
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent

P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
27,

2009
P
rof.

A
lan

G
uthR

E
V

IE
W

P
R

O
B

L
E
M

S
F
O

R
Q

U
IZ

3

Q
U

IZ
D

A
T

E
:
T
hursday,

D
ecem

ber
3,

2009,during
the

norm
al

class
tim

e.

C
O

V
E
R

A
G

E
:L

ecture
N
otes

7,8,and
10,P

roblem
Sets

7,8,and
9;Steven

W
ein-

berg,
T

h
e

F
irst

T
h
ree

M
in

u
tes,

C
hapter

8
and

A
fterw

ord;
B
arbara

R
yden,

In
tro

d
u
ctio

n
to

C
o
sm

o
lo

g
y,C

hapters
8
(D
ark

M
atter)

and
9
(T
he
C
osm

ic
M
i-

crow
ave

B
ackground);A

lan
G
uth,Inflation

and
the

N
ew

E
ra
of
H
igh-P

recision
C
osm

ology,

http://w
eb.m

it.edu/physics/alum
niandfriends/physicsjournal_fall_02_cosm

ology.pdf.

O
n
e

of
th

e
p
rob

lem
s

on
th

e
q
u
iz

w
ill

b
e

taken
verb

atim
(or

at
least

a
lm

o
st

verb
atim

)
from

eith
er

th
e

h
om

ew
ork

assign
m

en
ts,

or
from

th
e

starred
p
rob

lem
s

from
th

is
set

of
R

ev
iew

P
rob

lem
s.

T
he

starred
prob-

lem
s
are

the
ones

that
I
recom

m
end

that
you

review
m
ost

carefully:
P
roblem

s
2,

4,
5,6,

7,
9,10,

and
11.

P
U

R
P

O
S
E
:
T
hese

review
problem

s
are

not
to

be
handed

in,
but

are
being

m
ade

available
to

help
you

study.
T
hey

com
e
m
ainly

from
quizzes

in
previous

years.
In

som
e
cases

the
num

ber
ofpoints

assigned
to

the
problem

on
the

quiz
is
listed

—
in

all
such

cases
it
is

based
on

100
points

for
the

full
quiz.

In
addition

to
this

set
of

problem
s,

you
w
ill

find
on

the
course

w
eb

page
the

actualquizzes
that

w
ere

given
in

1994,1996,1998,2000,2002,2004,and
2007.

T
he

relevant
problem

s
from

those
quizzes

have
m
ostly

been
incorporated

into
these

review
problem

s,but
you

stillm
ay

be
interested

in
looking

at
the

quizzes,
just

to
see

how
m
uch

m
aterialhas

been
included

in
each

quiz.
T
he

coverage
of

the
upcom

ing
quiz

w
illnot

necessarily
m
atch

the
coverage

ofany
ofthe

quizzes
from

previous
years.

T
he

coverage
for

each
quiz

in
recent

years
is

usually
described

at
the

start
of

the
review

problem
s,

as
I
did

here.

R
E
V

IE
W

S
E
S
S
IO

N
A

N
D

O
F
F
IC

E
H

O
U

R
S
:
A

review
session

and
special

offi
ce

hours
w
illbe

held
to

help
you

study
for

the
quiz.

D
etails

w
illfollow

.

IN
F
O

R
M

A
T

IO
N

T
O

B
E

G
IV

E
N

O
N

Q
U

IZ
:

S
P

E
E
D

O
F

L
IG

H
T

IN
C

O
M

O
V

IN
G

C
O

O
R

D
IN

A
T

E
S
:

v
c
o
o
rd

=
c

a(t)
.
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D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(special

relativity,w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se
rv
e
d

λ
e
m
itte

d
=
a(t

o
b
se
rv
e
d )

a(t
e
m
itte

d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡
v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β


0 /
c
.

E
nergy-M

om
entum

Four-V
ector:

p
µ
= (

Ec
,�p )

,
�p
=
γ
m

0 �v
,
E

=
γ
m

0 c
2
= √

(m
0 c

2)
2
+
|�p| 2

c
2
,

p
2≡
|�p| 2− (p

0 )
2
=
|�p| 2−

E
2

c
2

=
−
(m

0 c)
2
.

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
,

ä
=
−
4
π3
G (

ρ
+

3
pc
2 )

a
,

ρ
m
(t)

=
a
3(t

i )
a
3(t)

ρ
m
(t

i )
(m

atter),
ρ

r (t)
=
a
4(t

i )
a
4(t)

ρ
r (t

i )
(radiation).

ρ̇
=
−
3
ȧa (

ρ
+

pc
2 )

,
Ω
≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.
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F
lat

(k
=

0):
a(t)∝

t
2
/
3

(m
atter-dom

inated)
,

a(t)∝
t
1
/
2

(radiation-dom
inated)

,

Ω
=

1
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
a√k

=
α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√k )
3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
a√κ

=
α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√κ )
3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=
−
c
2
d
τ
2
=
−
c
2
d
t
2+

a
2(t) {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+
sin

2
θ
d
φ
2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=
−
c
2d
τ
2
=
− (

1−
2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+
r
2
sin

2
θ
d
φ
2
,

G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
	 )
d
x

k

d
s

d
x

	

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ
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B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N
:

u
=
g
π
2

30
(k
T
)
4

(h̄
c)

3
(energy

density)

p
=

13
u

ρ
=
u
/
c
2

(pressure,
m
ass

density)

n
=
g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
(num

ber
density)

s
=
g
2
π
2

45
k
4T

3

(h̄
c)

3
,

(entropy
density)

w
here

g≡ {
1
per

spin
state

for
bosons

(integer
spin)

7/8
per

spin
state

for
ferm

ions
(half-integer

spin)

g ∗≡ {
1
per

spin
state

for
bosons

3/4
per

spin
state

for
ferm

ions
,

and
ζ(3)

=
11
3
+

12
3
+

13
3
+
···≈

1
.202

.

g
γ
=
g ∗γ

=
2
,

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
3

︸︷︷︸
3
sp
e
c
ie
s

ν
e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te
s =

214
,

g ∗ν
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
3

︸︷︷︸
3
sp
e
c
ie
s

ν
e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te
s =

92
,
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g
e
+

e −
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
1

︸︷︷︸
S
p
e
c
ie
s ×

2
︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te
s =

72
,

g ∗e
+

e −
=

34
︸︷︷︸
F
e
rm

io
n

fa
c
to
r

×
1

︸︷︷︸
S
p
e
c
ie
s ×

2
︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te
s =

3
.

C
H

E
M

IC
A

L
E
Q

U
IL

IB
R

IU
M

:

Id
eal

G
as

of
C

lassical
N

on
relativ

istic
P
articles:

n
i
=
g

i (2
π
m

i k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

i −
m

i c
2
)/

k
T
.

w
here

n
i
=

num
ber

density
of

particle

g
i
=

num
ber

of
spin

states
of

particle

m
i
=

m
ass

of
particle

µ
i
=

chem
ical

potential

For
any

reaction,
the

sum
of

the
µ

i
on

the
left-hand

side
of

the
reaction

equation
m
ust

equalthe
sum

ofthe
µ

i
on

the
right-

hand
side.

Form
ula

assum
es

gas
is

nonrelativistic
(k
T
	

m
i c
2)

and
dilute

(n
i 	

(2
π
m

i k
T
)
3
/
2/(2

π
h̄)

3).

E
V

O
L
U

T
IO

N
O

F
A

F
L
A

T
R

A
D

IA
T

IO
N

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

ρ
=

3
32
π
G
t
2

k
T
= (

45
h̄
3c

5

16
π
3g
G )

1
/
4

1√t
For

m
µ
=

106
M
eV



k
T



m
e
=

0
.511

M
eV

,
g
=

10
.75

and
then

k
T
=

0
.860

M
eV

√
t
(in

sec) (
10
.75
g )

1
/
4

A
fter

the
freeze-out

of
electron-positron

pairs,

T
ν

T
γ
= (

411 )
1
/
3

.
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H
O

R
IZ

O
N

D
IS

T
A

N
C

E
:



p
,h
o
riz

o
n (t)

=
a(t) ∫

t

0

c

a(t ′)
d
t ′

= {
3
ct

(flat,
m
atter-dom

inated),
2
ct

(flat,
radiation-dom

inated).

C
O

S
M

O
L
O

G
IC

A
L

C
O

N
S
T
A

N
T

:

u
v
a
c
=
ρ
v
a
c c

2
=

Λ
c
4

8
π
G

,

p
v
a
c
=
−
ρ
v
a
c c

2
=
−

Λ
c
4

8
π
G

.

G
E
N

E
R

A
L
IZ

E
D

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

x
d
xd
t
=
H

0 √
Ω

m
,0 x

+
Ω
ra
d
,0
+
Ω
v
a
c
,0 x

4
+

Ω
k
,0 x

2
,

w
here

x≡
a(t)
a(t

0 ) ≡
1

1
+
z
,

Ω
k
,0 ≡

−
k
c
2

a
2(t

0 )H
20

=
1−

Ω
m

,0 −
Ω
ra
d
,0 −

Ω
v
a
c
,0
.

A
ge

of
universe:

t
0
=

1H
0 ∫

1

0

x
d
x

√
Ω

m
,0 x

+
Ω
ra
d
,0
+
Ω
v
a
c
,0 x

4
+

Ω
k
,0 x

2

=
1H
0 ∫

∞0

d
z

(1
+
z) √

Ω
m

,0 (1
+
z)

3
+
Ω
ra
d
,0 (1

+
z)

4
+

Ω
v
a
c,0

+
Ω

k
,0 (1

+
z)

2
.

L
ook-back

tim
e:

t
lo
o
k-b

a
ck (z)

=

1H
0 ∫

z

0

d
z ′

(1
+
z ′) √

Ω
m

,0 (1
+
z ′)

3
+

Ω
ra
d
,0 (1

+
z ′)

4
+
Ω
v
a
c
,0
+

Ω
k
,0 (1

+
z ′)

2
.
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P
H

Y
S
IC

A
L

C
O

N
S
T
A

N
T

S
:

G
=

6
.674×

10 −
1
1
m

3·kg −
1·s −

2
=

6
.674×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1.381×

10 −
2
3
joule/K

=
1
.381×

10 −
1
6
erg

/K

=
8
.617×

10 −
5
eV

/K

h̄
=

h2
π

=
1
.055×

10 −
3
4
joule·s

=
1
.055×

10 −
2
7
erg·s

=
6
.582×

10 −
1
6
eV
·s

c
=

2
.998×

10
8
m
/s

=
2
.998×

10
1
0
cm

/s

h̄
c
=

197
.3

M
eV

-fm
,

1
fm

=
10 −

1
5
m

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
9
joule

=
1
.602×

10 −
1
2
erg

1
G
eV

=
10

9
eV

=
1
.783×

10 −
2
7

kg
(w

here
c≡

1)
=

1
.783×

10 −
2
4
g
.

P
lanck

U
nits:

T
he

P
lanck

length


P
,
the

P
lanck

tim
e
t
P
,
the

P
lanck

m
ass

m
P
,
and

the
P
lanck

energy
E

p
are

given
by



P
= √

G
h̄

c
3

=
1
.616×

10 −
3
5
m
,

=
1
.616×

10 −
3
3
cm

,

t
P
= √

h̄
Gc
5

=
5
.391×

10 −
4
4
s
,

m
P
= √

h̄
cG
=

2
.177×

10 −
8
kg

,

=
2
.177×

10 −
5
g
,

E
P
= √

h̄
c
5

G
=

1
.221×

10
1
9
G
eV

.
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P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(25

points)

T
he

follow
ing

problem
w
as

P
roblem

1,
Q
uiz

3,
in
2007.

E
ach

part
w
as

w
orth

5
points.

(a)
(C

M
B

basic
facts)

W
hich

one
of

the
follow

ing
statem

ents
about

C
M
B

is
not

correct:

(i)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

m
ean

tem
-

perature
averaging

over
the

sky
is〈T〉

=
2
.725

K
.

(ii)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

root
m
ean

square
tem

perature
fluctuation

is 〈(
δ
TT )

2 〉
1
/
2

=
1
.1×

10 −
3.

(iii)
T
he

dipole
distortion

is
a
sim

ple
D
oppler

shift,caused
by

the
net

m
otion

of
the

observer
relative

to
a
fram

e
ofreference

in
w
hich

the
C
M
B
is
isotropic.

