)∼
10 −

6

(iv)∼
1

(v)
anyw

here
from

10 −
5
to

1

L
epton

N
um

ber:
(i)∼

10
9

(ii)∼
1000(iii)∼

1
(iv)∼

10 −
6

(v)
could

be
as

high
as∼

1,
but

is
assum

ed
to

be
very

sm
all
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(c)
(12

points)
T
he

figure
below

com
es

from
W
einberg’s

C
hapter

5,and
is
labeled

T
he

Shifting
N

eutron-P
roton

B
alance.

(i)
(3

points)
D
uring

the
period

labeled
“therm

al
equilibrium

,”
the

neutron
fraction

is
changing

because
(choose

one):

(A
)
T
he

neutron
is

unstable,
and

decays
into

a
proton,

electron,
and

an-
tineutrino

w
ith

a
lifetim

e
of

about
1
second.

(B
)
T
he

neutron
is

unstable,
and

decays
into

a
proton,

electron,
and

an-
tineutrino

w
ith

a
lifetim

e
of

about
15

seconds.

(C
)
T
he

neutron
is

unstable,
and

decays
into

a
proton,

electron,
and

an-
tineutrino

w
ith

a
lifetim

e
of

about
15

m
inutes.

(D
)
N
eutrons

and
protons

can
be

converted
from

one
into

through
reac-

tions
such

asantineutrino
+
proton←→

electron
+

neutron
neutrino

+
neutron←→

positron
+
proton

.

(E
)
N
eutrons

and
protons

can
be

converted
from

one
into

the
other

through
reactions

such
as

antineutrino
+
proton←→

positron
+

neutron
neutrino

+
neutron←→

electron
+
proton

.

(F
)
N
eutrons

and
protons

can
be

created
and

destroyed
by

reactions
such

as
proton

+
neutrino←→

positron
+
antineutrino

neutron
+
antineutrino←→

electron
+

positron
.

8.286
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(ii)
(3

points)
D
uring

the
period

labeled
“neutron

decay,”
the

neutron
fraction

is
changing

because
(choose

one):

(A
)
T
he

neutron
is

unstable,
and

decays
into

a
proton,

electron,
and

an-
tineutrino

w
ith

a
lifetim

e
of

about
1
second.

(B
)
T
he

neutron
is

unstable,
and

decays
into

a
proton,

electron,
and

an-
tineutrino

w
ith

a
lifetim

e
of

about
15

seconds.

(C
)
T
he

neutron
is

unstable,
and

decays
into

a
proton,

electron,
and

an-
tineutrino

w
ith

a
lifetim

e
of

about
15

m
inutes.

(D
)
N
eutrons

and
protons

can
be

converted
from

one
into

the
other

through
reactions

such
as

antineutrino
+
proton←→

electron
+

neutron
neutrino

+
neutron←→

positron
+
proton

.

(E
)
N
eutrons

and
protons

can
be

converted
from

one
into

the
other

through
reactions

such
as

antineutrino
+
proton←→

positron
+

neutron
neutrino

+
neutron←→

electron
+
proton

.

(F
)
N
eutrons

and
protons

can
be

created
and

destroyed
by

reactions
such

as
proton

+
neutrino←→

positron
+
antineutrino

neutron
+
antineutrino←→

electron
+

positron
.

(iii)
(3

points)
T
he

m
asses

of
the

neutron
and

proton
are

not
exactly

equal,
but

instead

(A
)
T
he

neutron
is

m
ore

m
assive

than
a
proton

w
ith

a
rest

energy
differ-

ence
of

1.293
G
eV

(1
G
eV

=
10

9
eV

).

(B
)
T
he

neutron
is

m
ore

m
assive

than
a
proton

w
ith

a
rest

energy
differ-

ence
of

1.293
M
eV

(1
M
eV

=
10

6
eV

).

(C
)
T
he

neutron
is

m
ore

m
assive

than
a
proton

w
ith

a
rest

energy
differ-

ence
of

1.293
K
eV

(1
K
eV

=
10

3
eV

).

(D
)
T
he

proton
is
m
ore

m
assive

than
a
neutron

w
ith

a
rest

energy
differ-

ence
of

1.293
G
eV

.

