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T
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E
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P
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D
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P
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8.286:
T
he

E
arly

U
niverse

N
ovem

ber
3,

2011
P
rof.

A
lan

G
uth

Q
U

IZ
2

R
eform

atted
to

R
em

ove
B

lan
k

P
ages

A
S
U

M
M

A
R
Y

O
F

U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

IS
A

T
T

H
E

E
N

D
O

F
T

H
E

E
X

A
M

.

P
rob

lem
M

ax
im

u
m

S
core

1
20

2
30

3
30

4
20

T
O

T
A

L
100

Y
our

N
am

e

8.286
Q

U
IZ

2,
F
A

L
L

2011
p
.
2

P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(20
points)

(a)
(8

points)
D
uring

nucleosynthesis,
heavier

nuclei
form

from
protons

and
neu-

trons
through

a
series

of
tw

o
particle

reactions.

(i)
In

T
he

F
irst

T
hree

M
inutes,

W
einberg

discusses
tw

o
chains

of
reactions

that,
starting

from
protons

and
neutrons,

end
up

w
ith

helium
,
H
e
4.

D
e-

scribe
at

least
one

of
these

tw
o
chains.

(ii)
E
xplain

briefly
w
hat

is
the

deuterium
bottleneck,and

w
hat

is
its

role
during

nucleosynthesis.

(b)
(12

points)
In

C
hapter

4
of

T
he

F
irst

T
hree

M
inutes,

Steven
W
einberg

m
akes

the
follow

ing
statem

ent
regarding

the
radiation-dom

inated
phase

of
the

early
universe:

T
he

tim
e

that
it

takes
for

the
universe

to
coolfrom

one
tem

perature
to

another
is

proportionalto
the

diff
erence

of
the

inverse
squares

of
these

tem
peratures.

In
this

part
ofthe

problem
you

w
illexplore

m
ore

quantitatively
this

statem
ent.

(i)
For

a
radiation-dom

inated
universe

the
scale-factor

a(t)∝
t
1
/
2.

F
ind

the
cosm

ic
tim

e
t
as

a
function

of
the

H
ubble

expansion
rate

H
.

(ii)
T
he

m
ass

density
stored

in
radiation

ρ
r
is
proportionalto

the
tem

perature
T

to
the

fourth
pow

er:
i.e.,

ρ
r �

α
T

4,
for

som
e
constant

α
.
For

a
w
ide

range
of

tem
peratures

w
e
can

take
α
�

4
.52×

10 −
3
2kg·m

−
3·K

−
4.

If
the

tem
perature

is
m
easured

in
degrees

K
elvin

(K
),

then
ρ

r
has

the
standard

SI
units,

[ρ
r ]=

kg·m
−

3.
U
se

the
Friedm

ann
equation

for
a
flat

universe
(k

=
0)

w
ith

ρ
=

ρ
r
to

express
the

H
ubble

expansion
rate

H
in

term
s
ofthe

tem
perature

T
.
Y
ou

w
ill

need
the

SI
value

of
the

gravitational
constant

G
�

6
.67×

10 −
1
1N·m

2·kg −
2.

W
hat

is
the

H
ubble

expansion
rate,in

inverse
seconds,

at
the

start
of

nucleosynthesis,
w
hen

T
=

T
n
u
c
l �

0
.9×

10
9
K
?

(iii)
U
sing

the
results

in
(i)

and
(ii),express

the
cosm

ic
tim

e
t
as

a
function

of
the

tem
perature.

Y
our

result
should

agree
w
ith

W
einberg’s

claim
above.

W
hat

is
the

cosm
ic

tim
e,

in
seconds,

w
hen

T
=

T
n
u
c
l ?
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2:
T

R
A

C
IN

G
L
IG

H
T

R
A

Y
S

IN
A

C
L
O

S
E
D

,
M

A
T

T
E
R

-
D

O
M

IN
A

T
E
D

U
N

IV
E
R

S
E

(30
points)

T
he

follow
ing

problem
w

as
P

roblem
5

ofthe
R

eview
P

roblem
s

for
Q

uiz
2.

(O
riginally

it
w

as
from

Q
uiz

2,
1998.)

T
he

spacetim
e
m
etric

for
a
hom

ogeneous,isotropic,closed
universe

is
given

by
the

R
obertson-W

alker
form

ula:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+

a
2(t) {

d
r
2

1−
r
2
+

r
2 (d

θ
2
+

sin
2
θ
d
φ

2 ) }
,

w
here

I
have

taken
k
=

1.
T
o
discuss

m
otion

in
the

radial
direction,

it
is

m
ore

convenient
to

w
ork

w
ith

an
alternative

radialcoordinate
ψ
,related

to
r
by

r
=

sin
ψ

.

T
hen

d
r

√
1−

r
2
=

d
ψ

,

so
the

m
etric

sim
plifies

to

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+

a
2(t) {

d
ψ

2
+

sin
2
ψ (d

θ
2
+

sin
2
θ
d
φ

2 )}
.

(a)
(7

points)
A

light
pulse

travels
on

a
null

trajectory,
w
hich

m
eans

that
d
τ
=

0
for

each
segm

ent
of

the
trajectory.

C
onsider

a
light

pulse
that

m
oves

along
a
radial

line,
so

θ
=

φ
=

constant.
F
ind

an
expression

for
d
ψ
/
d
t
in

term
s
of

quantities
that

appear
in

the
m
etric.

(b)
(8

points)
W
rite

an
expression

for
the

physical
horizon

distance
�
p
h
y
s
at

tim
e

t.
Y
ou

should
leave

your
answ

er
in

the
form

of
a
definite

integral.