(iv)
In

their
groundbreaking

paper,W
ilson

and
P
enzias

reported
the

m
easure-

m
ent

ofan
excess

tem
perature

ofabout
3.5

K
that

w
as

isotropic,unpolar-
ized,

and
free

from
seasonal

variations.
In

a
com

panion
paper

w
ritten

by
D
icke,

P
eebles,

R
oll

and
W

ilkinson,
the

authors
interpreted

the
radiation

to
be

a
relic

of
an

early,hot,
dense,

and
opaque

state
of

the
universe.

(b)
(C

M
B

experim
ents)

T
he

current
m
ean

energy
per

C
M
B

photon,
about

6×
10 −

4
eV

,
is

com
parable

to
the

energy
of

vibration
or

rotation
for

a
sm

all
m
olecule

such
as

H
2 O

.
T
hus

m
icrow

aves
w
ith

w
avelengths

shorter
than

λ
∼

3
cm

are
strongly

absorbed
by

w
ater

m
olecules

in
the

atm
osphere.

T
o

m
easure

the
C
M
B

at
λ
<

3
cm

,
w
hich

one
of

the
follow

ing
m
ethods

is
not

a
feasible

solution
to

this
problem

?

(i)
M
easure

C
M
B

from
high-altitude

balloons,e.g.
M
A
X
IM

A
.

(ii)
M
easure

C
M
B

from
the

South
P
ole,

e.g.
D
A
SI.

(iii)
M
easure

C
M
B

from
the

N
orth

P
ole,

e.g.
B
O
O
M
E
R
A
N
G
.

(iv)
M
easure

C
M
B

from
a
satellite

above
the

atm
osphere

of
the

E
arth,

e.g.
C
O
B
E
,
W

M
A
P

and
P
L
A
N
C
K
.

(c)
(T

em
perature

fluctuations)
T
he

creation
of

tem
perature

fluctuations
in

C
M
B

by
variations

in
the

gravitationalpotentialis
know

n
as

the
Sachs-W

olfe
effect.

W
hich

one
of

the
follow

ing
statem

ents
is
not

correct
concerning

this
effect?

(i)
A

C
M
B
photon

is
redshifted

w
hen

clim
bing

out
ofa

gravitationalpotential
w
ell,

and
is

blueshifted
w
hen

falling
dow

n
a
potentialhill.

(ii)
A
t
the

tim
e
oflast

scattering,the
nonbaryonic

dark
m
atter

dom
inated

the
energy

density,
and

hence
the

gravitationalpotential,of
the

universe.
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(iii)
T
he

large-scale
fluctuations

in
C
M
B

tem
peratures

arise
from

the
grav-

itational
effect

of
prim

ordial
density

fluctuations
in

the
distribution

of
nonbaryonic

dark
m
atter.

(iv)
T
he

peaks
in

the
plot

of
tem

perature
fluctuation

∆
T

vs.
m
ultipole

l
are

due
to

variations
in

the
density

of
nonbaryonic

dark
m
atter,

w
hile

the
contributions

from
baryons

alone
w
ould

not
show

such
peaks.

(d)
(D

ark
m
atter

candidates)
W

hich
one

of
the

follow
ing

is
not

a
candidate

of
nonbaryonic

dark
m
atter?

(i)
m
assive

neutrinos

(ii)
axions

(iii)
m
atter

m
ade

of
top

quarks
(a

type
of

quarks
w
ith

heavy
m
ass

of
about

171
G
eV

).

(iv)
W

IM
P
s
(W

eakly
Interacting

M
assive

P
articles)

(v)
prim

ordial
black

holes

(e)
(Signatures

of
dark

m
atter)

B
y
w
hat

m
ethods

can
signatures

of
dark

m
atter

be
detected?

L
ist

tw
o
m
ethods.

(G
rading:

3
points

for
one

correct
answ

er,
5
points

for
tw

o
correct

answ
ers.

If
you

give
m
ore

than
tw

o
answ

ers,
your

score
w
illbe

based
on

the
num

ber
ofright

answ
ers

m
inus

the
num

ber
ofw

rong
answ

ers,
w
ith

a
low

er
bound

of
zero.)

∗
P

R
O

B
L
E
M

2:
P

R
E
S
S
U

R
E

A
N

D
E
N

E
R

G
Y

D
E
N

S
IT

Y
O

F
M

Y
S
T

E
R

IO
U

S
S
T

U
F
F
(25

points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q
uiz

3,
2002.

A
lthough

it
is
couched

in
the

language
of
Lecture

N
otes

13,
the

physics
is
really

the
sam

e
as

the
pressure

calculations
in
Lecture

N
otes

7,
so
a
m
odified

form
of
this

problem
w
ould

be
fair

for
the

com
ing

quiz.

In
L
ecture

N
otes

13,a
thought

experim
ent

involving
a
piston

w
as

used
to

show
that

p
=
−
ρ
c
2
for

any
substance

for
w
hich

the
energy

density
rem

ains
constant

under
expansion.

In
this

problem
you

w
ill

apply
the

sam
e
technique

to
calculate

the
pressure

of
m

y
ste

rio
u
s

stu
ff
,
w
hich

has
the

property
that

the
energy

density
falls

off
in

proportion
to

1/ √
V

as
the

volum
e
V

is
increased.

Ifthe
initialenergy

density
ofthe

m
ysterious

stuff
is
u
0
=
ρ
0 c

2,then
the

initial
configuration

of
the

piston
can

be
draw

n
as

8.286
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T
he

piston
is

then
pulled

outw
ard,

so
that

its
initial

volum
e
V

is
increased

to
V

+
∆
V
.
Y
ou

m
ay

consider
∆
V

to
be

infinitesim
al,

so
∆
V

2
can

be
neglected.

(a)
(15

points)
U
sing

the
fact

that
the

energy
density

of
m
ysterious

stuff
falls

off
as

1
/ √

V
,
find

the
am

ount
∆
U

by
w
hich

the
energy

inside
the

piston
changes

w
hen

the
volum

e
is

enlarged
by

∆
V
.
D
efine

∆
U

to
be

positive
if
the

energy
increases.

(b)
(5
points)

If
the

(unknow
n)

pressure
of

the
m
ysterious

stuff
is

called
p,

how
m
uch

w
ork

∆
W

is
done

by
the

agent
that

pulls
out

the
piston?

(c)
(5
points)

U
se

your
results

from
(a)

and
(b)

to
express

the
pressure

p
of

the
m
ysterious

stuff
in

term
s
of

its
energy

density
u.

(If
you

did
not

answ
er

parts
(a)

and/or
(b),explain

as
best

you
can

how
you

w
ould

determ
ine

the
pressure

if
you

knew
the

answ
ers

to
these

tw
o
questions.)

P
R

O
B

L
E
M

3:
N

U
M

B
E
R

D
E
N

S
IT

IE
S

IN
T

H
E

C
O

S
M

IC
B

A
C

K
-

G
R

O
U

N
D

R
A

D
IA

T
IO

N

T
oday

the
tem

perature
ofthe

cosm
ic
m
icrow

ave
background

radiation
is
2.7 ◦K

.
C
alculate

the
num

ber
density

of
photons

in
this

radiation.
W

hat
is

the
num

ber
density

of
therm

al
neutrinos

left
over

from
the

big
bang?
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∗
P

R
O

B
L
E
M

4:
P

R
O

P
E
R
T

IE
S

O
F

B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N
(25

points)

T
he
follow

ing
problem

w
as
P
roblem

4,
Q
uiz

3,
1998.

In
answ

ering
the

follow
ing

questions,
rem

em
ber

that
you

can
refer

to
the

for-
m
ulas

at
the

front
of

the
exam

.
Since

you
w
ere

not
asked

to
bring

calculators,
you

m
ay

leave
your

answ
ers

in
the

form
of

algebraic
expressions,

such
as

π
3
2/ √

5
ζ(3).

(a)
(5
points)

For
the

black-body
radiation

(also
called

therm
al

radiation)
of

pho-
tons

at
tem

perature
T
,
w
hat

is
the

average
energy

per
photon?

(b)
(5
points)

For
the

sam
e
radiation,w

hat
is

the
average

entropy
per

photon?

(c)
(5
points)

N
ow

consider
the

black-body
radiation

ofa
m
assless

boson
w
hich

has
spin

zero,so
there

is
only

one
spin

state.
W
ould

the
average

energy
per

particle
and

entropy
per

particle
be

different
from

the
answ

ers
you

gave
in

parts
(a)

and
(b)?

If
so,

how
w
ould

they
change?

(d)
(5
points)

N
ow

consider
the

black-body
radiation

of
electron

neutrinos.
T
hese

particles
are

ferm
ions

w
ith

spin
1/2,and

w
e
w
illassum

e
that

they
are

m
assless

and
have

only
one

possible
spin

state.
W

hat
is
the

average
energy

per
particle

for
this

case?

(e)
(5
points)

W
hat

is
the

average
entropy

per
particle

for
the

black-body
radiation

of
neutrinos,

as
described

in
part

(d)?

∗
P

R
O

B
L
E
M

5:
A

N
E
W

S
P

E
C

IE
S

O
F

L
E
P

T
O

N

T
he
follow

ing
problem

w
as
P
roblem

2,
Q
uiz

3,
1992,

w
orth

25
points.

Suppose
the

calculations
describing

the
early

universe
w
ere

m
odified

by
includ-

ing
an

additional,hypotheticallepton,called
an

8.286ion.
T
he

8.286ion
has

roughly
the

sam
e
properties

as
an

electron,
except

that
its

m
ass

is
given

by
m
c
2
=

0
.750

M
eV

.P
arts

(a)-(c)
of

this
question

require
num

erical
answ

ers,
but

since
you

w
ere

not
told

to
bring

calculators,
you

need
not

carry
out

the
arithm

etic.
Y
our

answ
er

should
be

expressed,
how

ever,in
“calculator-ready”

form
—

that
is,it

should
be

an
expression

involving
pure

num
bers

only
(no

units),
w
ith

any
necessary

conversion
factors

included.
(For

exam
ple,if

you
w
ere

asked
how

m
any

m
eters

a
light

pulse
in

vacuum
travels

in
5
m
inutes,you

could
express

the
answ

er
as

2.998×
10

8×
5×

60.)

a)
(5

points)
W

hat
w
ould

be
the

num
ber

density
of

8.286ions,
in

particles
per

cubic
m
eter,

w
hen

the
tem

perature
T

w
as

given
by

k
T

=
3
M
eV

?

b)
(5

points)
A
ssum

ing
(as

in
the

standard
picture)

that
the

early
universe

is
accurately

described
by

a
flat,radiation-dom

inated
m
odel,

w
hat

w
ould

be
the
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value
of

the
m
ass

density
at

t
=
.01

sec?
Y
ou

m
ay

assum
e
that

0
.75

M
eV
	

k
T
	

100
M
eV

,
so

the
particles

contributing
significantly

to
the

black-body
radiation

include
the

photons,neutrinos,
e
+
-e −

pairs,and
8.286ion-anti8286ion

pairs.
E
xpress

your
answ

er
in

the
units

of
g/cm

3.

c)
(5
points)

U
nder

the
sam

e
assum

ptions
as

in
(b),

w
hat

w
ould

be
the

value
of

k
T
,
in

M
eV

,
at

t
=
.01

sec?

d)
(5
points)

W
hen

nucleosynthesis
calculations

are
m
odified

to
include

the
effect

of
the

8.286ion,
is

the
production

of
helium

increased
or

decreased?
E
xplain

your
answ

er
in

a
few

sentences.

e)
(5

points)
Suppose

the
neutrinos

decouple
w
hile

k
T



0
.75

M
eV

.
If

the
8.286ions

are
included,

w
hat

does
one

predict
for

the
value

of
T

ν
/
T

γ
today?

(H
ere

T
ν
denotes

the
tem

perature
of

the
neutrinos,

and
T

γ
denotes

the
tem

-
perature

of
the

cosm
ic

background
radiation

photons.)

