
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.2
8
6
:
T
h
e
E
a
rly
U
n
iverse

D
ecem
b
er
2
,
2
016

P
rof.
A
lan
G
u
thR

E
V
IE
W

P
R
O
B
L
E
M
S
F
O
R

Q
U
IZ
3

Q
U
IZ
D
A
T
E
:
W
ed
n
ed
ay,
D
ecem
b
er
7,
2016,
d
u
rin
g
th
e
n
orm
al
class
tim
e.

C
O
V
E
R
A
G
E
:
L
ectu
re
N
otes
6
(p
p
.
12{en
d
),
L
ectu
re
N
otes
7
an
d
8.
P
rob
lem

S
ets
7{9;
S
teven
W
ein
b
erg,
T
h
e
F
irst
T
h
ree
M
in
u
tes,
C
h
ap
ter
8
an
d
th
e
A
f-

terw
ord
;
B
arb
ara
R
y
d
en
,
In
tro
d
u
ction
to
C
osm
ology
,
C
h
ap
ters
9
(T
he
C
osm
ic

M
icrow
ave
B
ackgrou
n
d)
an
d
11
(In


ation
an
d
the
V
ery
E
arly
U
n
iverse);
A
lan

G
u
th
,
In


ation
an
d
the
N
ew
E
ra
of
H
igh-P
recision
C
osm
ology,

h
ttp
:/
/
w
eb
.m
it.ed
u
/
p
h
y
sics/
n
ew
s/
p
h
y
sicsa
tm
it/
p
h
y
sicsa
tm
it
_

0
2
_

co
sm
olo
gy.p
d
f
.

O
n
e
o
f
th
e
p
ro
b
le
m
s
o
n
th
e
q
u
iz
w
ill
b
e
ta
k
e
n
v
e
rb
a
tim

(o
r
a
t
le
a
st

a
lm

o
s
t
v
e
rb
a
tim
)
fro
m
e
ith
e
r
th
e
h
o
m
e
w
o
rk
a
ssig
n
m
e
n
ts,
o
r
fro
m
th
e

sta
rre
d
p
ro
b
le
m
s
fro
m

th
is
se
t
o
f
R
e
v
ie
w
P
ro
b
le
m
s.
T
h
e
starred
p
rob
-

lem
s
are
th
e
on
es
th
at
I
recom
m
en
d
th
at
you
rev
iew
m
ost
carefu
lly
:
P
rob
lem
s

2,
4,
5,
7,
8,
10,
11,
an
d
14.

P
U
R
P
O
S
E
:
T
h
ese
rev
iew
p
rob
lem
s
a
re
n
ot
to
b
e
h
an
d
ed
in
,
b
u
t
are
b
ein
g
m
ad
e

availab
le
to
h
elp
y
o
u
stu
d
y.
T
h
ey
com
e
m
ain
ly
from
q
u
izzes
in
p
rev
iou
s
y
ears.

In
so
m
e
ca
ses
th
e
n
u
m
b
er
of
p
oin
ts
assign
ed
to
th
e
p
rob
lem
on
th
e
q
u
iz
is
listed

|

in
a
ll
su
ch
cases
it
is
b
ased
on
1
00
p
oin
ts
for
th
e
fu
ll
q
u
iz.

In
ad
d
ition
to
th
is
set
of
p
rob
lem
s,
you
w
ill
�
n
d
on
th
e
cou
rse
w
eb
p
age
th
e

actu
al
q
u
izzes
th
at
w
ere
given
in
1994,
1996,
1998,
2000,
2002,
2004,
2007,

2009,
2
011,
an
d
2013.
T
h
e
relevan
t
p
rob
lem
s
from
th
ose
q
u
izzes
h
av
e
m
ostly

b
een
in
corp
orated
in
to
th
ese
rev
iew
p
rob
lem
s,
b
u
t
you
still
m
ay
b
e
in
terested

in
lo
ok
in
g
a
t
th
e
q
u
izzes,
ju
st
to
see
h
ow
m
u
ch
m
aterial
h
as
b
een
in
clu
d
ed
in

each
q
u
iz.
T
h
e
cov
erage
o
f
th
e
u
p
com
in
g
q
u
iz
w
ill
n
ot
n
ecessarily
m
atch
th
e

covera
g
e
o
f
a
n
y
of
th
e
q
u
izzes
from
p
rev
iou
s
years.
T
h
e
coverage
for
each
q
u
iz

in
recen
t
years
is
u
su
ally
d
escrib
ed
at
th
e
start
of
th
e
rev
iew
p
rob
lem
s,
as
I
d
id

h
ere.

R
E
V
IE
W

S
E
S
S
IO
N
A
N
D
O
F
F
IC
E
H
O
U
R
S
:
T
o
h
elp
y
ou
stu
d
y
for
th
e
q
u
iz,

V
ictor
L
i
w
ill
h
old
a
rev
iew
session
on
S
u
n
d
ay,
D
ecem
b
er
4,
a
t
7:30
p
m
,
in

R
o
om

4-237.
In
ad
d
ition
,
V
ictor
L
i
w
ill
b
e
h
old
in
g
sp
ecial
oÆ
ce
h
ou
rs
on

M
on
d
ay,
D
ecem
b
er
5,
at
4:00
p
m
in
R
o
om
4-163
(ou
r
regu
lar
classro
om
),
an
d

also
on
T
u
esd
ay,
D
ecem
b
er
6
,
at
5:00
p
m
in
th
e
sam
e
ro
om
.
I
(A
lan
G
u
th
)

w
ill
u
n
fortu
n
ately
b
e
o
u
t
of
tow
n
(in
S
an
F
ran
cisco
for
th
e
B
reak
th
rou
gh
P
rizes

A
w
ard
C
erem
on
y
an
d
S
y
m
p
o
siu
m
)
u
n
til
T
u
esd
ay
n
ig
h
t,
b
u
t
I
w
ill
try
to
an
sw
er

em
ails
to
th
e
ex
ten
t
th
at
tim
e
allow
s.
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IN
F
O
R
M
A
T
IO
N

T
O

B
E
G
IV
E
N

O
N

Q
U
IZ
:

F
or
th
e
th
ird
q
u
iz,
th
e
follow
in
g
in
fo
rm
ation
w
ill
b
e
m
a
d
e
ava
ila
b
le
to
yo
u
:

D
O
P
P
L
E
R

S
H
IF
T
(F
o
r
m
o
tio
n
a
lo
n
g
a
lin
e
):

z
=
v
=
u

(n
o
n
relativ
istic,
sou
rce
m
ov
in
g)

z
=

v
=
u

1�
v
=
u

(n
o
n
relativ
istic,
o
b
server
m
ov
in
g)

z
= s
1
+
�

1�
�
�
1

(sp
ecial
relativ
ity,
w
ith
�
=
v
=
c)

C
O
S
M
O
L
O
G
IC
A
L
R
E
D
S
H
IF
T
:

1
+
z�
�
o
b
se
rv
e
d

�
e
m
itte
d

=
a
(t
o
b
se
rv
e
d )

a
(t
e
m
itte
d )

S
P
E
C
IA
L
R
E
L
A
T
IV
IT
Y
:

T
im
e
D
ilation
F
acto
r:



�

1

p
1�
�
2

;

�
�
v
=
c

L
oren
tz-F
itzgera
ld
C
on
traction
F
a
ctor:




R
elativ
ity
of
S
im
u
ltan
eity
:

T
railin
g
clo
ck
rea
d
s
later
b
y
an
a
m
ou
n
t
�
`
0 =
c
.

E
n
ergy
-M
om
en
tu
m
F
ou
r-V
ector:

p
�
= �
Ec

;~p �
;
~p
=


m
0 ~v
;
E
=


m
0 c
2
= q
(m
0 c
2)
2
+
j~pj 2
c
2
;

p
2�
j~pj 2� �p
0 �
2

=
j~pj 2�
E
2

c
2

=
�
(m
0 c)
2

:

K
IN
E
M
A
T
IC
S
O
F

A

H
O
M
O
G
E
N
E
O
U
S
L
Y

E
X
P
A
N
D
IN
G

U
N
IV
E
R
S
E
:

H
u
b
b
le's
L
aw
:
v
=
H
r
,

w
h
ere
v
=
recessio
n
v
elo
city
of
a
d
istan
t
ob
ject,
H
=
H
u
b
b
le

ex
p
an
sion
ra
te,
an
d
r
=
d
ista
n
ce
to
th
e
d
ista
n
t
o
b
ject.
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P
resen
t
V
alu
e
of
H
u
b
b
le
E
x
p
an
sion
R
ate
(P
lan
ck
2015):

H
0
=
67
:7�
0
:5
k
m
-s
�

1-M
p
c
�

1

S
cale
F
actor:
`
p (t)
=
a
(t)`
c
;

w
h
ere
`
p (t)
is
th
e
p
h
y
sical
d
istan
ce
b
etw
een
an
y
tw
o
ob
jects,

a
(t)
is
th
e
scale
factor,
an
d
`
c

is
th
e
co
ord
in
ate
d
istan
ce

b
etw
een
th
e
ob
jects,
also
called
th
e
com
ov
in
g
d
istan
ce.

H
u
b
b
le
E
x
p
an
sion
R
ate:
H
(t)
=

1
a
(t)

d
a
(t)

d
t

.

L
ig
h
t
R
ay
s
in
C
o
m
ov
in
g
C
o
ord
in
ates:

L
ig
h
t
ray
s
travel
in

straigh
t
lin
es
w
ith
sp
eed
d
xd

t
=

c
a
(t)
.

H
o
rizo
n
D
ista
n
ce:

`
p
;h
o
riz
o
n (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

= �
3
ct

(

at,
m
atter-d
om
in
ated
),

2
ct

(

at,
rad
iation
-d
om
in
ated
).

C
O
S
M
O
L
O
G
IC
A
L
E
V
O
L
U
T
IO
N
:

H
2
= �
_aa �
2

=
8
�3

G
��
k
c
2

a
2

;

�a
=
�
4
�3

G �
�
+
3
pc

2 �
a
;

�
m
(t)
=
a
3(t

i )

a
3(t)
�
m
(t
i )
(m
atter);
�
r (t)
=
a
4(t

i )

a
4(t)
�
r (t
i )
(rad
iation
):

_�
=
�
3
_aa �

�
+

pc
2 �
;


�
�
=
�
c
;
w
h
ere
�
c
=
3
H
2

8
�
G

:
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E
V
O
L
U
T
IO
N

O
F
A

M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
:

F
lat
(k
=
0):

a
(t)/
t
2
=
3



=
1
:

C
losed
(k
>
0):

ct
=
�
(��
sin
�)
;

apk
=
�
(1�
cos
�)
;



=

2

1
+
cos
�
>
1
;

w
h
ere
�
�
4
�3
G
�

c
2 �
apk �
3

:

O
p
en
(k
<
0):

ct
=
�
(sin
h
��
�)
;

ap�
=
�
(co
sh
��
1
)
;



=

2

1
+
cosh
�
<
1
;

w
h
ere
�
�
4
�3
G
�

c
2 �
ap� �
3

;

��
�
k
>
0
:

R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

M
E
T
R
IC
:

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2+
a
2(t) �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

A
ltern
atively,
for
k
>
0
,
w
e
can
d
e�
n
e
r
=
sin
 
p

k
,
an
d
th
en

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2+
~a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

w
h
ere
~a(t)
=
a
(t)= p
k
.
F
or
k
<
0
w
e
ca
n
d
e�
n
e
r
=
sin
h
 

p�
k
,
an
d
th
en

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2+
~a
2(t) �
d
 
2
+
sin
h
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

w
h
ere
~a
(t)
=
a
(t)= p�
k
.
N
ote
th
a
t
~a
can
b
e
called
a
if
th
ere
is

n
o
n
eed
to
rela
te
it
to
th
e
a
(t)
th
at
ap
p
ea
rs
in
th
e
�
rst
eq
u
a
tion

ab
ove.

S
C
H
W
A
R
Z
S
C
H
IL
D

M
E
T
R
IC
:

d
s
2
=
�
c
2d
�
2
=
� �
1�
2
G
M

rc
2 �
c
2d
t
2
+ �
1�
2
G
M

rc
2 �

�

1
d
r
2

+
r
2d
�
2
+
r
2
sin
2
�
d
�
2
;
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G
E
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S
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E
Q
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N
:

dd
s �
g
ij
d
x
j

d
s �
=
12

(@
i g
k
` )
d
x
k

d
s

d
x
`

d
s

or:

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�

B
L
A
C
K
-B
O
D
Y

R
A
D
IA
T
IO
N
:

u
=
g
�
2

30
(k
T
)
4

(�h
c)
3

(en
ergy
d
en
sity
)

p
=
13

u

�
=
u
=
c
2

(p
ressu
re,
m
ass
d
en
sity
)

n
=
g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

(n
u
m
b
er
d
en
sity
)

s
=
g
2
�
2

45

k
4T
3

(�h
c)
3

;

(en
tro
p
y
d
en
sity
)

w
h
ere

g� (
1
p
er
sp
in
state
for
b
oson
s
(in
teger
sp
in
)

7/8
p
er
sp
in
state
for
ferm
ion
s
(h
alf-in
teger
sp
in
)

g
�� (
1
p
er
sp
in
state
for
b
oson
s

3/4
p
er
sp
in
state
for
ferm
ion
s
,

an
d

�
(3
)
=

11
3
+

12
3
+

13
3
+
����
1
:202
:
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.
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g


=
g
�

=
2
;

g
�
=

78
| {z}

F
e
rm
io
n

fa
c
to
r

�

3
| {z}

3
sp
e
c
ie
s

�
e
;�
�
;�
� �

2
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

1
|{z}

S
p
in
sta
te
s

=

214
;

g
��
=

34
| {z}

F
e
rm
io
n

fa
c
to
r

�

3
| {z}

3
sp
e
c
ie
s

�
e
;�
�
;�
� �

2
| {z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

1
|{z}

S
p
in
sta
te
s

=

92
;

g
e
+
e
�

=

78
| {z}

F
e
rm
io
n

fa
c
to
r

�
1

|{z}
S
p
e
c
ie
s �

2
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

2
|{z}

S
p
in
sta
te
s

=

72
;

g
�e

+
e
�

=

34
| {z}

F
e
rm
io
n

fa
c
to
r

�
1

|{z}
S
p
e
c
ie
s �

2
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

2
| {z}

S
p
in
sta
te
s

=

3
:

