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P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(20
points)

(a)
(4

points)
In

1948
R
alph

A
.A

lpher
and

R
obert

H
erm

an
w
rote

a
paper

predict-
ing

a
cosm

ic
m
icrow

ave
background

w
ith

a
tem

perature
of5

K
.
T
he

paper
w
as

based
on

a
cosm

ological
m
odel

that
they

had
developed

w
ith

G
eorge

G
am

ow
,

in
w
hich

the
early

universe
w
as

assum
ed

to
have

been
filled

w
ith

hot
neutrons.

A
s
the

universe
expanded

and
cooled

the
neutrons

underw
ent

beta
decay

into
protons,

electrons,
and

antineutrinos,
until

at
som

e
point

the
universe

cooled
enough

for
light

elem
ents

to
be

synthesized.
A
lpher

and
H
erm

an
found

that
to

account
for

the
observed

present
abundances

oflight
elem

ents,the
ratio

ofpho-
tons

to
nuclear

particles
m
ust

have
been

about
10

9.
A
lthough

the
predicted

tem
perature

w
as

very
close

to
the

actual
value

of
2.7

K
,
the

theory
differed

from
our

present
theory

in
tw

o
w
ays.

C
ircle

the
tw

o
correct

statem
ents

in
the

follow
ing

list.
(2

points
for

each
right

answ
er;

circle
at

m
ost

2.)

(i)
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed
that

the
neutron

could
decay,

but
now

the
neutron

is
thought

to
be

absolutely
stable.

(ii)
In

the
current

theory,
the

universe
started

w
ith

nearly
equal

densities
of

protons
and

neutrons,
not

all
neutrons

as
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed.

(iii)
In

the
current

theory,the
universe

started
w
ith

m
ainly

alpha
particles,not

all
neutrons

as
G
am

ow
,
A
lpher,

and
H
erm

an
assum

ed.
(N

ote:
an

alpha
particle

is
the

nucleus
ofa

helium
atom

,com
posed

oftw
o
protons

and
tw

o
neutrons.)

(iv)
In

the
current

theory,
the

conversion
of

neutrons
into

protons
(and

vice
versa)

took
place

m
ainly

through
collisions

w
ith

electrons,positrons,neu-
trinos,

and
antineutrinos,

not
through

the
decay

of
the

neutrons.

(v)
T
he

ratio
of

photons
to

nuclear
particles

in
the

early
universe

is
now

be-
lieved

to
have

been
about

10
3,

not
10

9
as

A
lpher

and
H
erm

an
concluded.

(b)
(6

points)
C
onsider

a
star

in
a
circular

orbit
ofradius

r
in

a
galaxy.

W
hat

is
the

velocity
of

the
star,in

term
s
of

the
totalm

ass
M

(r)
contained

w
ithin

a
sphere

of
radius

r?
(For

sim
plicity,assum

e
that

the
m
ass

distribution
is

spherical.)

(c)
(2

points)
O
bservations

of
galaxies

show
that

the
surface

brightness
of

spiral
galaxies

is
highly

concentrated
near

the
center

ofthe
spiralgalaxy

disk.
T
here-

fore,for
r
>

5
kpc

or
so,the

density
ofstars

is
approxim

ately
zero.

W
hat

does
your

answ
er

for
v(r)

above
predict

for
the

dependence
of
v(r)

on
r
at

large
radii,

if
allof

the
m
ass

in
the

galaxy
is

due
to

stars?

—
P
roblem

1
continues

on
next

page
—
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P
roblem

1,
continued:

(d)
(3

points)
H
ow

do
observed

galactic
rotation

curves
v(r)

actually
behave

for
large

r?

T
he

follow
ing

problem
w
as

part
of

P
roblem

1
of

the
R
eview

P
roblem

s
for

Q
uiz

3.

(e)
(5

points)
W

hich
one

of
the

follow
ing

statem
ents

about
C
M
B

is
not

correct:

(i)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

m
ean

tem
-

perature
averaging

over
the

sky
is〈T〉

=
2
.725

K
.

(ii)
A
fter

the
dipole

distortion
of

the
C
M
B

is
subtracted

aw
ay,the

root
m
ean

square
tem

perature
fluctuation

is 〈(
δ
TT )

2 〉
1
/
2

=
1
.1×

10 −
3.

