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P
rof.

A
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G
uth

Q
U
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1

R
eform

atted
to

R
em

ove
B

lan
k

P
ages

A
S
U

M
M

A
R
Y

O
F

U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

IS
A

T
T

H
E

E
N

D
O

F
T

H
E

E
X

A
M

.

Y
our

N
am

e

P
rob

lem
M

ax
im

u
m

S
core

1
25

2
30

3
20

4
25

T
O

T
A

L
100

8.286
Q

U
IZ

1,
F
A

L
L

2011
p
.
2

P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

(a)
(10

points)
H
ubble’s

law
relates

the
distance

of
galaxies

to
their

velocity.
T
he

D
oppler

effect
provides

an
accurate

tool
to

m
easure

velocity,
w
hile

the
m
ea-

sure
of

cosm
ic

distances
is

m
ore

problem
atic.

E
xplain

briefly
the

m
ethod

that
H
ubble

used
to

estim
ate

the
distance

of
galaxies

in
deriving

his
law

.

(b)
(5

points)
O
ne

expects
H
ubble’s

law
to

hold
as

a
consequence

of
the

C
osm

o-
logicalP

rinciple.
W

hat
does

the
C
osm

ologicalP
rinciple

state?

(c)
(10

points)
G
ive

a
brief

definition
for

the
w
ords

hom
ogeneity

and
isotropy.

T
hen

say
for

each
of

the
follow

ing
tw

o
statem

ents
w
hether

it
is

true
or

false.
If
true

explain
briefly

w
hy.

Iffalse
give

a
counter-exam

ple.
Y
ou

should
assum

e
E
uclidean

geom
etry

(w
hich

W
einberg

im
plicitly

assum
ed

in
his

discussion).

(i)
Ifthe

universe
is
isotropic

around
one

point
then

it
has

to
be

hom
ogeneous.

(ii)
If

the
universe

is
isotropic

around
tw

o
or

m
ore

distinct
points

then
it

has
to

be
hom

ogeneous.

(d)
B
onus

question:
(2

points
extra

credit)
If
w
e
allow

curved
(i.e.,non-E

uclidean)
spaces,

is
it

true
that

a
universe

w
hich

is
isotropic

around
tw

o
distinct

points
has

to
be

hom
ogeneous?

If
true

explain
briefly

w
hy,

and
otherw

ise
give

a
counter-exam

ple.
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2:
A

P
O

S
S
IB

L
E

M
O

D
IF

IC
A

T
IO

N
O

F
N

E
W

T
O

N
’S

L
A
W

O
F

G
R

A
V

IT
Y

(30
points)

T
he

follow
ing

problem
w
as

P
roblem

2,
Q

uiz
2,

2000.
It

also
appeared

as
P
roblem

14
on

this
year’s

Q
uiz

1
R
eview

P
roblem

s.

In
L
ecture

N
otes

3
w
e
developed

a
N
ew

tonian
m
odel

of
cosm

ology,by
consid-

ering
a
uniform

sphere
of

m
ass,

centered
at

the
origin,

w
ith

initial
m
ass

density
ρ

i

and
an

initialpattern
of

velocities
corresponding

to
H
ubble

expansion:
�v

i
=
H

i �r:

W
e
denoted

the
radius

at
tim

e
t
of

a
particle

w
hich

started
at

radius
r
i
by

the
function

r(r
i ,t).

A
ssum

ing
N
ew

ton’s
law

ofgravity,w
e
concluded

that
each

particle
w
ould

experience
an

acceleration
given

by

�g
=

−
G
M

(r
i )

r
2(r

i ,t)
r̂
,

w
here

M
(r

i )
denotes

the
total

m
ass

contained
initially

in
the

region
r
<
r
i ,
given

by

M
(r

i )
=

4
π3
r
3i ρ

i
.

Suppose
that

the
law

of
gravity

is
m
odified

to
contain

a
new

,
repulsive

term
,

producing
an

acceleration
w
hich

grow
s
as

the
nth

pow
er

of
the

distance,
w
ith

a
strength

that
is

independent
of

the
m
ass.

