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T
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E
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P
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G
E
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N
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R
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T
T
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E
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.

Y
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N
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P
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M
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u
m

S
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1
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3
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T
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T
A

L
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P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

T
he

follow
ing

parts
are

each
w
orth

5
points.

(a)
(C

M
B

basic
facts)

W
hich

one
of

the
follow

ing
statem

ents
about

C
M
B

is
not

correct:

(i)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

m
ean

tem
-

perature
averaging

over
the

sky
is〈T〉

=
2
.725

K
.

(ii)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

root
m
ean

square
tem

perature
fluctuation

is 〈(
δ
TT )

2 〉
1
/
2

=
1
.1×

10 −
3.

(iii)
T
he

dipole
distortion

is
a
sim

ple
D
oppler

shift,caused
by

the
net

m
otion

of
the

observer
relative

to
a
fram

e
ofreference

in
w
hich

the
C
M
B
is
isotropic.

(iv)
In

their
groundbreaking

paper,W
ilson

and
P
enzias

reported
the

m
easure-

m
ent

ofan
excess

tem
perature

ofabout
3.5

K
that

w
as

isotropic,unpolar-
ized,

and
free

from
seasonal

variations.
In

a
com

panion
paper

w
ritten

by
D
icke,

P
eebles,

R
oll

and
W

ilkinson,
the

authors
interpreted

the
radiation

to
be

a
relic

of
an

early,hot,
dense,

and
opaque

state
of

the
universe.

(b)
(C

M
B

experim
ents)

T
he

current
m
ean

energy
per

C
M
B

photon,
about

6×
10 −

4
eV

,
is

com
parable

to
the

energy
of

vibration
or

rotation
for

a
sm

all
m
olecule

such
as

H
2 O

.
T
hus

m
icrow

aves
w
ith

w
avelengths

shorter
than

λ
∼

3
cm

are
strongly

absorbed
by

w
ater

m
olecules

in
the

atm
osphere.

T
o

m
easure

the
C
M
B

at
λ
<

3
cm

,
w
hich

one
of

the
follow

ing
m
ethods

is
not

a
feasible

solution
to

this
problem

?

(i)
M
easure

C
M
B

from
high-altitude

balloons,e.g.
M
A
X
IM

A
.

(ii)
M
easure

C
M
B

from
the

South
P
ole,

e.g.
D
A
SI.

(iii)
M
easure

C
M
B

from
the

N
orth

P
ole,

e.g.
B
O
O
M
E
R
A
N
G
.

(iv)
M
easure

C
M
B

from
a
satellite

above
the

atm
osphere

of
the

E
arth,

e.g.
C
O
B
E
,
W

M
A
P

and
P
L
A
N
C
K
.

(c)
(T

em
perature

fluctuations)
T
he

creation
of

tem
perature

fluctuations
in

C
M
B

by
variations

in
the

gravitationalpotentialis
know

n
as

the
Sachs-W

olfe
effect.

W
hich

one
of

the
follow

ing
statem

ents
is

not
correct

concerning
this

effect?

(i)
A

C
M
B
photon

is
redshifted

w
hen

clim
bing

out
ofa

gravitationalpotential
w
ell,

and
is

blueshifted
w
hen

falling
dow

n
a
potentialhill.

(ii)
A
t
the

tim
e
oflast

scattering,the
nonbaryonic

dark
m
atter

dom
inated

the
energy

density,
and

hence
the

gravitationalpotential,of
the

universe.

(iii)
T
he

large-scale
fluctuations

in
C
M
B

tem
peratures

arise
from

the
grav-

itational
effect

of
prim

ordial
density

fluctuations
in

the
distribution

of
nonbaryonic

dark
m
atter.
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(iv)
T
he

peaks
in

the
plot

of
tem

perature
fluctuation

∆
T

vs.
m
ultipole

l
are

due
to

variations
in

the
density

of
nonbaryonic

dark
m
atter,

w
hile

the
contributions

from
baryons

alone
w
ould

not
show

such
peaks.

(d)
(D

ark
m
atter

candidates)
W

hich
one

of
the

follow
ing

is
not

a
candidate

of
nonbaryonic

dark
m
atter?

(i)
m
assive

neutrinos

(ii)
axions

(iii)
m
atter

m
ade

of
top

quarks
(a

type
of

quarks
w
ith

heavy
m
ass

of
about

171
G
eV

).