∗
P

R
O

B
L
E
M

6:
P

R
E
S
S
U

R
E

A
N

D
E
N

E
R

G
Y

D
E
N

S
IT

Y
O

F
M

Y
S
T

E
-

R
IO

U
S

S
T

U
F
F
(25

points)

In
L
ecture

N
otes

13,a
thought

experim
ent

involving
a
piston

w
as

used
to

show
that

p
=
−
ρ
c
2
for

any
substance

for
w
hich

the
energy

density
rem

ains
constant

under
expansion.

In
this

problem
you

w
ill

apply
the

sam
e
technique

to
calculate

the
pressure

of
m

y
ste

rio
u
s

stu
ff
,
w
hich

has
the

property
that

the
energy

density
falls

off
in

proportion
to

1/ √
V

as
the

volum
e
V

is
increased.

Ifthe
initialenergy

density
ofthe

m
ysterious

stuff
is
u
0
=
ρ
0 c

2,then
the

initial
configuration

of
the

piston
can

be
draw

n
as

T
he

piston
is

then
pulled

outw
ard,

so
that

its
initial

volum
e
V

is
increased

to
V

+
∆
V
.
Y
ou

m
ay

consider
∆
V

to
be

infinitesim
al,

so
∆
V

2
can

be
neglected.



8.286
Q

U
IZ

3
R

E
V

IE
W

P
R

O
B

L
E

M
S
,
F
A

L
L

2007
p
.
13

(a)
(15

points)
U
sing

the
fact

that
the

energy
density

of
m
ysterious

stuff
falls

off
as

1
/ √

V
,
find

the
am

ount
∆
U

by
w
hich

the
energy

inside
the

piston
changes

w
hen

the
volum

e
is

enlarged
by

∆
V
.
D
efine

∆
U

to
be

positive
if
the

energy
increases.

(b)
(5
points)

If
the

(unknow
n)

pressure
of

the
m
ysterious

stuff
is

called
p,

how
m
uch

w
ork

∆
W

is
done

by
the

agent
that

pulls
out

the
piston?

(c)
(5
points)

U
se

your
results

from
(a)

and
(b)

to
express

the
pressure

p
of

the
m
ysterious

stuff
in

term
s
of

its
energy

density
u.

(If
you

did
not

answ
er

parts
(a)

and/or
(b),explain

as
best

you
can

how
you

w
ould

determ
ine

the
pressure

if
you

knew
the

answ
ers

to
these

tw
o
questions.)

∗
P

R
O

B
L
E
M

7:
A

G
E

O
F

A
U

N
IV

E
R

S
E

W
IT

H
M

Y
S
T

E
R

IO
U

S
S
T

U
F
F

(15
points)

C
onsider

a
universe

that
contains

nonrelativistic
m
atter,radiation,vacuum

en-
ergy,and

the
sam

e
m

y
ste

rio
u
s

stu
ff
that

w
as

introduced
in

the
previous

problem
.

Since
the

m
ass

density
ofm

ysterious
stuff

falls
off

as
1
/ √

V
,w

here
V

is
the

volum
e,

it
follow

s
that

in
an

expanding
universe

the
m
ass

density
of

m
ysterious

stuff
falls

off
as

1
/
a
3
/
2(t).

Suppose
that

you
are

given
the

present
value

of
the

H
ubble

param
eter

H
0 ,

and
also

the
present

values
of

the
contributions

to
Ω
≡

ρ
/
ρ

c
from

each
of

the
constituents:

Ω
m

,0
(nonrelativistic

m
atter),

Ω
r
,0

(radiation),
Ω

v
,0

(vacuum
energy

density),and
Ω
m
s,0

(m
ysterious

stuff
).

O
ur

goalis
to

express
the

age
ofthe

universe
t
0
in

term
s
of

these
quantities.

(a)
(8
points)

L
et
x(t)

denote
the

ratiox(t)≡
a(t)
a(t

0 )

for
an

arbitrary
tim

e
t.

W
rite

an
expression

for
the

total
m
ass

density
of

the
universe

ρ(t)
in

term
s
of
x(t)

and
the

given
quantities

described
above.

(b)
(7

points)
W
rite

an
integral

expression
for

the
age

of
the

universe
t
0 .

T
he

expression
should

depend
only

on
H

0
and

the
various

contributions
to

Ω
0
listed

above
(Ω

m
,0 ,

Ω
r
,0
,
etc.),

but
it

m
ight

include
x
as

a
variable

of
integration.

E
xtra

C
redit

for
Super-Sharpies

(no
partial

credit):
For

5
points

extra
credit,

you
can

calculate
the

angular
diam

eter
∆
θ
of

the
im

age
of

a
spherical

ob
ject

at
redshift

z
w
hich

had
a
physicaldiam

eter
w

at
the

tim
e
ofem

ission.
Y
ou

should
assum

e
that

Ω
to
t
<

1,
and

also
that

∆
θ	

1
.
T
he

calculation
is

to
be

carried
out

for
the

sam
e
m
odel

universe
described

above.
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P
R

O
B

L
E
M

8:
T

IM
E

S
C

A
L
E
S

IN
C

O
S
M

O
L
O

G
Y

In
this

problem
you

are
asked

to
give

the
approxim

ate
tim

es
at

w
hich

various
im

portant
events

in
the

history
of

the
universe

are
believed

to
have

taken
place.

T
he

tim
es

are
m
easured

from
the

instant
of

the
big

bang.
T
o
avoid

am
biguities,

you
are

asked
to

choose
the

best
answ

er
from

the
follow

ing
list:

10 −
4
3
sec.

10 −
3
7
sec.

10 −
1
2
sec.

10 −
5
sec.

1
sec.

4
m
ins.

10,000
–
1,000,000

years.
2
billion

years.
5
billion

years.
10

billion
years.

13
billion

years.
20

billion
years.

For
this

problem
it

w
ill

be
suffi

cient
to

state
an

answ
er

from
m
em

ory,
w
ithout

explanation.
T
he

events
w
hich

m
ust

be
placed

are
the

follow
ing:

(a)
the

beginning
of

the
processes

involved
in

big
bang

nucleosynthesis;

(b)
the

end
of

the
processes

involved
in

big
bang

nucleosynthesis;

(c)
the

tim
e
ofthe

phase
transition

predicted
by

grand
unified

theories,w
hich

takes
place

w
hen

k
T
≈

10
1
6
G
eV

;

(d)
“recom

bination”,
the

tim
e
at

w
hich

the
m
atter

in
the

universe
converted

from
a
plasm

a
to

a
gas

of
neutral

atom
s;

(e)
the

phase
transition

at
w
hich

the
quarks

becam
e
confined,

believed
to

occur
w
hen

k
T
≈

300
M
eV

.

Since
cosm

ology
is

fraught
w
ith

uncertainty,
in

som
e
cases

m
ore

than
one

an-
sw

er
w
ill

be
acceptable.

Y
ou

are
asked,

how
ever,

to
give

O
N

LY
O

N
E

of
the

acceptable
answ

ers.

∗
P

R
O

B
L
E
M

9:
E
V

O
L
U

T
IO

N
O

F
F
L
A

T
N

E
S
S
(15

points)

T
he
follow

ing
problem

w
as
P
roblem

3,
Q
uiz

3,
2004.

T
he

“flatness
problem

”
is

related
to

the
fact

that
during

the
evolution

of
the

standard
cosm

ologicalm
odel,

Ω
is

alw
ays

driven
aw

ay
from

1.
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(a)
(9
points)

D
uring

a
period

in
w
hich

the
universe

is
m
atter-dom

inated
(m

eaning
that

the
only

relevant
com

ponent
is

nonrelativistic
m
atter),the

quantity

Ω
−

1
Ω

grow
s
as

a
pow

er
of
t.

Show
that

this
is

true,
and

derive
the

pow
er.

(Stating
the

right
pow

er
w
ithout

a
derivation

w
illbe

w
orth

3
points.)

(b)
(6
points)

D
uring

a
period

in
w
hich

the
universe

is
radiation-dom

inated,
the

sam
e
quantity

w
illgrow

like
a
different

pow
er

of
t.

Show
that

this
is
true,and

derive
the

pow
er.

(Stating
the

right
pow

er
w
ithout

a
derivation

w
ill

again
be

w
orth

3
points.)

In
each

part,
you

m
ay

assum
e
that

the
universe

w
as

alw
ays

dom
inated

by
the

specified
form

of
m
atter.

∗
P

R
O

B
L
E
M

10:
T

H
E

S
L
O

A
N

D
IG

IT
A

L
S
K

Y
S
U

R
V

E
Y

z
=

5
.82

Q
U

A
S
A

R
(40

points)

T
he
follow

ing
problem

w
as
P
roblem

4,
Q
uiz

3,
2004.

O
n
A
pril

13,
2000,

the
Sloan

D
igital

Sky
Survey

announced
the

discovery
of

w
hat

w
as

then
the

m
ost

distant
ob

ject
know

n
in

the
universe:

a
quasar

at
z
=

5
.82.

T
o
explain

to
the

public
how

this
ob

ject
fits

into
the

universe,
the

SD
SS

posted
on

their
w
ebsite

an
article

by
M
ichael

T
urner

and
C
raig

W
iegert

titled
“H

ow
C
an

A
n

O
b
ject

W
e
See

T
oday

be
27

B
illion

L
ight

Y
ears

A
w
ay

If
the

U
niverse

is
only

14
B
illion

Y
ears

O
ld?”

U
sing

a
m
odel

w
ith

H
0
=

65
km

-s −
1-M

pc −
1,

Ω
m

=
0
.35,

and
Ω
Λ
=

0
.65,they

claim
ed

(a)
that

the
age

of
the

universe
is

13.9
billion

years.

(b)
that

the
light

that
w
e
now

see
w
as

em
itted

w
hen

the
universe

w
as

0.95
billion

years
old.

(c)
that

the
distance

to
the

quasar,
as

it
w
ould

be
m
easured

by
a
ruler

today,
is

27
billion

light-years.

(d)
that

the
distance

to
the

quasar,
at

the
tim

e
the

light
w
as

em
itted,

w
as

4.0
billion

light-years.

(e)
that

the
present

speed
of

the
quasar,defined

as
the

rate
at

w
hich

the
distance

betw
een

us
and

the
quasar

is
increasing,

is
1.8

tim
es

the
velocity

of
light.

T
he

goal
of

this
problem

is
to

check
all

of
these

conclusions,
although

you
are

of
course

not
expected

to
actually

w
ork

out
the

num
bers.

Y
our

answ
ers

can
be

expressed
in

term
s
of
H

0 ,Ω
m
,Ω

Λ ,and
z.

D
efinite

integrals
need

not
be

evaluated.
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N
ote

that
Ω

m
represents

the
present

density
ofnonrelativistic

m
atter,expressed

as
a
fraction

ofthe
criticaldensity;and

Ω
Λ
represents

the
present

density
ofvacuum

energy,
expressed

as
a
fraction

of
the

critical
density.

In
answ

ering
each

of
the

follow
ing

questions,
you

m
ay

consider
the

answ
er

to
any

previous
part

—
w
hether

you
answ

ered
it
or

not
—

as
a
given

piece
ofinform

ation,w
hich

can
be

used
in

your
answ

er.

(a)
(15

points)
W
rite

an
expression

for
the

age
t
0
of

this
m
odel

universe?

(b)
(5
points)

W
rite

an
expression

for
the

tim
e
t
e
at

w
hich

the
light

w
hich

w
e
now

receive
from

the
distant

quasar
w
as

em
itted.

(c)
(10

points)
W
rite

an
expression

for
the

present
physicaldistance



p
h
y
s,0

to
the

quasar.

(d)
(5
points)

W
rite

an
expression

for
the

physicaldistance


p
h
y
s,e

betw
een

us
and

the
quasar

at
the

tim
e
that

the
light

w
as

em
itted.

(e)
(5
points)

W
rite

an
expression

for
the

present
speed

of
the

quasar,
defined

as
the

rate
at

w
hich

the
distance

betw
een

us
and

the
quasar

is
increasing.

∗
P

R
O

B
L
E
M

11:
N

E
U

T
R

IN
O

N
U

M
B

E
R

A
N

D
T

H
E

N
E
U

T
R

O
N

/
P

R
O

T
O

N
E
Q

U
IL

IB
R

IU
M

(35
points)

T
he
follow

ing
problem

w
as
1998

Q
uiz

4,
P
roblem

4.

