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E
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P
rof.

A
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Q
u
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D
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D
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b
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R

O
B

L
E
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1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(20
points)

(a)
(4

points)
In

1948
R
alph

A
.A

lpher
and

R
obert

H
erm

an
w
rote

a
paper

predict-
ing

a
cosm

ic
m
icrow

ave
background

w
ith

a
tem

perature
of5

K
.
T
he

paper
w
as

based
on

a
cosm

ological
m
odel

that
they

had
developed

w
ith

G
eorge

G
am

ow
,

in
w
hich

the
early

universe
w
as

assum
ed

to
have

been
filled

w
ith

hot
neutrons.

A
s
the

universe
expanded

and
cooled

the
neutrons

underw
ent

beta
decay

into
protons,

electrons,
and

antineutrinos,
until

at
som

e
point

the
universe

cooled
enough

for
light

elem
ents

to
be

synthesized.
A
lpher

and
H
erm

an
found

that
to

account
for

the
observed

present
abundances

oflight
elem

ents,the
ratio

ofpho-
tons

to
nuclear

particles
m
ust

have
been

about
10

9.
A
lthough

the
predicted

tem
perature

w
as

very
close

to
the

actual
value

of
2.7

K
,
the

theory
differed

from
our

present
theory

in
tw

o
w
ays.

C
ircle

the
tw

o
correct

statem
ents

in
the

follow
ing

list.
(2

points
for

each
right

answ
er;

circle
at

m
ost

2.)

(i)
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed
that

the
neutron

could
decay,

but
now

the
neutron

is
thought

to
be

absolutely
stable.

(ii)
In

the
current

theory,
the

universe
started

w
ith

nearly
equal

densities
of

protons
and

neutrons,
not

all
neutrons

as
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed.

(iii)
In

the
current

theory,the
universe

started
w
ith

m
ainly

alpha
particles,not

all
neutrons

as
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed.
(N

ote:
an

alpha
particle

is
the

nucleus
ofa

helium
atom

,com
posed

oftw
o
protons

and
tw

o
neutrons.)

(iv)
In

the
current

theory,
the

conversion
of

neutrons
into

protons
(and

vice
versa)

took
place

m
ainly

through
collisions

w
ith

electrons,positrons,neu-
trinos,

and
antineutrinos,

not
through

the
decay

of
the

neutrons.

(v)
T
he

ratio
of

photons
to

nuclear
particles

in
the

early
universe

is
now

be-
lieved

to
have

been
about

10
3,

not
10

9
as

A
lpher

and
H
erm

an
concluded.

C
om

m
ent:

T
he

printed
quiz

erroneously
said

that
you

w
ould

receive
3

points
for

each
right

answ
er,

but
the

problem
is

only
w

orth
4

points
total.

It
w

as
intended

to
be

2
points

for
each

right
answ

er.

E
xplanation

of
incorrect

answ
ers:

(i)
T

he
neutron

decays
to

a
proton,

electron,
and

an
anti-electron-neutrino,

w
ith

a
m

ean
life

of
881
.5±

1
.5

s
(about

15
m

in-
utes),

according
to

the
P

article
D

ata
G

roup,
http://pdg.lbl.gov/.

A
lpher

and
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H
erm

an
knew

about
this

decay,
although

at
that

tim
e

the
lifetim

e
w

as
believed

to
be

som
ew

hat
longer

than
the

presently
accepted

value.
(ii)

In
the

current
the-

ory,
alpha

particles
do

not
form

in
significant

num
bers

until
about

3
34

m
inutes

after
the

big
bang.

W
hen

the
quarks

first
com

bine,
they

form
a

gas
of

nearly
equal

num
bers

of
protons

and
neutrons.

(v)
T

he
ratio

of
photons

to
nuclear

particles
(baryons)

in
the

universe
is

still
believed

to
be

about
10

9.
T

his
num

-
ber

is
valid

from
a

tim
e

m
uch

less
than

a
second,

w
hen

baryogenesis
took

place,
up

to
the

present
day.

(b)
(6

points)
C
onsider

a
star

in
a
circular

orbit
ofradius

r
in

a
galaxy.

W
hat

is
the

velocity
of

the
star,in

term
s
of

the
totalm

ass
M

(r)
contained

w
ithin

a
sphere

of
radius

r?
(For

sim
plicity,assum

e
that

the
m
ass

distribution
is

spherical.)

