
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.2
8
6
:
T
h
e
E
a
rly
U
n
iverse

O
ctob
er
9,
2016

P
rof.
A
lan
G
u
th

Q
U
IZ
1
S
O
L
U
T
IO
N
S

Q
u
iz
D
a
te
:
O
c
to
b
e
r
5
,
2
0
1
6

P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(35
poin
ts)

(a
)
(5
poin
ts)
T
h
e
M
ilk
y
W
ay
h
as
b
een
k
n
ow
n
sin
ce
an
cien
t
tim
es
as
a
b
an
d
of

ligh
t
stretch
in
g
across
th
e
sk
y.
W
e
n
ow
recogn
ize
th
e
M
ilk
y
W
ay
as
th
e
galax
y

o
f
sta
rs
in
w
h
ich
w
e
liv
e,
w
ith
a
large
collection
of
stars,
in
clu
d
in
g
ou
r
su
n
,

arran
ged
in
a
gian
t
d
isk
.
S
in
ce
th
e
in
d
iv
id
u
al
stars
are
m
ostly
to
o
sm
all
for
o
u
r

eyes
to
resolv
e,
w
e
o
b
serve
th
e
collectiv
e
ligh
t
from
th
ese
stars,
con
cen
trated
in

th
e
p
lan
e
of
th
e
d
isk
.
T
h
e
id
ea
th
at
th
e
M
ilk
y
W
ay
is
actu
ally
a
d
isk
of
stars

w
a
s
p
ro
p
o
sed
b
y

(i)
C
lau
d
iu
s
P
tolem
y,
in
th
e
2n
d
cen
tu
ry
A
D
.

(ii)
J
oh
an
n
es
K
ep
ler,
in
1610.

(iii)
Isaac
N
ew
ton
,
in
1695.

(iv
)
T
h
om
as
W
righ
t,
in
1750.

(v
)
Im
m
an
u
el
K
an
t,
in
1755.

(v
i)
E
d
w
in
H
u
b
b
le,
in
1923.

(b
)
(5
poin
ts)
O
n
ce
it
w
as
recogn
ized
th
at
w
e
live
in
a
galax
y,
it
w
as
in
itially

assu
m
ed
th
at
ou
rs
w
as
th
e
on
ly
galax
y.
T
h
e
su
ggestion
th
at
som
e
of
th
e
p
atch
es

of
ligh
t
k
n
ow
n
as
n
eb
u
lae
m
igh
t
actu
ally
b
e
oth
er
galax
ies
like
ou
r
ow
n
w
as

m
ad
e
b
y

(i)
C
lau
d
iu
s
P
tolem
y,
in
th
e
2n
d
cen
tu
ry
A
D
.

(ii)
J
oh
an
n
es
K
ep
ler,
in
1610.

(iii)
Isaac
N
ew
ton
,
in
1695.

(iv
)
T
h
o
m
a
s
W
righ
t,
in
1750.

(v
)
Im
m
an
u
el
K
an
t,
in
1755.

(v
i)
E
d
w
in
H
u
b
b
le,
in
1923.

8
.2
8
6
Q
U
IZ
1
S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
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(c)
(5
poin
ts)
T
h
e
�
rst
�
rm
ev
id
en
ce
th
at
th
ere
is
m
ore
th
an
o
n
e
g
alax
y
stem
m
ed

from
th
e
ab
ility
to
ob
serve
th
e
A
n
d
rom
ed
a
N
eb
u
la
w
ith
h
ig
h
en
ou
gh
resolu
-

tion
to
d
istin
gu
ish
its
in
d
iv
id
u
al
sta
rs.
In
p
articu
la
r,
th
e
o
b
serva
tio
n
of
C
ep
h
eid

variab
le
stars
in
A
n
d
ro
m
ed
a
allow
ed
a
d
istan
ce
estim
ate
th
at
p
la
ced
it
w
ell
ou
t-

sid
e
th
e
M
ilk
y
W
ay.
T
h
e
ob
serva
tion
of
C
ep
h
eid
va
ria
b
le
sta
rs
in
A
n
d
rom
ed
a

w
as
�
rst
m
ad
e
b
y

(i)
J
oh
an
n
es
K
ep
ler,
in
161
0.

(ii)
Isaac
N
ew
ton
,
in
1
6
95.

(iii
T
h
om
as
W
righ
t,
in
175
0.

(iv
)
Im
m
an
u
el
K
an
t,
in
1
755
.

(v
)
H
en
rietta
S
w
an
L
eav
itt
a
n
d
H
a
rlow
S
h
a
p
ley
in
191
5.

(v
i)
E
d
w
in
H
u
b
b
le,
in
19
23.

(d
)
(5
poin
ts)
T
h
e
�
rst
h
in
t
th
at
th
e
u
n
iverse
is
�
lled
w
ith
ra
d
iation
w
ith
an
ef-

fectiv
e
tem
p
eratu
re
n
ear
3
K
,
alth
ou
gh
n
ot
recog
n
ized
a
t
th
e
tim
e,
w
as
an

ob
servation
of
ab
sorp
tion
lin
es
in
cyan
og
en
(C
N
)
b
y
A
d
am
s
an
d
M
cK
ellar
in

1941.
T
h
ey
ob
served
d
ark
sp
ectral
lin
es
w
h
ich
th
ey
in
terp
reted
as
ab
sorp
tion

b
y
th
e
cyan
ogen
of
ligh
t
com
in
g
from
th
e
sta
r
b
eh
in
d
th
e
gas
clou
d
.
E
x
p
lain

in
a
few
sen
ten
ces
h
ow
th
ese
a
b
so
rp
tio
n
lin
es
can
b
e
u
sed
to
m
ak
e
in
feren
ces

ab
ou
t
th
e
cosm
ic
b
a
ck
grou
n
d
ra
d
iation
b
a
th
in
g
th
e
cya
n
o
gen
g
as
clou
d
.

A
n
sw
er:

W
h
en
an
atom
a
b
so
rb
s
a
p
h
oton
,
it
is
ex
cited
from
its
in
itial
state
to

som
e
�
n
al
state,
an
d
th
e
en
ergy
of
th
e
p
h
oton
m
u
st
m
atch
th
e
en
ergy

d
i�
eren
ce
b
etw
en
th
e
tw
o
states.
O
n
e
of
th
e
ob
served
cy
an
og
en
lin
es

w
as
asso
ciated
w
ith
a
tran
sitio
n
startin
g
in
th
e
grou
n
d
sta
te,
an
d
tw
o

oth
er
o
b
served
lin
es
w
ere
asso
ciated
w
ith
tran
sition
s
startin
g
fro
m
a
n

ex
cited
state.
B
y
com
p
arin
g
th
e
in
ten
sities
of
th
ese
ab
sorp
tion
lin
es,

th
e
astron
om
ers
co
u
ld
in
fer
th
e
relative
ab
u
n
d
an
ce
of
grou
n
d
sta
te

an
d
ex
cited
cyan
ogen
m
olecu
les,
w
h
ich
in
tu
rn
allow
ed
th
em
to
in
fer

th
e
tem
p
eratu
re
of
th
e
g
as
clo
u
d
.
T
h
ey
fou
n
d
a
tem
p
eratu
re
o
f
2.2

K
.
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(e)
(5
poin
ts)
A
s
th
e
u
n
iverse
ex
p
an
d
s,
th
e
tem
p
eratu
re
of
th
e
cosm
ic
m
icrow
ave

b
ack
grou
n
d

(i)
go
es
u
p
in
p
rop
ortion
to
th
e
scale
factor
a
(t).

(ii)
stay
s
con
stan
t.

(iii)
go
es
d
ow
n
in
p
rop
ortion
to
1
=
a
(t).

(iv
)
go
es
d
ow
n
in
p
rop
ortion
to
1
=
a
2(t).

(f)
(5
poin
ts)
W
h
en
H
u
b
b
le
m
easu
red
th
e
valu
e
of
h
is
con
stan
t,
h
e
fou
n
d
H
�

1
�

100
m
illion
y
ears,
2
b
illion
y
ears,
10
b
illion
y
ears,
or
20
b
illion
years?

(g
)
(5
poin
ts)
E
x
p
lain
in
a
few
sen
ten
ces
w
h
a
t
is
m
ea
n
t
b
y
th
e
eq
u
ivalen
ce
p
rin
ci-

p
le?

A
n
sw
er:

R
y
d
en
states
th
at
th
e
eq
u
ivalen
ce
p
rin
cip
le
is
th
e
fact
th
at
th
e
grav
-

itation
al
m
ass
of
an
y
ob
ject
is
eq
u
al
to
its
in
ertial
m
ass.
It
w
ou
ld

also
b
e
correct
to
say
th
at
th
e
g
rav
iation
al
m
ass
is
p
rop
ortion
al
to

th
e
in
ertial
m
ass.
(If
th
ey
are
p
rop
ortion
al,
th
ere
is
alw
ay
s
a
valu
e

of
G
w
h
ich
m
a
kes
th
em

eq
u
al.)
T
h
e
eq
u
ivalen
ce
p
rin
cip
le
can
also

b
e
d
escrib
ed
m
ore
gen
erally
b
y
say
in
g
th
at
grav
ity
is
eq
u
ivalen
t
to

acceleration
,
so
th
at
w
ith
in
a
sm
all
volu
m
e
th
e
e�
ects
of
grav
ity
can

b
e
rem
ov
ed
b
y
d
escrib
in
g
th
e
sy
stem

in
an
acceleratin
g
co
ord
in
ate

sy
stem
.

P
R
O
B
L
E
M

2
:
O
B
S
E
R
V
IN
G

A

D
IS
T
A
N
T
G
A
L
A
X
Y

IN

A

M
A
T
T
E
R
-

D
O
M
IN
A
T
E
D

F
L
A
T
U
N
IV
E
R
S
E
(40
poin
ts)

S
u
p
p
ose
th
at
w
e
are
liv
in
g
in
a
m
atter-d
om
in
ated


at
u
n
iverse,
w
ith
a
scale

factor
giv
en
b
y

a
(t)
=
bt
2
=
3
;

w
h
ere
b
is
a
con
stan
t.
T
h
e
p
resen
t
tim
e
is
d
en
oted
b
y
t
0 .

(a
)
(5
poin
ts)
If
w
e
m
easu
re
tim
e
in
secon
d
s,
d
istan
ce
in
m
eters,
an
d
co
ord
in
ate

d
istan
ces
in
n
otch
es,
w
h
at
are
th
e
u
n
its
of
b?

8
.2
8
6
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U
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A
n
sw
er:

a
(t)
w
ou
ld
b
e
m
easu
red
in
m
eters/n
o
tch
,
a
n
d
t
w
ou
ld
b
e
m
easu
red
in

secon
d
s.
S
o

[b]
=
[a
(t)]

[t] 2
=
3

=

m

n
otch
-s
2
=
3

:

(b
)
(5
poin
ts)
S
u
p
p
ose
th
at
w
e
ob
serv
e
a
d
ista
n
t
ga
la
x
y
w
h
ich
is
o
n
e
h
alf
of
a

\H
u
b
b
le
len
gth
"
aw
ay,
w
h
ich
m
ean
s
th
at
th
e
p
h
y
sica
l
d
ista
n
ce
to
d
ay
is
`
p
=

12
cH
�

1
0

,
w
h
ere
c
is
th
e
sp
eed
of
ligh
t
a
n
d
H
0
is
th
e
p
resen
t
va
lu
e
o
f
th
e
H
u
b
b
le

ex
p
an
sion
rate.
W
h
a
t
is
th
e
p
ro
p
er
v
elo
city
v
p
�

d
`
p

(t)

d
t

of
th
is
galax
y
relative

to
u
s?

A
n
sw
er:

B
y
H
u
b
b
le's
law
,
th
e
velo
city
o
f
recession
is
eq
u
al
to
H
0

tim
es
th
e

p
h
y
sical
d
istan
ce,
sov

p
=
H
0 �
12

cH
�

1
0 �
=

12
c
:

A
com
m
on
error
in
th
is
p
a
rt
w
as
to
u
se

H
0
=

_aa
=
23
bt
�

1
=
3

0
bt
2
=
3

0

=

23
t
0

to
w
rite

`
p
=
34

ct
0
;

an
d
th
en
to
d
i�
eren
tia
te
th
is
ex
p
ression
w
ith
resp
ect
to
t
0 ,
�
n
d
in
g

v
p
=
3
c=4.
T
h
e
p
ro
b
lem
w
ith
th
is
ap
p
ro
ach
is
th
at
it
assu
m
es
th
a
t

th
e
relation
`
p
=
12
cH
�

1
h
old
s
for
all
t,
so
th
at
o
n
e
can
d
i�
eren
tiate
it

to
�
n
d
th
e
velo
city.
B
u
t
an
ob
ject
th
a
t
is
a
t
d
istan
ce
12
cH
�

1
d
o
es
n
ot

rem
ain
at
a
d
istan
ce
12
cH
�

1
as
tim
e
p
rogresses.
It
is
th
e
co
o
rd
in
ate

d
istan
ce
`
c ,
an
d
n
ot
th
e
p
h
y
sical
d
ista
n
ce
m
easu
red
in
H
u
b
b
le
len
g
th
s,

th
at
rem
ain
s
con
stan
t
as
th
e
u
n
iverse
ex
p
a
n
d
s.

(c)
(5
poin
ts)
W
h
at
is
th
e
co
o
rd
in
ate
d
istan
ce
`
c

b
etw
een
u
s
an
d
th
e
d
ista
n
t

galax
y
?
E
x
p
ress
you
r
an
sw
er
in
term
s
of
b,
t
0 ,
a
n
d
c
(b
u
t
n
o
t
H
0 ).
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.
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A
n
sw
er:

W
e
k
n
ow
th
a
t
`
p (t)
=
a
(t)`
c ,
so

`
c
=
`
p (t
0 )

a
(t
0 )
=

c

2
bH
0 t
2
=
3

0

:

T
o
elim
in
ate
H
0 ,
w
h
ich
is
n
o
t
allow
ed
in
th
e
an
sw
er,
w
e
can
u
se

H
0
=

1
a
(t
0 )

d
a
(t
0 )

d
t
0

=

1
bt
2
=
3

0

�
23

bt
�

1
=
3

0

�
=

23
t
0

:

In
sertin
g
th
e
resu
lt
in
to
th
e
lin
e
ab
ove,

`
c
=
34
ct
1
=
3

0b

:

If
yo
u
d
id
n
o
t
a
n
sw
er
th
e
p
rev
iou
s
p
art,
you
m
ay
still
co
n
tin
u
e
w
ith
th
e
follow
in
g

p
arts,
u
sin
g
th
e
sy
m
b
ol
`
c
for
th
e
co
ord
in
ate
d
istan
ce
to
th
e
galax
y.

(d
)
(5
poin
ts)
A
t
w
h
at
tim
e
t
e
w
as
th
e
ligh
t
th
at
w
e
are
n
ow
receiv
in
g
from
th
e

galax
y
em
itted
?

A
n
sw
er:

W
e
k
n
ow
th
at
th
e
co
ord
in
ate
velo
city
of
ligh
t
is

d
xd

t
=

c
a
(t)
=

c
bt
2
=
3
:

W
e
can
�
n
d
t
e
b
y
th
e
req
u
irem
en
t
th
at
th
e
co
ord
in
ate
d
istan
ce
th
at

lig
h
t
travels
b
etw
een
t
e
an
d
t
0
m
u
st
b
e
eq
u
al
to
`
c
fou
n
d
in
p
art
(c):

Z
t
0

t
e

c
bt
02
=
3
d
t
0

=
34
ct
1
=
3

0b

:

In
tegratin
g,

3
cb ht
1
=
3

0

�

t
1
=
3

e i
=
34
ct
1
=
3

0b

:

W
ith
a
little
algeb
ra
w
e
see

t
1
=
3

e

=
34

t
1
=
3

0

=
)

t
e
=
27

64
t
0
:

8
.2
8
6
Q
U
IZ
1
S
O
L
U
T
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N
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,
F
A
L
L
2
0
1
6

p
.
6

(e)
(5
poin
ts)
W
h
at
is
th
e
red
sh
ift
z
of
th
e
ligh
t
th
at
w
e
a
re
n
ow
receiv
in
g
from

th
e
d
istan
t
g
alax
y
?

A
n
sw
er:

T
h
e
red
sh
ift
is
related
to
th
e
scale
facto
r
b
y

1
+
z
=
a
(t
0 )

a
(t
e )
= �
t
0

t
e �

2
=
3

= �
64

27 �
2
=
3

=
169

;

so

z
=
79

:

(f)
(10
poin
ts)
C
on
sid
er
a
lig
h
t
p
u
lse
th
at
leaves
th
e
d
istan
t
g
alax
y
a
t
tim
e
t
e ,
as

calcu
lated
in
p
art
(d
),
an
d
a
rrives
h
ere
a
t
th
e
p
resen
t
tim
e,
t
0 .
C
alcu
late
th
e

p
h
y
sical
d
istan
ce
r
p (t)
b
etw
een
th
e
ligh
t
p
u
lse
a
n
d
u
s.
F
in
d
r
p (t)
as
a
fu
n
ctio
n

of
t
for
all
t
b
etw
een
t
e
an
d
t
0 .