(iii)
T
he

dipole
distortion

is
a
sim

ple
D
oppler

shift,caused
by

the
net

m
otion

of
the

observer
relative

to
a
fram

e
ofreference

in
w
hich

the
C
M
B
is
isotropic.

(iv)
In

their
groundbreaking

paper,W
ilson

and
P
enzias

reported
the

m
easure-

m
ent

ofan
excess

tem
perature

ofabout
3.5

K
that

w
as

isotropic,unpolar-
ized,

and
free

from
seasonal

variations.
In

a
com

panion
paper

w
ritten

by
D
icke,

P
eebles,

R
oll

and
W

ilkinson,
the

authors
interpreted

the
radiation

to
be

a
relic

of
an

early,hot,
dense,

and
opaque

state
of

the
universe.
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P
R

O
B

L
E
M

2:
T

H
E

S
L
O

A
N

D
IG

IT
A

L
S
K

Y
S
U

R
V

E
Y

z
=

5
.82

Q
U

A
S
A

R
(40

points)

T
his

problem
w
as

P
roblem

11
ofthe

R
eview

P
roblem

s
for

Q
uiz

3,
and

w
as

originally
P
roblem

4,
Q

uiz
3,

2004.

O
n
A
pril

13,
2000,

the
Sloan

D
igital

Sky
Survey

announced
the

discovery
of

w
hat

w
as

then
the

m
ost

distant
ob

ject
know

n
in

the
universe:

a
quasar

at
z
=

5
.82.

T
o
explain

to
the

public
how

this
ob

ject
fits

into
the

universe,
the

SD
SS

posted
on

their
w
ebsite

an
article

by
M
ichael

T
urner

and
C
raig

W
iegert

titled
“H

ow
C
an

A
n

O
b
ject

W
e
See

T
oday

be
27

B
illion

L
ight

Y
ears

A
w
ay

If
the

U
niverse

is
only

14
B
illion

Y
ears

O
ld?”

U
sing

a
m
odel

w
ith

H
0
=

65
km

-s −
1-M

pc −
1,

Ω
m

=
0
.35,

and
Ω

Λ
=

0
.65,they

claim
ed

(a)
that

the
age

of
the

universe
is

13.9
billion

years.

(b)
that

the
light

that
w
e
now

see
w
as

em
itted

w
hen

the
universe

w
as

0.95
billion

years
old.

(c)
that

the
distance

to
the

quasar,
as

it
w
ould

be
m
easured

by
a
ruler

today,
is

27
billion

light-years.

(d)
that

the
distance

to
the

quasar,
at

the
tim

e
the

light
w
as

em
itted,

w
as

4.0
billion

light-years.

(e)
that

the
present

speed
of

the
quasar,defined

as
the

rate
at

w
hich

the
distance

betw
een

us
and

the
quasar

is
increasing,

is
1.8

tim
es

the
velocity

of
light.

T
he

goal
of

this
problem

is
to

check
all

of
these

conclusions,
although

you
are

of
course

not
expected

to
actually

w
ork

out
the

num
bers.

Y
our

answ
ers

can
be

expressed
in

term
s
of
H

0 ,Ω
m
,Ω

Λ ,and
z.

D
efinite

integrals
need

not
be

evaluated.

N
ote

that
Ω

m
represents

the
present

density
ofnonrelativistic

m
atter,expressed

as
a
fraction

ofthe
criticaldensity;and

Ω
Λ
represents

the
present

density
ofvacuum

energy,
expressed

as
a
fraction

of
the

critical
density.

In
answ

ering
each

of
the

follow
ing

questions,
you

m
ay

consider
the

answ
er

to
any

previous
part

—
w
hether

you
answ

ered
it
or

not
—

as
a
given

piece
ofinform

ation,w
hich

can
be

used
in

your
answ

er.

(a)
(15

points)
W
rite

an
expression

for
the

age
t
0
of

this
m
odel

universe?

(b)
(5

points)
W
rite

an
expression

for
the

tim
e
t
e
at

w
hich

the
light

w
hich

w
e
now

receive
from

the
distant

quasar
w
as

em
itted.

(c)
(10

points)
W
rite

an
expression

for
the

present
physicaldistance

�
p
h
y
s,0

to
the

quasar.

(d)
(5

points)
W
rite

an
expression

for
the

physicaldistance
�
p
h
y
s,e

betw
een

us
and

the
quasar

at
the

tim
e
that

the
light

w
as

em
itted.

(e)
(5

points)
W
rite

an
expression

for
the

present
speed

of
the

quasar,
defined

as
the

rate
at

w
hich

the
distance

betw
een

us
and

the
quasar

is
increasing.
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P
R

O
B

L
E
M

3:
N

U
C

L
E
O

S
Y

N
T

H
E
S
IS

A
F
T

E
R

T
H

E
D

E
U

T
E
R

IU
M

B
O

T
T

L
E
N

E
C

K
(30

points)

T
his

problem
w
illbe

a
continuation

of
the

deuterium
bottleneck

problem
from

P
roblem

Set
8.

In
that

problem
w
e
exam

ined
the

equilibrium
for

the
reaction

n
+
p←→

D
,

(3.1)

as
the

universe
cooled.

W
e
found

that
the

equilibrium
w
ould

reach
a
point

w
here

half
of

the
neutrons

w
ould

be
bound

into
deuterium

at
a
tem

perature
of

T
D

=
7
.64×

10
8
K
,

(3.2)

w
here

I
w
illuse

the
subscript

“D
”
for

deuterium
.
It

w
illalso

be
usefulto

know
that

k
T

D
=
.0659

M
eV

and
(
m

p k
T

D

2
π
h̄

2 )
3
/
2

=
4
.01×

10
3
9
m

−
3
.

(3.3)

A
t
this

tim
e,

the
totalbaryon

num
ber

density
of

the
universe

w
ould

have
been

n
b
=

5
.54×

10
2
4
m

−
3
.

(3.4)

T
he

fraction
f
of

these
baryons

that
are

neutrons
is
0.14,so

a
fraction

1−
f
=

0
.86

are
protons.

(P
rotons

and
neutrons

can
interconvert,

but
that

process
is

very
slow

com
pared

to
the

processes
discussed

in
this

problem
.)

(a)
(5

points)
O
nce

the
deuterium

bottleneck
breaks,

w
e
assum

e
that

essentially
all

the
neutrons

in
the

universe
becom

e
rapidly

bound
into

H
e
4
nuclei,

w
hich

are
each

com
posed

of
2
protons

and
2
neutrons.

T
he

left-over
protons

rem
ain

free,later
form

ing
hydrogen

atom
s.

A
fter

this
process

is
com

pleted,w
hat

is
the

num
ber

density
n

H
e
4
ofH

e
4
nuclei,and

the
num

ber
density

n
p
offree

protons?
B
e
sure

to
m
ake

use
of

the
num

bers
given

in
the

pream
ble.

G
ive

an
answ

er
in

term
s
of

sym
bols,

and
then

evaluate
it

num
erically.

(b)
(5

points)
T
o
understand

w
hy

helium
form

s
so

readily
once

the
deuterium

bottleneck
breaks,

w
e
can

look
at

the
equilibrium

for
the

reaction

p
+
p
+
n
+
n
←→

H
e
4
.

(3.5)

W
hile

this
reaction

norm
ally

occurs
through

a
chain

involving
deuterium

and
either

H
e
3
or

tritium
(H

3),the
m
ultistep

nature
of

the
process

does
not

affect
the

equilibrium
abundances.

G
iven

that
the

above
reaction

is
possible,express

the
chem

ical
potential

µ
H

e
4
for

H
e
4
nuclei

in
term

s
of

the
chem

ical
potentials

for
protons

and
neutrons,

µ
p
and

µ
n .

—
P
roblem

3
continues

on
the

next
page

—
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P
roblem

3,
continued:

(c)
(7

points)
L
et
B

H
e
4
denote

the
binding

energy
ofH

e
4,w

hich
has

a
value

of28.30
M
eV

.
In

term
s
of
B

H
e
4,the

tem
perature

T
,and

the
fundam

entalconstants
m

p

(proton
m
ass),

k
(B

oltzm
ann

constant),and
h̄
(P

lanck’s
constant,

h
/2
π
),w

rite
the

relation
betw

een
the

num
ber

densities
n

p ,
n

n ,
and

n
H

e
4
that

w
ill

hold
in

therm
alequilibrium

.
N
ote

that
H
e
4
is
spinless,and

so
has

only
one

spin
state.