A
nsw

er:
T

he
gravitational

acceleration
due

to
the

galaxy
m

ust
provide

the
centripetal

acceleration
required

to
keep

the
star

m
oving

in
a

circular
orbit.

T
hus,

assum
ing

a
sphericaldistribution

of
m

atter,

v
2r
=
G
M

(r)
r
2

,

w
here

M
(r)

is
the

totalm
ass

of
the

galaxy
contained

w
ithin

a
sphere

of
radius

r.
Solving

for
v

gives

v(r)
= √

G
M

(r)
r

.

(c)
(2

points)
O
bservations

of
galaxies

show
that

the
surface

brightness
of

spiral
galaxies

is
highly

concentrated
near

the
center

ofthe
spiralgalaxy

disk.
T
here-

fore,for
r
>

5
kpc

or
so,the

density
ofstars

is
approxim

ately
zero.

W
hat

does
your

answ
er

for
v(r)

above
predict

for
the

dependence
of
v(r)

on
r
at

large
radii,

if
allof

the
m
ass

in
the

galaxy
is

due
to

stars?

A
nsw

er:
For

r
>

5
kpc

or
so,

w
e

can
approxim

ate
the

density
of

stars
to

be
zero,

and
therefore

for
such

radii
M

∗ (r)�
const.,

w
here

M
∗ (r)

is
the

total
m

ass
of

stars
w

ithin
a

sphere
of

radius
r.

From
the

answ
er

to
part

(b),
then,

v(r)∝
r −

1
/
2

if
all

of
the

m
ass

in
the

galaxy
is

due
to

stars.

(d)
(3

points)
H
ow

do
observed

galactic
rotation

curves
v(r)

actually
behave

for
large

r?
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A
nsw

er:
O

bserved
galactic

rotation
curves

plateau
for

large
radii,

as
observed

in
M

31,
or

even
increase

slightly,
as

observed
in

our
ow

n
galaxy.

In
particular,

they
do

not
falloff

appreciably
w

ith
radius,

as
they

w
ould

have
to

if
stars

w
ere

the
only

gravitationally
interacting

m
atter

present.

(e)
(5

points)
W

hich
one

of
the

follow
ing

statem
ents

about
C
M
B

is
not

correct:

(i)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

m
ean

tem
-

perature
averaging

over
the

sky
is〈T〉

=
2
.725

K
.

(ii)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

root
m
ean

square
tem

perature
fluctuation

is 〈(
δ
TT )

2 〉
1
/
2

=
1
.1×

10 −
3.

(iii)
T
he

dipole
distortion

is
a
sim

ple
D
oppler

shift,caused
by

the
net

m
otion

of
the

observer
relative

to
a
fram

e
ofreference

in
w
hich

the
C
M
B
is
isotropic.

(iv)
In

their
groundbreaking

paper,W
ilson

and
P
enzias

reported
the

m
easure-

m
ent

ofan
excess

tem
perature

ofabout
3.5

K
that

w
as

isotropic,unpolar-
ized,

and
free

from
seasonal

variations.
In

a
com

panion
paper

w
ritten

by
D
icke,

P
eebles,

R
oll

and
W

ilkinson,
the

authors
interpreted

the
radiation

to
be

a
relic

of
an

early,hot,
dense,

and
opaque

state
of

the
universe.

C
om

m
ent:

T
he

root
m

ean
squared

tem
perature

fluctuation
is

actually
1
.1×

10 −
5.
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P
R

O
B

L
E
M

2:
T

H
E

S
L
O

A
N

D
IG

IT
A

L
S
K

Y
S
U

R
V

E
Y

z
=

5
.82

Q
U

A
S
A

R
(40

points)

(a)
(15

points)
Since

Ω
m
+

Ω
Λ
=

0
.35

+
0
.65

=
1,

the
universe

is
flat.

It
therefore

obeys
a
sim

ple
form

of
the

Friedm
ann

equation,

H
2
= (

ȧa )
2

=
8
π3
G
(ρ

m
+
ρ
Λ )
,

w
here

the
overdot

indicates
a
derivative

w
ith

respect
to
t,

and
the

term
pro-

portional
to
k
has

been
dropped.