(iv)
W

IM
P
s
(W

eakly
Interacting

M
assive

P
articles)

(v)
prim

ordial
black

holes

(e)
(Signatures

of
dark

m
atter)

B
y
w
hat

m
ethods

can
signatures

of
dark

m
atter

be
detected?

L
ist

tw
o
m
ethods.

(G
rading:

3
points

for
one

correct
answ

er,
5
points

for
tw

o
correct

answ
ers.

If
you

give
m
ore

than
tw

o
answ

ers,
your

score
w
illbe

based
on

the
num

ber
ofright

answ
ers

m
inus

the
num

ber
ofw

rong
answ

ers,
w
ith

a
low

er
bound

of
zero.)
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P
R

O
B

L
E
M

2:
N

E
U

T
R

IN
O

N
U

M
B

E
R

A
N

D
T

H
E

N
E
U

T
R

O
N

/P
R

O
-

T
O

N
E
Q

U
IL

IB
R

IU
M

(35
points)

T
he

follow
ing

problem
w
as

P
roblem

7
of

R
eview

P
roblem

s
for

Q
uiz

3.

In
the

standard
treatm

ent
of

big
bang

nucleosynthesis
it

is
assum

ed
that

at
early

tim
es

the
ratio

of
neutrons

to
protons

is
given

by
the

B
oltzm

ann
form

ula,

n
n

n
p
=

e −
∆

E
/
k
T
,

(1)

w
here

k
is

B
oltzm

ann’s
constant,

T
is

the
tem

perature,
and

∆
E

=
1
.29

M
eV

is
the

proton-neutron
m
ass-energy

difference.
T
his

form
ula

is
believed

to
be

very
accurate,but

it
assum

es
that

the
chem

icalpotentialfor
neutrons

µ
n
is
the

sam
e
as

the
chem

ical
potential

for
protons

µ
p .

(a)
(10

points)
G
ive

the
correct

version
of

E
q.(1),allow

ing
for

the
possibility

that
µ

n �=
µ

p .

T
he

equilibrium
betw

een
protons

and
neutrons

in
the

early
universe

is
sustained

m
ainly

by
the

follow
ing

reactions:

e
+
+

n
←→

p
+

ν̄
e

ν
e
+

n
←→

p
+

e −
.

L
et

µ
e
and

µ
ν
denote

the
chem

icalpotentials
for

the
electrons

(e −
)
and

the
electron

neutrinos
(ν

e )
respectively.

T
he

chem
ical

potentials
for

the
positrons

(e
+
)
and

the
anti-electron

neutrinos
(ν̄

e )
are

then
–
µ

e
and

–
µ

ν ,
respectively,

since
the

chem
i-

cal
potential

of
a
particle

is
alw

ays
the

negative
of

the
chem

ical
potential

for
the

antiparticle.*

(b)
(10

points)
E
xpress

the
neutron/proton

chem
ical

potential
difference

µ
n −

µ
p

in
term

s
of

µ
e
and

µ
ν .

T
he

black-body
radiation

form
ulas

on
the

form
ula

sheet
do

not
allow

for
the

possi-
bility

of
a
chem

ical
potential,

but
they

can
easily

be
generalized.

For
exam

ple,
the

form
ula

for
the

num
ber

density
n

i
(of

particles
of

type
i)

becom
es

n
i
=

g ∗i

ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
e
µ

i /
k
T
.

*
T
his

fact
is

a
consequence

of
the

principle
that

the
chem

ical
potential

of
a

particle
is

the
sum

of
the

chem
ical

potentials
associated

w
ith

its
conserved

quanti-
ties,w

hile
particle

and
antiparticle

alw
ays

have
the

opposite
values

of
allconserved

quantities.
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(c)
(10

points)
Suppose

that
the

density
of

anti-electron
neutrinos

n̄
ν
in

the
early

universe
w
as

higher
than

the
density

ofelectron
neutrinos

n
ν .

E
xpress

the
ther-

m
al

equilibrium
value

of
the

ratio
n

n
/
n

p
in

term
s
of

∆
E
,
T
,
and

the
antineu-

trino
to

neutrino
ratio

n̄
ν /
n

ν .
A
ssum

e
that

the
num

ber
density

of
positrons

is
equalto

that
of

electrons.
(Y

our
answ

er
m
ay

also
contain

fundam
ental

con-
stants,such

as
k,

h̄,and
c.

In
the

R
eview

P
roblem

s
for

Q
uiz

3
you

w
ere

asked
to

express
the

answ
er

in
term

s
of

the
antineutrino

excess
∆
n
=

n̄
ν −

n
ν .

It
is

easier
to

express
the

answ
er

in
term

s
of

the
ratio

n̄
ν
/
n

ν ,
but

if
you

prefer
to

express
your

answ
er

in
term

s
of

∆
n,

that
w
ould

also
be

acceptable.)

(d)
(5

points)
W
ould

an
excess

ofanti-electron
neutrinos,as

considered
in

part
(c),

increase
or

decrease
the

am
ount

ofhelium
that

w
ould

be
produced

in
the

early
universe?

E
xplain

your
answ

er.
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P
R

O
B

L
E
M

3:
S
E
C

O
N

D
H

U
B

B
L
E

C
R

O
S
S
IN

G
(40

points)

In
P
roblem

Set
9
w
e
calculated

the
tim

e
t
H
1 (λ)

of
the

first
H
ubble

crossing
for

a
m
ode

specified
by

its
(physical)

w
avelength

λ
at

the
present

tim
e.

In
this

problem
w
e
w
illcalculate

the
tim

e
t
H
2 (λ)

of
the

second
H
ubble

crossing,
the

tim
e
at

w
hich

the
grow

ing
H
ubble

length
cH

−
1(t)

catches
up

to
the

physical
w
avelength,

w
hich

is
also

grow
ing.

A
t
the

tim
e
of

the
second

H
ubble

crossing
for

the
w
avelengths

of
interest,the

universe
can

be
described

very
sim

ply:
it
is
a
radiation-dom

inated
flat

universe.
H
ow

ever,
since

λ
is

defined
as

the
present

value
of

the
w
avelength,

the
evolution

ofthe
universe

betw
een

t
H
2 (λ)

and
the

present
w
illalso

be
relevant

to
the

problem
.
W
e
w
ill

need
to

use
m
ethods,

therefore,
that

allow
for

both
the

m
atter-

dom
inated

era
and

the
onset

of
the

dark-energy-dom
inated

era.
A
s
in

P
roblem

Set
9,the

m
odeluniverse

that
w
e
consider

w
illbe

described
by

the
W

M
A
P
3-year

best
fit

param
eters:

H
ubble

expansion
rate

H
0

=
73

.5
km
·s −

1·M
pc −

1

N
onrelativistic

m
ass

density
Ω

m
=

0.237
V
acuum

m
ass

density
Ω
v
a
c
=

0.763
C
M
B

tem
perature

T
γ
,0

=
2.725

K
T
he

m
ass

densities
are

defined
as

contributions
to

Ω
,
and

hence
describe

the
m
ass

density
of

each
constituent

relative
to

the
critical

density.
N
ote

that
the

m
odel

is
exactly

flat,
so

you
need

not
w
orry

about
spatial

curvature.
H
ere

you
are

not
expected

to
give

a
num

erical
answ

er,
so

the
above

list
w
ill

serve
only

to
define

the
sym

bols
that

can
appear

in
your

answ
ers,

along
w
ith

λ
and

the
physical

constants
G
,
h̄,

c,
and

k.
(a)

(5
points)

For
a
radiation-dom

inated
flat

universe,
w
hat

is
the

H
ubble

length
�
H
(t)≡

cH
−
1(t)

as
a
function

of
tim

e
t?

(b)
(10

points)
T
he

second
H
ubble

crossing
w
illoccur

during
the

interval
1
sec�

t�
50

,000
years,

w
hen

the
m
ass

density
of

the
universe

is
dom

inated
by

photons
and

neutrinos.
D
uring

this
era

the
neutrinos

are
a
little

colder
than

the
photons,

w
ith

T
ν
=

(4
/11)

1
/
3T

γ .
T
he

total
energy

density
of

the
photons

and
neutrinos

together
can

be
w
ritten

as

u
to
t
=

g
1
π
2

30
(k
T

γ )
4

(h̄
c)

3
.

W
hat

is
the

value
of

g
1 ?