(E
)
T
he

proton
is
m
ore

m
assive

than
a
neutron

w
ith

a
rest

energy
differ-

ence
of

1.293
M
eV

.

(F
)
T
he

proton
is
m
ore

m
assive

than
a
neutron

w
ith

a
rest

energy
differ-

ence
of

1.293
K
eV

.



8.286
Q

U
IZ

2,
F
A

L
L

2007
p
.
5

(iv)
(3

points)
D
uring

the
period

labeled
“era

ofnucleosynthesis,”
(choose

one:)

(A
)
E
ssentially

all
the

neutrons
present

com
bine

w
ith

protons
to

form
helium

nuclei,
w
hich

m
ostly

survive
until

the
present

tim
e.

(B
)
E
ssentially

all
the

neutrons
present

com
bine

w
ith

protons
to

form
deuterium

nuclei,
w
hich

m
ostly

survive
until

the
present

tim
e.

(C
)
A
bout

halfthe
neutrons

present
com

bine
w
ith

protons
to

form
helium

nuclei,w
hich

m
ostly

survive
untilthe

present
tim

e,and
the

other
half

of
the

neutrons
rem

ain
free.

(D
)
A
bout

half
the

neutrons
present

com
bine

w
ith

protons
to

form
deu-

terium
nuclei,

w
hich

m
ostly

survive
until

the
present

tim
e,

and
the

other
half

of
the

neutrons
rem

ain
free.

(E
)
E
ssentially

all
the

protons
present

com
bine

w
ith

neutrons
to

form
helium

nuclei,
w
hich

m
ostly

survive
until

the
present

tim
e.

(F
)
E
ssentially

all
the

protons
present

com
bine

w
ith

neutrons
to

form
deuterium

nuclei,
w
hich

m
ostly

survive
until

the
present

tim
e.
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P
R

O
B

L
E
M

2:
T

H
E

E
F
F
E
C

T
O

F
P

R
E
S
S
U

R
E

O
N

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
(20

points)

T
his

problem
w
as

P
roblem

2
of

P
roblem

Set
6.

A
radiation-dom

inated
universe

behaves
differently

from
a
m
atter-dom

inated
universe

because
the

pressure
of

the
radiation

is
significant.

In
this

problem
w
e

explore
the

role
of

pressure
for

several
fictitious

form
s
of

m
atter.

(a)
(10

points)
For

the
first

fictitious
form

of
m
atter,the

m
ass

density
ρ
decreases

as
the

scale
factor

R
(t)

grow
s,

w
ith

the
relation

ρ(t)∝
1

R
6(t)

.

W
hat

is
the

pressure
of

this
form

of
m
atter?

[H
int:

the
answ

er
is

proportional
to

the
m

ass
density.]

(b)
(5

points)
F
ind

the
behavior

of
the

scale
factor

R
(t)

for
a
flat

universe
dom

-
inated

by
the

form
of

m
atter

described
in

part
(a).

Y
ou

should
be

able
to

determ
ine

the
function

R
(t)

up
to

a
constant

factor.

(c)
(5

points)
N
ow

consider
a
universe

dom
inated

by
a
different

form
of

fictitious
m
atter,

w
ith

a
pressure

given
by

p
=

12
ρ
c
2
.

A
s
the

universe
expands,

the
m
ass

density
of

this
form

of
m
atter

behaves
as

ρ(t)∝
1

R
n(t)

.

F
ind

the
pow

er
n.
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P
R
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3:
A

N
E
W

S
P

E
C

IE
S

O
F

M
E
S
O

N
(26

points)

Suppose
the

calculations
describing

the
early

universe
w
ere

m
odified

by
includ-

ing
an

additional,
hypothetical

m
eson,

called
an

X
.
T
he

X
has

roughly
the

sam
e

properties
as

the
pion,

except
that

its
m
ass

is
given

by
m
c
2
=

5
M
eV

.
T
hat

is,
the

particle
is

a
boson,

it
has

no
spin,

and
it

has
three

charge
states:

the
X

+
has

charge
Q

=
+
e,the

X
−
has

charge
Q

=
−
e,and

the
X

0
has

charge
Q

=
0,w

here
e

is
the

m
agnitude

ofthe
charge

ofan
electron.

T
here

are
no

additionalantiparticles:
the

X
+

is
the

antiparticle
of

the
X

−
,
and

the
X

0
is

its
ow

n
antiparticle.