T
he

form
of

a(t)
depends

on
the

content
of

the
universe.

If
the

universe
is

m
atter-

dom
inated

(i.e.,dom
inated

by
nonrelativistic

m
atter),then

a(t)
is
described

by
the

param
etric

equations
ct

=
α
(θ−

sin
θ)

,

a
=

α
(1−

cos
θ)

,

w
here

α
≡

4
π3
G
ρ
a
3

c
2

.

T
hese

equations
are

identical
to

those
on

the
form

ula
sheet,

except
that

I
have

chosen
k
=

1.

(c)
(10

points)
C
onsider

a
radial

light-ray
m
oving

through
a
m
atter-dom

inated
closed

universe,
as

described
by

the
equations

above.
F
ind

an
expression

for
d
ψ
/
d
θ,w

here
θ
is

the
param

eter
used

to
describe

the
evolution.

(d)
(5

points)
Suppose

that
a
photon

leaves
the

origin
of

the
coordinate

system
(ψ

=
0)

at
t
=

0.
H
ow

long
w
illit

take
for

the
photon

to
return

to
its

starting
place?

E
xpress

your
answ

er
as

a
fraction

of
the

full
lifetim

e
of

the
universe,

from
big

bang
to

big
crunch.

8.286
Q

U
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F
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L
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p
.
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P
R

O
B

L
E
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3:
A

N
E
X

E
R

C
IS

E
IN

T
W

O
-D

IM
E
N

S
IO

N
A

L
M

E
T

R
IC

S
(30

points)

(a)
(8

points)
C
onsider

first
a
tw

o-dim
ensional

space
w
ith

coordinates
r
and

θ.
T
he

m
etric

is
given

by
d
s
2
=

d
r
2
+

r
2d

θ
2
.

C
onsider

the
curve

described
by

r(θ)
=

(1
+

εcos
2
θ)

r
0
,

w
here

ε
and

r
0
are

constants,
and

θ
runs

from
θ
1
to

θ
2 .

W
rite

an
expression,

in
the

form
of

a
definite

integral,
for

the
length

S
of

this
curve.

(b)
(5

points)
N
ow

consider
a
tw

o-dim
ensionalspace

w
ith

the
sam

e
tw

o
coordinates

r
and

θ,but
this

tim
e
the

m
etric

w
illbe

d
s
2
= (1

+
ra )

d
r
2
+

r
2
d
θ
2
,

w
here

a
is

a
constant.

θ
is

a
periodic

(angular)
variable,

w
ith

a
range

of
0
to

2
π
,w

ith
2
π
identified

w
ith

0.
W

hat
is
the

length
R

ofthe
path

from
the

origin
(r

=
0)

to
the

point
r
=

r
0 ,θ

=
0,

along
the

path
for

w
hich

θ
=

0
everyw

here
along

the
path?

Y
ou

can
leave

your
answ

er
in

the
form

of
a
definite

integral.
(B

e
sure,

how
ever,

to
specify

the
lim

its
of

integration.)

(c)
(7

points)
For

the
space

described
in

part
(b),w

hat
is
the

totalarea
contained

w
ithin

the
region

r
<

r
0 .

A
gain

you
can

leave
your

answ
er

in
the

form
of

a
definite

integral,
m
aking

sure
to

specify
the

lim
its

of
integration.

(d)
(10

points)
A
gain

for
the

space
described

in
part

(b),
consider

a
geodesic

de-
scribed

by
the

usual
geodesic

equation,

dd
s {

g
ij d

x
j

d
s }

=
12
(∂

i g
k
� )

d
x

k

d
s

d
x

�

d
s

.

T
he

geodesic
is
described

by
functions

r(s)
and

θ(s),w
here

s
is
the

arc
length

along
the

curve.
W
rite

explicitly
both

(i.e.,
for

i=
1=

r
and

i=
2=

θ)
geodesic

equations.



8.286
Q

U
IZ

2,
F
A

L
L

2011
p
.
5

P
R

O
B

L
E
M

4:
V

O
L
U

M
E
S

IN
A

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

U
N

IV
E
R

S
E

(20
points)

T
he

follow
ing

problem
w

as
P

roblem
1,

Q
uiz

3,
1990:

T
he

m
etric

for
a
R
obertson-W

alker
universe

is
given

by

d
s
2
=

a
2(t) {

d
r
2

1−
k
r
2
+

r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }
.

C
alculate

the
volum

e
V
(r

m
a
x )

of
the

sphere
described

by

r≤
r
m

a
x
.

Y
ou

should
carry

out
any

angular
integrations

that
m
ay

be
necessary,but

you
m
ay

leave
your

answ
er

in
the

form
of

a
radialintegralw

hich
is
not

carried
out.

B
e
sure,

how
ever,

to
clearly

indicate
the

lim
its

of
integration.
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

S
P

E
E
D

O
F

L
IG

H
T

IN
C

O
M

O
V

IN
G

C
O

O
R

D
IN

A
T

E
S
:

v
c
o
o
rd

=
c

a(t)
.

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /

c
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2

,
ä
=

−
4
π3
G
ρ
a
,

ρ(t)
=

a
3(t

i )
a
3(t)

ρ(t
i )

Ω
≡

ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.
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F
lat

(k
=

0):
a(t)∝

t
2
/
3

Ω
=

1
.

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
a√k

=
α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√k )
3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
a√κ

=
α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√κ )
3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2+

a
2(t) {

d
r
2

1−
k
r
2
+

r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=

−
c
2d

τ
2
=

− (
1−

2
G
M

rc
2 )

c
2d

t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d

θ
2
+

r
2
sin

2
θ
d
φ

2
,

G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
� )

d
x

k

d
s

d
x

�

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ


