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8.286:
T
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D
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P
rof.

A
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G
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Q
U
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3

S
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L
U

T
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N
S

Q
u
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D
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D
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b
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P
R

O
B

L
E
M

1:
D

ID
Y

O
U

D
O

T
H

E
R

E
A

D
IN

G
?

(35
points)

(a)
(5

points)
R
yden

sum
m
arizes

the
results

of
the

C
O
B
E

satellite
experim

ent
for

the
m
easurem

ents
of

the
cosm

ic
m
icrow

ave
background

(C
M
B
)
in

the
form

of
three

im
portant

results.
T
he

first
w
as

that,
in

any
particular

direction
of

the
sky,the

spectrum
of

the
C
M
B

is
very

close
to

that
of

an
idealblackbody.

T
he

F
IR

A
S
instrum

ent
on

the
C
O
B
E
satellite

could
have

detected
deviations

from
the

blackbody
spectrum

as
sm

all
as

∆
ε/

ε≈
10 −

n,
w
here

n
is

an
integer.

T
o

w
ithin

±
1,

w
hat

is
n?

A
nsw

er:
n
=

4

(b)
(5

points)
T
he

second
result

w
as

the
m
easurem

ent
of

a
dipole

distortion
of

the
C
M
B

spectrum
;that

is,the
radiation

is
slightly

blueshifted
to

higher
tem

-
peratures

in
one

direction,
and

slightly
redshifted

to
low

er
tem

peratures
in

the
opposite

direction.
T
o
w
hat

physical
effect

w
as

this
dipole

distortion
at-

tributed?

A
nsw

er:
T
he

large
dipole

in
the

C
M
B
is
attributed

to
the

m
otion

ofthe
satellite

relative
to

the
fram

e
in

w
hich

the
C
M
B

is
very

nearly
isotropic.

(T
he

entire
L
ocal

G
roup

is
m
oving

relative
to

this
fram

e
at

a
speed

of
about

0.002
c.)

(c)
(5

points)
T
he

third
result

concerned
the

m
easurem

ent
of

tem
perature

fluctu-
ations

after
the

dipole
feature

m
entioned

above
w
as

subtracted
out.

D
efining

δTT
(θ

,φ)≡
T
(θ

,φ)−
〈T〉

〈T〉
,

w
here〈T〉

=
2
.725

K
,
the

average
value

of
T
,
they

found
a
root

m
ean

square
fluctuation,

〈(
δTT )

2 〉
1
/
2

,

equal
to

som
e
num

ber.
T
o
w
ithin

an
order

of
m
agnitude,

w
hat

w
as

that
num

-
ber?

A
nsw

er:
〈(

δTT )
2 〉

1
/
2

=
1
.1×

10 −
5

.
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(d)
(5

points)
W

hich
of

the
follow

ing
describes

the
Sachs-W

olfe
effect?

(i)
P
hotons

from
fluid

w
hich

had
a
velocity

tow
ard

us
along

the
line

of
sight

appear
redder

because
of

the
D
oppler

effect.
(ii)

P
hotons

from
fluid

w
hich

had
a
velocity

tow
ard

us
along

the
line

of
sight

appear
bluer

because
of

the
D
oppler

effect.

(iii)
P
hotons

from
overdense

regions
at

the
surface

of
last

scattering
appear

redder
because

they
m
ust

clim
b
out

of
the

gravitationalpotential
w
ell.

(iv)
P
hotons

from
overdense

regions
at

the
surface

of
last

scattering
appear

bluer
because

they
m
ust

clim
b
out

of
the

gravitationalpotentialw
ell.

(v)
P
hotons

traveling
tow

ard
us

from
the

surface
of

last
scattering

appear
redder

because
of

absorption
in

the
intergalactic

m
edium

.
(vi)

P
hotons

traveling
tow

ard
us

from
the

surface
of

last
scattering

appear
bluer

because
of

absorption
in

the
intergalactic

m
edium

.
(e)

(5
points)

T
he

flatness
problem

refers
to

the
extrem

e
fine-tuning

that
is
needed

in
Ω

at
early

tim
es,

in
order

for
it

to
be

as
close

to
1
today

as
w
e
observe.

Starting
w
ith

the
assum

ption
that

Ω
today

is
equalto

1
w
ithin

about
1%

,one
concludes

that
at

one
second

after
the

big
bang,

|Ω
−

1|t=
1

se
c

<
10 −

m
,

w
here

m
is

an
integer.

T
o
w
ithin

±
3,

w
hat

is
m
?

A
nsw

er:
m

=
18.

(See
the

derivation
in

L
ecture

N
otes

8.)
(f)

(5
points)

T
he

total
energy

density
of

the
present

universe
consists

m
ainly

of
baryonic

m
atter,

dark
m
atter,

and
dark

energy.
G
ive

the
percentages

of
each,

according
to

the
best

fit
obtained

from
the

P
lanck

2013
data.

Y
ou

w
illget

full
credit

if
the

first
(baryonic

m
atter)

is
accurate

to±
2%

,
and

the
other

tw
o
are

accurate
to

w
ithin

±
5%

.
A
nsw

er:
B
aryonic

m
atter:

5%
.

D
ark

m
atter:

26.5%
.

D
ark

energy:
68.5%

.
T
he

P
lanck

2013
num

bers
w
ere

given
in

L
ecture

N
otes

7.
T
o
the

requested
accuracy,

how
ever,

num
bers

such
as

R
yden’s

B
enchm

ark
M
odel

w
ould

also
be

satisfactory.
(g)

(5
points)

W
ithin

the
conventionalhot

big
bang

cosm
ology

(w
ithout

inflation),
it
is
diffi

cult
to

understand
how

the
tem

perature
ofthe

C
M
B
can

be
correlated

at
angular

separations
that

are
so

large
that

the
points

on
the

surface
of

last
scattering

w
as

separated
from

each
other

by
m
ore

than
a
horizon

distance.
A
p-

proxim
ately

w
hat

angle,in
degrees,corresponds

to
a
separation

on
the

surface
last

scattering
of

one
horizon

length?
Y
ou

w
ill

get
full

credit
if
your

answ
er

is
right

to
w
ithin

a
factor

of
2.

A
nsw

er:
R
yden

gives
1 ◦

as
the

angle
subtended

by
the

H
ubble

length
on

the
surface

of
last

scattering.
For

a
m
atter-dom

inated
universe,

w
hich

w
ould

be
a
good

m
odel

for
our

universe,
the

horizon
length

is
tw

ice
the

H
ubble

length.
A
ny

num
ber

from
1 ◦

to
5 ◦

w
as

considered
acceptable.
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P
R

O
B

L
E
M

2:
F
R

E
E
Z
E
-O

U
T

O
F

M
U

O
N

S
(25

points)

See
the

solutions
to

P
roblem

Set
7,

P
roblem

2
(2013).

P
R

O
B

L
E
M

3:
T

H
E

E
V

E
N

T
H

O
R

IZ
O

N
F
O

R
O

U
R

U
N

IV
E
R

S
E

(25
points)

(a)
In

a
spherical

pulse
each

light
ray

is
m
oving

radially
outw

ard,so
d
θ
=

d
φ
=

0.
A

light
ray

travels
along

a
null

trajectory,m
eaning

that
d
s
2
=

0,so
w
e
have

d
s
2
=

−
c
2
d
t
2
+

a
2(t)d

r
2
=

0
.

(3.1)

from
w
hich

it
follow

s
that

d
rd
t
=

±
c

a(t)
.

(3.2)

W
e
are

interested
in

a
radial

pulse
that

starts
at

r
=

0
at

tim
e

t
=

t
0 ,

so
the

lim
iting

value
of

r
is

given
byr

m
a
x
= ∫

∞t0

c

a(t)
d
t

.
(3.3)

(b)
C
hanging

variables
of

integration
to

x
=

a(t)
a(t

0 )
,

(3.4)

the
integral

becom
es

r
m

a
x
= ∫

∞1

c

a(t)
d
t

d
x
d
x
=

c

a(t
0 ) ∫

∞1

1x

d
t

d
x
d
x

,
(3.5)

w
here

w
e
used

the
fact

that
t
=

t
0
corresponds

to
x
=

a(t
0 )/

a(t
0 )

=
1.

A
s

given
to

us
on

the
form

ula
sheet,

the
first-order

Friedm
ann

equation
can

be
w
ritten

as

x
d
xd
t
=

H
0 √

Ω
m

,0 x
+
Ω

ra
d
,0
+

Ω
v
a
c
,0 x

4
+

Ω
k
,0 x

2
.

(3.6)

U
sing

this
substitution,

r
m

a
x
=

c

a(t
0 )H

0 ∫
∞1

d
x

√
Ω

m
,0 x

+
Ω

ra
d
,0
+

Ω
v
a
c
,0 x

4
,

(3.7)
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w
here

w
e
have

used
Ω

k
,0
=

0,
since

the
universe

is
taken

to
be

flat.

(c)
T
o
find

the
value

ofthe
redshift

for
the

light
that

w
e
are

presently
receiving

from
coordinate

distance
r
m

a
x ,w

e
can

begin
by

noticing
that

the
tim

e
ofem

ission
t
e

can
be

determ
ined

by
the

equation
w
hich

im
plies

that
the

coordinate
distance

traveled
by

a
light

pulse
betw

een
tim

es
t
e
and

t
0
m
ust

equal
r
m

a
x .

U
sing

E
q.

(3.2)
for

the
coordinate

velocity
of

light,
this

equation
reads

∫
t0

t
e

c

a(t)
d
t
=

r
m

a
x

.
(3.8)

T
he

“half-credit”
answ

er
to

the
quiz

problem
w
ould

include
the

above
equation,

follow
ed

by
the

statem
ent

that
the

redshift
z
e
h
can

be
determ

ined
from

z
=

a(t
0 )

a(t
e ) −

1
.

(3.9)

T
he

“full-credit”
answ

er
is
obtained

by
changing

the
variable

of
integration

as
in

part
(b),so

E
q.(3.8)

becom
es

r
m

a
x
= ∫

1

x
e

c

a(t)
d
t

d
x
d
x

=
c

a(t
0 ) ∫

1

x
e

1x

d
t

d
x
d
x

,

(3.10)

w
here

x
e
is

the
value

of
x
corresponding

to
t
=

t
e .

T
hen

using
E
q.

(3.6)
w
ith

Ω
k
,0
=

0,
w
e
find

r
m

a
x
=

c

a(t
0 )H

0 ∫
1

x
e

d
x

√
Ω

m
,0 x

+
Ω

ra
d
,0
+

Ω
v
a
c,0 x

4
.

(3.11)

T
o
com

plete
the

answ
er

in
this

language,
w
e
use

z
=

1x
e −

1
.

(3.12)

E
qs.

(3.11)
and

(3.12)
constitute

a
full

answ
er

to
the

question,
but

one
could

go
further

and
replace

r
m

a
x
using

E
q.(3.7),finding

∫
∞1

d
x

√
Ω

m
,0 x

+
Ω

ra
d
,0
+
Ω

v
a
c
,0 x

4

= ∫
1

x
e

d
x

√
Ω

m
,0 x

+
Ω

ra
d
,0
+
Ω

v
a
c
,0 x

4
.

(3.13)
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In
this

form
the

answ
er

depends
only

on
the

values
of

Ω
X

,0 .

Y
ou

w
ere

of
course

not
asked

to
evaluate

this
form

ula
num

erically,
but

you
m
ight

be
interested

in
know

ing
that

the
P
lanck

2013
values

Ω
m

,0
=

0
.315,

Ω
v
a
c
,0

=
0
.685,

and
Ω

ra
d
,0

=
9
.2×

10 −
5
lead

to
z
e
h
=

1
.87.

T
hus,

no
event

that
is

happening
now

(i.e.,
at

the
sam

e
value

of
the

cosm
ic

tim
e)

in
a
galaxy

at
redshift

larger
than

1.87
w
ill

ever
be

visible
to

us
or

our
descendants,

even
in

principle.

P
R

O
B

L
E
M

4:
B

E
H

A
V

IO
R

O
F

Ω
IN

A
U

N
IV

E
R

S
E

D
O

M
IN

A
T

E
D

B
Y

M
Y

S
T

E
R

IO
U

S
S
T

U
F
F

(15
points)

(a)
From

the
Friedm

ann
equation,H

2
=

8
π3

G
ρ−

k
c
2

a
2

,

and
the

definition
of

ρ
c ,

H
2
=

8
π3

G
ρ

c
,

w
e
have

8
π3

G
ρ−

k
c
2

a
2

=
8
π3

G
ρ

c
,

w
hich

can
be

rearranged
to

giveρ−
ρ

c
=

3
k
c
2

8
π
G

a
2

.

D
ividing

both
sides

by
ρ
w
e
find

ρ−
ρ

c

ρ
=

Ω
−
1

Ω
=

3
k
c
2

8
π
G

a
2ρ

.

(T
he

m
iddle

expression
above

is
obtained

from
the

expression
on

the
left

by
m
ultiplying

both
the

num
erator

and
the

denom
inator

by
1/

ρ
c .)

N
ow

m
ultiply

both
the

num
erator

and
denom

inator
of

the
expression

on
the

right
by

T
2,

recognizing
that

a
T

is
approxim

ately
constant.

W
e
then

have

Ω
−

1
Ω

=
A

T
2

ρ
,

w
here

A
=

3
k
c
2

8
π
G
(a

T
)
2

.
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(b)
C
om

bining
the

above
equation

w
ith

our
know

ledge
that

T
∝

1
/
a
and

ρ∝
1
/
a
5,

w
e
have

im
m
ediately

that

Ω
−
1

Ω
∝

1
/
a
2

1
/
a
5 ∝

a
3

.

T
o
determ

ine
how

a
depends

on
tim

e,w
e
can

solve
the

Friedm
ann

equation
for

a
flat

universe
dom

inated
by

m
ysterious

stuff:

(
ȧa )

2

=
const
a
5

=⇒
d
ad
t
=

√
const
a
3
/
2

.

T
hus

a
3
/
2d

a
=

√
constd

t

and
then

25
a
5
/
2
=

√
const

t
,

w
here

the
constant

of
integration

is
set

to
zero

by
using

the
convention

that
a
=

0
w
hen

t
=

0.
T
hus

a∝
t
2
/
5

,

and
then

Ω
−

1
Ω

∝
a
3∝

t
6
/
5

.