A
n
sw
er:

W
e
�
rst
calcu
late
th
e
co
ord
in
ate
sep
aration
r
c (t)
b
etw
een
th
e
ligh
t

p
u
lse
an
d
u
s,
as
a
fu
n
ction
of
t.
A
t
tim
e
t
e
it
is
eq
u
al
to
th
e
valu
e

of
`
c
fou
n
d
in
p
art
(c),
an
d
from
th
at
tim
e
o
n
w
a
rd
it
is
red
u
ced
b
y

th
e
co
ord
in
ate
d
ista
n
ce
th
a
t
lig
h
t
can
travel
b
etw
een
tim
es
t
e
an
d
t.

T
h
erefore,

r
c (t)
=
34
ct
1
=
3

0b

� Z
t

t
e

c
b
t
02
=
3
d
t
0

=
34
ct
1
=
3

0b

�

3
cb ht
1
=
3
�

t
1
=
3

e i

=
34
ct
1
=
3

0b

�

3
cb �

t
1
=
3
�

34
t
1
=
3

0 �

=
3
cb ht
1
=
3

0

�

t
1
=
3 i
:

T
h
e
p
h
y
sical
d
istan
ce
is
th
en

r
p (t)
=
bt
2
=
3
r
c (t)
=
3
c ht
1
=
3

0

t
2
=
3
�

t i
=

3
ct "�
t
0t �
1
=
3

�

1 #
:
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(g
)
(5
poin
ts)
If
w
e
sen
d
a
rad
io
m
essage
n
ow
to
th
e
d
istan
t
galax
y,
at
w
h
at
tim
e

t
r
w
ill
it
b
e
received
?

A
n
sw
er:

W
e
calcu
late
th
e
tim
e
t
r
b
y
w
h
ich
a
lig
h
t
ray,
startin
g
at
t
0 ,
can
travel

a
co
ord
in
ate
d
istan
ce
eq
u
al
to
th
e
valu
e
w
e
fou
n
d
in
p
art
(c):

Z
t
r

t
0

c
b
t
02
=
3
d
t
0

=
`
c
=
34
ct
1
=
3

0b

:

In
tegratin
g,

3
cb ht
1
=
3

r

�

t
1
=
3

0 i
=
34
ct
1
=
3

0b

;

from
w
h
ich
w
e
�
n
d

t
1
=
3

r

=
54

t
1
=
3

0

=
)

t
r
=
1
2
5

64
t
0
:

P
R
O
B
L
E
M

3
:
A
P
O
S
S
IB
L
E
M
O
D
IF
IC
A
T
IO
N
O
F
N
E
W
T
O
N
'S

L
A
W

O
F
G
R
A
V
IT
Y

(25
poin
ts)

T
he
follow
in
g
pro
blem
w
a
s
P
roblem
4
on
P
roblem
S
et
3.

In
L
ectu
re
N
otes
3
w
e
d
evelop
ed
a
N
ew
ton
ian
m
o
d
el
of
cosm
ology,
b
y

con
sid
erin
g
a
u
n
iform
sp
h
ere
of
m
ass,
cen
tered
at
th
e
origin
,
w
ith
in
itial

m
ass
d
en
sity
�
i
an
d
an
in
itial
p
attern
of
v
elo
cities
corresp
on
d
in
g
to
H
u
b
b
le

ex
p
an
sion
:
~v
i
=
H
i ~r:

8
.2
8
6
Q
U
IZ
1
S
O
L
U
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IO
N
S
,
F
A
L
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2
0
1
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p
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8

W
e
d
en
oted
th
e
rad
iu
s
at
tim
e
t
of
a
p
article
w
h
ich
started
at
ra
d
iu
s
r
i

b
y
th
e
fu
n
ction
r(r
i ;t).
A
ssu
m
in
g
N
ew
ton
's
law
of
grav
ity,
w
e
con
clu
d
ed

th
at
each
p
article
w
o
u
ld
ex
p
erien
ce
a
n
acceleration
given
b
y

~g
=
�

G
M
(r
i )

r
2(r

i ;t)
^r
;

w
h
ere
M
(r
i )
d
en
otes
th
e
to
ta
l
m
ass
co
n
tain
ed
in
itially
in
th
e
region
r
<
r
i ,

giv
en
b
y

M
(r
i )
=
4
�3

r
3i �

i
:

