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E
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D
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8.286:
T
he

E
arly

U
niverse

N
ovem

ber
7,

2013
P
rof.

A
lan

G
uth

Q
U

IZ
2

R
eform

atted
to

R
em

ove
B

lan
k

P
ages*

A
F
O

R
M

U
L
A

S
H

E
E
T

IS
A

T
T

H
E

E
N

D
O

F
T

H
E

E
X

A
M

.
Y
ou

m
ay

rip
off

and
keep

the
form

ula
sheet.

P
lease

answ
er

all
questions

in
this

stapled
booklet.

Y
our

N
am

e

*
A

few
corrections

announced
at

the
quiz

have
been

incorporated.

8.286
Q

U
IZ

2,
F
A

L
L

2013
p
.
2

P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(25
points)

(a)
(6

points)
T
he

prim
ary

evidence
for

dark
m
atter

in
galaxies

com
es

from
m
ea-

suring
their

rotation
curves,

i.e.,
the

orbital
velocity

v
as

a
function

of
radius

R
.
If

stars
contributed

all,
or

m
ost,

of
the

m
ass

in
a
galaxy,

w
hat

w
ould

w
e

expect
for

the
behavior

of
v(R

)
at

large
radii?

E
xplain

your
answ

er.

(b)
(5

points)
W

hat
is

actually
found

for
the

behavior
of
v(R

)?

(c)
(7

points)
A
n
im

portant
toolfor

estim
ating

the
m
ass

in
a
galaxy

is
the

steady-
state

virial
theorem

.
W

hat
does

this
theorem

state?
N
o
need

to
explain

your
answ

er.

(d)
(7

points)
A
t
the

end
of

C
hapter

10,
R
yden

w
rites

“T
hus,

the
very

strong
asym

m
etry

betw
een

baryons
and

antibaryons
today

and
the

large
num

ber
of

photons
per

baryon
are

both
products

of
a
tiny

asym
m
etry

betw
een

quarks
and

anitquarks
in

the
early

universe.”
E
xplain

in
one

or
a
few

sentences
how

a
tiny

asym
m
etry

betw
een

quarks
and

anitquarks
in

the
early

universe
results

in
a
strong

asym
m
etry

betw
een

baryons
and

antibaryons
today.



8.286
Q

U
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2,
F
A

L
L

2013
p
.
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P
R

O
B

L
E
M

2:
T

IM
E

E
V

O
L
U

T
IO

N
O

F
A

U
N

IV
E
R

S
E

W
IT

H
M

Y
S
T

E
-

R
IO

U
S

S
T

U
F
F

(20
points)

Suppose
that

a
m
odeluniverse

is
filled

w
ith

a
peculiar

form
ofm

atter
for

w
hich

ρ∝
1

a
5(t)

.

A
ssum

ing
that

the
m
odel

universe
is

flat,
calculate

(a)
(5

points)
T
he

behavior
of

the
scale

factor,
a(t).

Y
ou

should
be

able
to

find
a(t)

up
to

an
arbitrary

constant
of

proportionality.

(b)
(5

points)
T
he

value
of

the
H
ubble

param
eter

H
(t),

as
a
function

of
t.

(c)
(5

points)
T
he

physical
horizon

distance,
�
p
,h

o
riz

o
n (t).

(d)
(5

points)
T
he

m
ass

density
ρ(t).

8.286
Q

U
IZ

2,
F
A

L
L

2013
p
.
4

P
R

O
B

L
E
M

3:
R

O
T
A

T
IN

G
F
R

A
M

E
S

O
F

R
E
F
E
R

E
N

C
E

(35
points)

T
he

follow
ing

problem
w
as

P
roblem

17
of

R
eview

P
roblem

s
for

Q
uiz

2.
In

this
problem

w
e
w
illuse

the
form

alism
ofgeneralrelativity

and
geodesics

to
derive

the
relativistic

description
of

a
rotating

fram
e
of

reference.
T
he

problem
w
illconcern

the
consequences

of
the

m
etric

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+ [d

r
2
+
r
2
(d
φ
+
ω
d
t)

2
+

d
z
2 ]

,
(P

3.1)

w
hich

corresponds
to

a
coordinate

system
rotating

about
the

z-axis,
w
here

φ
is

the
azim

uthal
angle

around
the

z-axis.
T
he

coordinates
have

the
usual

range
for

cylindrical
coordinates:−∞

<
t
<

∞
,
0≤

r
<

∞
,−∞

<
z
<

∞
,
and

0≤
φ
<

2
π
,

w
here

φ
=

2
π
is

identified
w
ith

φ
=

0.