(For
the

follow
ing

parts
you

can
treat

g
1
as

a
given

variable
that

can
be

left
in

your
answ

ers,
w
hether

or
not

you
found

it.)
(c)

(10
points)

For
tim

es
in

the
range

described
in

part
(b),

w
hat

is
the

photon
tem

perature
T

γ (t)
as

a
function

of
t?

(d)
(15

points)
F
inally,w

e
are

ready
to

find
the

tim
e
t
H
2 (λ)

of
the

second
H
ubble

crossing,
for

a
given

value
of

the
physical

w
avelength

λ
today.

M
aking

use
of

the
previous

results,
you

should
be

able
to

determ
ine

t
H
2 (λ).

If
you

w
ere

not
able

to
answ

er
som

e
of

the
previous

parts,
you

m
ay

leave
the

sym
bols

�
H
(t),

g
1 ,

and/or
T

γ (t)
in

your
answ

er.
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ
o
b
se
rv
e
d

λ
e
m
itte

d
=

R
(t
o
b
se
rv
e
d )

R
(t
e
m
itte

d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
nergy-M

om
entum

Four-V
ector:

p
µ
= (

Ec
, p )

,
 p
=

γ
m

0  v
,

E
=

γ
m

0 c
2
= √

(m
0 c

2)
2
+
| p| 2

c
2
,

p
2≡
| p| 2− (p

0 )
2
=
| p| 2−

E
2

c
2

=
−
(m

0 c)
2
.

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

H
2
= (

ṘR )
2

=
8
π3
G
ρ−

k
c
2

R
2

,
R̈

=
−
4
π3
G (

ρ
+

3
pc
2 )

R
,

ρ
m
(t)

=
R
3(t

i )
R
3(t)

ρ
m
(t

i )
(m

atter),
ρ

r (t)
=

R
4(t

i )
R
4(t)

ρ
r (t

i )
(radiation).
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ρ̇
=
−
3
ṘR (

ρ
+

pc
2 )

,
Ω
≡

ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
R
(t)∝

t
2
/
3

(m
atter-dom

inated)
,

R
(t)∝

t
1
/
2

(radiation-dom
inated)

,

Ω
=

1
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
R√
k
=

α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

R√
k )

3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
R√
κ
=

α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

R√
κ )

3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=
−
c
2
d
τ
2
=
−
c
2
d
t
2+

R
2(t) {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ
2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=
−
c
2d
τ
2
=
− (

1−
2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+

r
2
sin

2
θ
d
φ
2
,
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G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
� )

d
x

k

d
s

d
x

�

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ

B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N
:

u
=

g
π
2

30
(k
T
)
4

(h̄
c)

3
(energy

density)

p
=

13
u

ρ
=

u
/
c
2

(pressure,
m
ass

density)

n
=

g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
(num

ber
density)

s
=

g
2
π
2

45
k
4T

3

(h̄
c)

3
,

(entropy
density)

w
here

g≡ {
1
per

spin
state

for
bosons

(integer
spin)

7/8
per

spin
state

for
ferm

ions
(half-integer

spin)

g ∗≡ {
1
per

spin
state

for
bosons

3/4
per

spin
state

for
ferm

ions
,

and

ζ(3)
=

11
3
+

12
3
+

13
3
+
···≈

1
.202

.
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g
γ
=

g ∗γ
=

2
,

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
3

︸︷︷︸
3
sp
e
c
ie
s

ν
e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te
s =

214
,

g ∗ν
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
3

︸︷︷︸
3
sp
e
c
ie
s

ν
e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te
s =

92
,

g
e
+

e −
=

78
︸︷︷︸
F
e
rm

io
n

fa
c
to
r

×
1

︸︷︷︸
S
p
e
c
ie
s ×

2
︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te
s =

72
,

g ∗e
+

e −
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
1

︸︷︷︸
S
p
e
c
ie
s ×

2
︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te
s =

3
.

C
H

E
M

IC
A

L
E
Q

U
IL

IB
R

IU
M

:

Id
eal

G
as

of
C

lassical
N

on
relativ

istic
P
articles:

n
i
=

g
i (2

π
m

i k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

i −
m

i c
2
)/

k
T
.

w
here

n
i
=

num
ber

density
of

particle

g
i
=

num
ber

of
spin

states
of

particle

m
i
=

m
ass

of
particle

µ
i
=

chem
ical

potential

For
any

reaction,
the

sum
of

the
µ

i
on

the
left-hand

side
of

the
reaction

equation
m
ust

equalthe
sum

ofthe
µ

i
on

the
right-

hand
side.

Form
ula

assum
es

gas
is

nonrelativistic
(k
T
�

m
i c
2)

and
dilute

(n
i �

(2
π
m

i k
T
)
3
/
2/(2

π
h̄)

3).

E
V

O
L
U

T
IO

N
O

F
A

F
L
A

T
R

A
D

IA
T

IO
N

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

ρ
=

3
32

π
G
t
2

k
T
= (

45
h̄
3c

5

16
π
3g
G )

1
/
4

1√t
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For
m

µ
=

106
M
eV
�

k
T
�

m
e
=

0
.511

M
eV

,
g
=

10
.75

and
then

k
T
=

0
.860

M
eV

√
t
(in

sec) (
10

.75
g )

1
/
4

A
fter

the
freeze-out

of
electron-positron

pairs,

T
ν

T
γ
= (

411 )
1
/
3

.

H
O

R
IZ

O
N

D
IS

T
A

N
C

E
:

�
p
,h
o
riz

o
n (t)

=
R
(t) ∫

t

0

c

R
(t ′)

d
t ′

= {
3
ct

(flat,
m
atter-dom

inated),
2
ct

(flat,
radiation-dom

inated).

C
O

S
M

O
L
O

G
IC

A
L

C
O

N
S
T
A

N
T

:

u
v
a
c
=

ρ
v
a
c c

2
=

Λ
c
4

8
π
G

,

p
v
a
c
=
−
ρ
v
a
c c

2
=
−

Λ
c
4

8
π
G

.

G
E
N

E
R

A
L
IZ

E
D

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

x
d
xd
t
=

H
0 √

Ω
m

,0 x
+

Ω
ra
d
,0
+
Ω
v
a
c
,0 x

4
+

Ω
k
,0 x

2
,

w
here

x≡
R
(t)

R
(t
0 ) ≡

1
1
+

z
,

Ω
k
,0 ≡

−
k
c
2

R
2(t

0 )H
20

=
1−

Ω
m

,0 −
Ω
ra
d
,0 −

Ω
v
a
c,0

.

A
ge

of
universe:

t
0
=

1H
0 ∫

1

0

x
d
x

√
Ω

m
,0 x

+
Ω
ra
d
,0
+
Ω
v
a
c
,0 x

4
+

Ω
k
,0 x

2

=
1H
0 ∫

∞0

d
z

(1
+

z) √
Ω

m
,0 (1

+
z)

3
+
Ω
ra
d
,0 (1

+
z)

4
+

Ω
v
a
c,0

+
Ω

k
,0 (1

+
z)

2
.
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L
ook-back

tim
e:

t
lo
o
k-b

a
ck (z)

=

1H
0 ∫

z

0

d
z ′

(1
+

z ′) √
Ω

m
,0 (1

+
z ′)

3
+

Ω
ra
d
,0 (1

+
z ′)

4
+
Ω
v
a
c
,0
+

Ω
k
,0 (1

+
z ′)

2
.

P
H

Y
S
IC

A
L

C
O

N
S
T
A

N
T

S
:

G
=

6
.673×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1.381×

10 −
1
6erg

/K

=
8
.617×

10 −
5
eV

/K

h̄
=

h2
π

=
1
.055×

10 −
2
7
erg-s

=
6
.582×

10 −
1
6
eV

-s

c
=

2
.998×

10
1
0
cm

/s

h̄
c
=

197
.3

M
eV

-fm
,

1
fm

=
10 −

1
5
m

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
2
erg

1
G
eV

=
10

9
eV

=
1
.783×

10 −
2
4
gram

(w
here

c≡
1)

.

P
lanck

U
nits:

T
he

P
lanck

length
�
P
,
the

P
lanck

tim
e
t
P
,
the

P
lanck

m
ass

m
P
,
and

the
P
lanck

energy
E

p
are

given
by

�
P
= √

G
h̄

c
3

=
1
.616×

10 −
3
3
cm

,

t
P
= √

h̄
Gc
5

=
5
.391×

10 −
4
4
s
,

m
P
= √

h̄
cG
=

2
.177×

10 −
5
g
,

E
P
= √

h̄
c
5

G
=

1
.221×

10
1
9G

eV
.