U
sing

the
fact

that
ρ

m
∝

1
/
a
3(t)

and
ρ
Λ
=

const,the
energy

densities
on

the
right-hand

side
can

be
expressed

in
term

s
of

their
present

values
ρ

m
,0

and
ρ
Λ
≡
ρ
Λ

,0 .
D
efining

x(t)≡
a(t)
a(t

0 )
,

one
has

(
ẋx )

2

=
8
π3
G (

ρ
m

,0

x
3

+
ρ
Λ )

=
8
π3
G
ρ

c
,0 (

Ω
m

,0

x
3

+
Ω
Λ

,0 )

=
H
20 (

Ω
m

,0

x
3

+
Ω
Λ

,0 )
.

H
ere

w
e
used

the
facts

that

Ω
m

,0 ≡
ρ

m
,0

ρ
c
,0
;

Ω
Λ

,0 ≡
ρ
Λ

ρ
c
,0
,

and
H
20
=

8
π3
G
ρ

c
,0
.

T
he

equation
above

for
(ẋ
/
x)
2
im

plies
that

ẋ
=
H
0
x √

Ω
m

,0

x
3

+
Ω
Λ

,0
,

w
hich

in
turn

im
plies

thatd
t
=

1H
0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

.
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U
sing

the
fact

that
x
changes

from
0
to

1
over

the
life

of
the

universe,
this

relation
can

be
integrated

to
give

t
0
= ∫

t0

0

d
t
=

1H
0 ∫

1

0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

.

T
he

answ
er

can
also

be
w
ritten

as

t
0
=

1H
0 ∫

1

0

x
d
x

√
Ω

m
,0 x

+
Ω
Λ

,0 x
4

or

t
0
=

1H
0 ∫

∞0

d
z

(1
+
z) √

Ω
m

,0 (1
+
z)
3
+
Ω
Λ

,0

,

w
here

in
the

last
answ

er
I
changed

the
variable

of
integration

using

x
=

1
1
+
z
;

d
x
=

−
d
z

(1
+
z)
2
.

N
ote

that
the

m
inus

sign
in

the
expression

for
d
x
is
canceled

by
the

interchange
ofthe

lim
its

ofintegration:
x
=

0
corresponds

to
z
=

∞
,and

x
=

1
corresponds

to
z
=

0.

Y
our

answ
er

should
look

like
one

of
the

above
boxed

answ
ers.

Y
ou

w
ere

not
expected

to
com

plete
the

num
erical

calculation,
but

for
pedagogical

purposes
I
w
ill

continue.
T
he

integralcan
actually

be
carried

out
analytically,giving

∫
1

0

x
d
x

√
Ω

m
,0 x

+
Ω
Λ

,0 x
4
=

2
3 √

Ω
Λ

,0

ln (√
Ω

m
+

Ω
Λ

,0
+ √

Ω
Λ

,0
√
Ω

m

)
.

U
sing

1H
0
=

9
.778×

10
9

h
0

yr
,

w
here

H
0
=

100
h
0 km

-sec −
1-M

pc −
1,

one
finds

for
h
0
=

0
.65

that

1H
0
=

15
.043×

10
9
yr
.
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T
hen

using
Ω

m
=

0
.35

and
Ω
Λ

,0
=

0
.65,one

finds

t
0
=

13
.88×

10
9
yr
.

So
the

SD
SS

people
w
ere

right
on

target.

(b)
(5

points)
H
aving

done
part

(a),
this

part
is

very
easy.

T
he

dynam
ics

of
the

universe
is

of
course

the
sam

e,
and

the
question

is
only

slightly
different.

In
part

(a)
w
e
found

the
am

ount
of

tim
e
that

it
took

for
x
to

change
from

0
to

1.
T
he

light
from

the
quasar

that
w
e
now

receive
w
as

em
itted

w
hen

x
=

1
1
+
z
,

since
the

cosm
ologicalredshift

is
given

by

1
+
z
=
a(t

o
b
se
rv
e
d )

a(t
e
m
itte

d )
.

U
sing

the
expression

for
d
t
from

part
(a),the

am
ount

of
tim

e
that

it
took

the
universe

to
expand

from
x
=

0
to
x
=

1
/(1

+
z)

is
given

by

t
e
= ∫

t
e

0

d
t
=

1H
0 ∫

1
/
(1
+

z
)

0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

.

A
gain

one
could

w
rite

the
answ

er
other

w
ays,

including

t
e
=

1H
0 ∫

∞z

d
z ′

(1
+
z ′) √

Ω
m

,0 (1
+
z ′)

3
+
Ω
Λ

,0

.

A
gain

you
w
ere

expected
to

stop
w
ith

an
expression

like
the

one
above.

C
on-

tinuing,
how

ever,
the

integral
can

again
be

done
analytically:

∫
x
m

a
x

0

d
x

x √
Ω

m
,0

x
3

+
Ω
Λ

,0

=
2

3 √
Ω
Λ

,0

ln (√
Ω

m
+
Ω
Λ

,0 x
3m
a
x
+ √

Ω
Λ

,0
x
3
/
2

m
a
x

√
Ω

m

)
.
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U
sing

x
m
a
x
=

1
/(1

+
5
.82)

=
.1466

and
the

other
values

as
before,

one
finds

t
e
=

0
.06321
H
0

=
0
.9509×

10
9
yr
.

So
again

the
SD

SS
people

w
ere

right.

(c)
(10

points)
T
o
find

the
physical

distance
to

the
quasar,

w
e
need

to
figure

out
how

far
light

can
travelfrom

z
=

5
.82

to
the

present.
Since

w
e
w
ant

the
present

distance,
w
e
m
ultiply

the
coordinate

distance
by
a(t

0 ).
For

the
flat

m
etric

d
s
2
=

−
c
2
d
τ
2
=

−
c
2d
t
2
+
a
2(t) {d

r
2
+
r
2(d
θ
2
+

sin
2
θ
d
φ
2) }

,

the
coordinate

velocity
of

light
(in

the
radial

direction)
is

found
by

setting
d
s
2
=

0,
giving

d
rd
t
=

c

a(t)
.

So
the

totalcoordinate
distance

that
light

can
travel

from
t
e
to
t
0
is

�
c
= ∫

t0

t
e

c

a(t)
d
t
.

T
his

is
not

the
final

answ
er,

how
ever,

because
w
e
don’t

explicitly
know

a(t).
W
e
can,

how
ever,

change
variables

of
integration

from
t
to
x,

using

d
t
=

d
t

d
x
d
x
=

d
xẋ
.

So

�
c
=

c

a(t
0 ) ∫

1

x
e

d
x

x
ẋ
,

w
here

x
e
is
the

value
of
x
at

the
tim

e
ofem

ission,so
x

e
=

1
/(1

+
z).

U
sing

the
equation

for
ẋ
from

part
(a),

this
integral

can
be

rew
ritten

as

�
c
=

c

H
0 a(t

0 ) ∫
1

1
/
(1
+

z
)

d
x

x
2 √

Ω
m

,0
x
3

+
Ω
Λ

,0

.

F
inally,then

�
p
h
y
s,0

=
a(t

0 )
�
c
=

cH
0 ∫

1

1
/
(1
+

z
)

d
x

x
2 √

Ω
m

,0
x
3

+
Ω
Λ

,0

.
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A
lternatively,this

result
can

be
w
ritten

as

�
p
h
y
s,0

=
cH
0 ∫

1

1
/
(1
+

z
)

d
x

√
Ω

m
,0
x
+
Ω
Λ

,0
x
4
,

or
by

changing
variables

of
integration

to
obtain

�
p
h
y
s,0

=
cH
0 ∫

z

0

d
z ′

√
Ω

m
,0 (1

+
z ′)

3
+

Ω
Λ

,0

.

C
ontinuing

for
pedagogical

purposes,
this

tim
e
the

integral
has

no
analytic

form
,
so

far
as

I
know

.
Integrating

num
erically,

∫
5
.8
2

0

d
z ′

√
0
.35

(1
+
z ′)

3
+

0
.65

=
1
.8099

,

and
then

using
the

value
of

1/
H
0
from

part
(a),

�
p
h
y
s,0

=
27
.23

light-yr
.

R
ight

again.

(d)
(5

points)
�
p
h
y
s,e

=
a(t

e )�
c ,

so

�
p
h
y
s,e

=
a(t

e )
a(t

0 )
�
p
h
y
s,0

=
�
p
h
y
s,0

1
+
z
.

N
um

erically
this

gives

�
p
h
y
s,e

=
3
.992×

10
9
light-yr

.

T
he

SD
SS

announcem
ent

is
stillokay.

(e)
(5

points)
T
he

speed
defined

in
this

w
ay

obeys
the

H
ubble

law
exactly,so

v
=
H
0
�
p
h
y
s,0
,
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w
here

�
p
h
y
s,0

is
the

answ
er

to
part

(c).
T
he

answ
er

can
also

be
w
ritten

by
using

this
answ

er,
so

v
=
c ∫

1

1
/
(1
+

z
)

d
x

√
Ω

m
,0
x
+
Ω
Λ

,0
x
4

or

v
=
c ∫

z

0

d
z ′

√
Ω

m
,0
(1

+
z ′)

3
+

Ω
Λ

,0

.