In
the

standard
treatm

ent
of

big
bang

nucleosynthesis
it

is
assum

ed
that

at
early

tim
es

the
ratio

of
neutrons

to
protons

is
given

by
the

B
oltzm

ann
form

ula,

n
n

n
p
=
e −

∆
E

/
k
T
,

(1)

w
here

k
is

B
oltzm

ann’s
constant,

T
is

the
tem

perature,
and

∆
E

=
1
.29

M
eV

is
the

proton-neutron
m
ass-energy

difference.
T
his

form
ula

is
believed

to
be

very
accurate,but

it
assum

es
that

the
chem

icalpotentialfor
neutrons

µ
n
is
the

sam
e
as

the
chem

ical
potential

for
protons

µ
p .

(a)
(10

points)
G
ive

the
correct

version
of

E
q.(1),allow

ing
for

the
possibility

that
µ

n �=
µ

p .

T
he

equilibrium
betw

een
protons

and
neutrons

in
the

early
universe

is
sustained

m
ainly

by
the

follow
ing

reactions:

e
+
+
n
←→

p
+
ν̄

e

ν
e
+
n
←→

p
+
e −

.
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L
et
µ

e
and

µ
ν
denote

the
chem

icalpotentials
for

the
electrons

(e −
)
and

the
electron

neutrinos
(ν

e )
respectively.

T
he

chem
ical

potentials
for

the
positrons

(e
+
)
and

the
anti-electron

neutrinos
(ν̄

e )
are

then
–
µ

e
and

–
µ

ν ,
respectively,

since
the

chem
i-

cal
potential

of
a
particle

is
alw

ays
the

negative
of

the
chem

ical
potential

for
the

antiparticle.*

(b)
(10

points)
E
xpress

the
neutron/proton

chem
ical

potential
difference

µ
n −

µ
p

in
term

s
of
µ

e
and

µ
ν .

T
he

black-body
radiation

form
ulas

at
the

beginning
ofthe

quiz
did

not
allow

for
the

possibility
ofa

chem
icalpotential,but

they
can

easily
be

generalized.
For

exam
ple,

the
form

ula
for

the
num

ber
density

n
i
(of

particles
of

type
i)

becom
es

n
i
=
g ∗i

ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
e
µ

i /
k
T
.

(c)
(10

points)
Suppose

that
the

density
of

anti-electron
neutrinos

n̄
ν
in

the
early

universe
w
as

higher
than

the
density

of
electron

neutrinos
n

ν .
E
xpress

the
therm

alequilibrium
value

ofthe
ratio

n
n
/
n

p
in

term
s
of∆

E
,
T
,and

either
the

ratio
n̄

ν /
n

ν
or

the
antineutrino

excess
∆
n
=
n̄

ν −
n

ν .
(Y

our
answ

er
m
ay

also
contain

fundam
ental

constants,
such

as
k,
h̄,

and
c.)

(d)
(5
points)

W
ould

an
excess

ofanti-electron
neutrinos,as

considered
in

part
(c),

increase
or

decrease
the

am
ount

ofhelium
that

w
ould

be
produced

in
the

early
universe?

E
xplain

your
answ

er.

P
R

O
B

L
E
M

12:
S
E
C

O
N

D
H

U
B

B
L
E

C
R

O
S
S
IN

G
(40

points)

T
his

problem
w
as
P
roblem

3,
Q
uiz

3,
2007.

In
2009

w
e
have

not
yet

talked
about

H
ubble

crossings
and

the
evolution

of
density

perturbations,
so
this

problem
w
ould

not
be
fair

as
w
orded.

A
ctually,

how
ever,

you
have

learned
how

to
do

these
calcu-

lations,
so
the

problem
w
ould

be
fair

if
it
described

in
m
ore

detail
w
hat

needs
to
be

calculated.

In
P
roblem

Set
9
w
e
calculated

the
tim

e
t
H
1 (λ)

of
the

first
H
ubble

crossing
for

a
m
ode

specified
by

its
(physical)

w
avelength

λ
at

the
present

tim
e.

In
this

problem
w
e
w
illcalculate

the
tim

e
t
H
2 (λ)

of
the

second
H
ubble

crossing,
the

tim
e
at

w
hich

the
grow

ing
H
ubble

length
cH

−
1(t)

catches
up

to
the

physical
w
avelength,

w
hich

is
also

grow
ing.

A
t
the

tim
e
of

the
second

H
ubble

crossing
for

the
w
avelengths

of

*
T
his

fact
is

a
consequence

of
the

principle
that

the
chem

ical
potential

of
a

particle
is

the
sum

of
the

chem
ical

potentials
associated

w
ith

its
conserved

quanti-
ties,w

hile
particle

and
antiparticle

alw
ays

have
the

opposite
values

of
allconserved

quantities.
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interest,the
universe

can
be

described
very

sim
ply:

it
is
a
radiation-dom

inated
flat

universe.
H
ow

ever,
since

λ
is

defined
as

the
present

value
of

the
w
avelength,

the
evolution

ofthe
universe

betw
een

t
H
2 (λ)

and
the

present
w
illalso

be
relevant

to
the

problem
.
W
e
w
ill

need
to

use
m
ethods,

therefore,
that

allow
for

both
the

m
atter-

dom
inated

era
and

the
onset

of
the

dark-energy-dom
inated

era.
A
s
in

P
roblem

Set
9,the

m
odeluniverse

that
w
e
consider

w
illbe

described
by

the
W

M
A
P
3-year

best
fit

param
eters:

H
ubble

expansion
rate

H
0

=
73
.5

km
·s −

1·M
pc −

1

N
onrelativistic

m
ass

density
Ω

m
=

0.237
V
acuum

m
ass

density
Ω
v
a
c
=

0.763
C
M
B

tem
perature

T
γ
,0

=
2.725

K

T
he

m
ass

densities
are

defined
as

contributions
to

Ω
,
and

hence
describe

the
m
ass

density
of

each
constituent

relative
to

the
critical

density.
N
ote

that
the

m
odel

is
exactly

flat,
so

you
need

not
w
orry

about
spatial

curvature.
H
ere

you
are

not
expected

to
give

a
num

erical
answ

er,
so

the
above

list
w
ill

serve
only

to
define

the
sym

bols
that

can
appear

in
your

answ
ers,

along
w
ith

λ
and

the
physical

constants
G
,
h̄,
c,

and
k.

(a)
(5
points)

For
a
radiation-dom

inated
flat

universe,
w
hat

is
the

H
ubble

length


H
(t)≡

cH
−
1(t)

as
a
function

of
tim

e
t?

(b)
(10

points)
T
he

second
H
ubble

crossing
w
illoccur

during
the

interval

30
sec	

t	
50
,000

years,

w
hen

the
m
ass

density
of

the
universe

is
dom

inated
by

photons
and

neutrinos.
D
uring

this
era

the
neutrinos

are
a
little

colder
than

the
photons,

w
ith

T
ν
=

(4
/11)

1
/
3T

γ .
T
he

total
energy

density
of

the
photons

and
neutrinos

together
can

be
w
ritten

as

u
to
t
=
g
1
π
2

30
(k
T

γ )
4

(h̄
c)

3
.

W
hat

is
the

value
of
g
1 ?

(For
the

follow
ing

parts
you

can
treat

g
1
as

a
given

variable
that

can
be

left
in

your
answ

ers,
w
hether

or
not

you
found

it.)

(c)
(10

points)
For

tim
es

in
the

range
described

in
part

(b),
w
hat

is
the

photon
tem

perature
T

γ (t)
as

a
function

of
t?

(d)
(15

points)
F
inally,w

e
are

ready
to

find
the

tim
e
t
H
2 (λ)

of
the

second
H
ubble

crossing,
for

a
given

value
of

the
physical

w
avelength

λ
today.

M
aking

use
of

the
previous

results,
you

should
be

able
to

determ
ine

t
H
2 (λ).

If
you

w
ere

not
able

to
answ

er
som

e
of

the
previous

parts,
you

m
ay

leave
the

sym
bols



H
(t),

g
1 ,

and/or
T

γ (t)
in

your
answ

er.
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S
O

L
U

T
IO

N
S

P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?
(25

points)

T
he
follow

ing
parts

are
each

w
orth

5
points.

(a)
(C

M
B

basic
facts)

W
hich

one
of

the
follow

ing
statem

ents
about

C
M
B

is
not

correct:

(i)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

m
ean

tem
-

perature
averaging

over
the

sky
is〈T〉

=
2
.725

K
.

(ii)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

root
m
ean

square
tem

perature
fluctuation

is 〈(
δ
TT )

2 〉
1
/
2

=
1
.1×

10 −
3.

(iii)
T
he

dipole
distortion

is
a
sim

ple
D
oppler

shift,caused
by

the
net

m
otion

of
the

observer
relative

to
a
fram

e
ofreference

in
w
hich

the
C
M
B
is
isotropic.

(iv)
In

their
groundbreaking

paper,W
ilson

and
P
enzias

reported
the

m
easure-

m
ent

ofan
excess

tem
perature

ofabout
3.5

K
that

w
as

isotropic,unpolar-
ized,

and
free

from
seasonal

variations.
In

a
com

panion
paper

w
ritten

by
D
icke,

P
eebles,

R
oll

and
W

ilkinson,
the

authors
interpreted

the
radiation

to
be

a
relic

of
an

early,hot,
dense,

and
opaque

state
of

the
universe.

E
xplanation:

A
fter

subtracting
the

dipole
contribution,

the
tem

perature
fluctuation

is
about

1
.1×

10 −
5.

(b)
(C

M
B

experim
ents)

T
he

current
m
ean

energy
per

C
M
B

photon,
about

6×
10 −

4
eV

,
is

com
parable

to
the

energy
of

vibration
or

rotation
for

a
sm

all
m
olecule

such
as

H
2 O

.
T
hus

m
icrow

aves
w
ith

w
avelengths

shorter
than

λ
∼

3
cm

are
strongly

absorbed
by

w
ater

m
olecules

in
the

atm
osphere.

T
o

m
easure

the
C
M
B

at
λ
<

3
cm

,
w
hich

one
of

the
follow

ing
m
ethods

is
not

a
feasible

solution
to

this
problem

?

(i)
M
easure

C
M
B

from
high-altitude

balloons,e.g.
M
A
X
IM

A
.

(ii)
M
easure

C
M
B

from
the

South
P
ole,

e.g.
D
A
SI.

(iii)
M
easure

C
M
B

from
the

N
orth

P
ole,

e.g.
B
O
O
M
E
R
A
N
G
.

(iv)
M
easure

C
M
B

from
a
satellite

above
the

atm
osphere

of
the

E
arth,

e.g.
C
O
B
E
,
W

M
A
P

and
P
L
A
N
C
K
.

E
xplanation:

T
he

N
orth

P
ole

is
at
sea

level.
In
contrast,

the
South

P
ole

is
nearly

3
kilom

eters
above

sea
level.

B
O
O
M
E
R
A
N
G
is
a
balloon-borne

experim
ent

launched
from

A
ntarctica.
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(c)
(T

em
perature

fluctuations)
T
he

creation
of

tem
perature

fluctuations
in

C
M
B

by
variations

in
the

gravitationalpotentialis
know

n
as

the
Sachs-W

olfe
effect.

W
hich

one
of

the
follow

ing
statem

ents
is
not

correct
concerning

this
effect?

(i)
A

C
M
B
photon

is
redshifted

w
hen

clim
bing

out
ofa

gravitationalpotential
w
ell,

and
is

blueshifted
w
hen

falling
dow

n
a
potentialhill.

(ii)
A
t
the

tim
e
oflast

scattering,the
nonbaryonic

dark
m
atter

dom
inated

the
energy

density,
and

hence
the

gravitationalpotential,of
the

universe.

(iii)
T
he

large-scale
fluctuations

in
C
M
B

tem
peratures

arise
from

the
grav-

itational
effect

of
prim

ordial
density

fluctuations
in

the
distribution

of
nonbaryonic

dark
m
atter.

(iv)
T
he

peaks
in

the
plot

of
tem

perature
fluctuation

∆
T

vs.
m
ultipole

l
are

due
to

variations
in

the
density

of
nonbaryonic

dark
m
atter,

w
hile

the
contributions

from
baryons

alone
w
ould

not
show

such
peaks.

E
xplanation:

T
hese

peaks
are

due
to
the

acoustic
oscillations

in
the

photon-
baryon

fluid.

(d)
(D

ark
m
atter

candidates)
W

hich
one

of
the

follow
ing

is
not

a
candidate

of
nonbaryonic

dark
m
atter?

(i)
m
assive

neutrinos

(ii)
axions

(iii)
m
atter

m
ade

of
top

quarks
(a

type
of

quarks
w
ith

heavy
m
ass

of
about

171
G
eV

).

(iv)
W

IM
P
s
(W

eakly
Interacting

M
assive

P
articles)

(v)
prim

ordial
black

holes

E
xplanation:

M
atter

m
ade

of
top

quarks
is
so
unstable

that
it
is
seen

only
fleetingly

as
a
product

in
high

energy
particle

collisions.

(e)
(Signatures

of
dark

m
atter)

B
y
w
hat

m
ethods

can
signatures

of
dark

m
atter

be
detected?

L
ist

tw
o
m
ethods.

(G
rading:

3
points

for
one

correct
answ

er,
5
points

for
tw

o
correct

answ
ers.

If
you

give
m
ore

than
tw

o
answ

ers,
your

score
w
illbe

based
on

the
num

ber
ofright

answ
ers

m
inus

the
num

ber
ofw

rong
answ

ers,
w
ith

a
low

er
bound

of
zero.)

A
nsw

ers:

(i)
G
alaxy

rotation
curves.

(I.e.,
m
easurem

ents
of
the

orbital
speed

of
stars

in
spiralgalaxies

as
a
function

of
radius

R
show

that
these

curves
rem

ain
flat

at
radii

far
beyond

the
visible

stellar
disk.

If
m
ost

of
the

m
atter

w
ere

contained
in
the

disk,
then

these
velocities

should
fall

off
as

1
/ √

R
.)
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(ii)
U
se

the
virial

theorem
to
estim

ate
the

m
ass

of
a
galaxy

cluster.
(For

exam
ple,

the
virial

analysis
show

s
that

only
2%

of
the

m
ass

of
the

C
om
a

cluster
consists

of
stars,

and
only

10%
consists

of
hot

intracluster
gas.

(iii)
G
ravitationallensing.

(For
exam

ple,
the

m
ass

ofa
cluster

can
be
estim

ated
from

the
distortion

of
the

shapes
of
the

galaxies
behind

the
cluster.)

(iv)
C
M
B
tem

perature
fluctuations.

(I.e.,
the

analysis
of
the

intensity
of
the

fluctuations
as
a
function

of
m
ultipole

num
ber

show
s
that

Ω
to
t ≈

1,
and

thatdark
energy

contributes
Ω
Λ
≈

0
.7,baryonic

m
atter

contributes
Ω
b
a
ry ≈

0
.04,

and
dark

m
atter

contributes
Ω
d
a
rk

m
a
tte

r ≈
0
.26.)

T
here

are
other

possible
answ

ers
as
w
ell,

but
these

are
the

ones
discussed

by
R
yden

in
C
hapters

8
and

9.

P
R

O
B

L
E
M

2:
P

R
E
S
S
U

R
E

A
N

D
E
N

E
R

G
Y

D
E
N

S
IT

Y
O

F
M

Y
S
T

E
R

IO
U

S
S
T

U
F
F

(a)
If
u∝

1
/ √

V
,
then

one
can

w
rite

u(V
+
∆
V
)
=
u
0 √

V

V
+

∆
V

.

(T
he

above
expression

is
proportional

to
1/ √

V
+

∆
V
,
and

reduces
to

u
=
u
0

w
hen

∆
V

=
0.)

E
xpanding

to
first

order
in

∆
V
,

u
=

u
0

√
1
+

∆
VV

=
u
0

1
+

12
∆

VV

=
u
0 (

1−
12
∆
VV )

.

T
he

totalenergy
is

the
energy

density
tim

es
the

volum
e,

so

U
=
u(V

+
∆
V
)
=
u
0 (

1−
12
∆
VV )

V (
1
+

∆
VV )

=
U
0 (

1
+

12
∆
VV )

,

w
here

U
0
=
u
0 V

.
T
hen

∆
U

=
12
∆
VV
U
0
.

(b)
T
he

w
ork

done
by

the
agent

m
ust

be
the

negative
ofthe

w
ork

done
by

the
gas,

w
hich

is
p
∆
V
.
So

∆
W

=
−
p
∆
V

.
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(c)
T
he

agent
m
ust

supply
the

full
change

in
energy,

so

∆
W

=
∆
U

=
12
∆
VV
U
0
.

C
om

bining
this

w
ith

the
expression

for
∆
W

from
part

(b),one
sees

im
m
ediately

that

p
=
−
12
U
0

V
=

−
12
u
0
.

P
R

O
B

L
E
M

3:
N

U
M

B
E
R

D
E
N

S
IT

IE
S

IN
T

H
E

C
O

S
M

IC
B

A
C

K
-

G
R

O
U

N
D

R
A

D
IA

T
IO

N

In
general,the

num
ber

density
ofa

particle
in

the
black-body

radiation
is
given

by

n
=
g ∗
ξ(3)
π
2 (

k
Th̄
c )

3

For
photons,

one
has

g ∗
=

2.
T
hen

k
=

1
.381×

10 −
1
6erg

/ ◦K

T
=

2
.7

◦K

h̄
=

1
.055×

10 −
2
7erg-sec

c
=

2
.998×

10
1
0cm

/sec 
=⇒

(
k
Th̄
c )

3

=
1
.638×

10
3cm

−
3
.

T
hen

using
ξ(3)�

1
.202,one

finds

n
γ
=

399
/cm

3
.

For
the

neutrinos,

g ∗ν
=

2×
34
=

32
per

species.

T
he

factor
of

2
is
to

account
for

ν
and

ν̄,and
the

factor
of

3/4
arises

from
the

P
auli

exclusion
principle.

So
for

three
species

of
neutrinos

one
has

g ∗ν
=

92
.

U
sing

the
result

T
3ν
=

411
T
3γ
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from
P
roblem

8
of

P
roblem

Set
3
(2000),one

finds

n
ν
= (

g ∗ν

g ∗γ )(
T

ν

T
γ )

3

n
γ

= (
94 )(

411 )
399cm

−
3

=⇒
n

ν
=

326
/cm

3
(for

allthree
species

com
bined).

P
R

O
B

L
E
M

4:
P

R
O

P
E
R
T

IE
S

O
F

B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N

(a)
T
he

average
energy

per
photon

is
found

by
dividing

the
energy

density
by

the
num

ber
density.

T
he

photon
is

a
boson

w
ith

tw
o
spin

states,
so

g
=
g ∗

=
2.

U
sing

the
form

ulas
on

the
front

of
the

exam
,

E
=

g
π
2

30
(k
T
)
4

(h̄
c)

3

g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3

=
π
4

30
ζ(3)

k
T
.

Y
ou

w
ere

not
expected

to
evaluate

this
num

erically,
but

it
is

interesting
to

know
that

E
=

2
.701

k
T
.

N
ote

that
the

average
energy

per
photon

is
significantly

m
ore

than
k
T
,
w
hich

is
often

used
as

a
rough

estim
ate.

(b)
T
he

m
ethod

is
the

sam
e
as

above,
except

this
tim

e
w
e
use

the
form

ula
for

the
entropy

density:

S
=

g
2
π
2

45
k
4T

3

(h̄
c)

3

g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3

=
2
π
4

45
ζ(3)

k
.
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N
um

erically,this
gives

3
.602

k,w
here

k
is

the
B
oltzm

ann
constant.

(c)
In

this
case

w
e
w
ould

have
g
=
g ∗

=
1.

T
he

average
energy

per
particle

and
the

average
entropy

particle
depends

only
on

the
ratio

g
/
g ∗,so

there
w
ould

be
no

difference
from

the
answ

ers
given

in
parts

(a)
and

(b).

(d)
For

a
ferm

ion,
g
is
7/8

tim
es

the
num

ber
ofspin

states,and
g ∗

is
3/4

tim
es

the
num

ber
of

spin
states.

So
the

average
energy

per
particle

is

E
=

g
π
2

30
(k
T
)
4

(h̄
c)

3

g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3

=

78
π
2

30
(k
T
)
4

(h̄
c)

3

34
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3

=
7
π
4

180
ζ(3)

k
T
.

N
um

erically,
E

=
3
.1514

k
T
.

W
arning:

the
M
athem

atician
G
eneral

has
determ

ined
that

the
m
em

orization
of

this
num

ber
m
ay

adversely
affect

your
ability

to
rem

em
ber

the
value

of
π
.

If
one

takes
into

account
both

neutrinos
and

antineutrinos,the
average

energy
per

particle
is

unaffected
—

the
energy

density
and

the
total

num
ber

density
are

both
doubled,

but
their

ratio
is

unchanged.

N
ote

that
the

energy
per

particle
is

higher
for

ferm
ions

than
it

is
for

bosons.
T
his

result
can

be
understood

as
a
naturalconsequence

ofthe
fact

that
ferm

ions
m
ust

obey
the

exclusion
principle,

w
hile

bosons
do

not.
L
arge

num
bers

of
bosons

can
therefore

collect
in

the
low

est
energy

levels.
In

ferm
ion

system
s,

on
the

other
hand,

the
low

-lying
levels

can
accom

m
odate

at
m
ost

one
particle,

and
then

additionalparticles
are

forced
to

higher
energy

levels.
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(e)
T
he

values
of
g
and

g ∗
are

again
7/8

and
3/4

respectively,
so

S
=

g
2
π
2

45
k
4T

3

(h̄
c)

3

g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3

=

78
2
π
2

45
k
4T

3

(h̄
c)

3

34
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3

=
7
π
4

135
ζ(3)

k
.

N
um

erically,this
gives

S
=

4
.202

k.

P
R

O
B

L
E
M

5:
A

N
E
W

S
P

E
C

IE
S

O
F

L
E
P

T
O

N

a)
T
he

num
ber

density
is

given
by

the
form

ula
at

the
start

of
the

exam
,

n
=
g ∗
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
.

Since
the

8.286ion
is

like
the

electron,
it

has
g ∗

=
3;

there
are

2
spin

states
for

the
particles

and
2
for

the
antiparticles,

giving
4,

and
then

a
factor

of
3/4

because
the

particles
are

ferm
ions.

So

T
hen

A
nsw

er
=

3
ζ(3)
π
2
× (

3×
10

6×
10

2

6
.582×

10 −
1
6×

2
.998×

10
1
0 )

3

.
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Y
ou

w
ere

not
asked

to
evaluate

this
expression,

but
the

answ
er

is
1.29×

10
3
9.

b)
For

a
flat

cosm
ology

κ
=

0
and

one
of

the
E
instein

equations
becom

es

(
ȧa )

2

=
8
π3
G
ρ
.

D
uring

the
radiation-dom

inated
era

a(t)∝
t
1
/
2,

as
claim

ed
on

the
front

cover
of

the
exam

.
So,

ȧa
=

12
t
.

U
sing

this
in

the
above

equation
gives

14
t
2
=

8
π3
G
ρ

.

Solve
this

for
ρ,

ρ
=

3
32
π
G
t
2

.

T
he

question
asks

the
value

of
ρ

at
t
=

0
.01

sec.
W

ith
G

=
6
.6732×

10 −
8
cm

3
sec −

2
g −

1,
then

ρ
=

3
32
π×

6
.6732×

10 −
8×

(0
.01)

2

in
units

ofg
/cm

3.
Y
ou

w
eren’t

asked
to

put
the

num
bers

in,but,for
reference,

doing
so

gives
ρ
=

4
.47×

10
9
g
/cm

3.

c)
T
he

m
ass

density
ρ
=
u
/
c
2,w

here
u
is
the

energy
density.

T
he

energy
density

for
black-body

radiation
is

given
in

the
exam

,

u
=
ρ
c
2
=
g
π
2

30
(k
T
)
4

(h̄
c)

3
.

W
e
can

use
this

inform
ation

to
solve

for
k
T

in
term

s
of
ρ(t)

w
hich

w
e
found

above
in

part
(b).

A
t
a
tim

e
of

0.01
sec,

g
has

the
follow

ing
contributions:

P
hotons:

g
=

2

e
+
e −

:
g
=

4×
78
=

3
12

ν
e ,ν

µ
,ν

τ :
g
=

6×
78
=

5
14

8
.286ion−

anti8
.286ion

g
=

4×
78
=

3
12
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g
to
t
=

14
14

.

Solving
for

k
T

in
term

s
of
ρ
gives

k
T
= [

30π
2

1g
to
t h̄

3c
5ρ ]

1
/
4

.

U
sing

the
result

for
ρ
from

part
(b)

as
w
ellas

the
list

offundam
entalconstants

from
the

cover
sheet

of
the

exam
gives

k
T

= [
90×

(1
.055×

10 −
2
7)

3×
(2
.998×

10
1
0)

5

14
.24×

32
π
3×

6
.6732×

10 −
8×

(0
.01)

2 ]
1
/
4

×
1

1
.602×

10 −
6

w
here

the
answ

er
is

given
in

units
of

M
eV

.
P
utting

in
the

num
bers

yields
k
T

=
8
.02

M
eV

.

d)
T
he

production
of

helium
is

increased.
A
t
any

given
tem

perature,
the

addi-
tional

particle
increases

the
energy

density.
Since

H
∝

ρ
1
/
2,

the
increased

energy
density

speeds
the

expansion
of

the
universe—

the
H
ubble

constant
at

any
given

tem
perature

is
higher

if
the

additional
particle

exists,
and

the
tem

-
perature

falls
faster.

T
he

w
eak

interactions
that

interconvert
protons

and
neu-

trons
“freeze

out”
w
hen

they
can

no
longer

keep
up

w
ith

the
rate

of
evolution

of
the

universe.
T
he

reaction
rates

at
a
given

tem
perature

w
ill

be
unaffected

by
the

additional
particle,

but
the

higher
value

of
H

w
ill

m
ean

that
the

tem
-

perature
at

w
hich

these
rates

can
no

longer
keep

pace
w
ith

the
universe

w
ill

occur
sooner.

T
he

freeze-out
w
illtherefore

occur
at

a
higher

tem
perature.

T
he

equilibrium
value

of
the

ratio
of

neutron
to

proton
densities

is
larger

at
higher

tem
peratures:

n
n
/
n

p
∝

exp(−
∆
m
c
2/
k
T
),

w
here

n
n
and

n
p
are

the
num

ber
densities

of
neutrons

and
protons,

and
∆
m

is
the

neutron-proton
m
ass

differ-
ence.

C
onsequently,

there
are

m
ore

neutrons
present

to
com

bine
w
ith

protons
to

build
helium

nuclei.
In

addition,
the

faster
evolution

rate
im

plies
that

the
tem

perature
at

w
hich

the
deuterium

bottleneck
breaks

is
reached

sooner.
T
his

im
plies

that
few

er
neutrons

w
illhave

a
chance

to
decay,

further
increasing

the
helium

production.

e)
A
fter

the
neutrinos

decouple,
the

entropy
in

the
neutrino

bath
is

conserved
separately

from
the

entropy
in

the
rest

of
the

radiation
bath.

Just
after

neu-
trino

decoupling,
all

of
the

particles
in

equilibrium
are

described
by

the
sam

e
tem

perature
w
hich

cools
as

T
∝

1
/
a.

T
he

entropy
in

the
bath

of
particles

still
in

equilibrium
just

after
the

neutrinos
decouple

is

S
∝
g
re
st T

3(t)a
3(t)
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w
here

g
re
st

=
g
to
t −

g
ν
=

9.
B
y
today,

the
e
+
−
e −

pairs
and

the
8.286ion-

anti8.286ion
pairs

have
annihilated,thus

transferring
their

entropy
to

the
pho-

ton
bath.

A
s
a
result

the
tem

perature
of

the
photon

bath
is
increased

relative
to

that
of

the
neutrino

bath.
From

conservation
of

entropy
w
e
have

that
the

entropy
after

annihilations
is

equalto
the

entropy
before

annihilations

g
γ
T
3γ
a
3(t)

=
g
re
st T

3(t)a
3(t)

.

So,
T

γ

T
(t)

= (
g
re
st

g
γ )

1
/
3

.

Since
the

neutrino
tem

perature
w
as

equal
to

the
tem

perature
before

annihila-
tions,

w
e
have

that

T
ν

T
γ
= (

29 )
1
/
3

.
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6:
P

R
E
S
S
U

R
E

A
N

D
E
N

E
R

G
Y

D
E
N

S
IT

Y
O

F
M

Y
S
T

E
R

I-
O

U
S

S
T

U
F
F

(a)
If
u∝

1
/ √

V
,
then

one
can

w
rite

u(V
+
∆
V
)
=
u
0 √

V

V
+

∆
V

.

(T
he

above
expression

is
proportional

to
1/ √

V
+

∆
V
,
and

reduces
to

u
=
u
0

w
hen

∆
V

=
0.)

E
xpanding

to
first

order
in

∆
V
,

u
=

u
0

√
1
+

∆
VV

=
u
0

1
+

12
∆

VV

=
u
0 (

1−
12
∆
VV )

.

T
he

totalenergy
is

the
energy

density
tim

es
the

volum
e,

so

U
=
u(V

+
∆
V
)
=
u
0 (

1−
12
∆
VV )

V (
1
+

∆
VV )

=
U
0 (

1
+

12
∆
VV )

,

w
here

U
0
=
u
0 V

.
T
hen

∆
U

=
12
∆
VV
U
0
.
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(b)
T
he

w
ork

done
by

the
agent

m
ust

be
the

negative
ofthe

w
ork

done
by

the
gas,

w
hich

is
p
∆
V
.
So

∆
W

=
−
p
∆
V

.

(c)
T
he

agent
m
ust

supply
the

full
change

in
energy,

so

∆
W

=
∆
U

=
12
∆
VV
U
0
.

C
om

bining
this

w
ith

the
expression

for
∆
W

from
part

(b),one
sees

im
m
ediately

that

p
=
−
12
U
0

V
=

−
12
u
0
.

P
R

O
B

L
E
M

7:
A

G
E

O
F

A
U

N
IV

E
R

S
E

W
IT

H
M

Y
S
T

E
R

IO
U

S
S
T

U
F
F

(a)
T
he

critical
density

ρ
c
is

defined
as

that
density

for
w
hich

k
=

0,
w
here

the
Friedm

ann
equation

from
the

front
of

the
exam

im
plies

that

H
2
=

8
π3
G
ρ−

k
c
2

a
2
.

T
hus

the
critical

density
today

is
given

by

ρ
c
=

3
H

20

8
π
G

.

T
he

m
ass

density
today

of
any

species
X

is
then

related
to

Ω
X

,0
by

ρ
X

,0
=
ρ

c Ω
X

,0
=

3
H

20 Ω
X

,0

8
π
G

.

T
he

totalm
ass

density
today

is
then

expressed
in

term
s
ofits

four
com

ponents
as

ρ
0
=

3
H

20

8
π
G

[Ω
m

,0
+

Ω
r
,0
+

Ω
v
,0
+
Ω
m
s,0 ]

.

B
ut

w
e
also

know
how

each
of

these
contributions

to
the

m
ass

density
scales

w
ith

x(t):
ρ

m
∝

1
/
x
3,
ρ

r ∝
1
/
x
4,
ρ

v ∝
1,and

ρ
m
s ∝

1
/ √

V
∝

1
/
x
3
/
2.

Inserting
these

factors,

ρ(t)
=

3
H

20

8
π
G [

Ω
m

,0

x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m
s,0

x
3
/
2 ]

.
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(b)
T
he

Friedm
ann

equation
then

becom
es

(
ẋx )

2

=
8
π
G3

3
H

20

8
π
G [

Ω
m

,0

x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m
s,0

x
3
/
2 ]−

k
c
2

a
2
.

D
efining

H
20 Ω

k
,0
=
−

k
c
2

a
2(t

0 )
,

so

−
k
c
2

a
2(t)

=
−

k
c
2

a
2(t

0 )
1x
2
=
H

20 Ω
k
,0

x
2

,

and
then

the
Friedm

ann
equation

becom
es

(
ẋx )

2

=
H

20 [
Ω

m
,0

x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m
s,0

x
3
/
2

+
Ω

k
,0

x
2 ]

.

A
pplying

this
equation

today,w
hen

ẋ
/
x
=
H

0 ,
one

finds
that

Ω
k
,0
=

1−
Ω

m
,0 −

Ω
r
,0 −

Ω
v
,0 −

Ω
m
s,0

.

R
earranging

the
equation

for
(ẋ
/
x)

2
above,

H
0
d
t
=

d
x

x √
Ω

m
,0

x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m

s
,0

x
3

/
2
+

Ω
k

,0
x
2

.

T
he

age
of

the
universe

is
found

by
integrating

over
the

full
range

of
x,

w
hich

starts
from

0
w
hen

the
universe

is
born,

and
is

equal
to

1
today.

So

t
0
=

1H
0 ∫

1

0

d
x

x √
Ω

m
,0

x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m

s
,0

x
3

/
2
+

Ω
k

,0
x
2

.

E
xtra

C
redit

for
Super-Sharpies

(no
partial

credit):

Since
Ω
to
t
<

1,
w
e
use

the
R
obertson-W

alker
open

universe
form

d
s
2
=
−
c
2
d
τ
2
=
−
c
2
d
t
2
+
a
2(t) {

d
r
2

1
+
r
2
+
r
2 (d

θ
2
+
sin

2
θ
d
φ
2 ) }

,
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w
here

I
have

started
w
ith

the
general

form
from

the
front

of
the

exam
,
and

replaced
k
by
−
1.

T
o
discuss

the
radial

transm
ission

of
light

rays
it

is
useful

to
define

a
new

radialcoordinate

r
=

sinh
ψ
,

so
d
r
=

cosh
ψ
d
ψ
= √

1
+
r
2
d
ψ
,

w
here

I
used

the
identity

that
cosh

2
ψ

=
1
+

sinh
2
ψ
.
T
he

m
etric

can
then

be
rew

ritten
as

d
s
2
=
−
c
2
d
τ
2
=
−
c
2
d
t
2
+
a
2(t) {d

ψ
2
+
sinh

2
ψ (d

θ
2
+

sin
2
θ
d
φ
2 )}

.

L
ight

rays
then

travelw
ith

d
τ
2
=

0,
so

d
ψd
t
=

c

a(t)
.

If
a
light

ray
leaves

the
ob

ject
at

tim
e
t
e
and

arrives
at

E
arth

today,
then

it
w
illtravel

an
interval

of
ψ

given
by

ψ
= ∫

t0

t
e

c

a(t ′)
d
t ′
.

W
e
w
ill

need
to

know
ψ
,
but

w
e
don’t

know
either

t
e
or

a(t).
So

w
e
need

to
m
anipulate

the
right-hand

side
of

the
above

equation
to

express
it

in
term

s
of

things
that

w
e
do

know
.
C
hanging

integration
variables

from
t ′

to
x,

w
here

x
=
a(t ′)/

a(t
0 ),

one
finds

d
x
=
ẋ
d
t ′,

and
then

ψ
= ∫

1

x
e

c

a(t
0 )

1x

d
xẋ
.

U
sing

H
=
ẋ
/
x,

ψ
=

c

a(t
0 ) ∫

1

x
e

d
x

x
2H

.

N
ow

use
the

form
ula

for
H

=
ẋ
/
x
from

part
(b),

so

ψ
=

c

a(t
0 )H

0 ∫
1

x
e

d
x

x
2 √

Ω
m

,0
x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m

s
,0

x
3

/
2
+

Ω
k

,0
x
2

.
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H
ere

x
e
=
a(t

e )
a(t

0 )
=

1
1
+
z
,

and
the

coeffi
cient

in
front

ofthe
integralcan

be
evaluated

using
the

Friedm
an

equation
for

k
=
−
1:

H
20
=

8
π3
G
ρ
0
+

c
2

a
2(t

0 )
=
H

20 Ω
0
+

c
2

a
2(t

0 )
,

so
c
2

a
2(t

0 )
H

20

=
1−

Ω
0
=

Ω
k
,0
.

F
inally,then,

the
expression

for
ψ

can
be

w
ritten

ψ
= √

Ω
k
,0 ∫

1

x
e

d
x

x
2 √

Ω
m

,0
x
3

+
Ω

r
,0

x
4

+
Ω

v
,0
+

Ω
m

s
,0

x
3

/
2
+

Ω
k

,0
x
2

,

w
here

x
e
is

given
by

the
boxed

equation
above.

O
nce

w
e
know

ψ
,
the

rest
is

straightforw
ard.

W
e
draw

a
picture

in
com

oving
coordinates

of
the

light
rays

leaving
the

ob
ject

and
arriving

at
E
arth:

In
this

picture
∆
θ
is

the
angular

size
that

w
ould

be
m
easured.

U
sing

the
d
θ
2

part
of

the
m
etric,

d
s
2
=
a
2(t)sinh

2
ψ
d
θ
2
,

w
e
can

relate
w
,the

physical
size

of
the

ob
ject

at
the

tim
e
of

em
ission,

to
∆
θ:

w
=
a(t

e )sinh
ψ
∆
θ
.
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T
o
evaluate

a(t
e )

w
e
can

use

a(t
e )

=
x

e a(t
0 )

=
x

e c

H
0 √

Ω
k
,0

.

F
inally,then,

∆
θ
=
w
H

0 √
Ω

k
,0

x
e c

sinh
ψ

,

w
here

ψ
is

given
by

the
boxed

equation
above.

P
R

O
B

L
E
M

8:
T

IM
E

S
C

A
L
E
S

IN
C

O
S
M

O
L
O

G
Y

(a)
1
sec.

[T
h
is

is
th

e
tim

e
at

w
h
ich

th
e

w
eak

in
teractio

n
s

b
egin

to
“
freeze

ou
t”

,
so

th
a
t

free
n
eu

tro
n

d
ecay

b
eco

m
es

th
e

o
n
ly

m
ech

a
n
ism

th
a
t

ca
n

in
terch

a
n
g
e

p
ro

to
n
s

a
n
d

n
eu

tro
n
s.

F
ro

m
th

is
tim

e
o
n
w

a
rd

,
th

e
rela

tiv
e

n
u
m

b
er

o
f
p
ro

to
n
s

a
n
d

n
eu

tro
n
s

is
n
o

lo
n
g
er

co
n
tro

lled
b
y

th
erm

a
l
eq

u
ilib

riu
m

co
n
sid

era
tio

n
s.]

(b)
4
m
ins.

[B
y

th
is

tim
e

th
e

u
n
iv

erse
h
as

b
ecom

e
so

co
ol

th
at

n
u
clear

reactio
n
s

a
re

n
o

lo
n
g
er

in
itia

ted
.]

(c)
10 −

3
7
sec.

[W
e

learn
ed

in
L
ectu

re
N

otes
7

th
at

k
T

w
a
s

a
b
o
u
t

1
M

eV
a
t
t
=

1
sec.

S
in

ce
1

G
eV

=
1
0
0
0

M
eV

,
th

e
va

lu
e

o
f
k
T

th
a
t

w
e

w
a
n
t

is
10

1
9

tim
es

h
ig

h
er.

In
th

e
ra

d
ia

tio
n
-d

o
m

in
a
ted

era
T
∝
a −

1∝
t −

1
/
2,

so
w

e
g
et

10 −
3
8

sec.]

(d)
10,000

–
1,000,000

years.
[T

h
is

n
u
m

b
er

w
as

estim
ated

in
L
ectu

re
N

otes
7

a
s

2
0
0
,0

0
0

y
ea

rs.]

(e)
10 −

5
sec.

[A
s

in
(c),

w
e

ca
n

u
se
t∝

T
−
2,

w
ith

k
T
≈

1
M

eV
a
t
t
=

1
sec.]

P
R

O
B

L
E
M

9:
E
V

O
L
U

T
IO

N
O

F
F
L
A

T
N

E
S
S
(15

points)

(a)
W
e
start

w
ith

the
Friedm

ann
equation

from
the

form
ula

sheet
on

the
quiz:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
.

T
he

criticaldensity
is

the
value

of
ρ
corresponding

to
k
=

0,
so

H
2
=

8
π3
G
ρ

c
.

U
sing

this
expression

to
replace

H
2
on

the
left-hand

side
of

the
Friedm

ann
equation,

and
then

dividing
by

8π
G
/3,one

finds

ρ
c
=
ρ−

3
k
c
2

8
π
G
a
2
.
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R
earranging,

ρ−
ρ

c

ρ
=

3
k
c
2

8
π
G
a
2ρ

.

O
n
the

left-hand
side

w
e
can

divide
the

num
erator

and
denom

inator
by

ρ
c ,and

then
use

the
definition

Ω
≡
ρ
/
ρ

c
to

obtain

Ω
−

1
Ω

=
3
k
c
2

8
π
G
a
2ρ

.
(1)

For
a
m
atter-dom

inated
universe

w
e
know

that
ρ∝

1
/
a
3(t),and

so

Ω
−

1
Ω
∝
a(t)

.

If
the

universe
is

nearly
flat

w
e
know

that
a(t)∝

t
2
/
3,

so

Ω
−

1
Ω
∝
t
2
/
3
.

(b)
E
q.(1)

above
is
stilltrue,so

our
only

task
is
to

re-evaluate
the

right-hand
side.

For
a
radiation-dom

inated
universe

w
e
know

that
ρ∝

1
/
a
4(t),

so

Ω
−
1

Ω
∝
a
2(t)

.

If
the

universe
is

nearly
flat

then
a(t)∝

t
1
/
2,

so

Ω
−

1
Ω
∝
t
.

P
R

O
B

L
E
M

10:
T

H
E

S
L
O

A
N

D
IG

IT
A

L
S
K

Y
S
U

R
V

E
Y

z
=

5
.82

Q
U

A
S
A

R
(40

points)

(a)
Since

Ω
m

+
Ω
Λ

=
0
.35

+
0
.65

=
1,

the
universe

is
flat.

It
therefore

obeys
a

sim
ple

form
of

the
Friedm

ann
equation,

H
2
= (

ȧa )
2

=
8
π3
G
(ρ

m
+
ρ
Λ )

,
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w
here

the
overdot

indicates
a
derivative

w
ith

respect
to

t,
and

the
term

pro-
portional

to
k
has

been
dropped.

U
sing

the
fact

that
ρ

m
∝

1
/
a
3(t)

and
ρ
Λ
=

const,the
energy

densities
on

the
right-hand

side
can

be
expressed

in
term

s
of

their
present

values
ρ

m
,0

and
ρ
Λ
≡
ρ
Λ

,0 .
D
efining

x(t)≡
a(t)
a(t

0 )
,

one
has

(
ẋx )

2

=
8
π3
G (

ρ
m

,0

x
3

+
ρ
Λ )

=
8
π3
G
ρ

c
,0 (

Ω
m

,0

x
3

+
Ω
Λ

,0 )

=
H

20 (
Ω

m
,0

x
3

+
Ω
Λ

,0 )
.

H
ere

w
e
used

the
facts

that

Ω
m

,0 ≡
ρ

m
,0

ρ
c
,0
;

Ω
Λ

,0 ≡
ρ
Λ

ρ
c
,0
,

and
H

20
=

8
π3
G
ρ

c
,0
.

T
he

equation
above

for
(ẋ
/
x)

2
im

plies
that

ẋ
=
H

0
x √

Ω
m

,0

x
3

+
Ω
Λ

,0
,

w
hich

in
turn

im
plies

thatd
t
=

1H
0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

.

U
sing

the
fact

that
x
changes

from
0
to

1
over

the
life

of
the

universe,
this

relation
can

be
integrated

to
give

t
0
= ∫

t0

0

d
t
=

1H
0 ∫

1

0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

.
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T
he

answ
er

can
also

be
w
ritten

as

t
0
=

1H
0 ∫

1

0

x
d
x

√
Ω

m
,0 x

+
Ω
Λ

,0 x
4

or

t
0
=

1H
0 ∫

∞0

d
z

(1
+
z) √

Ω
m

,0 (1
+
z)

3
+
Ω
Λ

,0

,

w
here

in
the

last
answ

er
I
changed

the
variable

of
integration

using

x
=

1
1
+
z
;

d
x
=
−

d
z

(1
+
z)

2
.

N
ote

that
the

m
inus

sign
in

the
expression

for
d
x
is
canceled

by
the

interchange
ofthe

lim
its

ofintegration:
x
=

0
corresponds

to
z
=
∞

,and
x
=

1
corresponds

to
z
=

0.

Y
our

answ
er

should
look

like
one

of
the

above
boxed

answ
ers.

Y
ou

w
ere

not
expected

to
com

plete
the

num
erical

calculation,
but

for
pedagogical

purposes
I
w
ill

continue.
T
he

integralcan
actually

be
carried

out
analytically,giving

∫
1

0

x
d
x

√
Ω

m
,0 x

+
Ω
Λ

,0 x
4
=

2
3 √

Ω
Λ

,0

ln (√
Ω

m
+

Ω
Λ

,0
+ √

Ω
Λ

,0
√
Ω

m

)
.

U
sing

1H
0
=

9
.778×

10
9

h
0

yr
,

w
here

H
0
=

100
h
0 km

-sec −
1-M

pc −
1,

one
finds

for
h
0
=

0
.65

that

1H
0
=

15
.043×

10
9
yr

.

T
hen

using
Ω

m
=

0
.35

and
Ω
Λ

,0
=

0
.65,one

finds

t
0
=

13
.88×

10
9
yr

.

So
the

SD
SS

people
w
ere

right
on

target.
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(b)
H
aving

done
part

(a),
this

part
is

very
easy.

T
he

dynam
ics

of
the

universe
is

of
course

the
sam

e,
and

the
question

is
only

slightly
different.

In
part

(a)
w
e

found
the

am
ount

of
tim

e
that

it
took

for
x
to

change
from

0
to

1.
T
he

light
from

the
quasar

that
w
e
now

receive
w
as

em
itted

w
hen

x
=

1
1
+
z
,

since
the

cosm
ologicalredshift

is
given

by

1
+
z
=
a(t

o
b
se
rv
e
d )

a(t
e
m
itte

d )
.

U
sing

the
expression

for
d
t
from

part
(a),the

am
ount

of
tim

e
that

it
took

the
universe

to
expand

from
x
=

0
to

x
=

1
/(1

+
z)

is
given

by

t
e
= ∫

t
e

0

d
t
=

1H
0 ∫

1
/
(1
+

z
)

0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

.

A
gain

one
could

w
rite

the
answ

er
other

w
ays,

including

t
0
=

1H
0 ∫

∞z

d
z ′

(1
+
z ′) √

Ω
m

,0 (1
+
z ′)

3
+

Ω
Λ

,0

.

A
gain

you
w
ere

expected
to

stop
w
ith

an
expression

like
the

one
above.

C
on-

tinuing,
how

ever,
the

integral
can

again
be

done
analytically:

∫
x
m

a
x

0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

=
2

3 √
Ω
Λ

,0

ln (√
Ω

m
+
Ω
Λ

,0 x
3m
a
x
+ √

Ω
Λ

,0
x
3
/
2

m
a
x

√
Ω

m

)
.

U
sing

x
m
a
x
=

1
/(1

+
5
.82)

=
.1466

and
the

other
values

as
before,

one
finds

t
e
=

0
.06321
H

0
=

0
.9509×

10
9
yr

.

So
again

the
SD

SS
people

w
ere

right.
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(c)
T
o
find

the
physicaldistance

to
the

quasar,w
e
need

to
figure

out
how

far
light

can
travel

from
z
=

5
.82

to
the

present.
Since

w
e
w
ant

the
present

distance,
w
e
m
ultiply

the
coordinate

distance
by

a(t
0 ).

For
the

flat
m
etric

d
s
2
=
−
c
2
d
τ
2
=
−
c
2d
t
2
+
a
2(t) {d

r
2
+
r
2(d

θ
2
+

sin
2
θ
d
φ
2) }

,

the
coordinate

velocity
of

light
(in

the
radial

direction)
is

found
by

setting
d
s
2
=

0,
giving

d
rd
t
=

c

a(t)
.

So
the

totalcoordinate
distance

that
light

can
travel

from
t
e
to

t
0
is



c
= ∫

t0

t
e

c

a(t)
d
t
.

T
his

is
not

the
final

answ
er,

how
ever,

because
w
e
don’t

explicitly
know

a(t).
W
e
can,

how
ever,

change
variables

of
integration

from
t
to

x,
using

d
t
=

d
t

d
x
d
x
=

d
xẋ
.

So



c
=

c

a(t
0 ) ∫

1

x
e

d
x

x
ẋ
,

w
here

x
e
is
the

value
of
x
at

the
tim

e
ofem

ission,so
x

e
=

1
/(1

+
z).

U
sing

the
equation

for
ẋ
from

part
(a),

this
integral

can
be

rew
ritten

as



c
=

c

H
0 a(t

0 ) ∫
1

1
/
(1
+

z
)

d
x

x
2 √

Ω
m

,0
x
3

+
Ω
Λ

,0

.

F
inally,then



p
h
y
s,0

=
a(t

0 )


c
=

cH
0 ∫

1

1
/
(1
+

z
)

d
x

x
2 √

Ω
m

,0
x
3

+
Ω
Λ

,0

.

A
lternatively,this

result
can

be
w
ritten

as



p
h
y
s,0

=
cH
0 ∫

1

1
/
(1
+

z
)

d
x

√
Ω

m
,0
x
+
Ω
Λ

,0
x
4
,
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or
by

changing
variables

of
integration

to
obtain



p
h
y
s,0

=
cH
0 ∫

z

0

d
z ′

√
Ω

m
,0 (1

+
z ′)

3
+

Ω
Λ

,0

.

C
ontinuing

for
pedagogical

purposes,
this

tim
e
the

integral
has

no
analytic

form
,
so

far
as

I
know

.
Integrating

num
erically,

∫
5
.8
2

0

d
z ′

√
0
.35

(1
+
z ′)

3
+

0
.65

=
1
.8099

,

and
then

using
the

value
of

1/
H

0
from

part
(a),



p
h
y
s,0

=
27
.23

light-yr
.

R
ight

again.

(d)


p
h
y
s,e

=
a(t

e )

c ,

so



p
h
y
s,e

=
a(t

e )
a(t

0 )


p
h
y
s,0

=


p
h
y
s,0

1
+
z

.

N
um

erically
this

gives



p
h
y
s,e

=
3
.992×

10
9
light-yr

.

T
he

SD
SS

announcem
ent

is
stillokay.

(e)
T
he

speed
defined

in
this

w
ay

obeys
the

H
ubble

law
exactly,so

v
=
H

0


p
h
y
s,0

=
c ∫

z

0

d
z ′

√
Ω

m
,0
(1

+
z ′)

3
+

Ω
Λ

,0

.

T
hen

vc
= ∫

z

0

d
z ′

√
Ω

m
,0
(1

+
z ′)

3
+

Ω
Λ

,0

.

N
um

erically,w
e
have

already
found

that
this

integralhas
the

value

vc
=

1
.8099

.

T
he

SD
SS

people
get

an
A
.
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P
R

O
B

L
E
M

11:
N

E
U

T
R

IN
O

N
U

M
B

E
R

A
N

D
T

H
E

N
E
U

T
R

O
N

/P
R

O
-

T
O

N
E
Q

U
IL

IB
R

IU
M

(a)
From

the
chem

ical
equilibrium

equation
on

the
front

of
the

exam
,the

num
ber

densities
of

neutrons
and

protons
can

be
w
ritten

as

n
n
=
g

n
(2
π
m

n
k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

n −
m

n
c
2
)/

k
T

n
p
=
g

p (2
π
m

p k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

p −
m

p
c
2
)/

k
T
,

w
here

g
n
=
g

p
=

2.
D
ividing,

n
n

n
p
= (

m
n

m
p )

3
/
2

e −
(∆

E
+

µ
p −

µ
n
)/

k
T
,

w
here

∆
E

=
(m

n −
m

p )c
2
is

the
proton-neutron

m
ass-energy

difference.
A
p-

proxim
ating

m
n
/
m

p ≈
1,

one
has

n
n

n
p
=
e −

(∆
E
+

µ
p −

µ
n
)/

k
T
.

T
he

approxim
ation

m
n
/
m

p
≈

1
is

very
accurate

(0.14%
),

but
is

clearly
not

necessary.
Full

credit
w
as

given
w
hether

or
not

this
approxim

ation
w
as

used.

(b)
For

any
allow

ed
chem

ical
reaction,

the
sum

of
the

chem
ical

potentials
on

the
tw

o
sides

m
ust

be
equal.

So,
from

e
+
+
n
←→

p
+
ν̄

e
,

w
e
can

infer
that

−
µ

e
+
µ

n
=
µ

p −
µ

ν
,

w
hich

im
plies

that

µ
n −

µ
p
=
µ

e −
µ

ν
.

(c)
A
pplying

the
form

ula
given

in
the

problem
to

the
num

ber
densities

of
electron

neutrinos
and

the
corresponding

antineutrinos,

n
ν
=
g ∗ν

ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
e
µ

ν
/
k
T

n̄
ν
=
g ∗ν

ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
e −

µ
ν
/
k
T
,
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since
the

chem
ical

potential
for

the
antineutrinos

(ν̄)
is

the
negative

of
the

chem
ical

potential
for

neutrinos.
A

neutrino
has

only
one

spin
state,

so
g

ν
=

3
/4,

w
here

the
factor

of
3/4

arises
because

neutrinos
are

ferm
ions.

Setting

x≡
e −

µ
ν
/
k
T

and

A
≡

34
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
,

the
num

ber
density

equations
can

be
w
ritten

com
pactly

as

n
ν
=
Ax

,
n̄

ν
=
x
A
.

T
o
express

x
in

term
s
of

the
ratio

n̄
ν /
n

ν ,
divide

the
second

equation
by

the
first

to
obtain

n̄
ν

n
ν
=
x
2

=⇒
x
= √

n̄
ν

n
ν
.

A
lternatively,

x
can

be
expressed

in
term

s
ofthe

difference
in

num
ber

densities
n̄

ν −
n

ν
by

starting
w
ith

∆
n
=
n̄

ν −
n

ν
=
x
A
−
Ax

.

R
ew

riting
the

above
form

ula
as

an
explicit

quadratic,

A
x
2−

∆
n
x−

A
=

0
,

one
finds

x
=

∆
n±
√
∆
n
2
+

4
A
2

2
A

.

Since
the

definition
of
x
im

plies
x
>

0,only
the

positive
root

is
relevant.

Since
the

num
ber

ofelectrons
is
stillassum

ed
to

be
equalto

the
num

ber
ofpositrons,

µ
e
=

0,
so

the
answ

er
to

(b)
reduces

to
µ

n −
µ

p
=
−
µ

ν .
From

(a),

n
n

n
p
=
e −

(∆
E
+

µ
p −

µ
n
)/

k
T

=
e −

(∆
E
+

µ
ν
)/

k
T

=
x
e −

∆
E

/
k
T

=
√
n̄

ν

n
ν
e −

∆
E

/
k
T
.
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A
lternatively,one

can
w
rite

the
answ

er
as

n
n

n
p
=
√
∆
n
2
+
4
A
2
+
∆
n

2
A

e −
∆

E
/
k
T
,

w
here

A
≡

34
ζ(3)
π
2

(k
T
)
3

(h̄
c)

3
.

(d)
For

∆
n
>

0,
the

answ
er

to
(c)

im
plies

that
the

ratio
n

n
/
n

p
w
ould

be
larger

than
in

the
usual

case
(∆

n
=

0).
T
his

is
consistent

w
ith

the
expectation

that
an

excess
of

antineutrinos
w
ill

tend
to

cause
p’s

to
turn

into
n’s

according
to

the
reaction

p
+
ν̄

e −→
e
+
+
n
.

Since
the

am
ount

of
helium

produced
is

proportional
to

the
num

ber
of

neu-
trons

that
survive

until
the

breaking
of

the
deuterium

bottleneck,
starting

w
ith

a
higher

equilibrium
abundance

ofneutrons
w
ill

increase
the

production
of

helium
.

P
R

O
B

L
E
M

12:
S
E
C

O
N

D
H

U
B

B
L
E

C
R

O
S
S
IN

G
(40

points)

(a)
From

the
form

ula
sheets,w

e
know

that
for

a
flat

radiation-dom
inated

universe,

a(t)∝
t
1
/
2
.

Since
H

=
ȧa
,

(w
hich

is
also

on
the

form
ula

sheets),

H
=

12
t
.

T
hen



H
(t)≡

cH
−
1(t)

=
2
ct
.

(b)
W
e
are

told
that

the
energy

density
is

dom
inated

by
photons

and
neutrinos,

so
w
e
need

to
add

together
these

tw
o
contributions

to
the

energy
density.

For
photons,

the
form

ula
sheet

rem
inds

us
that

g
γ
=

2,so

u
γ
=

2
π
2

30
(k
T

γ )
4

(h̄
c)

3
.
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For
neutrinos

the
form

ula
sheet

rem
inds

us
that

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to
r

×
3

︸︷︷︸
3
sp
e
c
ie
s

ν
e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te
s =

214
,

so

u
ν
=

214
π
2

30
(k
T

ν )
4

(h̄
c)

3
.

C
om

bining
these

tw
o
expressions

and
using

T
ν
=

(4
/11)

1
/
3
T

γ ,
one

has

u
=
u

γ
+
u

ν
= [2

+
214 (

411 )
4
/
3 ]

π
2

30
(k
T

γ )
4

(h̄
c)

3
,

so
finally

g
1
=

2
+

214 (
411 )

4
/
3

.

(c)
T
he

Friedm
ann

equation
tells

us
that,

for
a
flat

universe,

H
2
=

8
π3
G
ρ
,

w
here

in
this

case
H

=
1
/(2

t)
and

ρ
=

uc
2
=
g
1
π
2

30
(k
T

γ )
4

h̄
3c

5
.

T
hus

(
12
t )

2

=
8
π
G3
g
1
π
2

30
(k
T

γ )
4

h̄
3c

5
.

Solving
for

T
γ ,

T
γ
=

1k (
45
h̄
3c

5

16
π
3g

1 G )
1
/
4

1√t
.

(d)
T
he

condition
for

H
ubble

crossing
is

λ(t)
=
cH

−
1(t)

,
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and
the

first
H
ubble

crossing
alw

ays
occurs

during
the

inflationary
era.

T
hus

any
H
ubble

crossing
during

the
radiation-dom

inated
era

m
ust

be
the

second
H
ubble

crossing.

If
λ
is

the
present

physical
w
avelength

of
the

density
perturbations

under
dis-

cussion,
the

w
avelength

at
tim

e
t
is

scaled
by

the
scale

factor
a(t):

λ(t)
=

a(t)
a(t

0 )
λ
.

B
etw

een
the

second
H
ubble

crossing
and

now
,
there

have
been

no
freeze-outs

of
particle

species.
T
oday

the
entropy

of
the

universe
is

still
dom

inated
by

photons
and

neutrinos,
so

the
conservation

of
entropy

im
plies

that
a
T

γ
has

rem
ained

essentially
constant

betw
een

then
and

now
.
T
hus,

λ(t)
=

T
γ
,0

T
γ (t)

λ
.

U
sing

the
previous

results
for

cH
−
1(t)

and
for

T
γ (t),

the
condition

λ(t)
=

cH
−
1(t)

can
be

rew
ritten

as

k
T

γ
,0 (

16
π
3g

1 G

45
h̄
3c

5 )
1
/
4√

t
λ
=

2
ct
.

Solving
for

t,
the

tim
e
of

second
H
ubble

crossing
is

found
to

be

t
H
2 (λ)

=
(k
T

γ
,0 λ)

2 (
π
3g

1 G

45
h̄
3c

9 )
1
/
2

.

E
xtension:

Y
ou

w
ere

not
asked

to
insert

num
bers,but

it
is
ofcourse

interesting
to

know
w
here

the
above

form
ula

leads.
If

w
e
take

λ
=

10
6
lt-yr,it

gives

t
H
2 (10

6
lt-yr)

=
1
.04×

10
7
s
=

0
.330

year
.

For
λ
=

1
M
pc,

t
H
2 (1

M
pc)

=
1
.11×

10
8
s
=

3
.51

year
.

T
aking

λ
=

2
.5×

10
6
lt-yr,

the
distance

to
A
ndrom

eda,
the

nearest
spiral

galaxy,
t
H
2 (2

.5×
10

6
lt-yr)

=
6
.50×

10
7
sec

=
2
.06

year
.


