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P
rof.

A
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G
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Q
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S
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u
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D
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O
ctob
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2013

P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

(a)
(5

points)

T
he

diagram
w
as

used
to

explain
how

H
ubble’s

L
aw

is
consistent

w
ith

hom
o-

geneity.
N
aively

H
ubble’s

law
sounds

like
it
m
akes

us
the

center
ofthe

universe,
since

all
distant

galaxies
are

receding
from

us.
T
he

diagram
show

s,
how

ever,
that

ifobservers
on

G
alaxy

A
see

a
H
ubble

expansion
pattern,as

show
n
on

the
top

line,then
observers

on
G
alaxies

B
and

C
w
ould

also
see

a
H
ubble

expansion
pattern,

centered
on

them
selves.

(b)
(5

points)
T
he

intensity
at

short
w
avelengths

is
suppressed

by
the

ef-
fect

of
quantum

theory,
w
hich

im
-

plies
that

the
electom

agnetic
field

is
com

posed
of

quanta,
or

photons,
each

w
ith

an
energy

ofP
lanck’s

con-
stant

h
tim

es
the

frequency
ν
=

c/
λ,

w
here

λ
is

the
w
avelength.

W
hen

the
w
avelength

is
so

sm
all

that
the

photon
energy

is
large

com
pared

to
k
T
,the

typicaltherm
alenergy,then

it
is

rare
for

these
high-energy

pho-
tons

to
exist.

(c)
(5

points)
B
y

observing
m
ultiple

closely
spaced

absorption
lines

ofthe
cyanogen

radicals,
astronom

ers
can

infer
the

relative
population

of
the

ground
state

and
an

excited
state.
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T
his

allow
s
astronom

ers
to

m
easure

the
effective

tem
perature

ofinterstellar
gas

clouds
that

are
in

equilibrium
w
ith

the
C
M
B
.

(d)
(5

points)
A
rno

P
enzias

and
R
obert

W
ilson

discovered
the

cosm
ic

m
icrow

ave
background

(3
points),

w
hile

em
ployed

at
B
ell

T
elephone

L
aboratories

(2
points).

(e)
(5

points)
R
yden

used
the

teddy-
bear

diagram
at

the
right

to
il-

lustrate
the

equivalence
principle,

a
key

assum
ption

of
general

rela-
tivity.

T
he

principle
im

plies
that

they
teddy

bear
has

no
w
ay

ofdis-
tinguishing

w
hether

she
is

expe-
riencing

the
gravity

of
the

E
arth,

or
w
hether

she
is
in

an
acclerating

rocket
in

otherw
ise

em
pty

space.

P
R

O
B

L
E
M

2:
A

N
E
X

P
O

N
E
N

T
IA

L
LY

E
X

P
A

N
D

IN
G

F
L
A

T
U

N
I-

V
E
R

S
E

(25
points)

(a)
(5

points)
A
s
given

in
the

form
ula

sheet,
the

redshift
factor

(1
+

z)
is

just
the

ratio
of

the
scale

factors
at

the
tw

o
tim

es:

1
+

z
=

a(t
o
b
se

rv
e
d )

a(t
e
m

itte
d )

=
a(t

2 )
a(t

1 )
=

e
χ
(t2 −

t1
)

,
(2.1)

so

z
=

e
χ
(t2 −

t1
)−

1
.

(2.2)

(b)
(10

points)
T
he

tim
e

t
2
of

course
depends

on
how

far
aw

ay
the

other
galaxy

is.
O
ne

indicator
of

this
distance

is
z,so

t
2
can

be
found

by
solving

the
answ

er
to

part
(a)

for
t
2 .

T
he

question,
how

ever,
explicitly

says
that

z
cannot

appear
in

the
answ

er.
T
he

other
indicator

of
the

distance
is

�
p ,

so
this

variable
m
ust

be
the

key
to

the
answ

er.
T
he

coordinate
distance

betw
een

the
galaxies

is

�
c
= ∫

t2

t1

c

a
0 e

χ
t
d
t
=

c

χ
a
0 [e −

χ
t1−

e −
χ

t2 ]
,

(2.3)
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so
the

physical
distance

at
tim

e
t
1
is

�
p
=

a(t
1 )�

c
=

cχ [1−
e −

χ
(t2 −

t1
) ]

.
(2.4)

N
ow

w
e
need

only
solve

for
t
2 :

e −
χ
(t2 −

t1
)
=

1−
χ
�
p

c

=⇒
χ
(t

2 −
t
1 )

=
−
ln (

1−
χ
�
p

c )

=⇒
t
2
=

t
1 −

1χ
ln (

1−
χ
�
p

c )
.

(2.5)

(c)
(5

points)
From

the
answ

er
to

the
previous

part
w
e
can

see
that

as
�
p
approaches

c/
χ
,
t
2 →

∞
.

Y
es.

For
�
p ≥

cχ
,the

light
pulse

w
illnever

reach
the

other
galaxy.

(d)
(5

points)
T
he

coordinate
distance

�
c
,e

q
that

the
pulse

w
illtravelbetw

een
tim

e
t
1
and

tim
e

t
e
q
is

given
by

�
c
,e

q
= ∫

teq

t1

c

a
0 e

χ
t
d
t
=

c

χ
a
0 [e −

χ
t1−

e −
χ

teq ]
.

(2.6)

T
his

should
be

halfofthe
coordinate

distance
�
c
=

�
p /

a(t
1 )

to
the

other
galaxy,

so
c

χ
a
0 [e −

χ
t1−

e −
χ

teq ]
=

�
p

2
a
0 e

χ
t1

.
(2.7)

Solving
for

t
e
q ,

w
e
find

t
e
q
=

t
1 −

1χ
ln (

1−
χ
�
p

2
c )

.
(2.8)

(e)
(5

points)
A
ll
tim

e
intervals

are
stretched

by
the

sam
e
factor,

so
the

duration
of

the
pulse

is
stretched

by
the

sam
e
factor

as
the

period
of

the
light

w
aves.

T
hus

∆
t
o
b
s
=

(1
+

z)∆
t

.
(2.9)
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P
R

O
B

L
E
M

3:
A

C
Y

L
IN

D
R

IC
A

L
U

N
IV

E
R

S
E

(25
points)

N
o
solution

is
included,

since
this

problem
w
as

on
P
roblem

Set
3.

P
R

O
B

L
E
M

4:
A

N
G

U
L
A

R
S
IZ

E
A

N
D

R
A

D
IA

T
IO

N
F
L
U

X
R

E
C

E
IV

E
D

F
R

O
M

A
D

IS
T
A

N
T

G
A

L
A

X
Y

(25
points)

(a)
(10

points)
A
ssum

ing
that

the
diagram

is
labeled

in
com

oving
coordinates

(i.e.,
in

“notches”),
and

assum
ing

that
θ�

1,
then

θ
is

given
geom

etrically
by

θ
=

2
R

1
,c

�
c

,

w
here

R
1
,c
is

the
coordinate

radius
of

the
galaxy

at
the

tim
e
of

em
ission.

W
e

are
assum

ing
a
flat

(i.e.,E
uclidean)

universe,an
assum

ption
that

w
as

unstated
on

Q
uiz

1,
since

at
that

tim
e
w
e
had

not
yet

discussed
any

other
kind

of
geom

etry.
(N

ote
that

galaxies
do

not
expand

w
ith

the
H
ubble

expansion,
but

instead
evolve

in
com

plicated
w
ays.

T
hus

the
coordinate

radius
of

the
galaxy

depends
on

tim
e,and

R
1
,c
is
generally

not
equalto

R
0
,c ,the

coordinate
radius

of
the

galaxy
today.)

B
y
the

usual
relationship

betw
een

coordinate
distances

and
physical

distances,

�
p ≡

�
p (t

0 )
=

a(t
0 )�

c

R
1 ≡

R
1
,p (t

1 )
=

a(t
1 )R

1
,c

.

T
hus,

θ
=

2
R

1

a(t
1 )

a(t
0 )

�
p

=
2
R

1

�
p

a(t
0 )

a(t
1 )

=
2
R

1

�
p
(1

+
z)

,

w
here

w
e
used

the
fact

that

a(t
0 )

a(t
1 )

=
1
+

z
,

w
hich

is
the

standard
relationship

for
the

cosm
ologicalredshift.
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(b)
(15

points)

A
s
show

n
in

the
diagram

,
it

is
useful

to
think

about
a
sphere

w
ith

the
source

galaxy
at

the
center,

and
our

detector
on

the
surface

of
the

sphere.
T
he

pow
er

P
that

w
as

em
itted

by
the

galaxy
at

the
tim

e
of

em
ission

is
now

arriving
at

this
sphere.

T
he

totalpow
er

P
′
arriving

at
the

sphere
today

is
given

by

P
′=

P

(1
+

z)
2

.

H
ere

one
pow

er
of(1+

z)
is
caused

by
the

redshifting
ofphotons,as

each
photon

has
an

energy
proportionalto

its
frequency,and

hence
inversely

proportionalto
(1

+
z).

T
he

second
pow

er
of

(1
+

z)
is

caused
by

the
arrival

rate
of

photons,
w
hich

is
also

a
type

of
frequency,

so
the

value
m
easured

by
the

observer
is

1
/(1

+
z)

tim
es

the
value

m
easured

by
the

source.
T
he

fraction
of

this
pow

er
received

by
the

detector
is

just
equal

to
the

fraction
of

the
area

subtended
by

the
detector.

If
w
e
m
easure

both
areas

in
current

physical
units,

then
the

pow
er

P
D

hitting
the

detector
is

P
D

=
P

(1
+

z)
2

A
D

4
π
�
2p

,

w
here

A
D

is
the

area
of

the
detector.

T
he

radiation
energy

flux
J
is

then

J
=

P
D

A
D

=
P

4
π
�
2p (1

+
z)

2
.
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A
lan

G
uth

Q
U

IZ
1

F
O

R
M

U
L
A

S
H

E
E
T

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=

v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+

β

1−
β
−

1
(special

relativity,w
ith

β
=

v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+

z≡
λ

o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2

,
β
≡

v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /

c
.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

H
2
= (

ȧa )
2

=
8
π3

G
ρ−

k
c
2

a
2

,
ä
=

−
4
π3

G
ρ
a

,

ρ(t)
=

a
3(t

i )
a
3(t)

ρ(t
i )

Ω
≡

ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

F
lat

(k
=

0):
a(t)∝

t
2
/
3

,

Ω
=

1
.


