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T
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E
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P
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D
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P
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E
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U
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D
ecem
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P
rof.

A
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G
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Q
U

IZ
3

R
eform

atted
to

R
em
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B

lan
k

P
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A
S
U

M
M

A
R
Y

O
F

U
S
E
F
U

L
IN

F
O

R
M

A
T
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N

IS
A

T
T

H
E

E
N

D
O

F
T

H
E

E
X

A
M

P
rob
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M

ax
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u
m

S
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1
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2
35

3
40

T
O

T
A

L
100

Y
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N
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e
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.
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P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

(a)
(10

points)
T
his

question
concerns

som
e
num

bers
related

to
the

cosm
ic

m
i-

crow
ave

background
(C

M
B
)
that

one
should

never
forget.

State
the

values
of

these
num

bers,
to

w
ithin

an
order

of
m
agnitude

unless
otherw

ise
stated.

In
all

cases
the

question
refers

to
the

present
value

of
these

quantities.

(i)
T
he

average
tem

perature
T

of
the

C
M
B

(to
w
ithin

10%
).

(ii)
T
he

speed
of

the
L
ocal

G
roup

w
ith

respect
to

the
C
M
B
,
expressed

as
a

fraction
v
/
c
of

the
speed

of
light.

(T
he

speed
of

the
L
ocalG

roup
is
found

by
m
easuring

the
dipole

pattern
of

the
C
M
B

tem
perature

to
determ

ine
the

velocity
ofthe

spacecraft
w
ith

respect
to

the
C
M
B
,and

then
rem

oving
spacecraft

m
otion,the

orbitalm
otion

ofthe
E
arth

about
the

Sun,the
Sun

about
the

galaxy,and
the

galaxy
relative

to
the

center
ofm

ass
ofthe

L
ocal

G
roup.)

(iii)
T
he

intrinsic
relative

tem
perature

fluctuations
∆
T
/
T
,
after

rem
oving

the
dipole

anisotropy
corresponding

to
the

m
otion

of
the

observer
relative

to
the

C
M
B
.

(iv)
T
he

ratio
of

baryon
num

ber
density

to
photon

num
ber

density,
η

=
n

b
a
ry /

n
γ .

(v)
T
he

angular
size

θ
H
,
in

degrees,
corresponding

to
w
hat

w
as

the
H
ubble

distance
c/
H

at
the

surface
oflast

scattering.
T
his

answ
er

m
ust

be
w
ithin

a
factor

of
3
to

be
correct.

(b)
(3

points)
B
ecause

photons
outnum

ber
baryons

by
so

m
uch,

the
exponential

tail
of

the
photon

blackbody
distribution

is
im

portant
in

ionizing
hydrogen

w
ell

after
k
T

γ
falls

below
Q

H
=

13
.6

eV
.
W

hat
is

the
ratio

k
T

γ
/
Q

H
w
hen

the
ionization

fraction
of

the
universe

is
1/2?

(i)
1
/5

(ii)
1
/50

(iii)
10 −

3
(iv)

10 −
4

(v)
10 −

5
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(c)
(2

points)
W

hich
of

the
follow

ing
describes

the
Sachs-W

olfe
effect?

(i)
P
hotons

from
fluid

w
hich

had
a
velocity

tow
ard

us
along

the
line

of
sight

appear
redder

because
of

the
D
oppler

effect.

(ii)
P
hotons

from
fluid

w
hich

had
a
velocity

tow
ard

us
along

the
line

of
sight

appear
bluer

because
of

the
D
oppler

effect.

(iii)
P
hotons

from
overdense

regions
at

the
surface

of
last

scattering
appear

redder
because

they
m
ust

clim
b
out

of
the

gravitationalpotential
w
ell.

(iv)
P
hotons

from
overdense

regions
at

the
surface

of
last

scattering
appear

bluer
because

they
m
ust

clim
b
out

of
the

gravitationalpotentialw
ell.

(v)
P
hotons

traveling
tow

ard
us

from
the

surface
of

last
scattering

appear
redder

because
of

absorption
in

the
intergalactic

m
edium

.

(vi)
P
hotons

traveling
tow

ard
us

from
the

surface
of

last
scattering

appear
bluer

because
of

absorption
in

the
intergalactic

m
edium

.

(d)
(10

points)
For

each
ofthe

follow
ing

statem
ents,say

w
hether

it
is
true

or
false:

(i)
D
ark

m
atter

interacts
through

the
gravitational,

w
eak,

and
electrom

ag-
netic

forces.
T

or
F
?

(ii)
T
he

virialtheorem
can

be
applied

to
a
cluster

of
galaxies

to
find

its
total

m
ass,

m
ost

of
w
hich

is
dark

m
atter.

T
or

F
?

(iii)
N
eutrinos

are
thought

to
com

prise
a
significant

fraction
ofthe

energy
den-

sity
of

dark
m
atter.

T
or

F
?

(iv)
M
agnetic

m
onopoles

are
thought

to
com

prise
a
significant

fraction
of

the
energy

density
of

dark
m
atter.

T
or

F
?

(v)
L
ensing

observations
have

show
n
that

M
A
C
H
O
s
cannot

account
for

the
dark

m
atter

in
galactic

halos,
but

that
as

m
uch

as
20%

of
the

halo
m
ass

could
be

in
the

form
of

M
A
C
H
O
s.

T
or

F
?

8.286
Q

U
IZ

3,
F
A

L
L

2009
p
.
4

P
R

O
B

L
E
M

2:
P

R
E
S
S
U

R
E
,
E
N

E
R

G
Y

D
E
N

S
IT

Y
,A

N
D

C
O

S
M

IC
E
V

O
-

L
U

T
IO

N
W

IT
H

M
Y

S
T

E
R

IO
U

S
S
T

U
F
F

(35
points)

T
he

follow
ing

problem
is

a
conglom

eration
of

P
roblem

6
and

7
of

the
R
eview

P
rob-

lem
s

for
Q

uiz
3.

O
n
P
roblem

Set
7,

a
thought

experim
ent

involving
a
piston

w
as

used
to

show
how

pressure
can

be
calculated

by
using

the
principle

ofenergy
conservation.

In
this

problem
you

w
illapply

the
sam

e
technique

to
calculate

the
pressure

of
m

y
ste

rio
u
s

stu
ff
,w

hich
has

the
property

that
the

energy
density

falls
off

in
proportion

to
1/ √

V
as

the
volum

e
V

is
increased.

Ifthe
initialenergy

density
ofthe

m
ysterious

stuff
is
u

0
=

ρ
0 c

2,then
the

initial
configuration

of
the

piston
can

be
draw

n
as

T
he

piston
is

then
pulled

outw
ard,

so
that

its
initial

volum
e
V

is
increased

to
V

+
∆
V
.
Y
ou

m
ay

consider
∆
V

to
be

infinitesim
al,

so
∆
V

2
can

be
neglected.

(a)
(10

points)
U
sing

the
fact

that
the

energy
density

of
m
ysterious

stuff
falls

off
as

1
/ √

V
,
find

the
am

ount
∆
U

by
w
hich

the
energy

inside
the

piston
changes

w
hen

the
volum

e
is

enlarged
by

∆
V
.
D
efine

∆
U

to
be

positive
if
the

energy
increases.

(b)
(5

points)
If

the
(unknow

n)
pressure

of
the

m
ysterious

stuff
is

called
p,

how
m
uch

w
ork

∆
W

is
done

by
the

agent
that

pulls
out

the
piston?

(c)
(5

points)
U
se

your
results

from
(a)

and
(b)

to
express

the
pressure

p
of

the
m
ysterious

stuff
in

term
s
of

its
energy

density
u.

(If
you

did
not

answ
er

parts
(a)

and/or
(b),explain

as
best

you
can

how
you

w
ould

determ
ine

the
pressure

if
you

knew
the

answ
ers

to
these

tw
o
questions.)
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N
ow

consider
a
universe

that
contains

nonrelativistic
m
atter,

radiation,
vacuum

energy,and
the

sam
e
m

y
ste

rio
u
s

stu
ff
that

w
as

introduced
above.

Since
the

m
ass

density
of

m
ysterious

stuff
falls

off
as

1/ √
V
,w

here
V

is
the

volum
e,it

follow
s
that

in
an

expanding
universe

the
m
ass

density
of

m
ysterious

stuff
falls

off
as

1/
a
3
/
2(t).

Suppose
that

you
are

given
the

present
value

of
the

H
ubble

param
eter

H
0 ,

and
also

the
present

values
of

the
contributions

to
Ω

≡
ρ
/
ρ

c
from

each
of

the
constituents:

Ω
m

,0
(nonrelativistic

m
atter),

Ω
r
,0

(radiation),
Ω

v
,0

(vacuum
energy

density),and
Ω

m
s,0

(m
ysterious

stuff
).

O
ur

goalis
to

express
the

age
ofthe

universe
t
0
in

term
s
of

these
quantities.

(d)
(8

points)
L
et

x(t)
denote

the
ratiox(t)≡

a(t)
a(t

0 )

for
an

arbitrary
tim

e
t.

W
rite

an
expression

for
the

total
m
ass

density
of

the
universe

ρ(t)
in

term
s
of

x(t)
and

the
given

quantities
described

above.

(e)
(7

points)
W
rite

an
integral

expression
for

the
age

of
the

universe
t
0 .

T
he

expression
should

depend
only

on
H

0
and

the
various

contributions
to

Ω
0
listed

above
(Ω

m
,0 ,

Ω
r
,0
,
etc.),

but
it

m
ight

include
x
as

a
variable

of
integration.
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P
R

O
B

L
E
M

3:
A

N
E
W

T
H

E
O

R
Y

O
F

T
H

E
W

E
A

K
IN

T
E
R

A
C

T
IO

N
S

(40
points)

Suppose
a
N
ew

T
heory

ofthe
W
eak

Interactions
(N

T
W

I)
w
as

proposed,w
hich

differs
from

the
standard

theory
in

tw
o
w
ays.

F
irst,

the
N
T
W

I
predicts

that
the

w
eak

interactions
are

som
ew

hat
w
eaker

than
in

the
standard

m
odel.

In
addition,

the
theory

im
plies

the
existence

of
new

spin-
12
particles

(ferm
ions)

called
the

R
+

and
R

−
,w

ith
a
rest

energy
of

50
M
eV

(w
here

1
M
eV

=
10

6
eV

).
T
his

problem
w
ill

deal
w
ith

the
cosm

ologicalconsequences
of

such
a
theory.

T
he

N
T
W

I
w
ill

predict
that

the
neutrinos

in
the

early
universe

w
ill

decouple
at

a
higher

tem
perature

than
in

the
standard

m
odel.

Suppose
that

this
decoupling

takes
place

at
k
T

≈
200

M
eV

.
T
his

m
eans

that
w
hen

the
neutrinos

cease
to

be
therm

ally
coupled

to
the

rest
of

m
atter,

the
hot

soup
of

particles
w
ould

contain
not

only
photons,

neutrinos,
and

e
+
-e −

pairs,
but

also
µ

+
,
µ −

,
π

+
,
π
−
,
and

π
0

particles,
along

w
ith

the
R

+
-R

−
pairs.

(T
he

m
uon

is
a
particle

w
hich

behaves
alm

ost
identically

to
an

electron,except
that

its
rest

energy
is
106

M
eV

.
T
he

pions
are

the
lightest

of
the

m
esons,

w
ith

zero
angular

m
om

entum
and

rest
energies

of
135

M
eV

and
140

M
eV

for
the

neutraland
charged

pions,respectively.
T
he

π
+
and

π
−

are
antiparticles

of
each

other,
and

the
π

0
is

its
ow

n
antiparticle.

Z
ero

angular
m
om

entum
im

plies
a
single

spin
state.)

Y
ou

m
ay

assum
e
that

the
universe

is
flat.

(a)
(10

points)
A
ccording

to
the

standard
particle

physics
m
odel,w

hat
is
the

m
ass

density
ρ
of

the
universe

w
hen

k
T

≈
200

M
eV

?
W

hat
is

the
value

of
ρ
at

this
tem

perature,
according

to
N
T
W

I?
U
se

either
g/cm

3
or

kg/m
3.

(If
you

w
ish,

you
can

save
tim

e
by

not
carrying

out
the

arithm
etic.

If
you

do
this,

how
ever,

you
should

give
the

answ
er

in
“calculator-ready”

form
,
by

w
hich

I
m
ean

an
expression

involving
pure

num
bers

(no
units),

w
ith

any
necessary

conversion
factors

included,
and

w
ith

the
units

of
the

answ
er

specified
at

the
end.

For
exam

ple,ifasked
how

far
light

travels
in

5
m
inutes,you

could
answ

er
2
.998×

10
8×

5×
60

m
.)

(b)
(10

points)
A
ccording

to
the

standard
m
odel,

the
tem

perature
today

of
the

therm
alneutrino

background
should

be
(4/11)

1
/
3T

γ ,w
here

T
γ
is
the

tem
pera-

ture
of

the
therm

al
photon

background.
W

hat
does

the
N
T
W

I
predict

for
the

tem
perature

of
the

therm
al

neutrino
background?

(c)
(10

points)
A
ccording

to
the

standard
m
odel,

w
hat

is
the

ratio
today

of
the

num
ber

density
oftherm

alneutrinos
to

the
num

ber
density

oftherm
alphotons?