T
he

X
is

m
uch

heavier
than

the
electron,

w
hich

has
a
rest

energy
of

0.511
M
eV

,
and

it
is

m
uch

lighter
than

the
m
uon,

w
hich

has
a
rest

energy
of

106
M
eV

.

(a)
(6

points)
W

hat
w
ould

be
the

num
ber

density
of

X
’s,

in
particles

per
cubic

m
eter,

w
hen

the
tem

perature
T

w
as

given
by

k
T

=
30

M
eV

?
Include

all
the

X
’s:

the
X

+
,the

X
−
,
and

the
X

0.

(b)
(5

points)
A
ssum

ing
(as

in
the

standard
picture)

that
the

early
universe

is
accurately

described
by

a
flat,radiation-dom

inated
m
odel,

w
hat

w
ould

be
the

value
of

the
m
ass

density
at

t
=

10 −
3
sec?

E
xpress

your
answ

er
in

the
units

of
g-cm

−
3.

(c)
(5

points)
W

hat
w
ould

be
the

value
of

k
T
,in

M
eV

,at
t
=

10 −
3
sec?

Y
ou

m
ay

assum
e
that

5
M
eV
�

k
T
�

100
M
eV

,
so

the
particles

contributing
signif-

icantly
to

the
black-body

radiation
include

the
photons,

neutrinos,
electron-

positron
pairs,

and
the

three
charge

states
of

the
X
.

(d)
(10

points)
W

hen
k
T

falls
below

5
M
eV

,the
X
’s
w
illdisappear

from
the

ther-
m
al

equilibrium
m
ix.

For
realistic

param
eters

the
neutrinos

w
ould

still
be

in-
teracting

significantly
w
ith

the
other

particles
at

this
tem

perature,
but

for
the

purpose
ofthis

problem
w
e
w
illdiscuss

an
im

aginary
w
orld

w
hich

has
X
’s,and

in
w
hich

the
neutrinos

interact
som

ew
hat

m
ore

w
eakly

than
in

the
realw

orld.
In

the
im

aginary
w
orld

the
neutrinos

have
decoupled

from
the

rest
of

m
atter

by
the

tim
e
k
T

falls
near

5
M
eV

,
so

the
disappearance

of
the

X
’s
transfers

no
energy

to
the

neutrinos.
A
fter

the
disappearance

of
the

X
’s,

the
photons

and
the

electron
positron

pairs
w
ill

be
in

therm
al

equilibrium
w
ith

each
other,

at
a
tem

perature
that

that
w
e
w
ill

call
T

γ .
A
fter

the
disappearance

of
the

X
’s,

but
before

the
disappearance

of
the

electron-positron
pairs,

w
hat

is
the

ratio
T

γ
/
T

ν ,
w
here

T
ν
is

the
tem

perature
of

the
neutrinos?
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4:
T

H
E

S
T
A

B
IL

IT
Y

O
F

S
C

H
W

A
R

Z
S
C

H
IL

D
O

R
B

IT
S

(30
points)

T
his

problem
is

an
elaboration

of
P
roblem

1
of

P
roblem

Set
5,

for
w
hich

both
the

statem
ent

and
the

solution
are

reproduced
at

the
end

ofthis
quiz.

T
his

m
aterial

is
reproduced

for
your

reference,
but

you
should

be
aw

are
that

the
solution

to
the

present
problem

has
im

portant
differences.

Y
ou

can
copy

from
this

m
aterial,but

to
allow

the
grader

to
assess

your
understanding,you

are
expected

to
present

a
logical,

self-contained
answ

er
to

this
question.

In
the

solution
to

that
hom

ew
ork

problem
,
it

w
as

stated
that

further
analysis

of
the

orbits
in

a
Schw

arzschild
geom

etry
show

s
that

the
sm

allest
stable

circular
orbit

occurs
for

r
=

3
R

S .
C
ircular

orbits
are

possible
for

32
R

S
<

r
<

3
R

S
,
but

they
are

not
stable.

In
this

problem
w
e
w
ill

explore
the

calculations
behind

this
statem

ent.

W
e
w
ill

consider
a
body

w
hich

undergoes
sm

all
oscillations

about
a
circular

orbit
at

r(t)
=

r
0 ,

θ
=

π
/2,w

here
r
0
is

a
constant.