S
u
p
p
ose
th
at
th
e
law
o
f
grav
ity
is
m
o
d
i�
ed
to
con
tain
a
n
ew
,
rep
u
lsiv
e

term
,
p
ro
d
u
cin
g
an
acceleratio
n
w
h
ich
grow
s
a
s
th
e
n
th
p
ow
er
of
th
e
d
is-

tan
ce,
w
ith
a
stren
gth
th
at
is
in
d
ep
en
d
en
t
of
th
e
m
ass.
T
h
a
t
is,
su
p
p
o
se

~g
is
giv
en
b
y

~g
=
�

G
M
(r
i )

r
2(r

i ;t)
^r
+


r
n
(r
i ;t)
^r
;

w
h
ere


is
a
con
stan
t.
T
h
e
fu
n
ction
r(r
i ;t)
th
en
ob
ey
s
th
e
d
i�
eren
tial

eq
u
ation

�r
=
�

G
M
(r
i )

r
2(r

i ;t)
+


r
n
(r
i ;t)
:

(a)
(5
poin
ts)
A
s
d
on
e
in
th
e
lectu
re
n
otes,
w
e
d
e�
n
e

u
(r
i ;t)
�

r(r
i ;t)=
r
i
:

W
rite
th
e
d
i�
eren
tia
l
eq
u
ation
ob
ey
ed
b
y
u
.
(H
in
t:
be
su
re
th
a
t
u
is

the
on
ly
tim
e-depen
d
en
t
qu
a
n
tity
in
yo
u
r
equ
a
tion
;
r,
�
,
etc.
m
u
st
be

rew
ritten
in
term
s
of
u
,
�
i ,
etc.)

(b
)
(5
poin
ts)
F
or
w
h
a
t
valu
e
of
th
e
p
ow
er
n
is
th
e
d
i�
eren
tial
eq
u
atio
n

fou
n
d
in
p
art
(a)
in
d
ep
en
d
en
t
o
f
r
i ?

(c)
(5
poin
ts)
W
rite
th
e
in
itia
l
con
d
itio
n
s
for
u
w
h
ich
,
w
h
en
com
b
in
ed

w
ith
th
e
d
i�
eren
tial
eq
u
ation
fou
n
d
in
(a),
u
n
iq
u
ely
d
eterm
in
e
th
e

fu
n
ction
u
.

(d
)
(10
poin
ts)
If
all
is
go
in
g
w
ell,
th
en
y
o
u
h
ave
learn
ed
th
a
t
for
a
certa
in

valu
e
of
n
,
th
e
fu
n
ctio
n
u
(r
i ;t)
w
ill
in
fact
n
o
t
d
ep
en
d
o
n
r
i ,
so
w
e

can
d
e�
n
e

a
(t)
�

u
(r
i ;t)
:

S
h
ow
,
for
th
is
valu
e
of
n
,
th
at
th
e
d
i�
eren
tia
l
eq
u
ation
for
a
can
b
e

in
tegrated
on
ce
to
ob
tain
an
eq
u
ation
related
to
th
e
con
serva
tion
o
f
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.
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en
ergy.
T
h
e
d
esired
eq
u
ation
sh
ou
ld
in
clu
d
e
term
s
d
ep
en
d
in
g
on
a

an
d
_a,
b
u
t
n
o
t
�a
or
an
y
h
igh
er
d
eriva
tives.

A
n
sw
er:

(a)
S
u
b
stitu
tin
g
th
e
eq
u
ation
for
M
(r
i ),
given
on
th
e
q
u
iz,
in
to

th
e
d
i�
eren
tia
l
eq
u
a
tio
n
fo
r
r,
also
giv
en
on
th
e
q
u
iz,
on
e

�
n
d
s:

�r
=
�

4
�3
G
r
3i �

i

r
2

+


r
n

:

D
iv
id
in
g
b
oth
sid
es
of
th
e
eq
u
ation
b
y
r
i ,
on
e
h
as

�rr
i
=
�

4
�3
G
r
2i
�
i

r
2

+


r
nr

i

:

S
u
b
stitu
tin
g
u
=
r=
r
i ,
th
is
b
ecom
es

�u
=
�

4
�3
G
�
i

u
2

+


u
n
r
n
�

1

i

:

(b
)
T
h
e
on
ly
d
ep
en
d
en
ce
on
r
i
o
ccu
rs
in
th
e
last
term
,
w
h
ich
is

p
rop
ortion
alto
r
n
�

1

i

.
T
h
is
d
ep
en
d
en
ce
d
isap
p
ears
if
n
=
1
,

sin
ce
th
e
zeroth
p
ow
er
of
an
y
p
ositive
n
u
m
b
er
is
1.