W
hat

is
this

ratio
according

to
N
T
W

I?
(d)

(10
points)

Since
the

reactions
w
hich

interchange
protons

and
neutrons

involve
neutrinos,these

reactions
“freeze

out”
at

roughly
the

sam
e
tim

e
as

the
neutrinos

decouple.
A
t
later

tim
es

the
only

reaction
w
hich

effectively
converts

neutrons
to

protons
is
the

free
decay

ofthe
neutron.

D
espite

the
fact

that
neutron

decay
is

a
w
eak

interaction,
w
e
w
ill

assum
e
that

it
occurs

w
ith

the
usual

15
m
inute

m
ean

lifetim
e.

W
ould

the
helium

abundance
predicted

by
the

N
T
W

I
be

higher
or

low
er

than
the

prediction
of

the
standard

m
odel?

T
o
w
ithin

5
or

10%
,w

hat
w
ould

the
N
T
W

I
predict

for
the

percent
abundance

(by
w
eight)

of
helium

in
the

universe?
(A

s
in

part
(a),you

can
either

carry
out

the
arithm

etic,or
leave

the
answ

er
in

calculator-ready
form

.)
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

S
P

E
E
D

O
F

L
IG

H
T

IN
C

O
M

O
V

IN
G

C
O

O
R

D
IN

A
T

E
S
:

v
c
o
o
rd

=
c

a(t)
.

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
nergy-M

om
entum

Four-V
ector:

p
µ
= (

Ec
, p )

,
 p
=

γ
m

0  v
,

E
=

γ
m

0 c
2
= √

(m
0 c

2)
2
+
| p| 2

c
2
,

p
2≡

| p| 2− (p
0 )

2
=

| p| 2−
E

2

c
2

=
−
(m

0 c)
2
.
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C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2

,
ä
=

−
4
π3
G (

ρ
+

3
pc
2 )

a
,

ρ
m
(t)

=
a
3(t

i )
a
3(t)

ρ
m
(t

i )
(m

atter),
ρ

r (t)
=

a
4(t

i )
a
4(t)

ρ
r (t

i )
(radiation).

ρ̇
=

−
3
ȧa (

ρ
+

pc
2 )

,
Ω

≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
a(t)∝

t
2
/
3

(m
atter-dom

inated)
,

a(t)∝
t
1
/
2

(radiation-dom
inated)

,

Ω
=

1
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
a√k

=
α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√k )
3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
a√κ

=
α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√κ )
3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2+

a
2(t) {

d
r
2

1−
k
r
2
+

r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=

−
c
2d
τ

2
=

− (
1−

2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+

r
2
sin

2
θ
d
φ

2
,



8.286
Q

U
IZ

3,
F
A

L
L

2009
p
.
9

G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
 )

d
x

k

d
s

d
x



d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ

B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N
:

u
=

g
π

2

30
(k
T
)
4

(h̄
c)

3
(energy

density)

p
=

13
u

ρ
=

u
/
c
2

(pressure,
m
ass

density)

n
=

g ∗
ζ(3)
π

2

(k
T
)
3

(h̄
c)

3
(num

ber
density)

s
=

g
2
π

2

45
k

4T
3

(h̄
c)

3
,

(entropy
density)

w
here

g≡ {
1
per

spin
state

for
bosons

(integer
spin)

7/8
per

spin
state

for
ferm

ions
(half-integer

spin)

g ∗≡ {
1
per

spin
state

for
bosons

3/4
per

spin
state

for
ferm

ions
,

and
ζ(3)

=
11
3
+

12
3
+

13
3
+
···≈

1
.202

.

g
γ
=

g ∗γ
=

2
,

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
3

︸︷︷︸
3

sp
e
c
ie

s
ν

e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te

s =
214

,
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g ∗ν
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
3

︸︷︷︸
3

sp
e
c
ie

s
ν

e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te

s =
92
,

g
e
+

e −
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
1

︸︷︷︸
S
p
e
c
ie

s ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te

s =
72
,

g ∗e
+

e −
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
1

︸︷︷︸
S
p
e
c
ie

s ×
2

︸︷︷︸
P
a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te

s =
3
.

C
H

E
M

IC
A

L
E
Q

U
IL

IB
R

IU
M

:

Id
eal

G
as

of
C

lassical
N

on
relativ

istic
P
articles:

n
i
=

g
i (2

π
m

i k
T
)
3
/
2

(2
π
h̄)

3
e
(µ

i −
m

i c
2
)/

k
T
.

w
here

n
i
=

num
ber

density
of

particle

g
i
=

num
ber

of
spin

states
of

particle

m
i
=

m
ass

of
particle

µ
i
=

chem
ical

potential

For
any

reaction,
the

sum
of

the
µ

i
on

the
left-hand

side
of

the
reaction

equation
m
ust

equalthe
sum

ofthe
µ

i
on

the
right-

hand
side.

Form
ula

assum
es

gas
is

nonrelativistic
(k
T

	
m

i c
2)

and
dilute

(n
i 	

(2
π
m

i k
T
)
3
/
2/(2

π
h̄)

3).

E
V

O
L
U

T
IO

N
O

F
A

F
L
A

T
R

A
D

IA
T

IO
N

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

ρ
=

3
32

π
G
t
2

k
T
= (

45
h̄

3c
5

16
π

3g
G )

1
/
4

1√t

For
m

µ
=

106
M
eV



k
T



m

e
=

0
.511

M
eV

,
g
=

10
.75

and
then

k
T
=

0
.860

M
eV

√
t
(in

sec) (
10

.75
g )

1
/
4
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A
fter

the
freeze-out

of
electron-positron

pairs,

T
ν

T
γ
= (

411 )
1
/
3

.

H
O

R
IZ

O
N

D
IS

T
A

N
C

E
:

�
p
,h

o
riz

o
n (t)

=
a(t) ∫

t

0

c

a(t ′)
d
t ′

= {
3
ct

(flat,
m
atter-dom

inated),
2
ct

(flat,
radiation-dom

inated).

C
O

S
M

O
L
O

G
IC

A
L

C
O

N
S
T
A

N
T

:

u
v
a
c
=

ρ
v
a
c c

2
=

Λ
c
4

8
π
G

,

p
v
a
c
=

−
ρ
v
a
c c

2
=

−
Λ
c
4

8
π
G

.

G
E
N

E
R

A
L
IZ

E
D

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

x
d
xd
t
=

H
0 √

Ω
m

,0 x
+

Ω
ra

d
,0
+
Ω

v
a
c
,0 x

4
+

Ω
k
,0 x

2
,

w
here

x≡
a(t)
a(t

0 ) ≡
1

1
+

z
,

Ω
k
,0 ≡

−
k
c
2

a
2(t

0 )H
20

=
1−

Ω
m

,0 −
Ω

ra
d
,0 −

Ω
v
a
c
,0

.

A
ge

of
universe:

t
0
=

1H
0 ∫

1

0

x
d
x

√
Ω

m
,0 x

+
Ω

ra
d
,0
+
Ω

v
a
c
,0 x

4
+

Ω
k
,0 x

2

=
1H
0 ∫

∞0

d
z

(1
+

z) √
Ω

m
,0 (1

+
z)

3
+
Ω

ra
d
,0 (1

+
z)

4
+

Ω
v
a
c,0

+
Ω

k
,0 (1

+
z)

2
.

L
ook-back

tim
e:

t
lo

o
k-b

a
ck (z)

=

1H
0 ∫

z

0

d
z ′

(1
+

z ′) √
Ω

m
,0 (1

+
z ′)

3
+

Ω
ra

d
,0 (1

+
z ′)

4
+
Ω

v
a
c
,0
+

Ω
k
,0 (1

+
z ′)

2
.
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P
H

Y
S
IC

A
L

C
O

N
S
T
A

N
T

S
:

G
=

6
.674×

10 −
1
1
m

3·kg −
1·s −

2
=

6
.674×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1.381×

10 −
2
3
joule/K

=
1
.381×

10 −
1
6
erg

/K

=
8
.617×

10 −
5
eV

/K

h̄
=

h2
π

=
1
.055×

10 −
3
4
joule·s

=
1
.055×

10 −
2
7
erg·s

=
6
.582×

10 −
1
6
eV

·s
c
=

2
.998×

10
8
m
/s

=
2
.998×

10
1
0
cm

/s

h̄
c
=

197
.3

M
eV

-fm
,

1
fm

=
10 −

1
5
m

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
9
joule

=
1
.602×

10 −
1
2
erg

1
G
eV

=
10

9
eV

=
1
.783×

10 −
2
7

kg
(w

here
c≡

1)
=

1
.783×

10 −
2
4
g
.

P
lanck

U
nits:

T
he

P
lanck

length
�
P
,
the

P
lanck

tim
e
t
P
,
the

P
lanck

m
ass

m
P
,
and

the
P
lanck

energy
E

p
are

given
by

�
P
= √

G
h̄

c
3

=
1
.616×

10 −
3
5
m

,

=
1
.616×

10 −
3
3
cm

,

t
P
= √

h̄
Gc
5

=
5
.391×

10 −
4
4
s
,

m
P
= √

h̄
cG
=

2
.177×

10 −
8
kg

,

=
2
.177×

10 −
5
g
,

E
P
= √

h̄
c
5

G
=

1
.221×

10
1
9
G
eV

.