T
he

coordinate
θ
w
illtherefore

be
fixed,

but
allthe

other
coordinates

w
ill

vary
as

the
body

follow
s
its

orbit.

(a)
(12

points)
T
he

first
step,since

r(τ)
w
illnot

be
a
constant

in
this

solution,w
ill

be
to

derive
the

equation
of

m
otion

for
r(τ).

T
hat

is,
for

the
Schw

arzschild
m
etric

d
s
2
=
−
c
2d

τ
2
=
−
h(r)c

2d
t
2
+

h(r) −
1d
r
2
+

r
2d

θ
2
+

r
2
sin

2
θ
d
φ

2
,

(1)

w
here

h(r)≡
1−

R
Sr

,

w
ork

out
the

explicit
form

of
the

geodesic
equation

dd
τ [

g
µ

ν
d
x

ν

d
τ ]

=
12
∂
g

λ
σ

∂
x

µ

d
x

λ

d
τ

d
x

σ

d
τ

,
(2)

for
the

case
µ
=

r.
Y
ou

should
use

this
result

to
find

an
explicit

expression
for

d
2r

d
τ

2
.

Y
ou

m
ay

allow
your

answ
er

to
contain

h(r),its
derivative

h ′(r)
w
ith

respect
to

r,
and

the
derivative

w
ith

respect
to

τ
of

any
coordinate,including

d
t/
d
τ.

—
P
roblem

4
C
ontinues

—
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(b)
(6

points)
It

is
usefulto

consider
r
and

φ
to

be
the

independent
variables,w

hile
treating

t
as

a
dependent

variable.
F
ind

an
expression

for

(
d
t

d
τ )

2

in
term

s
of

r,
d
r/

d
τ,

d
φ
/
d
τ,

h(r),
and

c.
U
se

this
equation

to
sim

plify
the

expression
for

d
2r/

d
τ

2
obtained

in
part

(a).
T
he

goalis
to

obtain
an

expression
of

the
form

d
2r

d
τ

2
=

f
0 (r)

+
f
1 (r) (

d
φ

d
τ )

2

.
(3)

w
here

the
functions

f
0 (r)

and
f
1 (r)

m
ight

depend
on

R
S
or

c,
and

m
ight

be
positive,negative,

or
zero.

N
ote

that
the

interm
ediate

steps
in

the
calculation

involve
a
term

proportional
to

(d
r/

d
τ)

2,
but

the
net

coeffi
cient

for
this

term
vanishes.

(c)
(7

points)
T
o
understand

the
orbit

w
e
w
illalso

need
the

equation
ofm

otion
for

φ.
E
valuate

the
geodesic

equation
(2)

for
µ
=

φ,
and

w
rite

the
result

in
term

s
of

the
quantity

L
,defined

by

L
≡

r
2
d
φ

d
τ

.
(4)

(d)
(5

points)
F
inally,

w
e
com

e
to

the
question

of
stability.

Substituting
E
q.

(4)
into

E
q.

(3),the
equation

of
m
otion

for
r
can

be
w
ritten

as

d
2r

d
τ

2
=

f
0 (r)+

f
1 (r)

L
2

r
4

.

N
ow

consider
a
sm

all
perturbation

about
the

circular
orbit

at
r
=

r
0 ,

and
w
rite

an
equation

that
determ

ines
the

stability
of

the
orbit.

(T
hat

is,
if
som

e
external

force
gives

the
orbiting

body
a
sm

allkick
in

the
radialdirection,

how
can

you
determ

ine
w
hether

the
perturbation

w
illlead

to
stable

oscillations,or
w
hether

it
w
ill

start
to

grow
?)

Y
ou

should
express

the
stability

requirem
ent

in
term

s
of

the
unspecified

functions
f
0 (r)

and
f
1 (r).

Y
ou

are
N
O
T

asked
to

carry
out

the
algebra

of
inserting

the
explicit

form
s
that

you
have

found
for

these
functions.
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
R
(t

o
b
se

rv
e
d )

R
(t

e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
%
0 /
c
.

E
nergy-M

om
entum

Four-V
ector:

p
µ
= (

Ec
,'p )

,
'p
=

γ
m

0 'v
,

E
=

γ
m

0 c
2
= √

(m
0 c

2)
2
+
|'p| 2

c
2
,

p
2≡
|'p| 2− (p

0 )
2
=
|'p| 2−

E
2

c
2

=
−
(m

0 c)
2
.

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

H
2
= (

ṘR )
2

=
8
π3
G
ρ−

k
c
2

R
2

,
R̈

=
−
4
π3
G (

ρ
+

3
pc
2 )

R
,

ρ
m
(t)

=
R

3(t
i )

R
3(t)

ρ
m
(t

i )
(m

atter),
ρ

r (t)
=

R
4(t

i )
R

4(t)
ρ

r (t
i )

(radiation).
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ρ̇
=
−
3
ṘR (

ρ
+

pc
2 )

,
Ω
≡

ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
R
(t)∝

t
2
/
3

(m
atter-dom

inated)
,

R
(t)∝

t
1
/
2

(radiation-dom
inated)

,

Ω
=

1
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
R√
k
=

α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

R√
k )

3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
R√
κ
=

α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

R√
κ )

3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=
−
c
2
d
τ

2
=
−
c
2
d
t
2+

R
2(t) {

d
r
2

1−
k
r
2
+

r
2 (d

θ
2
+

sin
2
θ
d
φ

2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=
−
c
2d

τ
2
=
− (

1−
2
G
M

rc
2 )

c
2d

t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+

r
2
sin

2
θ
d
φ

2
,

G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
� )

d
x

k

d
s

d
x

�

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ
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B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N
:

u
=

g
π

2

30
(k
T
)
4

(h̄
c)

3
(energy

density)

p
=

13
u

ρ
=

u
/
c
2

(pressure,
m
ass

density)

n
=

g ∗
ζ(3)
π

2

(k
T
)
3

(h̄
c)

3
(num

ber
density)

s
=

g
2
π

2

45
k

4T
3

(h̄
c)

3
,

(entropy
density)

w
here

g≡ {
1
per

spin
state

for
bosons

(integer
spin)

7/8
per

spin
state

for
ferm

ions
(half-integer

spin)

g ∗≡ {
1
per

spin
state

for
bosons

3/4
per

spin
state

for
ferm

ions
,

and
ζ(3)

=
11
3
+

12
3
+

13
3
+
···≈

1
.202

.

g
γ
=

g ∗γ
=

2
,

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
3

︸︷︷︸
3

sp
e
c
ie

s
ν

e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te

s =
214

,

g ∗ν
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
3

︸︷︷︸
3

sp
e
c
ie

s
ν

e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te

s =
92
,

g
e
+

e −
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
1

︸︷︷︸
S
p
e
c
ie

s ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te

s =
72
,

g ∗e
+

e −
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
1

︸︷︷︸
S
p
e
c
ie

s ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te

s =
3
.
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E
V

O
L
U

T
IO

N
O

F
A

F
L
A

T
R

A
D

IA
T

IO
N

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

ρ
=

3
32

π
G
t
2

k
T
= (

45
h̄

3c
5

16
π

3g
G )

1
/
4

1√t
For

m
µ
=

106
M
eV



k
T



m
e
=

0
.511

M
eV

,
g
=

10
.75

and
then

k
T

=
0
.860

M
eV

√
t
(in

sec)

A
fter

the
freeze-out

of
electron-positron

pairs,

T
ν

T
γ
= (

411 )
1
/
3

.

H
O

R
IZ

O
N

D
IS

T
A

N
C

E
:

%
p
,h

o
riz

o
n (t)

=
R
(t) ∫

t

0

c

R
(t ′)

d
t ′

= {
3
ct

(flat,
m
atter-dom

inated),
2
ct

(flat,
radiation-dom

inated).

P
H

Y
S
IC

A
L

C
O

N
S
T
A

N
T

S
:

G
=

6
.673×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1.381×

10 −
1
6erg

/K

=
8
.617×

10 −
5
eV

/K

h̄
=

h2
π

=
1
.055×

10 −
2
7
erg-s

=
6
.582×

10 −
1
6
eV

-s

c
=

2
.998×

10
1
0
cm

/s

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
2
erg

1
G
eV

=
10

9
eV

=
1
.783×

10 −
2
4
gram

(w
here

c≡
1)

.