T
hat

is,
suppose

�g
is

given
by

�g
=

−
G
M

(r
i )

r
2(r

i ,t)
r̂
+
γ
r

n(r
i ,t)

r̂
,

w
here

γ
is

a
constant.

T
he

function
r(r

i ,t)
then

obeys
the

differential
equation

r̈
=

−
G
M

(r
i )

r
2(r

i ,t)
+
γ
r

n(r
i ,t)

.

—
P
roblem

2
continues

on
the

follow
ing

page
—
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Q
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.
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P
roblem

2,
C
ontinued.

P
lease

start
your

answ
er

on
the

blank
page

to
the

right.

a)
(5

points)
A
s
done

in
the

lecture
notes,

w
e
define

u(r
i ,t)≡

r(r
i ,t)/

r
i
.

W
rite

the
differential

equation
obeyed

by
u.

(H
int:

be
sure

that
u

is
the

only
tim

e-dependent
quantity

in
your

equation;
r,
ρ,

etc.
m

ust
be

rew
ritten

in
term

s
of

u,
ρ

i ,
etc.)

b)
(5

points)
For

w
hat

value
of

the
pow

er
n
is

the
differential

equation
found

in
part

(a)
independent

of
r
i ?

c)
(6

points)
W
rite

the
initial

conditions
for

u
w
hich,

w
hen

com
bined

w
ith

the
differential

equation
found

in
(a),uniquely

determ
ine

the
function

u.

d)
(14

points)
If

all
is

going
w
ell,

then
you

have
learned

that
for

a
certain

value
of
n,the

function
u(r

i ,t)
w
illin

fact
not

depend
on

r
i ,
so

w
e
can

define

a(t)≡
u(r

i ,t)
.

Show
,
for

this
value

of
n,that

the
differentialequation

for
a
can

be
integrated

once
to

obtain
an

equation
related

to
the

conservation
of

energy.
T
he

desired
equation

should
include

term
s
depending

on
a
and

ȧ,
but

not
ä
or

any
higher

derivatives.

If
all

has
not

gone
so

w
ell,

you
m
ay

not
know

w
hat

differential
equation

a(t)
obeys.

Ifthat
is
the

case,then
for

a
m
axim

um
of12

points
you

can
consider

the
generic

equation

ä
+

Aa
p
+
B
a

q
=

0
,

w
here

A
and

B
are

arbitrary
constants,and

p
and

q
are

positive
integers,w

ith
p
>

1.
Show

that
this

equation
can

be
integrated

once,
as

described
in

the
previous

paragraph.
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C

O
S
M

O
L
O

G
IC

A
L

V
S
.S

P
E
C

IA
L

R
E
L
A

T
IV

IS
T

IC
R

E
D

-
S
H

IF
T

(20
points)

T
he

cosm
ologicalredshift

is
caused

by
a
com

bination
ofa

velocity
redshift

and
a
gravitational

redshift,
although

it
is

easier
to

calculate
than

these
w
ords

w
ould

suggest.
It

is
given

by
the

equation
on

the
form

ula
sheet,w

here
the

effects
ofgravity

appear
through

the
effect

that
gravity

has
in

determ
ining

a(t).
H
ow

ever,w
hen

the
distances

are
sm

all
and

the
velocities

are
low

,
the

effects
of

gravity
are

sm
all.

For
such

cases
the

special
relativity

redshift
calculation

and
the

cosm
ological

redshift
calculation

should
be

very
close

to
each

other.
In

this
problem

w
e
w
illcom

pare
the

tw
o
calculations

for
a
specific

num
erical

exam
ple.

C
onsider

a
flat

m
atter-dom

inated
universe,

w
ith

a
scale

factor
given

by

a(t)
=
bt

2
/
3
,

w
here

b
is

a
constant.

T
ake

the
age

of
the

universe
as

t
0
=

13
.7

G
yr

(1
G
yr

=
10

9

yr).
Suppose

that
w
e
observe

a
galaxy

X
,w

hich
m
oves

w
ith

the
H
ubble

expansion,
for

w
hich

the
light

that
w
e
now

observe
left

the
galaxy

at
t
e
=

13
.5

G
yr.

For
parts

(a)-(c)
below

,
give

your
answ

er
both

as
a
general

form
ula

in
term

s
of

t
0 ,
t
e ,

and
(possibly)

c
(the

speed
of

light),
and

also
as

a
num

erical
value.

T
reat

the
input

num
bers

as
if

they
w
ere

exact,
and

give
your

num
erical

answ
ers

to
at

least
six

significant
figures.

(a)
(5

points)
W

hat
is

the
redshift

z
of

the
light?

(b)
(5

points)
W

hat
is

the
current

physical
distance

�
p
to

the
galaxy

X
.

T
he

num
erical

value
should

be
expressed

in
light-years.

(c)
(5

points)
W

hat
is
the

current
velocity

v
p
(i.e.,the

rate
ofchange

ofthe
current

physicaldistance)
of

the
galaxy

X
,relative

to
us?

T
he

num
ericalvalue

should
be

expressed
as

a
fraction

of
c.

(d)
(5

points)
U
sing

the
velocity

that
you

found
in

part
(c),w

hat
redshift

z
w
ould

you
calculate

using
the

special
relativity

D
oppler

shift
form

ula?
For

this
part

you
can

give
only

a
num

erical
answ

er,
w
ith

no
general

expression.
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4:
T

H
E

T
R

A
JE

C
T

O
R
Y

O
F

A
P

H
O

T
O

N
O

R
IG

IN
A

T
IN

G
A

T
T

H
E

H
O

R
IZ

O
N

(25
points)

C
onsider

again
a
flat

m
atter-dom

inated
universe,

w
ith

a
scale

factor
given

by

a(t)
=
bt

2
/
3
,

w
here

b
is

a
constant.

L
et
t
0
denote

the
current

tim
e.

(a)
(5

points)
W

hat
is

the
current

value
of

the
physical

horizon
distance

�
p
,h

o
riz

o
n (t

0 )?
T
hat

is,w
hat

is
the

present
distance

of
the

m
ost

distant
m
atter

that
can

be
seen,

lim
ited

only
by

the
speed

of
light.

U
seful

form
ula:

�
p
,h

o
riz

o
n (t)

=
a(t) ∫

t

0

cd
t ′

a(t ′)
.

(b)
(5

points)
C
onsider

a
photon

that
is
arriving

now
from

an
ob

ject
that

is
just

at
the

horizon.
O
ur

goalis
to

trace
the

trajectory
ofthis

ob
ject.

Suppose
that

w
e

set
up

a
com

ov
in

g
coordinate

system
w
ith

us
at

the
origin,and

the
source

of
the

photon
along

the
positive

x-axis.
W

hat
is

the
coordinate

x
0
of

the
photon

at
t
=

0?

(c)
(5

points)
A
s
the

photon
travels

from
the

source
to

us,
w
hat

is
its

coordinate
x(t)

as
a
function

of
tim

e?

(d)
(5

points)
W

hat
is

the
physical

distance
�
p (t)

betw
een

the
photon

and
us

as
a

function
of

tim
e?

(e)
(5

points)
W

hat
is

the
m
axim

um
physical

distance
�
p
,m

a
x
betw

een
the

photon
and

us,
and

at
w
hat

tim
e
t
m

a
x
does

it
occur?
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P
rof.

A
lan

G
uth

Q
U

IZ
1

F
O

R
M

U
L
A

S
H

E
E
T

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(special

relativity,w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡
v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
,

ä
=

−
4
π3
G
ρ
a
,

ρ(t)
=

a
3(t

i )
a
3(t)

ρ(t
i )

Ω
≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
a(t)∝

t
2
/
3
,

Ω
=

1
.