E
X

T
R

A
IN

F
O

R
M

A
T
IO

N

T
o

w
ork

the
problem

,
you

do
not

need
to

know
anything

about
w
here

this
m

etric
cam

e
from

.
H

ow
ever,

it
m

ight
(or

m
ight

not!)
help

your
intuition

to
know

that
E
q.

(P
3.1)

w
as

obtained
by

starting
w
ith

a
M

inkow
ski

m
etric

in
cylindrical

coordinates
t̄,

r̄,
φ̄,

and
z̄,

c
2
d
τ

2
=
c
2
d
t̄
2− [d

r̄
2
+
r̄
2
d
φ̄

2
+

d
z̄
2 ]

,

and
then

introducing
new

coordinates
t,
r,
φ,

and
z

that
are

related
by

t̄
=
t,

r̄
=
r,

φ̄
=
φ
+
ω
t,

z̄
=
z
,

so
d
t̄
=

d
t,

d
r̄
=

d
r,

d
φ̄
=

d
φ
+
ω
d
t,

and
d
z̄
=

d
z.

(a)
(8

points)
T
he

m
etric

can
be

w
ritten

in
m
atrix

form
by

using
the

standard
definition

d
s
2
=

−
c
2
d
τ

2≡
g

µ
ν
d
x

µ
d
x

ν
,

w
here

x
0≡

t,
x

1≡
r,
x

2≡
φ,

and
x

3≡
z.

T
hen,

for
exam

ple,
g
1
1
(w

hich
can

also
be

called
g

r
r )

is
equal

to
1.

F
ind

explicit
expressions

to
com

plete
the

list
of

the
nonzero

entries
in

the
m
atrix

g
µ

ν :

g
1
1 ≡

g
r
r
=

1

g
0
0 ≡

g
tt
=

?

g
2
0 ≡

g
0
2 ≡

g
φ

t ≡
g

tφ
=

?

g
2
2 ≡

g
φ

φ
=

?

g
3
3 ≡

g
z
z
=

?

(P
3.2)

—
P
roblem

3
continues

—
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If
you

cannot
answ

er
part

(a),you
can

introduce
unspecified

functions
f
1 (r),

f
2 (r),

f
3 (r),

and
f
4 (r),w

ith
g
1
1 ≡

g
r
r
=

1

g
0
0 ≡

g
tt
=
f
1 (r)

g
2
0 ≡

g
0
2 ≡

g
φ

t ≡
g

tφ
=
f
1 (r)

g
2
2 ≡

g
φ

φ
=
f
3 (r)

g
3
3 ≡

g
z
z
=
f
4 (r)

,

(P
3.3)

and
you

can
then

express
your

answ
ers

to
the

subsequent
parts

in
term

s
of

these
unspecified

functions.

(b)
(10

points)
U
sing

the
geodesic

equations
from

the
front

of
the

quiz,

dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ

,

explicitly
w
rite

the
equation

that
results

w
hen

the
free

index
µ
is

equal
to

1,
corresponding

to
the

coordinate
r.

(c)
(7

points)
E
xplicitly

w
rite

the
equation

that
results

w
hen

the
free

index
µ
is

equal
to

2,
corresponding

to
the

coordinate
φ.

(d)
(10

points)
U
se

the
m
etric

to
find

an
expression

for
d
t/d

τ
in

term
s
of

d
r/d

t,
d
φ
/d
t,
and

d
z
/d
t.

T
he

expression
m
ay

also
depend

on
the

constants
c
and

ω
.

B
e
sure

to
note

that
your

answ
er

should
depend

on
the

derivatives
of
t,
φ,and

z
w
ith

respect
to

t,
not

τ.
(H

int:
first

find
an

expression
for

d
τ
/d
t,

in
term

s
of

the
quantities

indicated,
and

then
ask

yourself
how

this
result

can
be

used
to

find
d
t/d

τ.)

8.286
Q

U
IZ

2,
F
A

L
L

2013
p
.
6

P
R

O
B

L
E
M

4:
P

R
E
S
S
U

R
E

A
N

D
E
N

E
R

G
Y

D
E
N

S
IT

Y
O

F
IM

A
G

I-
N

A
R
Y

S
T

U
F
F

(20
points)

T
his

problem
is

very
sim

ilar
to

P
roblem

19
of

the
Q

uiz
2

R
eview

P
roblem

s,
but

be
careful:

it
is

not
the

sam
e

problem
.

In
L
ecture

N
otes

6,
w
ith

further
calculations

in
P
roblem

4
of

P
roblem

Set
6,

a
thought

experim
ent

involving
a
piston

w
as

used
to

show
that

p
=

13
ρ
c
2
for

radiation.
In

this
problem

you
w
ill

apply
the

sam
e
technique

to
calculate

the
pressure

of
im

a
g
in

a
ry

stu
ff
,
w
hich

has
the

property
that

the
energy

density
falls

off
in

proportion
to

1/
V

3
/
2
as

the
volum

e
V

is
increased.

If
the

initialenergy
density

of
the

im
aginary

stuff
is
u

0
=
ρ
0 c

2,then
the

initial
configuration

of
the

piston
can

be
draw

n
as

T
he

piston
is

then
pulled

outw
ard,

so
that

its
initial

volum
e
V

is
increased

to
V

+
∆
V
.
Y
ou

m
ay

consider
∆
V

to
be

infinitesim
al,

so
∆
V

2
can

be
neglected.

(a)
(10

points)
U
sing

the
fact

that
the

energy
density

of
im

aginary
stuff

falls
off

as
1
/
V

3
/
2,find

the
am

ount
∆
U

by
w
hich

the
energy

inside
the

piston
changes

w
hen

the
volum

e
is

enlarged
by

∆
V
.
D
efine

∆
U

to
be

positive
if
the

energy
increases.

(b)
(5

points)
If

the
(unknow

n)
pressure

of
the

im
aginary

stuff
is

called
p,

how
m
uch

w
ork

∆
W

is
done

by
the

agent
that

pulls
out

the
piston?

(c)
(5

points)
U
se

your
results

from
(a)

and
(b)

to
express

the
pressure

p
of

the
im

aginary
stuff

in
term

s
of

its
energy

density
u.

(If
you

did
not

answ
er

parts
(a)

and/or
(b),explain

as
best

you
can

how
you

w
ould

determ
ine

the
pressure

if
you

knew
the

answ
ers

to
these

tw
o
questions.)
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P
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lem
M

ax
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u
m

S
core

1
25

2
20

3
35

4
20

T
O

T
A

L
100

M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent
P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
7,

2013
P
rof.

A
lan

G
uth

Q
U

IZ
2

F
O

R
M

U
L
A

S
H

E
E
T

S
P

E
E
D

O
F

L
IG

H
T

IN
C

O
M

O
V

IN
G

C
O

O
R

D
IN

A
T

E
S
:

v
c
o
o
rd

=
c

a(t)
.

D
O

P
P

L
E
R

S
H

IF
T

(F
or

m
otion

alon
g

a
lin

e):

z
=
v
/
u

(nonrelativistic,source
m
oving)

z
=

v
/
u

1−
v
/
u

(nonrelativistic,observer
m
oving)

z
= √

1
+
β

1−
β
−

1
(special

relativity,w
ith

β
=
v
/
c)

C
O

S
M

O
L
O

G
IC

A
L

R
E
D

S
H

IF
T

:

1
+
z≡

λ
o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

S
P

E
C

IA
L

R
E
L
A

T
IV

IT
Y

:

T
im

e
D
ilation

Factor:

γ≡
1

√
1−

β
2
,

β
≡
v
/
c

L
orentz-F

itzgerald
C
ontraction

Factor:
γ

R
elativity

of
Sim

ultaneity:
T
railing

clock
reads

later
by

an
am

ount
β
�
0 /
c
.

E
nergy-M

om
entum

Four-V
ector:

p
µ
= (

Ec
,#p )

,
#p
=
γ
m

0 #v
,
E

=
γ
m

0 c
2
= √

(m
0 c

2)
2
+
|#p| 2

c
2
,

p
2≡

|#p| 2− (p
0 )

2
=

|#p| 2−
E

2

c
2

=
−
(m

0 c)
2
.
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C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
:

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
,

ä
=

−
4
π3
G (

ρ
+

3
pc
2 )

a
,

ρ
m
(t)

=
a
3(t

i )
a
3(t)

ρ
m
(t

i )
(m

atter),
ρ

r (t)
=

a
4(t

i )
a
4(t)

ρ
r (t

i )
(radiation).

ρ̇
=

−
3
ȧa (

ρ
+

pc
2 )

,
Ω

≡
ρ
/
ρ

c
,

w
here

ρ
c
=

3
H

2

8
π
G

.

E
V

O
L
U

T
IO

N
O

F
A

M
A

T
T

E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E
:

F
lat

(k
=

0):
a(t)∝

t
2
/
3

Ω
=

1
.

C
losed

(k
>

0):
ct

=
α
(θ−

sin
θ)

,
a√k

=
α
(1−

cos
θ)

,

Ω
=

2
1
+

cos
θ
>

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√k )
3

.

O
pen

(k
<

0):
ct

=
α
(sinh

θ−
θ)

,
a√κ

=
α
(cosh

θ−
1)

,

Ω
=

2
1
+

cosh
θ
<

1
,

w
here

α
≡

4
π3
G
ρ

c
2 (

a√κ )
3

,

κ≡
−
k
>

0
.
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F
O

R
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U
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R
O

B
E
R
T

S
O

N
-W

A
L
K

E
R

M
E
T

R
IC

:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2+

a
2(t) {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }
.

A
lternatively,for

k
>

0,
w
e
can

define
r
=

sin
ψ

√
k

,
and

then

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2+

ã
2(t) {

d
ψ

2
+
sin

2
ψ (d

θ
2
+
sin

2
θ
d
φ

2 )}
,

w
here

ã(t)
=
a(t)/ √

k.
For

k
<

0
w
e
can

define
r
=

sinh
ψ

√−
k
,
and

then

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2+

ã
2(t) {

d
ψ

2
+
sinh

2
ψ (d

θ
2
+

sin
2
θ
d
φ

2 )}
,

w
here

ã(t)
=
a(t)/ √−

k.
N
ote

that
ã
can

be
called

a
if
there

is
no

need
to

relate
it
to

the
a(t)

that
appears

in
the

first
equation

above.

H
O

R
IZ

O
N

D
IS

T
A

N
C

E
:

�
p
,h

o
riz

o
n (t)

=
a(t) ∫

t

0

c

a(t ′)
d
t ′

=
3
ct

(flat,m
atter-dom

inated).

S
C

H
W

A
R

Z
S
C

H
IL

D
M

E
T

R
IC

:

d
s
2
=

−
c
2d
τ

2
=

− (
1−

2
G
M

rc
2 )

c
2d
t
2
+ (

1−
2
G
M

rc
2 )

−
1

d
r
2

+
r
2d
θ
2
+
r
2
sin

2
θ
d
φ

2
,

G
E
O

D
E
S
IC

E
Q

U
A

T
IO

N
:

dd
s {

g
ij
d
x

j

d
s }

=
12
(∂

i g
k
� )
d
x

k

d
s

d
x

�

d
s

or:
dd
τ {

g
µ

ν
d
x

ν

d
τ }

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ


