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R
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P
ages

A
S
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M
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O
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S
E
F
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L
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F
O

R
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A
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N
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T
T

H
E

E
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F
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H
E

E
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A
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Y
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N
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P
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M
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u
m

S
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1
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2
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T
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8.286
Q

U
IZ

1,
F
A

L
L

2009
p
.
2

P
R

O
B

L
E
M

1:
Q

U
E
S
T

IO
N

S
B

A
S
E
D

O
N

R
E
A

D
IN

G
A

N
D

S
H

O
R
T

C
A

L
C

U
L
A

T
IO

N
S

(30
points)

P
lease

answ
er

part
(a)

directly
next

to
each

part,
but

answ
er

parts
(b)

and
(c)

on
the

blank
page

at
the

right.

(a)
(7

points)
T
he

follow
ing

quantities
all

have
a
pow

er
law

dependence
on

the
cosm

ologicalscale
factor,

a(t).
State

the
dependences

(in
the

form
of∝

a
n):

(i)
T
he

num
ber

density
of

baryons

(ii)
T
he

num
ber

density
of

photons

(iii)
T
he

energy
density

of
baryons

(protons
and

neutrons)

(iv)
T
he

energy
density

of
photons

(v)
T
he

pressure
of

photons

(vi)
T
he

w
avelength

of
photons

(vii)
T
he

tem
perature

of
a
blackbody

distribution
of

photons

(b)
(5

points)
O
n
som

e
problem

s
you

have
been

assigned,you
w
ere

asked
to

assum
e

that
tim

e
dependence

of
the

scale
factor

w
as

that
of

a
flat

m
atter-dom

inated
universe,

a(t)∝
t
2
/
3.

(A
s
usual,

“m
atter-dom

inated”
is

shorthand
for

“dom
i-

nated
by

the
m
ass

density
ofnonrelativistic

m
atter.”)

A
rgue

from
one

or
m
ore

of
the

above
dependences

w
hy

this
assum

ption
m
ight

not
alw

ays
be

valid.

(c)
(6

points)
W

hat
is

the
tem

perature
of

the
background

radiation
(i)

today
and

(ii)
w
hen

the
universe

first
becam

e
optically

transparent?
C
om

bine
these

num
-

bers
w
ith

your
answ

er
from

(a)-(vii)
and

the
relationship

betw
een

a
and

z
to

estim
ate

the
redshift

w
hen

the
universe

becam
e
transparent.

—
P
roblem

1
continues

on
the

follow
ing

page
—
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P
roblem

1,
C
ontinued.

(d)
(6

points)
A
ssum

e
for

the
m
om

ent
(contrary

to
(b))

that
the

universe
w
as

alw
ays

m
atter

dom
inated,and

take
H

0
=

72
km

-s −
1-M

pc −
1.

U
sing

the
m
atter-

dom
inated

form
of

a(t),
w
hat

is
the

age
of

the
universe

(i)
today

and
(ii)

w
hen

it
becam

e
transparent?

(If
you

did
not

rem
em

ber
the

tem
perature

at
w
hich

the
universe

becam
e
transparent,

you
w
ill

get
full

credit
here

if
you

answ
er

the
question

assum
ing

10,000
K
.
Y
ou

m
ay

find
it

useful
to

know
that

1
/(10

1
0
yr)

=
97

.8
km

-s −
1-M

pc −
1.

If
you

are
unclear

about
how

to
find

the
age

of
the

universe
in

term
s
of

H
0 ,

note
that

you
can

first
find

H
in

term
s
of

t,
and

then
invert

the
form

ula.)

(e)
(6

points)
W
rite

dow
n

a
form

ula
for

the
horizon

distance
d

h (t)
in

term
s
of

an
arbitrary

a(t),
and

then
evaluate

it
for

the
particular

case
of

a
m
atter-

dom
inated

universe.
T
aking

the
ages

from
(d),

find
the

horizon
distance

(i)
today

and
(ii)

w
hen

the
universe

becam
e
transparent.

(T
he

horizon
distance

is
defined

as
the

present
distance

of
ob

jects
that

are
so

far
aw

ay
that

light
has

just
barely

had
tim

e
to

reach
us.)

8.286
Q

U
IZ

1,
F
A

L
L

2009
p
.
4

P
R

O
B

L
E
M

2:
A

T
W

O
-L

E
V

E
L

H
IG

H
-S

P
E
E
D

M
E
R

R
Y

-G
O

-R
O

U
N

D
(15

points)

T
his

w
as

P
roblem

20
on

the
R
eview

P
roblem

s
for

Q
uiz

1,
and

it
originated

as
P
roblem

3
of

Q
uiz

1,
2007.

C
onsider

a
high-speed

m
erry-go-round

w
hich

is
sim

ilar
to

the
one

discussed
in

P
roblem

3
ofP

roblem
Set

1,but
w
hich

has
tw

o
levels.

T
hat

is,there
are

four
evenly

spaced
cars

w
hich

travel
around

a
central

hub
at

speed
v
at

a
distance

R
from

a
central

hub,
and

also
another

four
cars

that
are

attached
to

extensions
of

the
four

radial
arm

s,
each

m
oving

at
a
speed

2
v
at

a
distance

2
R

from
the

center.
In

this
problem

w
e
w
ill

consider
only

light
w
aves,

not
sound

w
aves,

and
w
e
w
ill

assum
e

that
v
is

not
negligible

com
pared

to
c,

but
that

2
v

<
c.

W
e
learned

in
P
roblem

Set
1
that

there
is

no
redshift

w
hen

light
from

one
car

at
radius

R
is

received
by

an
observer

on
another

car
at

radius
R
.

(a)
(5

points)
Suppose

that
cars

5–8
are

allem
itting

light
w
aves

in
alldirections.

If
an

observer
in

car
1
receives

light
w
aves

from
each

of
these

cars,w
hat

redshift
z
does

she
observe

for
each

of
the

four
signals?

(b)
(10

points)
Suppose

that
a
spaceship

is
receding

to
the

right
at

a
relativistic

speed
u
along

a
line

through
the

hub,
as

show
n
in

the
diagram

.
Suppose

that
an

observer
in

car
6
receives

a
radio

signalfrom
the

spaceship,at
the

tim
e
w
hen

the
car

is
in

the
position

show
n
in

the
diagram

.
W

hat
redshift

z
is

observed?
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3:
S
IG

N
A

L
P

R
O

P
A

G
A

T
IO

N
IN

A
F
L
A

T
M

A
T

T
E
R

-
D

O
M

IN
A

T
E
D

U
N

IV
E
R

S
E

(55
points)

C
onsider

a
flat,

m
atter-dom

inated
universe,

w
ith

scale
factor

a(t)
=

bt
2
/
3

,

w
here

b
is

an
arbitrary

constant.
For

the
follow

ing
questions,

the
answ

er
to

any
part

m
ay

contain
sym

bols
representing

the
answ

ers
to

previous
parts,

w
hether

or
not

the
previous

part
w
as

answ
ered

correctly.

(a)
(10

points)
A
t
tim

e
t
=

t
1 ,

a
light

signal
is

sent
from

galaxy
A
.
L
et

�
p
,s

A
(t)

denote
the

physical
distance

of
the

signal
from

A
at

tim
e

t.
(N

ote
that

t
=

0
corresponds

to
the

origin
of

the
universe,

not
to

the
em

ission
of

the
signal.)

(i)
F
ind

the
speed

ofseparation
ofthe

light
signalfrom

A
,defined

as
d
�
p
,s

A
/d

t.
W

hat
is

the
value

of
this

speed
(ii)

at
the

tim
e
of

em
ission,

t
1 ,

and
(iii)

w
hat

is
its

lim
iting

value
at

arbitrarily
late

tim
es?

(b)
(5

points)
Suppose

that
there

is
a
second

galaxy,
galaxy

B
,
that

is
located

at
a
physical

distance
cH

−
1
from

A
at

tim
e

t
1 ,

w
here

H
(t)

denotes
the

H
ubble

expansion
rate

and
c
is
the

speed
of

light.
(cH

−
1
is
called

the
H
ubble

length.)
Suppose

that
the

light
signal

described
above,

w
hich

is
em

itted
from

galaxy
A

at
tim

e
t
1 ,

is
directed

tow
ard

galaxy
B
.
A
t
w
hat

tim
e

t
2
does

it
arrive

at
galaxy

B
?

(c)
(10

points)
L
et

�
p
,s

B
(t)

denote
the

physical
distance

of
the

light
signal

from
galaxy

B
at

tim
e

t.
(i)

F
ind

the
speed

of
approach

of
the

light
signal

tow
ards

B
,
defined

as−
d
�
p
,s

B
/d

t.
W

hat
is

the
value

of
this

speed
(ii)

at
the

tim
e
of

em
ission,

t
1 ,

and
(iii)

at
the

tim
e
of

reception,
t
2 ?

(d)
(10

points)
Ifan

astronom
er

on
galaxy

A
observes

the
light

arriving
from

galaxy
B

at
tim

e
t
1 ,

w
hat

is
its

redshift
z
B

A
?

(e)
(10

points)
Suppose

that
there

is
another

galaxy,
galaxy

C
,
also

located
at

a
physical

distance
cH

−
1
from

A
at

tim
e

t
1 ,

but
in

a
direction

orthogonal
to

that
of

B
.

If
galaxy

B
is

observed
from

galaxy
C

at
tim

e
t
1 ,

w
hat

is
the

observed
redshift

z
B

C
?

R
ecall

that
this

universe
is

flat,
so

E
uclidean

geom
etry

applies.

(f)
(10

points)
Suppose

that
galaxy

A
,at

tim
e

t
1 ,em

its
electrom

agnetic
radiation

spherically
sym

m
etrically,

w
ith

pow
er

output
P
.
(P

m
ight

be
m
easured,

for
exam

ple,
in

w
atts,

w
here

1
w
att

=
1
joule/second.)

W
hat

is
the

radiation
energy

flux
J

that
is

received
by

galaxy
B

at
tim

e
t
2 ,

w
hen

the
radiation

reaches
galaxy

B
?

(J
m
ight

be
m
easured,

for
exam

ple,
in

w
atts

per
m
eter

2.
U
nits

are
m
entioned

here
only

to
help

clarify
the

m
eaning

ofthese
quantities

—
your

answ
er

should
have

no
explicit

units,but
should

be
expressed

in
term

s
of

any
or

allofthe
given

quantities
t
1 ,

P
,and

c,plus
perhaps

sym
bols

representing
the

answ
ers

to
previous

parts.)
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A
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G
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Q
U

IZ
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F
O

R
M

U
L
A

S
H

E
E
T

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2

,
β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /

c
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ȧa )
2

=
8
π3

G
ρ−

k
c
2

a
2

,
ä
=

−
4
π3

G
ρ
a

,

ρ(t)
=

a
3(t

i )
a
3(t)

ρ(t
i )

Ω
≡

ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
a(t)∝

t
2
/
3

,

Ω
=

1
.