E
xcept

for
the

binding
energy,w

hich
has

already
been

calculated
as
B

H
e
4,you

m
ay

approxim
ate

m
p
=
m

n
=

14
m

H
e
4.

(d)
(6

points)
A
ssum

e
that

the
universe

rapidly
reaches

therm
al

equilibrium
after

the
deuterium

bottleneck
breaks.

In
that

case
it
w
illnever

be
the

case
that

all
neutrons

w
ill

becom
e
bound

in
H
e
4,

since
the

equilibrium
for

the
reaction

of
E
q.

(3.5)
w
ill

not
allow

it.
W

hat
w
ill

be
the

num
ber

density
n

n
of

neutrons
im

m
ediately

after
therm

al
equilibrium

is
reached?

G
ive

an
answ

er
in

term
s
of

sym
bols,

and
evaluate

its
order

of
m
agnitude

num
erically.

It
m
ay

be
useful

to
know

that
e
B

H
e
4
/
k
T

D
≈

3×
10

1
8
6.

(e)
(7

points)
F
inally,w

e
m
ight

w
onder

w
hether

significant
am

ounts
oflithium

w
ill

be
produced.

C
onsider

the
L
i 7

nucleus,com
posed

of3
protons

and
4
neutrons,

w
ith

a
binding

energy
B

L
i 7

=
39
.24

M
eV

.
A
ssum

ing
therm

al
equilibrium

,
express

the
num

ber
density

of
L
i 7

nuclei
in

term
s
of
n

n ,
n

p ,
the

tem
perature

T
D
,
and

fundam
ental

constants.
L
i 7

has
spin

s
=

3
/2,

so
there

are
2
s
+

1
=

4
spin

states.
A
gain,

give
an

answ
er

in
term

s
of

sym
bols,

and
then

evaluate
its

order
of

m
agnitude

num
erically.

N
ote:

e
B

L
i 7

/
k
T

D
≈

4×
10

2
5
8.

P
R

O
B

L
E
M

4:
D

O
U

B
L
IN

G
O

F
E
L
E
C

T
R

O
N

S
(10

points)

Suppose
that

instead
ofone

species
ofelectrons

and
their

antiparticles,suppose
there

w
as

also
another

species
of

electron-like
and

positron-like
particles.

Suppose
that

the
new

species
has

the
sam

e
m
ass

and
other

properties
as

the
electrons

and
positrons.

If
this

w
ere

the
case,

w
hat

w
ould

be
the

ratio
T

ν
/
T

γ
of

the
tem

perature
today

of
the

neutrinos
to

the
tem

perature
of

the
C
M
B

photons.
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U
S
E
F
U

L
IN

F
O

R
M

A
T

IO
N

:

S
P

E
E
D

O
F

L
IG

H
T

IN
C

O
M

O
V

IN
G

C
O

O
R

D
IN

A
T

E
S
:

v
c
o
o
rd

=
c

a(t)
.

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(special

relativity,w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡
v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
nergy-M

om
entum

Four-V
ector:

p
µ
= (

Ec
,!p )

,
!p
=
γ
m

0 !v
,
E

=
γ
m

0 c
2
= √

(m
0 c

2)
2
+
|!p| 2

c
2
,

p
2≡
|!p| 2− (p

0 )
2
=
|!p| 2−

E
2

c
2

=
−
(m

0 c)
2
.
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C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
,
ä
=
−
4
π3
G (

ρ
+

3
pc
2 )

a
,

ρ
m
(t)

=
a

3(t
i )

a
3(t)

ρ
m
(t

i )
(m

atter),
ρ

r (t)
=
a

4(t
i )

a
4(t)

ρ
r (t

i )
(radiation).

ρ̇
=
−
3
ȧa (
ρ
+
pc
2 )

,
Ω
≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G
.

F
lat

(k
=

0):
a(t)∝

t
2
/
3

(m
atter-dom

inated)
,

a(t)∝
t
1
/
2

(radiation-dom
inated)

,

Ω
=

1
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)
,

a√k
=
α
(1−

cos
θ)
,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√k )
3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)
,

a√κ
=
α
(cosh

θ−
1)
,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√κ )
3

,

κ≡
−
k
>

0
.

R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s

2
=
−
c
2
d
τ

2
=
−
c
2
d
t
2+
a

2(t) {
d
r

2

1−
k
r

2
+
r

2 (d
θ

2
+
sin

2
θ
d
φ

2 ) }

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s

2
=
−
c
2d
τ

2
=
− (

1−
2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r

2

+
r

2d
θ

2
+
r

2
sin

2
θ
d
φ

2
,
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G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
� )
d
x

k

d
s

d
x

�

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )
d
x

λ

d
τ

d
x

σ

d
τ

B
L
A

C
K

-B
O

D
Y

R
A

D
IA

T
IO

N
:

u
=
g
π

2

30
(k
T
)
4

(h̄
c)

3
(energy

density)

p
=

13
u

ρ
=
u
/
c
2

(pressure,
m
ass

density)

n
=
g ∗
ζ(3)
π

2

(k
T
)
3

(h̄
c)

3
(num

ber
density)

s
=
g
2
π

2

45
k

4T
3

(h̄
c)

3
,

(entropy
density)

w
here

g≡ {
1
per

spin
state

for
bosons

(integer
spin)

7/8
per

spin
state

for
ferm

ions
(half-integer

spin)

g ∗≡ {
1
per

spin
state

for
bosons

3/4
per

spin
state

for
ferm

ions
,

and
ζ(3)

=
11
3
+

12
3
+

13
3
+
···≈

1
.202

.

g
γ
=
g ∗γ

=
2
,

g
ν
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
3

︸︷︷︸
3

sp
e
c
ie

s
ν

e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P

a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te

s =
214
,
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g ∗ν
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
3

︸︷︷︸
3

sp
e
c
ie

s
ν

e
,ν

µ
,ν

τ ×
2

︸︷︷︸
P

a
rtic

le
/

a
n
tip

a
rtic

le ×
1

︸︷︷︸
S
p
in

sta
te

s =
92
,

g
e
+

e −
=

78
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
1

︸︷︷︸
S
p

e
c
ie

s ×
2

︸︷︷︸
P

a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te

s =
72
,

g ∗e
+

e −
=

34
︸ ︷︷︸
F
e
rm

io
n

fa
c
to

r

×
1

︸︷︷︸
S
p

e
c
ie

s ×
2

︸︷︷︸
P

a
rtic

le
/

a
n
tip

a
rtic

le ×
2

︸︷︷︸
S
p
in

sta
te

s =
3
.

C
H

E
M

IC
A

L
E
Q

U
IL

IB
R

IU
M

:

Id
eal

G
as

of
C

lassical
N

on
relativ

istic
P
articles:

n
i
=
g

i (2
π
m

i k
T
)
3
/
2

(2
π
h̄)

3
e

(µ
i −

m
i c

2
)/

k
T
.

w
here

n
i
=

num
ber

density
of

particle

g
i
=

num
ber

of
spin

states
of

particle

m
i
=

m
ass

of
particle

µ
i
=

chem
ical

potential

For
any

reaction,
the

sum
of

the
µ

i
on

the
left-hand

side
of

the
reaction

equation
m
ust

equalthe
sum

ofthe
µ

i
on

the
right-

hand
side.

Form
ula

assum
es

gas
is

nonrelativistic
(k
T


m
i c

2)
and

dilute
(n

i 
(2
π
m

i k
T
)
3
/
2/(2

π
h̄)

3).

E
V

O
L
U

T
IO

N
O

F
A

F
L
A

T
R

A
D

IA
T

IO
N

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

ρ
=

3
32
π
G
t
2

k
T
= (

45
h̄

3c
5

16
π

3g
G )

1
/
4

1√t
For

m
µ
=

106
M
eV
�
k
T
�
m

e
=

0
.511

M
eV

,
g
=

10
.75

and
then

k
T
=

0
.860

M
eV

√
t
(in

sec) (
10
.75
g )

1
/
4
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A
fter

the
freeze-out

of
electron-positron

pairs,

T
ν

T
γ
= (

411 )
1
/
3

.

