
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent
P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
5,

2009
P
rof.

A
lan

G
uth

Q
U

IZ
2

R
eform

atted
to

R
em

ove
B

lan
k

P
ages

B
L
A

N
K

P
A

G
E
S

A
N

D
A

S
U

M
M

A
R
Y

O
F

U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

A
R

E
A

T
T

H
E

E
N

D
O

F
T

H
E

E
X

A
M

.

P
rob

lem
M

ax
im

u
m

S
core

1
32

2
33

3
35

T
O

T
A

L
100

Y
our

N
am

e

8.286
Q

U
IZ

2,
F
A

L
L

2009
p
.
2

P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(32
points)

W
ith

the
prevalence

of
G
oogle

today,
a
budding

physicist
m
ay

w
onder

“do
I

really
need

to
m
em

orize
all

these
num

bers?”
T
his

physicist
has

failed
to

consider
the

im
portance

of
im

pressing
one’s

peers
at

cocktails
or

beer
hour,

w
hen

googling
is

generally
considered

a
socialfaux

pas.
(A

)
T
he

follow
ing

is
a
list

of
num

bers
you

m
ay

need
to

have
handy

w
hen

doing
a
back-of-the-envelope

calculation
(B

O
T
E
C
)
in

a
bar

(since
these

are
going

into
B
O
T
E
C
s,

know
ing

the
answ

er
to

w
ithin

an
order

of
m
agnitude

is
good

enough).
(R

em
inder:

1
keV

=
10

3
eV

;
1
M
eV

=
10

6
eV

;
1
G
eV

=
10

9
eV

.)
For

each
of

the
follow

ing,
one

and
only

one
answ

er
is

correct:
(i)

(2
points)

R
est

m
ass

of
the

proton:
(a)

9.38
eV

(b)
93.8

keV
(c)

93.8
M
eV

(d)
.938

G
eV

(e)
9
.38×

10
1
3
eV

.
(ii)

(4
points)

M
ass

difference
betw

een
the

proton
and

neutron:
(a)

.129
eV

(b)
12.9

keV
(c)

1.29
M
eV

(d)
129

G
eV

(e)
1
.29×

10
1
0
eV

.
C
ircle

the
heavier

species:
proton

or
neutron?

(iii)
(2

points)
R
est

m
ass

of
the

electron:
(a)

0
eV

(b)
0.511

eV
(c)

511
keV

(d)
51.1

M
eV

(e)
5.11

G
eV

.
(iv)

(2
points)

B
aryon

to
photon

ratio
(i.e,the

ratio
of

num
ber

densities):
(a)

10
1
(b)

10
0
(c)

10 −
3
(d)

10 −
5
(e)

10 −
9
.

(v)
(2

points)
A
ge

of
the

universe
w
hen

big
bang

nucleosynthesis
is

over:
(a)

1
nanosecond

(b)
1
second

(c)
10

m
inutes

(d)
380,000

years
(e)

1
.37×

10
1
0
years.

(B
)
Im

portant
interactions

and
particle

properties
in

nucleosynthesis:
(i)

(5
points)

W
rite

dow
n
the

tw
o
m
ost

im
portant

reactions
w
hich

m
aintain

a
neutron-proton

equilibrium
in

the
very

early
universe.

(ii)
(5

points)
C
reate

a
list

ofallthe
unique

species
in

the
above

tw
o
reactions.

For
each

of
the

species
in

your
list,

state
the

charge,
baryon

num
ber,

and
lepton

num
ber.

(C
)
M
ore

on
nucleosynthesis:

(i)
(5

points)
A

theory
of

big
bang

nucleosynthesis
w
as

first
w
orked

out
in

the
late

1940’s
by

G
eorge

G
am

ow
,
R
alph

A
lpher,

and
R
obert

H
erm

an.
T
his

theory
differed

from
the

currently
accepted

theory
in

at
least

four
significant

w
ays.

N
am

e
one.

(ii)
(5

points)
W
einberg

em
phasizes

that
m
ost

ofthe
detailed

properties
ofthe

early
universe

are
determ

ined
by

the
assum

ption
that

it
w
as

in
a
state

of
therm

alequilibrium
.
T
herm

alequilibrium
,how

ever,cannot
change

a
con-

served
quantity,

so
each

conserved
quantity

m
ust

be
specified.

W
einberg

m
entions

three
conserved

quantities
w
hose

densities
m
ust

be
specified

in
the

recipe
for

the
early

universe.
O
ne

is
electric

charge
(w

hich
is
specified

to
be

zero
or

negligibly
sm

all).
W

hat
are

the
other

tw
o?

(Y
ou

need
only

give
the

nam
es

of
the

conserved
quantities,not

their
values.)
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2,
F
A

L
L

2009
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.
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P
R

O
B

L
E
M

2:
T

R
A

C
IN

G
L
IG

H
T

R
A

Y
S

IN
A

C
L
O

S
E
D

,
M

A
T

T
E
R

-
D

O
M

IN
A

T
E
D

U
N

IV
E
R

S
E

(33
points)

T
he

follow
ing

problem
w
as

P
roblem

3,
Q

uiz
2,

1998.
T

his
year

it
w
as

P
roblem

2
of

the
R
eview

P
roblem

s
for

Q
uiz

2.
T
he

spacetim
e
m
etric

for
a
hom

ogeneous,isotropic,closed
universe

is
given

by
the

R
obertson-W

alker
form

ula:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+
a
2(t) {

d
r
2

1−
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ

2 ) }
,

w
here

I
have

taken
k
=

1.
T
o
discuss

m
otion

in
the

radial
direction,

it
is

m
ore

convenient
to

w
ork

w
ith

an
alternative

radialcoordinate
ψ
,related

to
r
by

r
=

sin
ψ
.

T
hen

d
r

√
1−

r
2
=
d
ψ
,

so
the

m
etric

sim
plifies

to
d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+
a
2(t) {

d
ψ

2
+

sin
2
ψ (d

θ
2
+

sin
2
θ
d
φ

2 )}
.

(a)
(8

points)
A

light
pulse

travels
on

a
null

trajectory,
w
hich

m
eans

that
d
τ
=

0
for

each
segm

ent
of

the
trajectory.

C
onsider

a
light

pulse
that

m
oves

along
a
radial

line,
so

θ
=
φ
=

constant.
F
ind

an
expression

for
d
ψ
/
d
t
in

term
s
of

quantities
that

appear
in

the
m
etric.

(b)
(9

points)
W
rite

an
expression

for
the

physical
horizon

distance
�
p
h
y
s
at

tim
e

t.
Y
ou

should
leave

your
answ

er
in

the
form

of
a
definite

integral.
T
he

form
of
a(t)

depends
on

the
content

of
the

universe.
If
the

universe
is

m
atter-

dom
inated

(i.e.,dom
inated

by
nonrelativistic

m
atter),then

a(t)
is
described

by
the

param
etric

equations
ct

=
α
(θ−

sin
θ)

,

a
=
α
(1−

cos
θ)

,

w
here

α
≡

4
π3
G
ρ
a
3

c
2

.

T
hese

equations
are

identical
to

those
on

the
front

of
the

exam
,except

that
I
have

chosen
k
=

1.
(c)

(10
points)

C
onsider

a
radial

light-ray
m
oving

through
a
m
atter-dom

inated
closed

universe,
as

described
by

the
equations

above.
F
ind

an
expression

for
d
ψ
/
d
θ,w

here
θ
is

the
param

eter
used

to
describe

the
evolution.

(d)
(6

points)
Suppose

that
a
photon

leaves
the

origin
of

the
coordinate

system
(ψ

=
0)

at
t
=

0.
H
ow

long
w
illit

take
for

the
photon

to
return

to
its

starting
place?

E
xpress

your
answ

er
as

a
fraction

of
the

full
lifetim

e
of

the
universe,

from
big

bang
to

big
crunch.

(W
arning:

T
he

sym
bol

θ
is

used
for

tw
o

things:
before

part
(b),

θ
is

an
angular

coordinate;
after

part
(b),

θ
is

the
developm

ent
angle.
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2,
F
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L
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.
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P
R

O
B

L
E
M

3:
E
X

A
M

IN
IN

G
A

P
E
C

U
L
IA

R
S
P
A

C
E
T

IM
E

M
E
T

R
IC

(35
points)

C
onsider

the
spacetim

e
m
etric

d
s
2
=

−
c
2
d
τ

2
=

−
x

2

T
20

d
t
2
+

d
x

2
+
d
y
2
+

d
z
2
,

w
here

T
0
is
a
constant

w
ith

the
units

oftim
e.

In
this

problem
w
e
w
illbe

considering
only

m
otion

in
the

x
direction,

so
the

d
y
2
and

d
z
2
term

s
w
illnot

be
relevant.

(a)
(5

points)
Suppose

that
a
ruler,

w
hich

is
static

in
these

coordinates,
stretches

from
x
=
a
to

x
=
b,

w
here

a
and

b
are

constants,
w
ith

b
>
a.

W
hat

is
the

physical
length

of
the

ruler?

(b)
(5

points)
Suppose

that
a
clock,

w
hich

is
also

stationary
in

these
coordinates,

is
located

at
x
=
a.

H
ow

m
uch

tim
e
does

the
clock

m
easure

betw
een

t
=

0
and

t
=
β
,
w
here

β
is

a
constant.

(c)
(10

points)
Suppose

a
particle

m
oving

under
the

influence
of

gravity
alone

is
released

from
rest

at
x
=
a,at

tim
e
t
=

0.
Since

gravity
is
the

only
force

acting
on

the
particle,

its
m
otion

w
ill

be
described

by
the

geodesic
equation,

dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ

,

as
is
also

given
in

the
form

ula
sheet

for
this

quiz.
E
xpand

the
µ
=

0
(w

here
x

0≡
t)

geodesic
equation.

Y
our

finalexpression
should

involve
only

the
coordinates

x
and

t,
and

their
derivatives

w
ith

respect
to

τ,
and

the
param

eters
c
and

T
0 .

(d)
(10

points)
T
he

geodesic
equation

derived
in

part
(c)

is
not

enough
to

find
the

relation
betw

een
x
and

τ,w
hich

is
w
hat

w
e
w
ant

to
be

able
to

understand
the

m
otion

of
the

particle.
U
se

the
definition

of
the

m
etric

directly
to

obtain
an

expression
for

d
t/d

τ
in

term
s
of
x,

d
x
/d
τ,

and
the

param
eters

c
and

T
0 .

Y
ou

m
ay

use
the

fact
that,for

the
case

of
interest,

there
is
no

m
otion

in
the

y
or

z
direction.

(e)
(5

points)
B
y
using

your
answ

ers
from

parts
(c)

and
(d),

find
x
as

a
function

of
τ,or

τ
as

a
function

of
x,w

here
in

either
case

the
param

eters
c,
T

0 ,and/or
a
m
ay

appear
in

your
equations.

Y
ou

w
illget

fullcredit
for

your
answ

er
if
you

w
rite

an
expression

for
τ
as

a
definite

integral,
w
hich

you
need

not
evaluate.

(H
int:

the
particle

m
oves

tow
ard

sm
aller

values
of

x.)
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

S
P

E
E
D

O
F

L
IG

H
T

IN
C

O
M

O
V

IN
G

C
O

O
R

D
IN

A
T

E
S
:

v
c
o
o
rd

=
c

a(t)
.

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(special

relativity,w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡
v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
,

ä
=

−
4
π3
G
ρ
a
,

ρ(t)
=

a
3(t

i )
a
3(t)

ρ(t
i )

Ω
≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.
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.
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F
lat

(k
=

0):
a(t)∝

t
2
/
3

Ω
=

1
.

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
a√k

=
α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√k )
3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
a√κ

=
α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√κ )
3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2+

a
2(t) {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=

−
c
2d
τ

2
=

− (
1−

2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+
r
2
sin

2
θ
d
φ

2
,

G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k

 )
d
x

k

d
s

d
x




d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ


