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P
rof.

A
lan

G
uth

Q
U

IZ
1

R
eform

atted
to

R
em

ove
B

lan
k

P
ages*

A
F
O

R
M

U
L
A

S
H

E
E
T

IS
A

T
T

H
E

E
N

D
O

F
T

H
E

E
X

A
M

.
Y
ou

m
ay

rip
off

and
keep

the
form

ula
sheet.

P
lease

answ
er

all
questions

in
this

stapled
booklet.

*
A

few
corrections

announced
at

the
quiz

have
been

incorporated.
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1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

(a)
(5

points)

W
einberg

used
the

diagram
above

to
explain

an
im

portant
property

of
the

H
ubble

expansion
law

.
W

hat
property

w
as

it.
E
xplain

in
one

or
a
few

sentences
how

this
diagram

illustrates
the

property
in

question.

(b)
(5

points)
T
he

diagram
on

the
right

show
s
the

P
lanck

spectrum
for

black-body
radiation

at
3.0

K
,
as

used
in

W
einberg’s

book.
W
einberg

explained
that

the
intensity

ofblack-
body

radiation
falls

off
at

long
w
ave-

lengths
because

“it
is
hard

to
fit

ra-
diation

into
any

volum
e
w
hose

di-
m
ensions

are
sm

aller
than

the
w
ave-

length.”
In

one
or

a
few

sentences,
w
hat

is
is
reason

for
the

suppression
in

intensity
at

short
w
avelengths?

(c)
(5

points)
T
he

label
C
N

on
the

dia-
gram

at
the

right
refers

to
cyanogen,

a
radical

consisting
of

one
car-

bon
and

one
nitrogen

atom
.

In
one

or
a
few

sentences,
w
hat

does
cyanogen

have
to

do
w
ith

black-
body

radiation?

(d)
(5

points)
A
nother

label
in

the
diagram

above
is

“P
enzias

&
W

ilson.”
W

hat
discovery

did
they

m
ake

(3
points),and

w
here

w
ere

they
em

ployed
(2

points)?

—
P
roblem

1
continues

on
next

page
—
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(e)
(5

points)
R
yden

used
the

teddy-
bear

diagram
at

the
right

to
il-

lustrate
an

im
portant

property
of

generalrelativity.
W

hat
property

w
as

it?
E
xplain

in
one

or
a
few

sentences
how

this
diagram

illus-
trates

the
property

in
question.

8.286
Q

U
IZ

1,
F
A

L
L

2013
p
.
4

P
R

O
B

L
E
M

2:
A

N
E
X

P
O

N
E
N

T
IA

L
LY

E
X

P
A

N
D

IN
G

F
L
A

T
U

N
I-

V
E
R

S
E

(30
points)

C
onsider

a
flat

(i.e.,
a
k
=

0,
or

a
E
uclidean)

universe
w
ith

scale
factor

given
by

a(t)
=
a
0 e

χ
t
,

w
here

a
0
and

χ
are

constants.

(a)
(5

points)
C
onsider

tw
o
galaxies

w
hich

at
som

e
tim

e
t
1
are

separated
by

a
physical

distance
�
p .

A
t
this

tim
e
one

galaxy
em

its
a
pulse

of
light

in
the

direction
of

the
other.

If
the

light
pulse

is
received

at
the

second
galaxy

at
tim

e
t
2 ,

w
hat

is
the

redshift
z?

(R
ecall

that
1
+
z
is

the
factor

by
w
hich

the
w
avelength

or
the

period
of

the
light

w
ave

is
increased.)

Y
our

answ
er

can
depend

on
any

or
allof

the
quantities

a
0 ,
χ
,
c,
t
1
t
2 ,

and
�
p .

(b)
(10

points)
A
t
w
hat

tim
e
t
2
does

the
second

galaxy
receive

the
light

pulse?
Y
our

answ
er

should
depend

only
on

one
or

m
ore

of
the

quantities
c,
a
0 ,
χ
,
�
p ,

and
t
1 ,

but
not

on
z.

(c)
(5

points)
Is

it
possible

for
�
p
to

be
so

large
that

the
light

pulse
is
never

received
by

the
second

galaxy?
If

so,
how

large
m
ust

�
p
be

for
this

to
happen?

(d)
(5

points)
A
t
w
hat

tim
e
t
e
q
is
the

light
ray

equidistant
betw

een
the

tw
o
galaxies?

(e)
(5

points)
Ifthe

light
pulse

has
duration

∆
t
w
hen

it
is
em

itted,as
m
easured

by
observers

on
the

em
itting

galaxy,
w
hat

is
the

duration
m
easured

by
observers

on
the

receiving
galaxy?

(A
ssum

e
that

∆
t
is

sm
all

com
pared

to
cosm

ological
tim

e
scales,

such
as

t
2 −

t
1 ,

or
χ
−

1.)
T
he

answ
er

can
depend

on
any

or
all

of
a
0 ,
χ
,
c,
t
1 ,
t
2 ,
�
p ,
z,

or
∆
t.
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3:
A

C
Y

L
IN

D
R

IC
A

L
U

N
IV

E
R

S
E

(25
points)

T
he

follow
ing

problem
w
as

on
P
roblem

Set
3

this
year.

T
he

lecture
notes

show
ed

a
construction

of
a
N
ew

tonian
m
odelof

the
universe

that
w
as

based
on

a
uniform

,
expanding,

sphere
of

m
atter.

In
this

problem
w
e
w
ill

construct
a
m
odel

of
a
cylindrical

universe,
one

w
hich

is
expanding

in
the

x
and

y
directions

but
w
hich

has
no

m
otion

in
the

z
direction.

Instead
of

a
sphere,

w
e
w
ill

describe
an

infinitely
long

cylinder
of

radius
R

m
a
x
,i ,

w
ith

an
axis

coinciding
w
ith

the
z-axis

of
the

coordinate
system

:

W
e
w
illuse

cylindrical
coordinates,

so

r
= √

x
2
+
y
2

and
�r
=
x
ı̂+

y
̂
;

r̂
=
�rr
,

w
here

ı̂,
̂,

and
k̂
are

the
usual

unit
vectors

along
the

x,
y,

and
z
axes.

W
e
w
ill

assum
e
that

at
the

initial
tim

e
t
i ,
the

initial
density

of
the

cylinder
is
ρ

i ,
and

the
initialvelocity

of
a
particle

at
position

�r
is

given
by

the
H
ubble

relation

�v
i
=
H

i �r
.

—
P
roblem

3
continues

on
next

page
—
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(a)
(5

points)
B
y
using

G
auss’

law
of

gravity,it
is

possible
to

show
that

the
grav-

itationalacceleration
at

any
point

is
given

by

�g
=

−
A
µr
r̂
,

w
here

A
is

a
constant

and
µ
is

the
totalm

ass
per

length
contained

w
ithin

the
radius

r.
E
valuate

the
constant

A
.

(b)
(5

points)
A
s
in

the
lecture

notes,
w
e
let

r(r
i ,t)

denote
the

trajectory
of

a
particle

that
starts

at
radius

r
i
at

the
initial

tim
e
t
i .

F
ind

an
expression

for
r̈(r

i ,t),
expressing

the
result

in
term

s
of
r,
r
i ,
ρ

i ,
and

any
relevant

constants.
(H

ere
an

overdot
denotes

a
tim

e
derivative.)

(c)
(5

points)
D
efining

u(r
i ,t)≡

r(r
i ,t)
r
i

,

show
that

u(r
i ,t)

is
in

fact
independent

of
r
i .

T
his

im
plies

that
the

cylinder
w
illundergo

uniform
expansion,just

as
the

sphere
did

in
the

case
discussed

in
the

lecture
notes.

A
s
before,

w
e
define

the
scale

factor
a(t)≡

u(r
i ,t).

(d)
(5

points)
E
xpress

the
m
ass

density
ρ(t)

in
term

s
of

the
initialm

ass
density

ρ
i

and
the

scale
factor

a(t).
U
se

this
expression

to
obtain

an
expression

for
ä
in

term
s
of
a,
ρ,and

any
relevant

constants.

(e)
(5

points)
F
ind

an
expression

for
a
conserved

quantity
of

the
form

E
=

12
ȧ
2
+
V
(a)

.

W
hat

is
V
(a)?

W
illthis

universe
expand

forever,
or

w
ill

it
collapse?
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P
R

O
B

L
E
M

4:
A

N
G

U
L
A

R
S
IZ

E
A

N
D

R
A

D
IA

T
IO

N
F
L
U

X
R

E
C

E
IV

E
D

F
R

O
M

A
D

IS
T
A

N
T

G
A

L
A

X
Y

(25
points)

(a)
(10

points)
Suppose

that
w
e
observe

a
distant

galaxy
that

currently
has

a
physical

(proper)
distance

�
p
=
a(t

0 )�
c ,

w
here

t
0
as

usual
denotes

the
current

tim
e,

and
a(t)

is
the

scale
factor.

T
reat

the
galaxy

as
a
sphere,

w
hich

had
(physical)

radius
R

1
at

the
tim

e
of

em
ission,

and
R

0
today.

Suppose
that

w
e

do
not

know
the

form
of

the
function

a(t),but
w
e
do

know
the

redshift
z
w
ith

w
hich

the
radiation

is
received.

In
term

s
of

som
e
or

all
of

the
quantities

c,
t
0 ,

R
0 ,
R

1 ,
�
p ,

and
z,

w
hat

is
the

angle
θ
that

the
distant

galaxy
subtends

in
our

view
.
Y
ou

should
assum

e
that

θ�
1.

(b)
(15

points)
Suppose

that
the

galaxy
had

pow
er

output
P

(m
easured,

say,
in

joules
per

second,
also

called
w
atts)

at
the

tim
e
of

em
ission,

and
assum

e
that

the
pow

er
w
as

radiated
uniform

ly
in

all
directions.

W
hat

is
the

radiation
energy

flux
J
from

this
galaxy

at
the

E
arth

today?
E
nergy

flux
(w

hich
m
ight

be
m
easured

in
w
atts

per
square

m
eter)

is
defined

as
the

energy
per

unit
area

per
unit

tim
e
striking

a
surface

that
is

orthogonal
to

the
direction

of
energy

flow
.
E
xpress

your
answ

er
in

term
s
of

som
e
or

all
of

the
quantities

c,
t
0 ,
R

0 ,
R

1 ,
�
p ,
z,

and
P
.
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P
rob

lem
M

ax
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u
m

S
core

1
25

2
30

3
25

4
25

T
O

T
A

L
105
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P
rof.

A
lan

G
uth

Q
U

IZ
1

F
O

R
M

U
L
A

S
H

E
E
T

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(special

relativity,w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡
v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
,

ä
=

−
4
π3
G
ρ
a
,

ρ(t)
=

a
3(t

i )
a
3(t)

ρ(t
i )

Ω
≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
a(t)∝

t
2
/
3
,

Ω
=

1
.