H
O

R
IZ

O
N

D
IS

T
A

N
C

E
:

�
p
,h

o
riz

o
n (t)

=
a(t) ∫

t

0

c

a(t ′)
d
t ′

= {
3
ct

(flat,
m
atter-dom

inated),
2
ct

(flat,
radiation-dom

inated).

C
O

S
M

O
L
O

G
IC

A
L

C
O

N
S
T
A

N
T

:

u
v
a
c
=
ρ

v
a
c c

2
=

Λ
c
4

8
π
G
,

p
v
a
c
=
−
ρ

v
a
c c

2
=
−

Λ
c
4

8
π
G
.

G
E
N

E
R

A
L
IZ

E
D

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

x
d
xd
t
=
H

0 √
Ω

m
,0 x

+
Ω

ra
d
,0
+
Ω

v
a
c
,0 x

4
+

Ω
k
,0 x

2
,

w
here

x≡
a(t)
a(t

0 ) ≡
1

1
+
z
,

Ω
k
,0 ≡

−
k
c
2

a
2(t

0 )H
20

=
1−

Ω
m

,0 −
Ω

ra
d
,0 −

Ω
v
a
c
,0
.

A
ge

of
universe:

t
0
=

1H
0 ∫

1

0

x
d
x

√
Ω

m
,0 x

+
Ω

ra
d
,0
+
Ω

v
a
c
,0 x

4
+

Ω
k
,0 x

2

=
1H
0 ∫

∞0

d
z

(1
+
z) √

Ω
m

,0 (1
+
z)

3
+
Ω

ra
d
,0 (1

+
z)

4
+

Ω
v
a
c,0

+
Ω

k
,0 (1

+
z)

2
.

L
ook-back

tim
e:

t
lo

o
k-b

a
ck (z)

=

1H
0 ∫

z

0

d
z ′

(1
+
z ′) √

Ω
m

,0 (1
+
z ′)

3
+

Ω
ra

d
,0 (1

+
z ′)

4
+
Ω

v
a
c
,0
+

Ω
k
,0 (1

+
z ′)

2
.
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P
H

Y
S
IC

A
L

C
O

N
S
T
A

N
T

S
:

G
=

6
.674×

10 −
1
1
m

3·kg −
1·s −

2
=

6
.674×

10 −
8
cm

3·g −
1·s −

2

k
=

B
oltzm

ann’s
constant

=
1.381×

10 −
2
3
joule/K

=
1
.381×

10 −
1
6
erg
/K

=
8
.617×

10 −
5
eV
/K

h̄
=
h2
π

=
1
.055×

10 −
3
4
joule·s

=
1
.055×

10 −
2
7
erg·s

=
6
.582×

10 −
1
6
eV
·s

c
=

2
.998×

10
8
m
/s

=
2
.998×

10
1
0
cm

/s

h̄
c
=

197
.3

M
eV

-fm
,

1
fm

=
10 −

1
5
m

1
yr

=
3
.156×

10
7
s

1
eV

=
1
.602×

10 −
1
9
joule

=
1
.602×

10 −
1
2
erg

1
G
eV

=
10

9
eV

=
1
.783×

10 −
2
7

kg
(w

here
c≡

1)
=

1
.783×

10 −
2
4
g
.

P
lanck

U
nits:

T
he

P
lanck

length
�
P
,
the

P
lanck

tim
e
t
P
,
the

P
lanck

m
ass

m
P
,
and

the
P
lanck

energy
E

p
are

given
by

�
P
= √

G
h̄

c
3

=
1
.616×

10 −
3
5
m
,

=
1
.616×

10 −
3
3
cm

,

t
P
= √

h̄
Gc
5

=
5
.391×

10 −
4
4
s
,

m
P
= √

h̄
cG
=

2
.177×

10 −
8
kg
,

=
2
.177×

10 −
5
g
,

E
P
= √

h̄
c
5

G
=

1
.221×

10
1
9
G
eV

.