(c)
T
h
is
is
ex
actly
th
e
sam
e
as
th
e
case
d
iscu
ssed
in
th
e
lec-

tu
re
n
otes,
sin
ce
th
e
in
itial
con
d
ition
s
d
o
n
ot
d
ep
en
d
on
th
e

d
i�
eren
tial
eq
u
ation
.
A
t
t
=
0,

r(r
i ;0
)
=
r
i

(d
e�
n
ition
of
r
i )

_r(r
i ;0
)
=
H
i r
i

(sin
ce
~v
i
=
H
i ~r).

D
iv
id
in
g
th
ese
eq
u
ation
s
b
y
r
i
on
e
h
as
th
e
in
tial
con
d
ition
s

u
=
1

_u
=
H
i
:

(d
)
a
(t)
sh
ou
ld
ob
ey
th
e
d
i�
eren
tial
eq
u
ation
ob
tain
ed
in
p
art

(a)
for
u
,
for
th
e
valu
e
of
n
th
at
w
as
ob
tain
ed
in
p
art
(b
):

n
=
1
.
S
o
,

�a
=
�

4
�3
G
�
i

a
2

+


a
:

8
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8
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Q
U
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S
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N
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0
1
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p
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1
0

M
u
ltip
ly
in
g
th
e
eq
u
ation
b
y
_a
�

d
a
=
d
t,
o
n
e
�
n
d
s

d
2a

d
t
2
d
ad

t
= �
�

4
�3
G
�
i

a
2

+


a �
d
ad

t
;

w
h
ich
can
b
e
rew
ritten
as

dd
t (

12 �
d
ad

t �
2

�

4
�3
G
�
i

a

�

12


a
2 )
=
0
:

T
h
u
s
th
e
q
u
a
n
tity
in
sid
e
th
e
cu
rly
b
rackets
m
u
st
b
e
co
n
stan
t.

F
ollow
in
g
th
e
lectu
re
n
otes,
I
w
ill
call
th
is
con
stan
t
E
:

12 �
d
ad

t �
2

�

4
�3
G
�
i

a

�

12


a
2
=
E
:

O
r
on
e
can
u
se
th
e
con
ven
tion
ally
d
e�
n
ed
q
u
an
tity

k
=
�

2
Ec

2

;

in
w
h
ich
ca
se
th
e
eq
u
a
tion
ca
n
b
e
w
ritten

(
12 �
d
ad

t �
2

�

4
�3
G
�
i

a

�

12


a
2 )
=
�

k
c
2

2

:

O
n
e
can
th
en
rew
rite
th
e
eq
u
a
tion
in
th
e
m
ore
stan
d
ard
form

8>:
_aa 9>;
2

=
8
�3

G
�
+


�

k
c
2

a
2

;

w
h
ere
I
h
ave
u
sed
�
(t)
=
�
i =
a
3(t).

A
ddition
al
N
ote:
H
istorically,
th
e
con
stan
t


corresp
o
n
d
s
to

th
e
\cosm
o
log
ical
con
stan
t"
w
h
ich
w
a
s
in
tro
d
u
ced
b
y
A
lb
ert

E
in
stein
in
1
917
in
a
n
e�
ort
to
b
u
ild
a
static
m
o
d
el
of
th
e

u
n
iverse.
T
h
e
cosm
olo
gical
con
sta
n
t
�
,
as
d
e�
n
ed
b
y
E
in
-

stein
,
is
related
to


b
y



=
13

�
c
2
:
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T
h
e
d
i�
eren
tial
eq
u
ation
can
b
e
rew
ritten
as

8>:
_aa 9>;
2

=
8
�3

G �
�
+

�
c
2

8
�
G �
�

k
c
2

a
2

;

w
h
ich
sh
ow
s
th
at
th
e
cosm
ological
con
stan
t
con
trib
u
tes
lik
e

a
con
stan
t
ad
d
ition
to
th
e
m
ass
d
en
sity.
M
o
d
ern
p
h
y
sicists

in
terp
ret
th
e
cosm
ological
con
stan
t
a
s
a
m
an
ifestation
of
th
e

m
ass
d
en
sity
of
th
e
vacu
u
m
.
F
rom
th
e
ab
ove
eq
u
ation
,
w
e

can
see
th
at
th
e
m
ass
d
en
sity
of
th
e
vacu
u
m

is
related
to

E
in
stein
's
cosm
ological
con
stan
t
�
b
y

�
v
a
c
=

�
c
2

8
�
G

:

8
.2
8
6
Q
U
IZ
1
S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
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p
.
1
2

M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
a
rtm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iverse

O
ctob
er
5,
2
016

P
rof.
A
lan
G
u
th

Q
U
IZ
1
F
O
R
M
U
L
A

S
H
E
E
T

D
O
P
P
L
E
R

S
H
IF
T
(F
o
r
m
o
tio
n
a
lo
n
g
a
lin
e
):

z
=
v
=
u

(n
on
relativ
istic,
so
u
rce
m
ov
in
g)

z
=

v
=
u

1
�

v
=
u

(n
o
n
relativ
istic,
o
b
server
m
ov
in
g)

z
= s
1
+
�

1
�

�
�

1

(sp
ecial
relativ
ity,
w
ith
�
=
v
=
c)

C
O
S
M
O
L
O
G
IC
A
L
R
E
D
S
H
IF
T
:

1
+
z
�

�
o
b
se
rv
e
d

�
e
m
itte
d

=
a
(t
o
b
se
rv
e
d )

a
(t
e
m
itte
d )

S
P
E
C
IA
L
R
E
L
A
T
IV
IT
Y
:

T
im
e
D
ilation
F
acto
r:



�

1

p
1
�

�
2

;

�
�

v
=
c

L
oren
tz-F
itzgerald
C
o
n
tra
ction
F
a
ctor:



R
elativ
ity
o
f
S
im
u
ltan
eity
:

T
railin
g
clo
ck
read
s
later
b
y
a
n
a
m
ou
n
t
�
`
0 =
c
.

K
IN
E
M
A
T
IC
S

O
F

A

H
O
M
O
G
E
N
E
O
U
S
L
Y

E
X
-

P
A
N
D
IN
G

U
N
IV
E
R
S
E
:

H
u
b
b
le's
L
aw
:
v
=
H
r
,

w
h
ere
v
=
recession
velo
city
o
f
a
d
ista
n
t
o
b
ject,
H

=
H
u
b
b
le
ex
p
a
n
sion
rate,
a
n
d
r
=
d
istan
ce
to
th
e

d
ista
n
t
o
b
ject.

P
resen
t
V
alu
e
of
H
u
b
b
le
E
x
p
an
sion
R
ate
(P
la
n
ck
20
15):

H
0
=
6
7
:7
�

0
:5
k
m
-s
�

1-M
p
c
�

1
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S
cale
F
actor:
`
p (t)
=
a
(t)`
c
;

w
h
ere
`
p (t)
is
th
e
p
h
y
sical
d
istan
ce
b
etw
een
an
y

tw
o
o
b
jects,
a
(t)
is
th
e
scale
factor,
an
d
`
c
is
th
e

co
ord
in
ate
d
istan
ce
b
etw
een
th
e
ob
jects,
also
called

th
e
com
ov
in
g
d
istan
ce.

H
u
b
b
le
E
x
p
an
sion
R
ate:
H
(t)
=

1
a
(t)

d
a
(t)

d
t

.

L
ig
h
t
R
ay
s
in
C
o
m
ov
in
g
C
o
ord
in
ates:
L
igh
t
ray
s
travel

in
straigh
t
lin
es
w
ith
sp
eed
d
xd

t
=

c
a
(t)
.

E
V
O
L
U
T
IO
N

O
F
A

M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
:

H
2
= �
_aa �
2

=
8
�3

G
�
�

k
c
2

a
2

;

�a
=
�

4
�3

G
�
a
;

�
(t)
=
a
3(t

i )

a
3(t)
�
(t
i )



�

�
=
�
c
;
w
h
ere
�
c
=
3
H
2

8
�
G

:

F
lat
(k
=
0):
a
(t)
/

t
2
=
3
;


=
1