N
um

erically,w
e
have

already
found

that
this

integralhas
the

value

v
=

1
.8099

c
.

T
he

SD
SS

people
get

an
A
.

P
R

O
B

L
E
M

3:
N

U
C

L
E
O

S
Y

N
T

H
E
S
IS

A
F
T

E
R

T
H

E
D

E
U

T
E
R

IU
M

B
O

T
T

L
E
N

E
C

K
(30

points)

(a)
(5

points)
W
e
are

given
n

b
the

num
ber

density
of

baryons,
and

w
e
are

also
given

the
fraction

f
w
hich

are
neutrons.

Ifallthe
neutrons

becom
e
bound

into
H
e
4,

then
the

num
ber

density
of

H
e
4
nuclei

is

n
H
e
4
=

12
f
n

b
,

since
the

total
(free

plus
bound)

num
ber

density
of

neutrons
is
f
n

b ,
and

it
takes

tw
o
neutrons

to
m
ake

a
H
e
4
nucleus.

Since
each

H
e
4
nucleus

has
the

sam
e
num

ber
of

protons
and

neutrons,
the

density
of

bound
protons

w
ill

be
f
n

b ,w
hile

the
totalnum

ber
density

of
protons

is
(1−

f)n
b .

T
hus

the
num

ber
density

of
free

protons
w
illbe

n
p
=

(1−
f)n

b −
f
n

b
=

(1−
2
f)n

b
.

N
um

erically,

n
H
e
4
=

12
(0
.14)×

5
.54×

10
2
4
m

−
3
=

3
.88×

10
2
3
m

−
3
,

n
p
=

(1−
2
f)n

b
=

0
.72×

5
.54×

10
2
4
m

−
3
=

3
.99×

10
2
4
m

−
3
.
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(b)
(5

points)
T
he

sum
s
ofthe

chem
icalpotentials

on
the

tw
o
sides

of
the

reaction
m
ust

be
equal,so

µ
H
e
4
=

2(µ
p
+
µ

n )
.

(c)
(7

points)
In

therm
al

equilibrium
,
the

num
ber

densities
for

neutrons,
protons,

and
H
e
4
are

allgiven
by

the
form

ula
in

the
form

ula
sheet.

U
sing

g
n
=
g

p
=

12 ,
and

g
H
e
4
=

1,
the

form
ula

im
plies

n
n
=

2 (
m

n
k
T

D

2
π
h̄
2 )

3
/
2

e
(µ

n −
m

n
c
2
)/

k
T

D
,

n
p
=

2 (
m

p k
T

D

2
π
h̄
2 )

3
/
2

e
(µ

p −
m

p
c
2
)/

k
T

D
,

n
H
e
4
= (

m
H
e
4k
T

D

2
π
h̄
2

)
3
/
2

e
(µ

H
e
4 −

m
H

e 4
c
2
)/

k
T

D
,

w
here

I
have

used
the

algebraic
identity

(2
π
m
k
T

D
)
3
/
2

(2
π
h̄)
3

= (
m
k
T

D

2
π
h̄
2 )

3
/
2

.

G
iven

the
answ

er
to

part
(b),

the
chem

ical
potentials

w
ill

cancel
out

if
w
e

calculate
the

ratio
of
n
H
e
4/(n

2n
n
2p ).

If
w
e

use
the

definition
B
H
e
4

=
[2(m

n
+
m

p )−
m
H
e
4]c

2
and

the
approxim

ation
m

p
=
m

n
=

14
m
H
e
4,

the
ra-

tio
sim

plifies
to

n
H
e
4

n
2n
n
2p

=
12 (

m
p k
T

D

2
π
h̄
2 )

−
9
/
2

e
B

H
e
4
/
k
T

D
,

w
here

I
used

4
3
/
2

(2·2)
2
=

12
.

(d)
(6

points)
T
he

approxim
ations

used
to

find
n

p
and

n
H
e
4
are

stillvalid,since
a

trace
am

ount
of

free
neutrons

w
illnot

significantly
affect

these
answ

ers.
T
hus

w
e
know

the
values

of
n

p
and

n
H
e
4,

so
w
e
can

use
the

answ
er

to
part

(c)
to

find
n

n .
W

ith
a
little

algebra,
one

finds

n
2n
=

2
n
H
e
4

n
2p (

m
p k
T

D

2
π
h̄
2 )

9
/
2

e −
B

H
e
4
/
k
T

D
,
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so

n
n
= √

f

(1−
2
f)

2n
b (

m
p k
T

D

2
π
h̄
2 )

9
/
4

e −
12
B

H
e 4

/
k
T

D
.

N
um

erically,

n
n ≈ √

0
.14

(0
.72)

2

1
√
5
.54×

10
2
4
m

−
3 (4

.01×
10

3
9
m

−
3 )
3
/
2 (3×

10
1
8
6 )−

1
/
2

≈
3×

10 −
4
7
m

−
3
.

(e)
(7

points)
A
gain

w
e
can

w
rite

a
ratio

of
densities

for
w
hich

the
chem

ical
po-

tentials
cancel

out:n
L
i 7

n
3p n

4n

=
4·7

3
/
2

2
7

(
m

p k
T

D

2
π
h̄
2 )

−
9

e
B

L
i 7

/
k
T

D
.

So

n
L
i 7
=

7
3
/
2

32
n
3p n

4n (
m

p k
T

D

2
π
h̄
2 )

−
9

e
B

L
i 7

/
k
T

D

=
7
3
/
2

32
(0
.72)

3(5
.54×

10
2
4
m

−
3)
3(3×

10 −
4
7
m

−
3)
4

×
(4
.01×

10
3
9
m

−
3) −

6(4×
10

2
5
8)

≈
3×

10 −
9
2
m

−
3
.

P
R

O
B

L
E
M

4:
D

O
U

B
L
IN

G
O

F
E
L
E
C

T
R

O
N

S
(10

points)

T
he

entropy
density

of
black-body

radiation
is

given
by

s
=
g [

2
π
2

45
k
4

(h̄
c)
3 ]
T
3

=
g
C
T
3
,

w
here

C
is
a
constant.

A
t
the

tim
e
w
hen

the
electron-positron

pairs
disappear,

the
neutrinos

are
decoupled,

so
their

entropy
is

conserved.
A
ll
of

the
entropy
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from
electron-positron

pairs
is
given

to
the

photons,and
none

to
the

neutrinos.
T
he

sam
e
w
illbe

true
here,

for
both

species
of

electron-positron
pairs.

T
he

conserved
neutrino

entropy
can

be
described

by
S

ν
≡
a
3s

ν ,
w
hich

indi-
cates

the
entropy

per
cubic

notch,
i.e.,entropy

per
unit

com
oving

volum
e.

W
e

introduce
the

notation
n −

and
n
+

for
the

new
electron-like

and
positron-like

particles,
and

also
the

convention
that

P
rim

ed
quantities:

values
after

e
+
e −
n
+
n −

annihilation

U
nprim

ed
quantities:

values
before

e
+
e −
n
+
n −

annihilation.

For
the

neutrinos,

S
′ν
=
S

ν
=⇒

g
ν
C
(a ′T

′ν )
3
=
g

ν C
(a
T

ν )
3

=⇒

a ′T
′ν
=
a
T

ν
.

For
the

photons,
before

e
+
e −
n
+
n −

annihilation
w
e
have

T
γ
=
T

e
+

e −
n

+
n
−
=
T

ν
;

g
γ
=

2
,
g

e
+

e −
=
g

n
+

n
−
=

7
/2
.

W
hen

the
e
+
e −

and
n
+
n −

pairs
annihilate,their

entropy
is
added

to
the

pho-
tons:

S
′γ
=
S

e
+

e −
+
S

n
+

n
−
+
S

γ
=⇒

2
C (a ′T

′γ )
3
= (

2
+

2·
72 )
C
(a
T

γ )
3

=⇒

a ′T
′γ
= (

92 )
1
/
3

a
T

γ
,

so
a
T

γ
increases

by
a
factor

of
(9/2)

1
/
3.

B
efore

e
+
e −

annihilation
the

neutrinos
w
ere

in
therm

al
equilibrium

w
ith

the
photons,

so
T

γ
=
T

ν .
B
y
considering

the
tw

o
boxed

equations
above,

one
has

T
′ν
= (

29 )
1
/
3

T
′γ
.

T
his

ratio
w
ould

rem
ain

unchanged
until

the
present

day.