E
V
O
L
U
T
IO
N

O
F

A

F
L
A
T

R
A
D
IA
T
IO
N
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
:

�
=

3

3
2
�
G
t
2

k
T
= �
4
5�h
3c
5

16
�
3g
G �

1
=
4

1p
t

F
or
m
�
=
106
M
eV
�
k
T
�
m
e
=
0
:51
1
M
eV
,
g
=
10
:7
5
an
d

th
en

k
T
=

0
:860
M
eV

p
t
(in
sec) �

10
:7
5

g �
1
=
4

A
fter
th
e
freeze-o
u
t
of
electron
-p
ositron
p
airs,

T
�

T



= �
411 �
1
=
3

:

C
O
S
M
O
L
O
G
IC
A
L
C
O
N
S
T
A
N
T
:

u
v
a
c
=
�
v
a
c c
2
=

�
c
4

8
�
G

;
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p
v
a
c
=
�
�
v
a
c c
2
=
�
�
c
4

8
�
G

:

G
E
N
E
R
A
L
IZ
E
D

C
O
S
M
O
L
O
G
IC
A
L
E
V
O
L
U
T
IO
N
:

x
d
xd

t
=
H
0 q


m
;0 x
+


ra
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2
;

w
h
ere

x�
a
(t)

a
(t
0 ) �

1
1
+
z
;



k
;0 �
�

k
c
2

a
2(t
0 )H
20

=
1�


m
;0 �


ra
d
;0 �


v
a
c
;0
:

A
ge
of
u
n
iv
erse:

t
0
=

1H
0 Z

1
0

x
d
x

p


m
;0 x
+


ra
d
;0
+


v
a
c;0 x
4
+


k
;0 x
2

=

1H
0 Z

1
0

d
z

(1
+
z) p


m
;0 (1
+
z)
3
+


ra
d
;0 (1
+
z
)
4
+


v
a
c;0
+


k
;0 (1
+
z)
2

:

L
o
ok
-b
ack
tim
e:

t
lo
o
k-b
a
c
k (z
)
=

1H
0 Z

z
0

d
z
0

(1
+
z
0) p


m
;0 (1
+
z
0)
3
+


ra
d
;0 (1
+
z
0)
4
+


v
a
c;0
+


k
;0 (1
+
z
0)
2

:

P
H
Y
S
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A
L
C
O
N
S
T
A
N
T
S
:

G
=
6
:6
7
4�
10
�

1
1
m
3�k
g
�

1�s
�

2
=
6
:674�
10
�

8
cm
3�g
�

1�s
�

2

k
=
B
oltzm
an
n
's
con
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t
=
1
:381�
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�

2
3
jou
le=K

=
1
:381�
10
�

1
6
erg
=K

=
8
:617�
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�

5
eV
=K

�h
=
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�
=
1
:055�
10
�

3
4
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=
1
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�
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erg�s
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6
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.
8

=
2
:998�
10
1
0
cm
/s

�h
c
=
197
:3
M
eV
-fm
;

1
fm
=
10
�

1
5
m

1
y
r
=
3
:156�
10
7
s

1
eV
=
1
:602�
1
0
�

1
9
jo
u
le
=
1
:602�
10
�

1
2
erg

1
G
eV
=
10
9
eV
=
1
:783�
1
0
�

2
7

k
g
(w
h
ere
c�
1)

=
1
:783�
1
0
�

2
4
g
:

P
lan
ck
U
n
its:
T
h
e
P
lan
ck
len
gth
`
P
,
th
e
P
lan
ck
tim
e
t
P
,
th
e
P
lan
ck

m
ass
m
P
,
a
n
d
th
e
P
lan
ck
en
ergy
E
p
are
g
iv
en
b
y

`
P

= r
G
�h

c
3

=
1
:616�
10
�

3
5
m
;

=
1
:616�
10
�

3
3
cm
;

t
P

= r
�h
Gc

5

=
5
:391�
10
�

4
4
s
;

m
P

= r
�h
cG

=
2
:1
77�
10
�

8
k
g
;

=
2
:177�
1
0
�

5
g
;

E
P

= r
�h
c
5

G

=
1
:221�
10
1
9
G
eV
:

C
H
E
M
IC
A
L
E
Q
U
IL
IB
R
IU
M
:

(T
h
is
top
ic
w
as
n
o
t
in
clu
d
ed
in
th
e
cou
rse
in
2013,
b
u
t
th
e
form
u
-

las
are
n
on
eth
eless
in
clu
d
ed
h
ere
for
logical
com
p
leten
ess.
T
h
ey

w
ill
n
ot
b
e
relevan
t
to
Q
u
iz
3.
T
h
ey
a
re
relevan
t
to
P
rob
lem
1
3

in
th
ese
R
ev
iew
P
rob
lem
s,
w
h
ich
is
a
lso
n
ot
relevan
t
to
Q
u
iz
3.

P
lease
en
joy
lo
ok
in
g
at
th
ese
item
s,
or
en
joy
ign
orin
g
th
em
!)

Id
e
a
l
G
a
s
o
f
C
la
ssic
a
l
N
o
n
re
la
tiv
istic
P
a
rtic
le
s:

n
i
=
g
i (2
�
m
i k
T
)
3
=
2

(2
�
�h
)
3

e
(�
i
�

m
i c
2
)=
k
T

:

w
h
ere
n
i
=
n
u
m
b
er
d
en
sity
o
f
p
article

g
i
=
n
u
m
b
er
of
sp
in
sta
tes
of
p
article

m
i
=
m
ass
of
p
a
rticle

�
i
=
ch
em
ical
p
oten
tial

F
or
an
y
reactio
n
,
th
e
su
m
of
th
e
�
i
on
th
e
left-h
an
d
sid
e
of
th
e

reaction
eq
u
ation
m
u
st
eq
u
al
th
e
su
m
of
th
e
�
i
o
n
th
e
righ
t-h
an
d

sid
e.
F
orm
u
la
a
ssu
m
es
g
as
is
n
on
relativ
istic
(k
T
�
m
i c
2)
an
d

d
ilu
te
(n
i �
(2
�
m
i k
T
)
3
=
2=
(2
�
�h
)
3).
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9

P
R
O
B
L
E
M

L
IS
T

1
.
D
id
Y
ou
D
o
th
e
R
ead
in
g
(2007)?

.
.
.
.
.
.
.
.
.
.
.
.

10
(S
ol:
24)

*2.
D
id
Y
ou
D
o
th
e
R
ead
in
g
(2009)?

.
.
.
.
.
.
.
.
.
.
.
.

11
(S
ol:
26)

3
.
D
id
Y
ou
D
o
th
e
R
ead
in
g
(2013)?

.
.
.
.
.
.
.
.
.
.
.
.

13
(S
ol:
28)

*4.
N
u
m
b
er
D
en
sities
in
th
e
C
osm
ic
B
ack
grou
n
d
R
ad
iation
.
.
.

14
(S
ol:
30)

*5.
P
rop
erties
of
B
lack
-B
o
d
y
R
ad
iation

.
.
.
.
.
.
.
.
.
.
.

1
5
(S
ol:
31)

6.
A
N
ew
S
p
ecies
o
f
L
ep
ton

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

15
(S
ol:
33)

*7.
A
N
ew
T
h
eory
of
th
e
W
eak
In
teraction
s

.
.
.
.
.
.
.
.
.

16
(S
ol:
3
6)

*8.
D
ou
b
lin
g
o
f
E
lectron
s

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

17
(S
ol:
42)

9.
T
im
e
S
cales
in
C
osm
ology

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

18
(S
ol:
4
4)

*10.
E
v
olu
tion
of
F
latn
ess
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

1
8
(S
ol:
44)

*11.
T
h
e
S
loan
D
igital
S
k
y
S
u
rvey
z
=
5
:82
Q
u
asar
.
.
.
.
.
.
.

19
(S
ol:
45)

12.
S
econ
d
H
u
b
b
le
C
rossin
g

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

20
(S
ol:
5
1)

13.
N
eu
trin
o
N
u
m
b
er
a
n
d
th
e
N
eu
tron
/P
roton
E
q
u
ilib
riu
m

.
.
.

21
(S
ol:
5
3)

*14.
T
h
e
E
v
en
t
H
orizon
for
O
u
r
U
n
iverse
.
.
.
.
.
.
.
.
.
.
.

23
(S
ol:
56)
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O
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P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(25
poin
ts)

T
he
follow
in
g
problem

w
a
s
P
roblem

1
,
Q
u
iz
3,
in
200
7.
E
ach
part
w
as
w
o
rth
5

poin
ts.

(a)
(C
M
B
b
asic
facts)
W
h
ich
on
e
of
th
e
follow
in
g
sta
tem
en
ts
ab
ou
t
C
M
B
is
n
o
t

correct:

(i)
A
fter
th
e
d
ip
ole
d
isto
rtio
n
of
th
e
C
M
B
is
su
b
tracted
aw
ay,
th
e
m
ea
n
tem
-

p
eratu
re
averagin
g
over
th
e
sk
y
ishTi
=
2
:7
25
K
.

(ii)
A
fter
th
e
d
ip
ole
d
istortion
o
f
th
e
C
M
B
is
su
b
tracted
aw
ay,
th
e
ro
ot
m
ean

sq
u
are
tem
p
eratu
re


u
ctu
atio
n
is D�
Æ
TT �
2 E
1
=
2

=
1
:1�
1
0
�

3.

(iii)
T
h
e
d
ip
ole
d
isto
rtio
n
is
a
sim
p
le
D
op
p
ler
sh
ift,
ca
u
sed
b
y
th
e
n
et
m
otio
n
o
f

th
e
ob
server
rela
tive
to
a
fram
e
of
referen
ce
in
w
h
ich
th
e
C
M
B
is
isotro
p
ic.

(iv
)
In
th
eir
grou
n
d
b
rea
k
in
g
p
ap
er,
W
ilson
a
n
d
P
en
zias
rep
orted
th
e
m
easu
re-

m
en
t
of
an
ex
cess
tem
p
eratu
re
o
f
ab
ou
t
3
.5
K
th
a
t
w
as
iso
trop
ic,
u
n
p
o
lar-

ized
,
an
d
free
from
season
al
variation
s.
In
a
com
p
a
n
io
n
p
ap
er
w
ritten
b
y

D
icke,
P
eeb
les,
R
o
ll
an
d
W
ilk
in
so
n
,
th
e
au
th
ors
in
terp
reted
th
e
rad
iatio
n

to
b
e
a
relic
of
a
n
ea
rly,
h
o
t,
d
en
se,
an
d
op
a
q
u
e
state
o
f
th
e
u
n
iv
erse.

(b
)
(C
M
B
ex
p
erim
en
ts)
T
h
e
cu
rren
t
m
ean
en
ergy
p
er
C
M
B
p
h
o
to
n
,
ab
ou
t
6�

10
�

4

eV
,
is
com
p
arab
le
to
th
e
en
erg
y
of
v
ib
ra
tion
o
r
rotatio
n
fo
r
a
sm
a
ll

m
olecu
le
su
ch
as
H
2 O
.

T
h
u
s
m
icrow
aves
w
ith
w
av
elen
gth
s
sh
orter
th
an

�
�
3
cm

are
stron
g
ly
ab
sorb
ed
b
y
w
ater
m
olecu
les
in
th
e
atm
o
sp
h
ere.
T
o

m
easu
re
th
e
C
M
B
at
�
<
3
cm
,
w
h
ich
on
e
o
f
th
e
follow
in
g
m
eth
o
d
s
is
n
ot
a

feasib
le
solu
tion
to
th
is
p
rob
lem
?

(i)
M
easu
re
C
M
B
from
h
igh
-altitu
d
e
b
allo
on
s,
e.g.
M
A
X
IM
A
.

(ii)
M
easu
re
C
M
B
fro
m
th
e
S
ou
th
P
ole,
e.g
.
D
A
S
I.

(iii)
M
easu
re
C
M
B
from
th
e
N
orth
P
o
le,
e.g.
B
O
O
M
E
R
A
N
G
.

(iv
)
M
easu
re
C
M
B
fro
m

a
satellite
ab
ove
th
e
atm
o
sp
h
ere
o
f
th
e
E
arth
,
e.g.

C
O
B
E
,
W
M
A
P
a
n
d
P
L
A
N
C
K
.

(c)
(T
em
p
eratu
re


u
ctu
ation
s)
T
h
e
creation
of
tem
p
eratu
re


u
ctu
atio
n
s
in
C
M
B

b
y
variation
s
in
th
e
grav
itation
al
p
oten
tia
l
is
k
n
ow
n
as
th
e
S
ach
s-W
olfe
e�
ect.

W
h
ich
on
e
of
th
e
follow
in
g
statem
en
ts
is
n
ot
co
rrect
con
cern
in
g
th
is
e�
ect?

(i)
A
C
M
B
p
h
oton
is
red
sh
ifted
w
h
en
clim
b
in
g
o
u
t
of
a
grav
ita
tion
al
p
o
ten
tia
l

w
ell,
an
d
is
b
lu
esh
ifted
w
h
en
fallin
g
d
ow
n
a
p
oten
tia
l
h
ill.

(ii)
A
t
th
e
tim
e
of
la
st
sca
tterin
g,
th
e
n
o
n
b
a
ryon
ic
d
ark
m
a
tter
d
o
m
in
ated
th
e

en
ergy
d
en
sity,
an
d
h
en
ce
th
e
grav
ita
tion
al
p
oten
tial,
of
th
e
u
n
iv
erse.
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(iii)
T
h
e
large-scale


u
ctu
ation
s
in
C
M
B
tem
p
eratu
res
arise
from

th
e
grav
-

itation
al
e�
ect
o
f
p
rim
ord
ial
d
en
sity


u
ctu
ation
s
in
th
e
d
istrib
u
tion
of

n
on
b
a
ryon
ic
d
ark
m
atter.

(iv
)
T
h
e
p
eak
s
in
th
e
p
lot
o
f
tem
p
eratu
re


u
ctu
ation
�
T

v
s.
m
u
ltip
ole
l
are

d
u
e
to
variation
s
in
th
e
d
en
sity
o
f
n
on
b
aryon
ic
d
ark
m
atter,
w
h
ile
th
e

con
trib
u
tion
s
from
b
aryon
s
alon
e
w
ou
ld
n
ot
sh
ow
su
ch
p
eak
s.

(d
)
(D
ark
m
atter
can
d
id
ates)
W
h
ich
on
e
o
f
th
e
fo
llow
in
g
is
n
ot
a
can
d
id
ate
of

n
on
b
aryon
ic
d
ark
m
atter?

(i)
m
assive
n
eu
trin
os

(ii)
ax
ion
s

(iii)
m
atter
m
ad
e
of
top
q
u
ark
s
(a
ty
p
e
o
f
q
u
ark
s
w
ith
h
eav
y
m
ass
of
ab
ou
t

171
G
eV
).

(iv
)
W
IM
P
s
(W
ea
k
ly
In
teractin
g
M
assive
P
articles)

(v
)
p
rim
ord
ial
b
lack
h
oles

(e)
(S
ign
atu
res
of
d
ark
m
atter)
B
y
w
h
at
m
eth
o
d
s
can
sign
atu
res
of
d
ark
m
atter

b
e
d
etected
?
L
ist
tw
o
m
eth
o
d
s.
(G
rad
in
g:
3
p
oin
ts
for
on
e
correct
an
sw
er,

5
p
oin
ts
fo
r
tw
o
correct
an
sw
ers.
If
y
ou
giv
e
m
ore
th
an
tw
o
an
sw
ers,
you
r

score
w
ill
b
e
b
ased
on
th
e
n
u
m
b
er
of
righ
t
an
sw
ers
m
in
u
s
th
e
n
u
m
b
er
of
w
ron
g

an
sw
ers,
w
ith
a
low
er
b
ou
n
d
of
zero
.)

�

P
R
O
B
L
E
M

2
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(25
poin
ts)

T
his
problem
w
as
P
roblem
1,
Q
u
iz
3,
2009.

(a
)
(10
poin
ts)
T
h
is
q
u
estion
con
cern
s
som
e
n
u
m
b
ers
related
to
th
e
cosm
ic
m
i-

crow
av
e
b
a
ck
grou
n
d
(C
M
B
)
th
at
on
e
sh
ou
ld
n
ever
forget.
S
tate
th
e
valu
es
of

th
ese
n
u
m
b
ers,
to
w
ith
in
an
ord
er
of
m
agn
itu
d
e
u
n
less
oth
erw
ise
stated
.
In
all

cases
th
e
q
u
estion
refers
to
th
e
p
resen
t
valu
e
of
th
ese
q
u
an
tities.

(i)
T
h
e
av
erage
tem
p
eratu
re
T
of
th
e
C
M
B
(to
w
ith
in
10%
).

(ii)
T
h
e
sp
eed
of
th
e
L
o
cal
G
rou
p
w
ith
resp
ect
to
th
e
C
M
B
,
ex
p
ressed
as
a

fraction
v
=
c
o
f
th
e
sp
eed
o
f
lig
h
t.
(T
h
e
sp
eed
of
th
e
L
o
cal
G
rou
p
is
fou
n
d

b
y
m
easu
rin
g
th
e
d
ip
ole
p
attern
of
th
e
C
M
B
tem
p
eratu
re
to
d
eterm
in
e

th
e
velo
city
o
f
th
e
sp
acecraft
w
ith
resp
ect
to
th
e
C
M
B
,
an
d
th
en
rem
ov
in
g

sp
acecraft
m
otion
,
th
e
orb
ital
m
otion
of
th
e
E
arth
ab
ou
t
th
e
S
u
n
,
th
e
S
u
n

ab
ou
t
th
e
galax
y,
an
d
th
e
galax
y
relativ
e
to
th
e
cen
ter
of
m
ass
of
th
e
L
o
cal

G
rou
p
.)
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(iii)
T
h
e
in
trin
sic
rela
tive
tem
p
eratu
re


u
ctu
ation
s
�
T
=
T
,
a
fter
rem
ov
in
g
th
e

d
ip
ole
an
isotrop
y
corresp
on
d
in
g
to
th
e
m
otion
of
th
e
ob
serv
er
relative
to

th
e
C
M
B
.

(iv
)
T
h
e
ratio
of
b
aryo
n
n
u
m
b
er
d
en
sity
to
p
h
oton
n
u
m
b
er
d
en
sity,
�
=

n
b
a
ry =
n


.

(v
)
T
h
e
an
gu
lar
size
�
H
,
in
d
egrees,
co
rresp
on
d
in
g
to
w
h
at
w
a
s
th
e
H
u
b
b
le

d
istan
ce
c=
H
at
th
e
su
rfa
ce
of
last
scatterin
g
.
T
h
is
an
sw
er
m
u
st
b
e
w
ith
in

a
factor
of
3
to
b
e
correct.

(b
)
(3
poin
ts)
B
ecau
se
p
h
o
to
n
s
o
u
tn
u
m
b
er
b
a
ryo
n
s
b
y
so
m
u
ch
,
th
e
ex
p
on
en
tia
l

tail
of
th
e
p
h
oton
b
lack
b
o
d
y
d
istrib
u
tion
is
im
p
o
rtan
t
in
ion
izin
g
h
y
d
rog
en

w
ell
after
k
T


falls
b
elow
Q
H

=
13
:6
eV
.
W
h
at
is
th
e
ratio
k
T


=
Q
H

w
h
en
th
e

ion
ization
fraction
of
th
e
u
n
iverse
is
1
=2
?

(i)
1
=5

(ii)
1
=
50

(iii)
10
�

3

(iv
)
10
�

4

(v
)
1
0
�

5

(c)
(2
poin
ts)
W
h
ich
of
th
e
follow
in
g
d
escrib
es
th
e
S
ach
s-W
o
lfe
e�
ect?

(i)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
a
lon
g
th
e
lin
e
of
sigh
t

ap
p
ear
red
d
er
b
ecau
se
o
f
th
e
D
op
p
ler
e�
ect.

(ii)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
v
elo
city
tow
ard
u
s
alon
g
th
e
lin
e
o
f
sigh
t

ap
p
ear
b
lu
er
b
eca
u
se
of
th
e
D
op
p
ler
e�
ect.

(iii)
P
h
oton
s
from

ov
erd
en
se
reg
ion
s
a
t
th
e
su
rface
of
la
st
scatterin
g
ap
p
ear

red
d
er
b
ecau
se
th
ey
m
u
st
clim
b
ou
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

(iv
)
P
h
oton
s
from

ov
erd
en
se
reg
ion
s
a
t
th
e
su
rface
of
la
st
scatterin
g
ap
p
ear

b
lu
er
b
ecau
se
th
ey
m
u
st
clim
b
ou
t
o
f
th
e
grav
itation
al
p
o
ten
tia
l
w
ell.

(v
)
P
h
oton
s
travelin
g
tow
ard
u
s
from

th
e
su
rface
of
last
sca
tterin
g
ap
p
ea
r

red
d
er
b
ecau
se
of
ab
sorp
tion
in
th
e
in
terga
lactic
m
ed
iu
m
.

(v
i)
P
h
oton
s
travelin
g
tow
ard
u
s
from

th
e
su
rfa
ce
o
f
last
scatterin
g
ap
p
ear

b
lu
er
b
ecau
se
of
ab
sorp
tion
in
th
e
in
terga
lactic
m
ed
iu
m
.

(d
)
(10
poin
ts)
F
or
each
o
f
th
e
follow
in
g
statem
en
ts,
say
w
h
eth
er
it
is
tru
e
or
fa
lse:

(i)
D
ark
m
atter
in
tera
cts
th
rou
gh
th
e
grav
ita
tion
al,
w
eak
,
an
d
electrom
ag
-

n
etic
forces.

T

or
F
?

(ii)
T
h
e
v
irial
th
eorem
can
b
e
a
p
p
lied
to
a
clu
ster
of
g
alax
ies
to
�
n
d
its
total

m
ass,
m
ost
of
w
h
ich
is
d
ark
m
atter.

T

or
F
?

(iii)
N
eu
trin
os
are
th
ou
g
h
t
to
co
m
p
rise
a
sig
n
i�
can
t
fractio
n
o
f
th
e
en
ergy
d
en
-

sity
of
d
ark
m
atter.

T

or
F
?



8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
1
3

(iv
)
M
agn
etic
m
on
op
oles
are
th
ou
gh
t
to
com
p
rise
a
sign
i�
can
t
fraction
of
th
e

en
ergy
d
en
sity
o
f
d
a
rk
m
a
tter.

T

or
F
?

(v
)
L
en
sin
g
ob
servation
s
h
ave
sh
ow
n
th
at
M
A
C
H
O
s
can
n
ot
accou
n
t
for
th
e

d
ark
m
atter
in
galactic
h
alos,
b
u
t
th
at
as
m
u
ch
as
20%
of
th
e
h
alo
m
ass

co
u
ld
b
e
in
th
e
fo
rm
o
f
M
A
C
H
O
s.

T

or
F
?

P
R
O
B
L
E
M

3
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(35
poin
ts)

T
h
is
w
a
s
P
roblem
1
of
Q
u
iz
3,
2013.

(a
)
(5
poin
ts)
R
y
d
en
su
m
m
arizes
th
e
resu
lts
o
f
th
e
C
O
B
E
satellite
ex
p
erim
en
t
fo
r

th
e
m
easu
rem
en
ts
of
th
e
cosm
ic
m
icrow
ave
b
a
ck
grou
n
d
(C
M
B
)
in
th
e
form
of

th
ree
im
p
orta
n
t
resu
lts.
T
h
e
�
rst
w
as
th
at,
in
an
y
p
articu
lar
d
irection
of
th
e

sk
y,
th
e
sp
ectru
m
o
f
th
e
C
M
B
is
v
ery
close
to
th
at
of
an
id
eal
b
lack
b
o
d
y.
T
h
e

F
IR
A
S
in
stru
m
en
t
on
th
e
C
O
B
E
satellite
cou
ld
h
ave
d
etected
d
ev
iation
s
from

th
e
b
lack
b
o
d
y
sp
ectru
m
as
sm
all
as
�
�=
��
10
�

n
,
w
h
ere
n
is
an
in
teger.
T
o

w
ith
in
�
1
,
w
h
a
t
is
n
?

(b
)
(5
poin
ts)
T
h
e
secon
d
resu
lt
w
as
th
e
m
easu
rem
en
t
of
a
d
ip
ole
d
istortion
o
f

th
e
C
M
B
sp
ectru
m
;
th
at
is,
th
e
rad
iation
is
sligh
tly
b
lu
esh
ifted
to
h
igh
er
tem
-

p
eratu
res
in
on
e
d
irection
,
an
d
sligh
tly
red
sh
ifted
to
low
er
tem
p
eratu
res
in

th
e
o
p
p
osite
d
irection
.
T
o
w
h
a
t
p
h
y
sical
e�
ect
w
as
th
is
d
ip
ole
d
istortion
at-

trib
u
ted
?

(c)
(5
poin
ts)
T
h
e
th
ird
resu
lt
con
cern
ed
th
e
m
easu
rem
en
t
of
tem
p
eratu
re


u
ctu
-

ation
s
after
th
e
d
ip
ole
featu
re
m
en
tion
ed
ab
ove
w
as
su
b
tracted
ou
t.
D
e�
n
in
g

ÆTT
(�;�
)�
T
(�;�
)�
hTi

hTi

;

w
h
erehTi
=
2
:725
K
,
th
e
average
valu
e
of
T
,
th
ey
fou
n
d
a
ro
o
t
m
ean
sq
u
are



u
ctu
ation
,

*�
ÆTT �
2 +
1
=
2

;

eq
u
a
l
to
so
m
e
n
u
m
b
er.
T
o
w
ith
in
an
ord
er
of
m
agn
itu
d
e,
w
h
at
w
as
th
at
n
u
m
-

b
er?

(d
)
(5
poin
ts)
W
h
ich
of
th
e
follow
in
g
d
escrib
es
th
e
S
ach
s-W
olfe
e�
ect?

(i)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t

ap
p
ear
red
d
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.

(ii)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t

ap
p
ear
b
lu
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.
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(iii)
P
h
oton
s
from

overd
en
se
region
s
at
th
e
su
rface
of
last
sca
tterin
g
ap
p
ear

red
d
er
b
ecau
se
th
ey
m
u
st
clim
b
ou
t
of
th
e
g
rav
itatio
n
a
l
p
oten
tia
l
w
ell.

(iv
)
P
h
oton
s
from

overd
en
se
region
s
at
th
e
su
rface
of
last
sca
tterin
g
ap
p
ear

b
lu
er
b
ecau
se
th
ey
m
u
st
clim
b
ou
t
of
th
e
g
rav
itation
a
l
p
o
ten
tial
w
ell.

(v
)
P
h
oton
s
travelin
g
tow
ard
u
s
from

th
e
su
rface
of
la
st
sca
tterin
g
ap
p
ea
r

red
d
er
b
ecau
se
of
a
b
so
rp
tio
n
in
th
e
in
tergala
ctic
m
ed
iu
m
.

(v
i)
P
h
oton
s
travelin
g
tow
a
rd
u
s
from

th
e
su
rface
of
last
scatterin
g
a
p
p
ear

b
lu
er
b
ecau
se
of
a
b
so
rp
tio
n
in
th
e
in
tergala
ctic
m
ed
iu
m
.

(e)
(5
poin
ts)
T
h
e


atn
ess
p
ro
b
lem
refers
to
th
e
ex
trem
e
�
n
e-tu
n
in
g
th
a
t
is
n
eed
ed

in


at
early
tim
es,
in
ord
er
for
it
to
b
e
a
s
clo
se
to
1
to
d
ay
a
s
w
e
ob
serv
e.

S
tartin
g
w
ith
th
e
assu
m
p
tion
th
at


to
d
ay
is
eq
u
a
l
to
1
w
ith
in
ab
ou
t
1%
,
on
e

con
clu
d
es
th
at
at
on
e
secon
d
after
th
e
b
ig
b
an
g
,

j

�
1jt=
1
se
c
<
1
0
�

m

;

w
h
ere
m
is
an
in
teger.
T
o
w
ith
in
�
3,
w
h
at
is
m
?

(f)
(5
poin
ts)
T
h
e
total
en
ergy
d
en
sity
of
th
e
p
resen
t
u
n
iv
erse
co
n
sists
m
ain
ly
of

b
aryon
ic
m
atter,
d
ark
m
atter,
an
d
d
ark
en
ergy.
G
iv
e
th
e
p
ercen
tag
es
o
f
each
,

accord
in
g
to
th
e
b
est
�
t
o
b
tain
ed
from
th
e
P
la
n
ck
2013
d
a
ta.
Y
ou
w
ill
get
fu
ll

cred
it
if
th
e
�
rst
(b
aryo
n
ic
m
atter)
is
accu
rate
to�
2
%
,
an
d
th
e
oth
er
tw
o
a
re

accu
rate
to
w
ith
in
�
5%
.

(g)
(5
poin
ts)
W
ith
in
th
e
con
ven
tion
a
l
h
ot
b
ig
b
an
g
co
sm
o
log
y
(w
ith
o
u
t
in


a
tio
n
),

it
is
d
iÆ
cu
lt
to
u
n
d
erstan
d
h
ow
th
e
tem
p
eratu
re
o
f
th
e
C
M
B
can
b
e
co
rrelated

at
an
gu
lar
sep
aration
s
th
at
are
so
large
th
at
th
e
p
oin
ts
on
th
e
su
rface
o
f
la
st

scatterin
g
w
as
sep
ara
ted
from
each
o
th
er
b
y
m
ore
th
a
n
a
h
orizon
d
ista
n
ce.
A
p
-

p
rox
im
ately
w
h
at
an
gle,
in
d
egrees,
corresp
on
d
s
to
a
sep
aratio
n
on
th
e
su
rface

last
scatterin
g
of
on
e
h
orizon
len
gth
?
Y
ou
w
ill
get
fu
ll
cred
it
if
yo
u
r
an
sw
er
is

righ
t
to
w
ith
in
a
facto
r
o
f
2.

�

P
R
O
B
L
E
M

4
:

N
U
M
B
E
R

D
E
N
S
IT
IE
S
IN

T
H
E

C
O
S
M
IC

B
A
C
K
-

G
R
O
U
N
D

R
A
D
IA
T
IO
N

T
o
d
ay
th
e
tem
p
eratu
re
o
f
th
e
cosm
ic
m
icrow
ave
b
ack
g
ro
u
n
d
rad
ia
tion
is
2
:7
ÆK
.

C
alcu
late
th
e
n
u
m
b
er
d
en
sity
o
f
p
h
o
to
n
s
in
th
is
rad
ia
tion
.
W
h
at
is
th
e
n
u
m
b
er

d
en
sity
of
th
erm
al
n
eu
trin
o
s
left
over
from
th
e
b
ig
b
an
g
?
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P
R
O
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:
P
R
O
P
E
R
T
IE
S
O
F

B
L
A
C
K
-B
O
D
Y

R
A
D
IA
T
IO
N

(25

poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
4,
Q
u
iz
3,
1998.

In
an
sw
erin
g
th
e
follow
in
g
q
u
estion
s,
rem
em
b
er
th
at
you
can
refer
to
th
e
for-

m
u
las
at
th
e
fron
t
of
th
e
ex
am
.
S
in
ce
y
ou
w
ere
n
ot
ask
ed
to
b
rin
g
calcu
lators,
yo
u

m
ay
leav
e
y
o
u
r
a
n
sw
ers
in
th
e
form
of
algeb
raic
ex
p
ression
s,
su
ch
as
�
3
2= p
5
�
(3).

(a
)
(5
poin
ts)
F
o
r
th
e
b
la
ck
-b
o
d
y
rad
iation
(also
called
th
erm
al
rad
iation
)
of
p
h
o-

to
n
s
a
t
tem
p
era
tu
re
T
,
w
h
at
is
th
e
average
en
ergy
p
er
p
h
oton
?

(b
)
(5
poin
ts)
F
or
th
e
sam
e
rad
iation
,
w
h
at
is
th
e
average
en
trop
y
p
er
p
h
oton
?

(c)
(5
po
in
ts)
N
ow
con
sid
er
th
e
b
lack
-b
o
d
y
rad
iation
of
a
m
assless
b
oson
w
h
ich
h
as

sp
in
zero,
so
th
ere
is
on
ly
o
n
e
sp
in
state.
W
ou
ld
th
e
av
erage
en
ergy
p
er
p
article

an
d
en
tro
p
y
p
er
p
article
b
e
d
i�
eren
t
from
th
e
an
sw
ers
you
gav
e
in
p
arts
(a)

a
n
d
(b
)?
If
so
,
h
ow
w
ou
ld
th
ey
ch
an
ge?

(d
)
(5
poin
ts)
N
ow
con
sid
er
th
e
b
lack
-b
o
d
y
rad
iation
of
electron
n
eu
trin
os.
T
h
ese

p
articles
are
ferm
ion
s
w
ith
sp
in
1/2,
an
d
w
e
w
ill
a
ssu
m
e
th
at
th
ey
are
m
assless

an
d
h
ave
on
ly
on
e
p
ossib
le
sp
in
state.
W
h
at
is
th
e
average
en
ergy
p
er
p
article

for
th
is
case?

(e)
(5
po
in
ts)
W
h
at
is
th
e
average
en
trop
y
p
er
p
article
for
th
e
b
lack
-b
o
d
y
rad
iation

of
n
eu
trin
os,
as
d
escrib
ed
in
p
art
(d
)?

P
R
O
B
L
E
M

6
:
A

N
E
W

S
P
E
C
IE
S
O
F
L
E
P
T
O
N

T
he
follow
in
g
problem
w
as
P
roblem
2,
Q
u
iz
3,
1992,
w
orth
25
poin
ts.

S
u
p
p
ose
th
e
calcu
lation
s
d
escrib
in
g
th
e
early
u
n
iverse
w
ere
m
o
d
i�
ed
b
y
in
clu
d
-

in
g
a
n
ad
d
ition
al,
h
y
p
oth
etical
lep
ton
,
called
an
8.286ion
.
T
h
e
8.286ion
h
as
rou
gh
ly

th
e
sam
e
p
rop
erties
as
an
electron
,
ex
cep
t
th
at
its
m
ass
is
given
b
y
m
c
2
=
0
:750

M
eV
.P

arts
(a)-(c)
of
th
is
q
u
estion
req
u
ire
n
u
m
erical
an
sw
ers,
b
u
t
sin
ce
you
w
ere

n
ot
told
to
b
rin
g
calcu
lators,
you
n
eed
n
ot
carry
ou
t
th
e
arith
m
etic.
Y
ou
r
an
sw
er

sh
ou
ld
b
e
ex
p
ressed
,
h
ow
ev
er,
in
\calcu
lator-read
y
"
form
|

th
at
is,
it
sh
ou
ld
b
e
an

ex
p
ression
in
volv
in
g
p
u
re
n
u
m
b
ers
on
ly
(n
o
u
n
its),
w
ith
an
y
n
ecessary
con
version

factors
in
clu
d
ed
.
(F
or
ex
am
p
le,
if
you
w
ere
asked
h
ow
m
a
n
y
m
eters
a
ligh
t
p
u
lse
in

vacu
u
m
travels
in
5
m
in
u
tes,
you
cou
ld
ex
p
ress
th
e
an
sw
er
as
2
:998�
10
8�
5�
60.)

a)
(5
poin
ts)
W
h
at
w
ou
ld
b
e
th
e
n
u
m
b
er
d
en
sity
o
f
8.286ion
s,
in
p
articles
p
er

cu
b
ic
m
eter,
w
h
en
th
e
tem
p
eratu
re
T
w
as
giv
en
b
y
k
T
=
3
M
eV
?

b
)
(5
poin
ts)
A
ssu
m
in
g
(as
in
th
e
stan
d
ard
p
ictu
re)
th
at
th
e
early
u
n
iverse
is

accu
rately
d
escrib
ed
b
y
a


at,
rad
iation
-d
om
in
ated
m
o
d
el,
w
h
at
w
ou
ld
b
e
th
e
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valu
e
of
th
e
m
ass
d
en
sity
a
t
t
=
:01
sec?
Y
ou
m
ay
assu
m
e
th
at
0
:75
M
eV
�

k
T
�
100
M
eV
,
so
th
e
p
articles
co
n
trib
u
tin
g
sig
n
i�
can
tly
to
th
e
b
la
ck
-b
o
d
y

rad
iation
in
clu
d
e
th
e
p
h
oton
s,
n
eu
trin
os,
e
+
-e
�

p
airs,
an
d
8.286
ion
-an
ti828
6ion

p
airs.
E
x
p
ress
y
ou
r
an
sw
er
in
th
e
u
n
its
of
g/cm
3.

c)
(5
poin
ts)
U
n
d
er
th
e
sam
e
assu
m
p
tion
s
as
in
(b
),
w
h
at
w
ou
ld
b
e
th
e
va
lu
e
of

k
T
,
in
M
eV
,
at
t
=
:01
sec?

d
)
(5
poin
ts)
W
h
en
n
u
cleosy
n
th
esis
calcu
latio
n
s
a
re
m
o
d
i�
ed
to
in
clu
d
e
th
e
e�
ect

of
th
e
8.286ion
,
is
th
e
p
ro
d
u
ction
of
h
eliu
m
in
creased
or
d
ecreased
?
E
x
p
lain

you
r
an
sw
er
in
a
few
sen
ten
ces.

e)
(5
poin
ts)
S
u
p
p
ose
th
e
n
eu
trin
os
d
ecou
p
le
w
h
ile
k
T

�
0
:7
5
M
eV
.
If
th
e

8.286ion
s
are
in
clu
d
ed
,
w
h
at
d
o
es
on
e
p
red
ict
fo
r
th
e
valu
e
o
f
T
�
=
T



to
d
ay
?

(H
ere
T
�

d
en
otes
th
e
tem
p
era
tu
re
of
th
e
n
eu
trin
os,
an
d
T



d
en
o
tes
th
e
tem
-

p
eratu
re
of
th
e
cosm
ic
b
a
ck
g
ro
u
n
d
rad
iation
p
h
o
ton
s.)

�

P
R
O
B
L
E
M

7
:
A
N
E
W

T
H
E
O
R
Y
O
F
T
H
E
W
E
A
K

IN
T
E
R
A
C
T
IO
N
S

(40
poin
ts)

T
his
problem
w
as
P
roblem
3,
Q
u
iz
3,
2
00
9.

S
u
p
p
ose
a
N
ew
T
h
eory
o
f
th
e
W
eak
In
teraction
s
(N
T
W
I)
w
as
p
rop
osed
,
w
h
ich

d
i�
ers
from
th
e
stan
d
ard
th
eory
in
tw
o
w
ay
s.
F
irst,
th
e
N
T
W
I
p
red
icts
th
at
th
e

w
eak
in
teraction
s
are
som
ew
h
at
w
eaker
th
an
in
th
e
stan
d
a
rd
m
o
d
el.
In
ad
d
ition
,

th
e
th
eory
im
p
lies
th
e
ex
isten
ce
of
n
ew
sp
in
-
12

p
a
rticles
(ferm
io
n
s)
called
th
e
R
+

an
d
R
�

,
w
ith
a
rest
en
ergy
o
f
50
M
eV
(w
h
ere
1
M
eV
=
10
6
eV
).
T
h
is
p
rob
lem
w
ill

d
eal
w
ith
th
e
cosm
ological
con
seq
u
en
ces
o
f
su
ch
a
th
eory.

T
h
e
N
T
W
I
w
ill
p
red
ict
th
at
th
e
n
eu
trin
os
in
th
e
early
u
n
iverse
w
ill
d
ecou
p
le

at
a
h
igh
er
tem
p
eratu
re
th
an
in
th
e
stan
d
ard
m
o
d
el.
S
u
p
p
ose
th
a
t
th
is
d
ecou
p
lin
g

takes
p
lace
a
t
k
T
�
200
M
eV
.
T
h
is
m
ean
s
th
at
w
h
en
th
e
n
eu
trin
o
s
cease
to
b
e

th
erm
ally
cou
p
led
to
th
e
rest
of
m
atter,
th
e
h
o
t
so
u
p
of
p
articles
w
ou
ld
con
tain

n
ot
o
n
ly
p
h
oton
s,
n
eu
trin
os,
an
d
e
+
-e
�

p
airs,
b
u
t
also
�
+
,
�
�

,
�
+
,
�
�

,
an
d
�
0

p
articles,
alon
g
w
ith
th
e
R
+
-R
�

p
airs.
(T
h
e
m
u
o
n
is
a
p
article
w
h
ich
b
eh
av
es

alm
ost
id
en
tically
to
an
electron
,
ex
cep
t
th
at
its
rest
en
ergy
is
106
M
eV
.
T
h
e
p
io
n
s

are
th
e
ligh
test
of
th
e
m
eso
n
s,
w
ith
zero
a
n
gu
la
r
m
o
m
en
tu
m
an
d
rest
en
ergies
o
f

135
M
eV
an
d
140
M
eV
fo
r
th
e
n
eu
tra
l
an
d
ch
arged
p
ion
s,
resp
ectiv
ely.
T
h
e
�
+

an
d

�
�

are
an
tip
articles
of
each
o
th
er,
a
n
d
th
e
�
0
is
its
ow
n
an
tip
a
rticle.
Z
ero
a
n
g
u
la
r

m
om
en
tu
m
im
p
lies
a
sin
g
le
sp
in
state.)
Y
ou
m
ay
assu
m
e
th
at
th
e
u
n
iv
erse
is


a
t.

(a)
(10
poin
ts)
A
ccord
in
g
to
th
e
stan
d
ard
p
article
p
h
y
sics
m
o
d
el,
w
h
at
is
th
e
m
a
ss

d
en
sity
�
of
th
e
u
n
iverse
w
h
en
k
T
�
2
00
M
eV
?
W
h
a
t
is
th
e
va
lu
e
o
f
�
at

th
is
tem
p
eratu
re,
acco
rd
in
g
to
N
T
W
I?
U
se
eith
er
g/
cm
3
or
k
g
/m
3.
(If
y
ou

w
ish
,
you
can
save
tim
e
b
y
n
o
t
carry
in
g
ou
t
th
e
a
rith
m
etic.
If
y
ou
d
o
th
is,



8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
1
7

h
ow
ev
er,
y
ou
sh
ou
ld
give
th
e
an
sw
er
in
\calcu
lator-read
y
"
form
,
b
y
w
h
ich
I

m
ean
an
ex
p
ression
in
v
olv
in
g
p
u
re
n
u
m
b
ers
(n
o
u
n
its),
w
ith
an
y
n
ecessary

con
v
ersion
factors
in
clu
d
ed
,
an
d
w
ith
th
e
u
n
its
of
th
e
an
sw
er
sp
eci�
ed
at
th
e

en
d
.
F
or
ex
am
p
le,
if
asked
h
ow
fa
r
ligh
t
travels
in
5
m
in
u
tes,
y
ou
cou
ld
an
sw
er

2
:9
9
8�
10
8�
5�
60
m
.)

(b
)
(10
poin
ts)
A
ccord
in
g
to
th
e
stan
d
ard
m
o
d
el,
th
e
tem
p
eratu
re
to
d
ay
of
th
e

th
erm
al
n
eu
trin
o
b
ack
grou
n
d
sh
ou
ld
b
e
(4
=11)
1
=
3T



,
w
h
ere
T


is
th
e
tem
p
era-

tu
re
of
th
e
th
erm
al
p
h
oton
b
ack
grou
n
d
.
W
h
at
d
o
es
th
e
N
T
W
I
p
red
ict
for
th
e

tem
p
eratu
re
of
th
e
th
erm
al
n
eu
trin
o
b
ack
grou
n
d
?

(c)
(10
poin
ts)
A
ccord
in
g
to
th
e
stan
d
ard
m
o
d
el,
w
h
at
is
th
e
ratio
to
d
ay
o
f
th
e

n
u
m
b
er
d
en
sity
of
th
erm
aln
eu
trin
os
to
th
e
n
u
m
b
er
d
en
sity
of
th
erm
alp
h
oton
s?

W
h
at
is
th
is
ratio
accord
in
g
to
N
T
W
I?

(d
)
(10
poin
ts)
S
in
ce
th
e
reaction
s
w
h
ich
in
terch
an
ge
p
roton
s
an
d
n
eu
tron
s
in
volv
e

n
eu
trin
os,th
ese
reaction
s
\freeze
ou
t"
at
rou
gh
ly
th
e
sam
e
tim
e
as
th
e
n
eu
trin
os

d
ecou
p
le.
A
t
later
tim
es
th
e
on
ly
reaction
w
h
ich
e�
ectively
con
verts
n
eu
tron
s

to
p
roton
s
is
th
e
free
d
ecay
of
th
e
n
eu
tron
.
D
esp
ite
th
e
fact
th
at
n
eu
tron
d
ecay

is
a
w
eak
in
teraction
,
w
e
w
ill
assu
m
e
th
at
it
o
ccu
rs
w
ith
th
e
u
su
al
15
m
in
u
te

m
ean
lifetim
e.
W
ou
ld
th
e
h
eliu
m
ab
u
n
d
an
ce
p
red
icted
b
y
th
e
N
T
W
I
b
e
h
igh
er

o
r
low
er
th
an
th
e
p
red
iction
of
th
e
stan
d
ard
m
o
d
el?
T
o
w
ith
in
5
or
10%
,
w
h
at

w
ou
ld
th
e
N
T
W
I
p
red
ict
for
th
e
p
ercen
t
ab
u
n
d
an
ce
(b
y
w
eigh
t)
of
h
eliu
m
in

th
e
u
n
iv
erse?
(A
s
in
p
art
(a),
y
ou
can
eith
er
carry
ou
t
th
e
arith
m
etic,
or
leave

th
e
an
sw
er
in
calcu
lator-read
y
form
.)

U
sefu
l
in
form
ation
:
T
h
e
p
roton
an
d
n
eu
tron
rest
en
ergies
are
given
b
y
m
p
c
2
=

9
3
8
:27
M
eV
an
d
m
n
c
2
=
939
:57
M
eV
,
w
ith
(m
n �
m
p )c
2
=
1.29
M
eV
.
T
h
e

m
ean
lifetim
e
for
th
e
n
eu
tron
d
ecay,
n
!
p
+
e
�

+
��
e
,
is
giv
en
b
y
�
=
886
s.

�

P
R
O
B
L
E
M

8
:
D
O
U
B
L
IN
G

O
F
E
L
E
C
T
R
O
N
S
(10
poin
ts)

T
he
follow
in
g
w
as
on
Q
u
iz
3
,
2011
(P
roblem
4):

S
u
p
p
ose
th
at
in
stead
of
on
e
sp
ecies
of
electron
s
an
d
th
eir
an
tip
articles,
su
p
p
ose

th
ere
w
as
also
an
oth
er
sp
ecies
of
electron
-like
an
d
p
o
sitron
-like
p
articles.
S
u
p
p
ose

th
at
th
e
n
ew
sp
ecies
h
as
th
e
sam
e
m
ass
an
d
oth
er
p
rop
erties
as
th
e
electron
s
an
d

p
o
sitron
s.
If
th
is
w
ere
th
e
case,
w
h
at
w
ou
ld
b
e
th
e
ratio
T
�
=
T


of
th
e
tem
p
eratu
re

to
d
ay
o
f
th
e
n
eu
trin
os
to
th
e
tem
p
eratu
re
of
th
e
C
M
B
p
h
oton
s.

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
1
8

P
R
O
B
L
E
M

9
:
T
IM
E
S
C
A
L
E
S
IN

C
O
S
M
O
L
O
G
Y

In
th
is
p
rob
lem
you
a
re
asked
to
giv
e
th
e
ap
p
rox
im
ate
tim
es
a
t
w
h
ich
va
rio
u
s

im
p
ortan
t
even
ts
in
th
e
h
istory
of
th
e
u
n
iv
erse
are
b
elieved
to
h
av
e
ta
ken
p
la
ce.

T
h
e
tim
es
a
re
m
easu
red
from
th
e
in
stan
t
of
th
e
b
ig
b
an
g.
T
o
avo
id
am
b
ig
u
ities,

you
are
asked
to
ch
o
ose
th
e
b
est
an
sw
er
from
th
e
fo
llow
in
g
list:

1
0
�

4
3
sec.

1
0
�

3
7
sec.

1
0
�

1
2
sec.

1
0
�

5
sec.

1
sec.

4
m
in
s.

1
0,000
{
1
,000,00
0
y
ea
rs.

2
b
illio
n
y
ea
rs.

5
b
illio
n
y
ea
rs.

1
0
b
illion
y
ears.

1
3
b
illion
y
ears.

2
0
b
illion
y
ears.

F
or
th
is
p
rob
lem

it
w
ill
b
e
su
Æ
cien
t
to
state
an
an
sw
er
fro
m

m
em
o
ry,
w
ith
ou
t

ex
p
lan
ation
.
T
h
e
even
ts
w
h
ich
m
u
st
b
e
p
laced
are
th
e
follow
in
g:

(a)
th
e
b
egin
n
in
g
of
th
e
p
ro
cesses
in
volved
in
b
ig
b
an
g
n
u
cleosy
n
th
esis;

(b
)
th
e
en
d
of
th
e
p
ro
cesses
in
volved
in
b
ig
b
a
n
g
n
u
cleosy
n
th
esis;

(c)
th
e
tim
e
of
th
e
p
h
a
se
tra
n
sitio
n
p
red
icted
b
y
gran
d
u
n
i�
ed
th
eories,
w
h
ich

takes
p
lace
w
h
en
k
T
�
10
1
6
G
eV
;

(d
)
\recom
b
in
ation
",
th
e
tim
e
a
t
w
h
ich
th
e
m
atter
in
th
e
u
n
iv
erse
co
n
v
erted

from
a
p
lasm
a
to
a
g
a
s
of
n
eu
tra
l
atom
s;

(e)
th
e
p
h
ase
tran
sition
a
t
w
h
ich
th
e
q
u
a
rk
s
b
ecam
e
con
�
n
ed
,
b
eliev
ed
to

o
ccu
r
w
h
en
k
T
�
3
0
0
M
eV
.

S
in
ce
cosm
ology
is
frau
gh
t
w
ith
u
n
certa
in
ty,
in
som
e
ca
ses
m
o
re
th
an
on
e
a
n
-

sw
er
w
ill
b
e
accep
tab
le.
Y
ou
are
asked
,
h
ow
ev
er,
to
giv
e
O
N
L
Y

O
N
E
o
f
th
e

accep
tab
le
an
sw
ers.

�

P
R
O
B
L
E
M

1
0
:
E
V
O
L
U
T
IO
N

O
F
F
L
A
T
N
E
S
S
(1
5
po
in
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3,
Q
u
iz
3,
200
4.

T
h
e
\

atn
ess
p
rob
lem
"
is
related
to
th
e
fa
ct
th
at
d
u
rin
g
th
e
ev
o
lu
tio
n
o
f
th
e

stan
d
ard
cosm
ological
m
o
d
el,


is
alw
ay
s
d
riven
aw
ay
from
1.



8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
1
9

(a
)
(9
poin
ts)
D
u
rin
g
a
p
erio
d
in
w
h
ich
th
e
u
n
iverse
is
m
atter-d
om
in
ated
(m
ean
in
g

th
at
th
e
o
n
ly
releva
n
t
com
p
on
en
t
is
n
on
relativ
istic
m
atter),
th
e
q
u
an
tity



�
1




grow
s
a
s
a
p
ow
er
of
t.
S
h
ow
th
at
th
is
is
tru
e,
an
d
d
erive
th
e
p
ow
er.
(S
tatin
g

th
e
righ
t
p
ow
er
w
ith
ou
t
a
d
erivation
w
ill
b
e
w
orth
3
p
oin
ts.)

(b
)
(6
poin
ts)
D
u
rin
g
a
p
erio
d
in
w
h
ich
th
e
u
n
iverse
is
rad
iation
-d
om
in
ated
,
th
e

sam
e
q
u
an
tity
w
ill
grow
like
a
d
i�
eren
t
p
ow
er
of
t.
S
h
ow
th
at
th
is
is
tru
e,
an
d

d
erive
th
e
p
ow
er.
(S
tatin
g
th
e
righ
t
p
ow
er
w
ith
ou
t
a
d
erivation
w
ill
again
b
e

w
orth
3
p
oin
ts.)

In
ea
ch
p
art,
you
m
ay
assu
m
e
th
at
th
e
u
n
iverse
w
as
alw
ays
d
om
in
ated
b
y
th
e

sp
eci�
ed
form
of
m
atter.

�

P
R
O
B
L
E
M

1
1
:
T
H
E

S
L
O
A
N

D
IG
IT
A
L

S
K
Y

S
U
R
V
E
Y

z

=

5
:8
2

Q
U
A
S
A
R

(40
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
4,
Q
u
iz
3,
2004.

O
n
A
p
ril
13,
2000,
th
e
S
loan
D
igital
S
k
y
S
u
rvey
an
n
ou
n
ced
th
e
d
iscovery
of

w
h
a
t
w
as
th
en
th
e
m
ost
d
istan
t
ob
ject
k
n
ow
n
in
th
e
u
n
iverse:
a
q
u
asar
at
z
=
5
:82.

T
o
ex
p
lain
to
th
e
p
u
b
lic
h
ow
th
is
o
b
ject
�
ts
in
to
th
e
u
n
iverse,
th
e
S
D
S
S
p
osted
on

th
eir
w
eb
site
an
a
rticle
b
y
M
ich
a
el
T
u
rn
er
an
d
C
raig
W
iegert
titled
\H
ow
C
an
A
n

O
b
ject
W
e
S
ee
T
o
d
ay
b
e
27
B
illion
L
igh
t
Y
ea
rs
A
w
ay
If
th
e
U
n
iverse
is
on
ly
14

B
illion
Y
ears
O
ld
?"
U
sin
g
a
m
o
d
el
w
ith
H
0
=
65
k
m
-s
�

1-M
p
c
�

1,


m

=
0
:35,
an
d



�

=
0
:65,
th
ey
claim
ed

(a)
th
at
th
e
age
of
th
e
u
n
iverse
is
13.9
b
illion
years.

(b
)
th
a
t
th
e
lig
h
t
th
a
t
w
e
n
ow
see
w
as
em
itted
w
h
en
th
e
u
n
iverse
w
as
0.95
b
illion

years
old
.

(c)
th
at
th
e
d
istan
ce
to
th
e
q
u
asar,
as
it
w
ou
ld
b
e
m
easu
red
b
y
a
ru
ler
to
d
ay,
is

27
b
illion
ligh
t-years.

(d
)
th
at
th
e
d
istan
ce
to
th
e
q
u
asar,
at
th
e
tim
e
th
e
ligh
t
w
as
em
itted
,
w
as
4.0

b
illion
ligh
t-y
ears.

(e)
th
at
th
e
p
resen
t
sp
eed
of
th
e
q
u
asar,
d
e�
n
ed
as
th
e
rate
at
w
h
ich
th
e
d
istan
ce

b
etw
een
u
s
an
d
th
e
q
u
asar
is
in
creasin
g,
is
1.8
tim
es
th
e
velo
city
of
ligh
t.

T
h
e
goal
of
th
is
p
rob
lem

is
to
ch
eck
a
ll
of
th
ese
con
clu
sion
s,
alth
ou
gh
yo
u
a
re

of
cou
rse
n
ot
ex
p
ected
to
actu
ally
w
ork
ou
t
th
e
n
u
m
b
ers.
Y
ou
r
an
sw
ers
can
b
e

ex
p
ressed
in
term
s
o
f
H
0 ,


m
,


�
,
an
d
z.
D
e�
n
ite
in
tegrals
n
eed
n
ot
b
e
evalu
ated
.

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
2
0

N
ote
th
at


m

rep
resen
ts
th
e
p
resen
t
d
en
sity
of
n
on
rela
tiv
istic
m
atter,ex
p
ressed

as
a
fraction
of
th
e
critica
l
d
en
sity
;
an
d


�

rep
resen
ts
th
e
p
resen
t
d
en
sity
of
vacu
u
m

en
ergy,
ex
p
ressed
as
a
fra
ction
of
th
e
critical
d
en
sity.
In
a
n
sw
erin
g
each
o
f
th
e

follow
in
g
q
u
estion
s,
you
m
ay
con
sid
er
th
e
a
n
sw
er
to
an
y
p
rev
io
u
s
p
art
|

w
h
eth
er

you
an
sw
ered
it
or
n
ot
|

a
s
a
g
iven
p
iece
of
in
form
a
tion
,
w
h
ich
ca
n
b
e
u
sed
in
y
o
u
r

an
sw
er.

(a)
(15
poin
ts)
W
rite
an
ex
p
ression
for
th
e
age
t
0
of
th
is
m
o
d
el
u
n
iv
erse?

(b
)
(5
poin
ts)
W
rite
an
ex
p
ression
fo
r
th
e
tim
e
t
e
at
w
h
ich
th
e
ligh
t
w
h
ich
w
e
n
ow

receive
from
th
e
d
ista
n
t
q
u
asar
w
as
em
itted
.

(c)
(10
poin
ts)
W
rite
an
ex
p
ressio
n
for
th
e
p
resen
t
p
h
y
sica
l
d
ista
n
ce
`
p
h
y
s;0
to
th
e

q
u
asar.

(d
)
(5
poin
ts)
W
rite
an
ex
p
ression
fo
r
th
e
p
h
y
sical
d
istan
ce
`
p
h
y
s;e
b
etw
een
u
s
an
d

th
e
q
u
asar
at
th
e
tim
e
th
at
th
e
ligh
t
w
as
em
itted
.

(e)
(5
poin
ts)
W
rite
a
n
ex
p
ression
fo
r
th
e
p
resen
t
sp
eed
of
th
e
q
u
asa
r,
d
e�
n
ed
as

th
e
rate
at
w
h
ich
th
e
d
istan
ce
b
etw
een
u
s
an
d
th
e
q
u
asar
is
in
crea
sin
g.

P
R
O
B
L
E
M

1
2
:
S
E
C
O
N
D

H
U
B
B
L
E
C
R
O
S
S
IN
G

(40
poin
ts)

T
his
problem
w
as
P
roblem
3,
Q
u
iz
3,
2
007
.
In
2
016
w
e
ha
ve
n
ot
yet
talked
abo
u
t

H
u
bble
crossin
gs
an
d
the
evolu
tion
o
f
d
en
sity
pertu
rbation
s,
so
this
p
roblem
w
ou
ld

n
ot
be
fair
as
w
orded.
A
ctu
ally,
how
ever,
yo
u
h
ave
learn
ed
how
to
do
these
calcu
-

lation
s,
so
the
problem
w
o
u
ld
be
fair
if
it
described
in
m
o
re
d
etail
w
ha
t
n
eed
s
to
be

calcu
lated.

In
P
rob
lem

S
et
9
(2
007
)
w
e
ca
lcu
lated
th
e
tim
e
t
H
1 (�
)
of
th
e
�
rst
H
u
b
b
le

crossin
g
for
a
m
o
d
e
sp
eci�
ed
b
y
its
(p
h
y
sical)
w
avelen
g
th
�
at
th
e
p
resen
t
tim
e.

In
th
is
p
rob
lem
w
e
w
ill
calcu
late
th
e
tim
e
t
H
2 (�
)
of
th
e
seco
n
d
H
u
b
b
le
crossin
g
,

th
e
tim
e
at
w
h
ich
th
e
grow
in
g
H
u
b
b
le
len
g
th
cH
�

1(t)
catch
es
u
p
to
th
e
p
h
y
sica
l

w
avelen
gth
,
w
h
ich
is
also
g
row
in
g.
A
t
th
e
tim
e
of
th
e
seco
n
d
H
u
b
b
le
crossin
g
for
th
e

w
avelen
gth
s
of
in
terest,
th
e
u
n
iverse
can
b
e
d
escrib
ed
v
ery
sim
p
ly
:
it
is
a
rad
iatio
n
-

d
om
in
ated


at
u
n
iverse.
H
ow
ever,
sin
ce
�
is
d
e�
n
ed
a
s
th
e
p
resen
t
va
lu
e
o
f
th
e

w
avelen
gth
,
th
e
evolu
tion
o
f
th
e
u
n
iverse
b
etw
een
t
H
2 (�
)
an
d
th
e
p
resen
t
w
ill
also

b
e
relevan
t
to
th
e
p
rob
lem
.
W
e
w
ill
n
eed
to
u
se
m
eth
o
d
s,
th
erefo
re,
th
at
a
llow
fo
r

b
oth
th
e
m
atter-d
om
in
ated
era
an
d
th
e
on
set
o
f
th
e
d
a
rk
-en
ergy
-d
om
in
ated
era.
A
s

in
P
rob
lem
S
et
9
(2007),
th
e
m
o
d
el
u
n
iverse
th
at
w
e
con
sid
er
w
ill
b
e
d
escrib
ed
b
y

th
e
W
M
A
P
3-year
b
est
�
t
p
aram
eters:

H
u
b
b
le
ex
p
an
sio
n
rate

H
0

=

7
3
:5
k
m
�
s
�

1�
M
p
c
�

1

N
on
relativ
istic
m
a
ss
d
en
sity



m

=

0.23
7

V
acu
u
m
m
ass
d
en
sity



v
a
c

=

0
.763

C
M
B
tem
p
eratu
re

T


;0

=

2
.725
K



8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
2
1

T
h
e
m
ass
d
en
sities
a
re
d
e�
n
ed
as
con
trib
u
tion
s
to


,
an
d
h
en
ce
d
escrib
e
th
e
m
ass

d
en
sity
o
f
each
con
stitu
en
t
relative
to
th
e
critical
d
en
sity.
N
ote
th
at
th
e
m
o
d
el

is
ex
actly


at,
so
you
n
eed
n
ot
w
orry
ab
ou
t
sp
atial
cu
rvatu
re.
H
ere
you
are
n
ot

ex
p
ected
to
g
iv
e
a
n
u
m
erical
an
sw
er,
so
th
e
ab
ove
list
w
ill
serve
on
ly
to
d
e�
n
e
th
e

sy
m
b
ols
th
at
can
ap
p
ear
in
y
ou
r
an
sw
ers,
alon
g
w
ith
�
an
d
th
e
p
h
y
sical
con
stan
ts

G
,
�h
,
c,
an
d
k
.

(a
)
(5
poin
ts)
F
or
a
rad
iation
-d
om
in
ated


at
u
n
iverse,
w
h
at
is
th
e
H
u
b
b
le
len
gth

`
H
(t)�
cH
�

1(t)
as
a
fu
n
ction
of
tim
e
t?

(b
)
(10
poin
ts)
T
h
e
secon
d
H
u
b
b
le
crossin
g
w
ill
o
ccu
r
d
u
rin
g
th
e
in
terval

3
0
sec�
t�
50
;000
y
ea
rs,

w
h
en
th
e
m
ass
d
en
sity
o
f
th
e
u
n
iverse
is
d
om
in
ated
b
y
p
h
oton
s
an
d
n
eu
trin
os.

D
u
rin
g
th
is
era
th
e
n
eu
trin
os
are
a
little
cold
er
th
an
th
e
p
h
oton
s,
w
ith
T
�
=

(4
=1
1
)
1
=
3T


 .
T
h
e
total
en
ergy
d
en
sity
of
th
e
p
h
oton
s
an
d
n
eu
trin
os
togeth
er

can
b
e
w
ritten
as

u
to
t
=
g
1
�
2

30
(k
T


)
4

(�h
c)
3

:

W
h
at
is
th
e
valu
e
of
g
1 ?
(F
o
r
th
e
fo
llow
in
g
p
arts
you
can
treat
g
1
as
a
given

variab
le
th
at
can
b
e
left
in
you
r
an
sw
ers,
w
h
eth
er
or
n
ot
you
fou
n
d
it.)

(c)
(10
poin
ts)
F
or
tim
es
in
th
e
ran
ge
d
escrib
ed
in
p
art
(b
),
w
h
at
is
th
e
p
h
oton

tem
p
era
tu
re
T

 (t)
a
s
a
fu
n
ction
of
t?

(d
)
(15
poin
ts)
F
in
ally,
w
e
are
read
y
to
�
n
d
th
e
tim
e
t
H
2 (�
)
of
th
e
secon
d
H
u
b
b
le

crossin
g,
for
a
g
iv
en
valu
e
of
th
e
p
h
y
sical
w
avelen
gth
�
to
d
ay.
M
ak
in
g
u
se
of

th
e
p
rev
iou
s
resu
lts,
you
sh
ou
ld
b
e
ab
le
to
d
eterm
in
e
t
H
2 (�
).
If
you
w
ere
n
ot

ab
le
to
an
sw
er
som
e
of
th
e
p
rev
iou
s
p
arts,
you
m
ay
leave
th
e
sy
m
b
ols
`
H
(t),

g
1 ,
an
d
/or
T


(t)
in
y
ou
r
an
sw
er.

P
R
O
B
L
E
M

1
3
:
N
E
U
T
R
IN
O
N
U
M
B
E
R
A
N
D
T
H
E
N
E
U
T
R
O
N
/
P
R
O
-

T
O
N

E
Q
U
IL
IB
R
IU
M

(35
poin
ts)

T
he
follow
in
g
problem

w
as
1998
Q
u
iz
4,
P
roblem

4.
T
his
w
ou
ld
N
O
T
be
a
fair

p
ro
blem

fo
r
2
0
1
6
,
a
s
th
is
year
w
e
have
n
ot
discu
ssed
big
ban
g
n
u
cleosyn
thesis
at

this
level
of
detail.
B
u
t
I
am
in
clu
din
g
the
problem
an
yw
ay,
as
you
m
ight
�
n
d
it

in
terestin
g.

In
th
e
stan
d
ard
treatm
en
t
o
f
b
ig
b
a
n
g
n
u
cleosy
n
th
esis
it
is
assu
m
ed
th
at
at

early
tim
es
th
e
ratio
of
n
eu
tron
s
to
p
roton
s
is
given
b
y
th
e
B
oltzm
an
n
form
u
la,

n
n

n
p

=
e
�

�
E
=
k
T

;

(1)

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
2
2

w
h
ere
k
is
B
oltzm
an
n
's
co
n
sta
n
t,
T
is
th
e
tem
p
eratu
re,
an
d
�
E
=
1
:29
M
eV
is

th
e
p
roton
-n
eu
tron
m
ass-en
ergy
d
i�
eren
ce.
T
h
is
fo
rm
u
la
is
b
eliev
ed
to
b
e
v
ery

accu
rate,
b
u
t
it
assu
m
es
th
at
th
e
ch
em
ica
l
p
oten
tia
l
for
n
eu
tro
n
s
�
n
is
th
e
sa
m
e
a
s

th
e
ch
em
ical
p
oten
tial
for
p
roton
s
�
p .

(a)
(10
poin
ts)
G
ive
th
e
co
rrect
v
ersion
o
f
E
q
.
(1),
allow
in
g
fo
r
th
e
p
o
ssib
ility
th
a
t

�
n 6=
�
p .

T
h
e
eq
u
ilib
riu
m

b
etw
een
p
ro
to
n
s
an
d
n
eu
tro
n
s
in
th
e
early
u
n
iv
erse
is
su
stain
ed

m
ain
ly
b
y
th
e
follow
in
g
reaction
s:

e
+

+
n
 !
p
+
��
e

�
e
+
n
 !
p
+
e
�

:

L
et
�
e
an
d
�
�
d
en
ote
th
e
ch
em
ical
p
o
ten
tials
for
th
e
electron
s
(e
�

)
a
n
d
th
e
electro
n

n
eu
trin
os
(�
e )
resp
ectively.
T
h
e
ch
em
ical
p
oten
tia
ls
for
th
e
p
o
sitro
n
s
(e
+
)
a
n
d
th
e

an
ti-electron
n
eu
trin
os
(��
e )
a
re
th
en
{
�
e

an
d
{
�
� ,
resp
ectively,
sin
ce
th
e
ch
em
i-

cal
p
oten
tial
of
a
p
article
is
alw
ay
s
th
e
n
eg
ative
o
f
th
e
ch
em
ical
p
oten
tial
for
th
e

an
tip
article.*

(b
)
(10
poin
ts)
E
x
p
ress
th
e
n
eu
tron
/
p
ro
ton
ch
em
ical
p
oten
tial
d
i�
eren
ce
�
n �
�
p

in
term
s
of
�
e
an
d
�
�
.

T
h
e
b
lack
-b
o
d
y
rad
iation
fo
rm
u
las
at
th
e
b
egin
n
in
g
o
f
th
e
q
u
iz
d
id
n
ot
a
llow
fo
r
th
e

p
ossib
ility
of
a
ch
em
ical
p
o
ten
tial,
b
u
t
th
ey
can
easily
b
e
g
en
eralized
.
F
or
ex
am
p
le,

th
e
form
u
la
for
th
e
n
u
m
b
er
d
en
sity
n
i
(of
p
articles
o
f
ty
p
e
i)
b
eco
m
es

n
i
=
g
�i
�
(3)

�
2

(k
T
)
3

(�h
c)
3
e
�
i =
k
T

:

(c)
(10
poin
ts)
S
u
p
p
ose
th
at
th
e
d
en
sity
o
f
an
ti-electro
n
n
eu
trin
os
�n
�
in
th
e
early

u
n
iverse
w
as
h
igh
er
th
an
th
e
d
en
sity
of
electron
n
eu
trin
os
n
� .
E
x
p
ress
th
e

th
erm
al
eq
u
ilib
riu
m
va
lu
e
o
f
th
e
ratio
n
n
=
n
p
in
term
s
of
�
E
,
T
,
an
d
eith
er
th
e

ratio
�n
�
=
n
�
or
th
e
a
n
tin
eu
trin
o
ex
cess
�
n
=
�n
� �
n
�
.
(Y
o
u
r
an
sw
er
m
ay
also

con
tain
fu
n
d
am
en
tal
con
stan
ts,
su
ch
as
k
,
�h
,
a
n
d
c.)

(d
)
(5
poin
ts)
W
ou
ld
an
ex
cess
of
an
ti-electron
n
eu
trin
o
s,
as
co
n
sid
ered
in
p
art
(c),

in
crease
or
d
ecrease
th
e
a
m
ou
n
t
of
h
eliu
m
th
a
t
w
ou
ld
b
e
p
ro
d
u
ced
in
th
e
ea
rly

u
n
iverse?
E
x
p
lain
yo
u
r
a
n
sw
er.

*
T
h
is
fact
is
a
con
seq
u
en
ce
of
th
e
p
rin
cip
le
th
at
th
e
ch
em
ical
p
oten
tial
o
f
a

p
article
is
th
e
su
m
of
th
e
ch
em
ica
l
p
oten
tia
ls
asso
ciated
w
ith
its
co
n
serv
ed
q
u
a
n
ti-

ties,
w
h
ile
p
article
an
d
an
tip
article
alw
ay
s
h
ave
th
e
op
p
osite
va
lu
es
of
a
ll
co
n
served

q
u
an
tities.



8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
6

p
.
2
3

P
R
O
B
L
E
M

1
4
:
T
H
E

E
V
E
N
T

H
O
R
IZ
O
N

F
O
R

O
U
R

U
N
IV
E
R
S
E

(25

poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3
fro
m
Q
u
iz
3
,
2
0
1
3
.

W
e
h
ave
learn
ed
th
at
th
e
ex
p
an
sion
h
istory
of
ou
r
u
n
iverse
can
b
e
d
escrib
ed

in
term
s
of
a
sm
all
set
of
n
u
m
b
ers:


m
;0 ,
th
e
p
resen
t
con
trib
u
tion
to


from

n
on
relativ
istic
m
atter;


ra
d
;0 ,
th
e
p
resen
t
con
trib
u
tion
to


from
rad
iation
;


v
a
c ,

th
e
p
resen
t
co
n
trib
u
tion
to


from
vacu
u
m
en
ergy
;
an
d
H
0 ,
th
e
p
resen
t
valu
e
of
th
e

H
u
b
b
le
ex
p
an
sion
rate.
T
h
e
b
est
estim
ates
of
th
ese
n
u
m
b
ers
are
con
sisten
t
w
ith
a



at
u
n
iv
erse,
so
w
e
ca
n
ta
ke
k
=
0
,


m
;0
+


ra
d
;0
+


v
a
c
=
1,
an
d
w
e
can
u
se
th
e



at
R
ob
ertson
-W
alk
er
m
etric,

d
s
2
=
�
c
2
d
t
2
+
a
2(t) �d
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 ��
:

(a
)
(5
poin
ts)
S
u
p
p
ose
th
at
w
e
are
at
th
e
origin
o
f
th
e
co
ord
in
ate
sy
stem
,
an
d
th
at

a
t
th
e
p
resen
t
tim
e
t
0
w
e
em
it
a
sp
h
erical
p
u
lse
of
ligh
t.
It
tu
rn
s
ou
t
th
at
th
ere

is
a
m
ax
im
u
m
co
ord
in
ate
rad
iu
s
r
=
r
m
a
x

th
at
th
is
p
u
lse
w
ill
ever
reach
,
n
o

m
atter
h
ow
lon
g
w
e
w
ait.
(T
h
e
p
u
lse
w
ill
n
ever
actu
ally
reach
r
m
a
x ,
b
u
t
w
ill

reach
all
r
su
ch
th
a
t
0
<
r
<
r
m
a
x .)
r
m
a
x

is
th
e
co
ord
in
ate
of
w
h
at
is
called

th
e
even
t
horizon
:
ev
en
ts
th
at
h
ap
p
en
n
ow
a
t
r
�
r
m
a
x

w
ill
n
ever
b
e
v
isib
le

to
u
s,
assu
m
in
g
th
at
w
e
rem
ain
a
t
th
e
origin
.
A
ssu
m
in
g
for
th
is
p
art
th
at
th
e

fu
n
ction
a
(t)
is
a
k
n
ow
n
fu
n
ction
,
w
rite
an
ex
p
ression
for
r
m
a
x .
Y
ou
r
an
sw
er

sh
ou
ld
b
e
ex
p
ressed
as
an
in
tegral,
w
h
ich
can
in
vo
lve
a
(t),
t
0 ,
an
d
an
y
of
th
e

p
a
ra
m
eters
d
e�
n
ed
in
th
e
p
rea
m
b
le.
[A
dvice:
If
you
can
n
ot
an
sw
er
th
is,
you

sh
ou
ld
still
try
p
art
(c).]

(b
)
(10
poin
ts)
S
in
ce
a
(t)
is
n
o
t
k
n
ow
n
ex
p
licitly,
th
e
an
sw
er
to
th
e
p
rev
iou
s
p
art

is
d
iÆ
cu
lt
to
u
se.
S
h
ow
,
h
ow
ever,
th
at
b
y
ch
an
gin
g
th
e
variab
le
of
in
tegration
,

you
can
rew
rite
th
e
ex
p
ression
for
r
m
a
x
as
a
d
e�
n
ite
in
tegral
in
volv
in
g
o
n
ly
th
e

p
aram
eters
sp
eci�
ed
in
th
e
p
ream
b
le,w
ith
ou
t
an
y
referen
ce
to
th
e
fu
n
ction
a
(t),

ex
cep
t
p
erh
ap
s
to
its
p
resen
t
valu
e
a
(t
0 ).
Y
ou
are
n
ot
ex
p
ected
to
evalu
ate
th
is

in
tegral.
[H
in
t:
O
n
e
m
eth
o
d
is
to
u
se

x
=

a
(t)

a
(t
0 )

as
th
e
variab
le
o
f
in
tegration
,
ju
st
as
w
e
d
id
w
h
en
w
e
d
erived
th
e
�
rst
of
th
e

ex
p
ression
s
for
t
0
sh
ow
n
in
th
e
form
u
la
sh
eets.]

(c)
(10
poin
ts)
A
stron
om
ers
often
d
escrib
e
d
istan
ces
in
term
s
of
red
sh
ifts,
so
it

is
u
sefu
l
to
�
n
d
th
e
red
sh
ift
of
th
e
even
t
h
orizon
.
T
h
at
is,
if
a
ligh
t
ray
th
at

origin
ated
at
r
=
r
m
a
x
a
rrived
at
E
arth
to
d
ay,
w
h
at
w
ou
ld
b
e
its
red
sh
ift
z
e
h

(eh
=
even
t
h
orizon
)?

Y
ou
are
n
ot
asked
to
�
n
d
an
ex
p
licit
ex
p
ression
for

z
e
h ,
b
u
t
in
stead
an
eq
u
ation
th
at
cou
ld
b
e
solved
n
u
m
erically
to
d
eterm
in
e

z
e
h .
F
or
th
is
p
art
you
can
treat
r
m
a
x

as
given
,
so
it
d
o
es
n
ot
m
atter
if
you

h
ave
d
on
e
p
arts
(a)
an
d
(b
).
Y
ou
w
ill
get
h
alf
cred
it
for
a
correct
an
sw
er
th
at

in
vo
lves
th
e
fu
n
ction
a
(t),
an
d
fu
ll
cred
it
for
a
correct
an
sw
er
th
at
in
volv
es
on
ly

ex
p
licit
in
tegrals
d
ep
en
d
in
g
on
ly
on
th
e
p
aram
eters
sp
eci�
ed
in
th
e
p
ream
b
le,

an
d
p
o
ssib
ly
a
(t
0 ).

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
2
4

S
O
L
U
T
IO
N
S

P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(25
poin
ts)

T
he
follow
in
g
parts
are
ea
ch
w
orth
5
poin
ts.

(a)
(C
M
B
b
asic
facts)
W
h
ich
on
e
of
th
e
follow
in
g
sta
tem
en
ts
ab
ou
t
C
M
B
is
n
o
t

correct:

(i)
A
fter
th
e
d
ip
ole
d
isto
rtio
n
of
th
e
C
M
B
is
su
b
tracted
aw
ay,
th
e
m
ea
n
tem
-

p
eratu
re
averagin
g
over
th
e
sk
y
ishTi
=
2
:7
25
K
.

(ii)
A
fter
th
e
d
ip
ole
d
istortion
o
f
th
e
C
M
B
is
su
b
tracted
aw
ay,
th
e
ro
ot
m
ea
n

sq
u
are
tem
p
eratu
re


u
ctu
atio
n
is D�
Æ
TT �
2 E
1
=
2

=
1
:1�
1
0
�

3.

(iii)
T
h
e
d
ip
ole
d
isto
rtio
n
is
a
sim
p
le
D
op
p
ler
sh
ift,
ca
u
sed
b
y
th
e
n
et
m
otio
n
o
f

th
e
ob
server
rela
tive
to
a
fram
e
of
referen
ce
in
w
h
ich
th
e
C
M
B
is
isotro
p
ic.

(iv
)
In
th
eir
grou
n
d
b
rea
k
in
g
p
ap
er,
W
ilson
a
n
d
P
en
zias
rep
orted
th
e
m
easu
re-

m
en
t
of
an
ex
cess
tem
p
eratu
re
o
f
ab
ou
t
3
.5
K
th
a
t
w
as
iso
trop
ic,
u
n
p
o
lar-

ized
,
an
d
free
from
season
al
variation
s.
In
a
com
p
a
n
io
n
p
ap
er
w
ritten
b
y

D
icke,
P
eeb
les,
R
o
ll
an
d
W
ilk
in
so
n
,
th
e
au
th
ors
in
terp
reted
th
e
rad
iatio
n

to
b
e
a
relic
of
a
n
ea
rly,
h
o
t,
d
en
se,
an
d
op
a
q
u
e
state
o
f
th
e
u
n
iv
erse.

E
xplan
ation
:
A
fter
su
btractin
g
the
dipo
le
con
tribu
tio
n
,
the
tem
pera
tu
re



u
ctu
ation
is
abou
t
1
:1�
1
0
�

5.

(b
)
(C
M
B
ex
p
erim
en
ts)
T
h
e
cu
rren
t
m
ea
n
en
ergy
p
er
C
M
B
p
h
o
ton
,
ab
ou
t
6�

10
�

4

eV
,
is
com
p
ara
b
le
to
th
e
en
ergy
of
v
ib
ration
or
rotatio
n
for
a
sm
a
ll

m
olecu
le
su
ch
as
H
2 O
.

T
h
u
s
m
icrow
aves
w
ith
w
avelen
gth
s
sh
orter
th
an

�
�
3
cm

are
stron
gly
a
b
sorb
ed
b
y
w
ater
m
o
lecu
les
in
th
e
atm
o
sp
h
ere.
T
o

m
easu
re
th
e
C
M
B
a
t
�
<
3
cm
,
w
h
ich
on
e
of
th
e
follow
in
g
m
eth
o
d
s
is
n
o
t
a

feasib
le
solu
tion
to
th
is
p
rob
lem
?

(i)
M
easu
re
C
M
B
fro
m
h
igh
-a
ltitu
d
e
b
allo
on
s,
e.g.
M
A
X
IM
A
.

(ii)
M
easu
re
C
M
B
from
th
e
S
o
u
th
P
ole,
e.g.
D
A
S
I.

(iii)
M
easu
re
C
M
B
fro
m
th
e
N
o
rth
P
o
le,
e.g.
B
O
O
M
E
R
A
N
G
.

(iv
)
M
easu
re
C
M
B
fro
m

a
satellite
ab
ove
th
e
atm
o
sp
h
ere
o
f
th
e
E
arth
,
e.g.

C
O
B
E
,
W
M
A
P
a
n
d
P
L
A
N
C
K
.

E
xplan
ation
:
T
he
N
orth
P
ole
is
at
sea
level.
In
co
n
trast,
th
e
S
o
u
th
P
o
le

is
n
early
3
kilom
eters
a
bo
ve
sea
level.
B
O
O
M
E
R
A
N
G
is
a
balloon
-born
e

experim
en
t
lau
n
ched
from
A
n
tarctica.
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(c)
(T
em
p
eratu
re


u
ctu
ation
s)
T
h
e
creation
of
tem
p
eratu
re


u
ctu
ation
s
in
C
M
B

b
y
variation
s
in
th
e
grav
itation
al
p
oten
tia
l
is
k
n
ow
n
as
th
e
S
ach
s-W
olfe
e�
ect.

W
h
ich
on
e
of
th
e
follow
in
g
statem
en
ts
is
n
ot
correct
con
cern
in
g
th
is
e�
ect?

(i)
A
C
M
B
p
h
oton
is
red
sh
ifted
w
h
en
clim
b
in
g
ou
t
of
a
grav
itation
al
p
oten
tial

w
ell,
an
d
is
b
lu
esh
ifted
w
h
en
fallin
g
d
ow
n
a
p
oten
tial
h
ill.

(ii)
A
t
th
e
tim
e
of
last
scatterin
g,
th
e
n
on
b
aryon
ic
d
ark
m
atter
d
om
in
ated
th
e

en
ergy
d
en
sity,
an
d
h
en
ce
th
e
grav
itation
al
p
oten
tial,
of
th
e
u
n
iverse.

(iii)
T
h
e
large-scale


u
ctu
ation
s
in
C
M
B
tem
p
eratu
res
arise
from

th
e
grav
-

itation
al
e�
ect
o
f
p
rim
ord
ial
d
en
sity


u
ctu
ation
s
in
th
e
d
istrib
u
tion
of

n
on
b
a
ryon
ic
d
ark
m
atter.

(iv
)
T
h
e
p
eak
s
in
th
e
p
lot
o
f
tem
p
eratu
re


u
ctu
ation
�
T

v
s.
m
u
ltip
ole
l
are

d
u
e
to
variation
s
in
th
e
d
en
sity
o
f
n
on
b
aryon
ic
d
ark
m
atter,
w
h
ile
th
e

con
trib
u
tion
s
from
b
aryon
s
alon
e
w
ou
ld
n
ot
sh
ow
su
ch
p
eak
s.

E
xplan
ation
:
T
hese
peaks
are
du
e
to
the
acou
stic
oscillation
s
in
the
photon
-

ba
ryo
n


u
id
.

(d
)
(D
ark
m
atter
can
d
id
ates)
W
h
ich
on
e
o
f
th
e
fo
llow
in
g
is
n
ot
a
can
d
id
ate
of

n
on
b
aryon
ic
d
ark
m
atter?

(i)
m
assive
n
eu
trin
os

(ii)
ax
ion
s

(iii)
m
atter
m
ad
e
of
top
q
u
ark
s
(a
ty
p
e
o
f
q
u
ark
s
w
ith
h
eav
y
m
ass
of
ab
ou
t

171
G
eV
).

(iv
)
W
IM
P
s
(W
ea
k
ly
In
teractin
g
M
assive
P
articles)

(v
)
p
rim
ord
ial
b
lack
h
oles

E
xplan
ation
:
M
atter
m
ade
of
top
qu
arks
is
so
u
n
stable
that
it
is
seen
on
ly



eetin
gly
a
s
a
produ
ct
in
high
en
ergy
particle
collision
s.

(e)
(S
ign
atu
res
of
d
ark
m
atter)
B
y
w
h
at
m
eth
o
d
s
can
sign
atu
res
of
d
ark
m
atter

b
e
d
etected
?
L
ist
tw
o
m
eth
o
d
s.
(G
rad
in
g:
3
p
oin
ts
for
on
e
correct
an
sw
er,

5
p
oin
ts
fo
r
tw
o
correct
an
sw
ers.
If
y
ou
giv
e
m
ore
th
an
tw
o
an
sw
ers,
you
r

score
w
ill
b
e
b
ased
on
th
e
n
u
m
b
er
of
righ
t
an
sw
ers
m
in
u
s
th
e
n
u
m
b
er
of
w
ron
g

an
sw
ers,
w
ith
a
low
er
b
ou
n
d
of
zero
.)

A
n
sw
ers:

(i)
G
alaxy
rotation
cu
rves.
(I.e.,
m
easu
rem
en
ts
of
the
orbital
speed
o
f
stars

in
spira
l
ga
la
xies
a
s
a
fu
n
ctio
n
o
f
radiu
s
R
show
that
these
cu
rves
rem
ain



at
at
radii
far
beyon
d
the
visible
stellar
disk.
If
m
ost
of
the
m
atter
w
ere

co
n
ta
in
ed
in
the
disk,
then
these
velocities
sh
o
u
ld
fall
o�
as
1
= p
R
.)
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(ii)
U
se
the
virial
th
eorem

to
estim
ate
the
m
ass
of
a
ga
la
xy
clu
ster.
(F
o
r

exam
ple,
the
virial
an
alysis
show
s
tha
t
o
n
ly
2%
of
the
m
a
ss
of
the
C
o
m
a

clu
ster
con
sists
o
f
stars,
a
n
d
on
ly
10%
con
sists
of
ho
t
in
traclu
ster
ga
s.

(iii)
G
ravitation
al
len
sin
g.
(F
or
exam
p
le,
th
e
m
ass
of
a
clu
ster
ca
n
be
estim
a
ted

from
the
distortio
n
o
f
th
e
shapes
of
the
galaxies
beh
in
d
th
e
clu
ster.)

(iv)
C
M
B
tem
peratu
re


u
ctu
a
tion
s.
(I.e.,
the
an
alysis
o
f
th
e
in
ten
sity
of
th
e



u
ctu
ation
s
as
a
fu
n
ction
o
f
m
u
ltipo
le
n
u
m
ber
sho
w
s
tha
t


to
t �
1
,
a
n
d

that
d
ark
en
ergy
co
n
tribu
tes


�

�
0
:7,
baryo
n
ic
m
atter
co
n
tribu
tes


b
a
ry �

0
:04,
an
d
dark
m
a
tter
con
tribu
tes


d
a
rk
m
a
tte
r �
0
:26
.)

T
here
are
other
possible
an
sw
ers
as
w
ell,
bu
t
these
are
th
e
on
es
discu
ssed
by

R
yden
in
C
hapters
8
a
n
d
9.

P
R
O
B
L
E
M

2
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(25
poin
ts)

(a)
(10
poin
ts)
T
h
is
q
u
estio
n
con
cern
s
som
e
n
u
m
b
ers
related
to
th
e
cosm
ic
m
i-

crow
ave
b
ack
grou
n
d
(C
M
B
)
th
at
on
e
sh
ou
ld
n
ev
er
forget.
S
tate
th
e
valu
es
o
f

th
ese
n
u
m
b
ers,
to
w
ith
in
an
o
rd
er
of
m
ag
n
itu
d
e
u
n
less
o
th
erw
ise
stated
.
In
all

cases
th
e
q
u
estion
refers
to
th
e
p
resen
t
valu
e
of
th
ese
q
u
an
tities.

(i)
T
h
e
average
tem
p
era
tu
re
T
of
th
e
C
M
B
(to
w
ith
in
10
%
).
2
:7
25
K

(ii)
T
h
e
sp
eed
of
th
e
L
o
cal
G
rou
p
w
ith
resp
ect
to
th
e
C
M
B
,
ex
p
ressed
a
s
a

fraction
v
=
c
of
th
e
sp
eed
of
ligh
t.
(T
h
e
sp
eed
of
th
e
L
o
ca
l
G
rou
p
is
fou
n
d

b
y
m
easu
rin
g
th
e
d
ip
ole
p
attern
o
f
th
e
C
M
B
tem
p
era
tu
re
to
d
eterm
in
e

th
e
velo
city
of
th
e
sp
acecraft
w
ith
resp
ect
to
th
e
C
M
B
,
an
d
th
en
rem
ov
in
g

sp
acecraft
m
otion
,
th
e
o
rb
ita
l
m
otio
n
of
th
e
E
a
rth
ab
ou
t
th
e
S
u
n
,
th
e
S
u
n

ab
ou
t
th
e
g
alax
y,
a
n
d
th
e
g
ala
x
y
rela
tive
to
th
e
cen
ter
o
f
m
ass
of
th
e
L
o
ca
l

G
rou
p
.)

T
he
d
ipole
an
iso
tro
p
y
correspon
ds
to
a
\
pecu
liar
velocity"
(tha
t
is,
velocity

w
hich
is
n
ot
du
e
to
the
expan
sion
of
the
u
n
iverse)
o
f
6
3
0�
20
k
m
s
�

1,
or

in
term
s
o
f
the
speed
of
light,
v
=
c�
2�
10
�

3
.

(iii)
T
h
e
in
trin
sic
relative
tem
p
eratu
re


u
ctu
atio
n
s
�
T
=
T
,
a
fter
rem
ov
in
g
th
e

d
ip
ole
an
isotrop
y
co
rresp
on
d
in
g
to
th
e
m
o
tion
of
th
e
ob
serv
er
relative
to

th
e
C
M
B
.
1
:1�
10
�

5

(iv
)
T
h
e
ratio
of
b
a
ryon
n
u
m
b
er
d
en
sity
to
p
h
oton
n
u
m
b
er
d
en
sity,
�
=

n
b
a
ry =
n


.

T
he
W
M
A
P
5-yea
r
valu
e
for
�
=

n
b =
n



=

(6
:225�
0
:1
70)�
10
�

1
0
,

w
hich
to
closest
o
rder
of
m
agn
itu
de
is
10
�

9.
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(v
)
T
h
e
a
n
gu
lar
size
�
H
,
in
d
egrees,
corresp
on
d
in
g
to
w
h
at
w
as
th
e
H
u
b
b
le

d
istan
ce
c=
H
at
th
e
su
rface
o
f
last
scatterin
g.
T
h
is
an
sw
er
m
u
st
b
e
w
ith
in

a
fa
cto
r
o
f
3
to
b
e
co
rrect.
�
1
Æ

(b
)
(3
poin
ts)
B
ecau
se
p
h
oton
s
ou
tn
u
m
b
er
b
a
ryon
s
b
y
so
m
u
ch
,
th
e
ex
p
on
en
tial

tail
of
th
e
p
h
oton
b
lack
b
o
d
y
d
istrib
u
tion
is
im
p
o
rtan
t
in
ion
izin
g
h
y
d
rogen

w
ell
after
k
T


falls
b
elow
Q
H

=
13
:6
eV
.
W
h
at
is
th
e
ratio
k
T


=
Q
H

w
h
en
th
e

ion
ization
fraction
o
f
th
e
u
n
iverse
is
1
=2
?

(i)
1
=
5

(ii)
1
=5
0

(iii)
1
0
�

3

(iv
)
1
0
�

4

(v
)
10
�

5

T
his
is
n
ot
a
n
u
m
ber
o
n
e
h
a
s
to
com
m
it
to
m
em
ory
if
on
e
can
rem
em
ber

the
tem
pera
tu
re
of
(re)com
bin
ation
in
eV
,
or
if
on
ly
in
K
alon
g
w
ith
the

con
version
factor
(k
�
10
�

4
eV
K
�

1).
O
n
e
ca
n
then
calcu
late
that
n
ear

recom
bin
ation
,
k
T


=
Q
H

�
(1
0
�

4
eV
K
�

1)(3000
K
)=(13
:6
eV
)�
1
=45.

(c)
(2
poin
ts)
W
h
ich
of
th
e
follow
in
g
d
escrib
es
th
e
S
ach
s-W
olfe
e�
ect?

(i)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t

ap
p
ear
red
d
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.

(ii)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t

ap
p
ear
b
lu
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.

(iii)
P
h
o
to
n
s
fro
m

overd
en
se
region
s
at
th
e
su
rface
of
last
scatterin
g
ap
p
ear

red
d
er
b
ecau
se
th
ey
m
u
st
clim
b
o
u
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

(iv
)
P
h
o
to
n
s
fro
m

overd
en
se
region
s
at
th
e
su
rface
of
last
scatterin
g
ap
p
ear

b
lu
er
b
ecau
se
th
ey
m
u
st
clim
b
o
u
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

(v
)
P
h
oton
s
trav
elin
g
tow
ard
u
s
from

th
e
su
rface
of
last
scatterin
g
ap
p
ear

red
d
er
b
ecau
se
of
ab
sorp
tion
in
th
e
in
tergalactic
m
ed
iu
m
.

(v
i)
P
h
oton
s
trav
elin
g
tow
ard
u
s
from

th
e
su
rface
of
last
scatterin
g
ap
p
ear

b
lu
er
b
ecau
se
of
ab
sorp
tion
in
th
e
in
tergalactic
m
ed
iu
m
.

E
xplan
ation
:
D
en
ser
region
s
have
a
deeper
(m
o
re
n
egative)
gravitation
al

poten
tial.
P
hoton
s
w
hich
tra
vel
th
rou
gh
a
spatially
varyin
g
poten
tial
ac-

qu
ire
a
redshift
or
blu
eshift
depen
din
g
on
w
hether
they
are
goin
g
u
p
or
dow
n

the
poten
tial,
respectively.
P
hoton
s
origin
atin
g
in
the
den
ser
region
s
start

at
a
low
er
poten
tial
an
d
m
u
st
clim
b
ou
t,
so
they
en
d
u
p
bein
g
redshifted

relative
to
their
origin
al
en
ergies.

(d
)
(10
poin
ts)
F
o
r
ea
ch
o
f
th
e
follow
in
g
statem
en
ts,
say
w
h
eth
er
it
is
tru
e
or
false:

(i)
D
ark
m
atter
in
teracts
th
rou
gh
th
e
g
rav
itation
al,
w
eak
,
an
d
electrom
ag-

n
etic
forces.

T

or
F
?
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(ii)
T
h
e
v
irial
th
eorem
can
b
e
a
p
p
lied
to
a
clu
ster
of
g
alax
ies
to
�
n
d
its
total

m
ass,
m
ost
of
w
h
ich
is
d
ark
m
atter.

T

or
F
?

(iii)
N
eu
trin
os
are
th
o
u
gh
t
to
com
p
rise
a
sign
i�
ca
n
t
fraction
of
th
e
en
ergy
d
en
-

sity
of
d
ark
m
atter.

T

o
r
F
?

(iv
)
M
agn
etic
m
on
op
oles
are
th
ou
gh
t
to
com
p
rise
a
sign
i�
ca
n
t
fractio
n
of
th
e

en
ergy
d
en
sity
o
f
d
ark
m
atter.

T

or
F
?

(v
)
L
en
sin
g
ob
serva
tio
n
s
h
ave
sh
ow
n
th
a
t
M
A
C
H
O
s
ca
n
n
o
t
acco
u
n
t
for
th
e

d
ark
m
atter
in
ga
lactic
h
alos,
b
u
t
th
a
t
as
m
u
ch
as
2
0%
of
th
e
h
alo
m
ass

cou
ld
b
e
in
th
e
fo
rm
of
M
A
C
H
O
s.

T

or
F
?

P
R
O
B
L
E
M

3
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(3
5
poin
ts)

(a)
(5
poin
ts)
R
y
d
en
su
m
m
arizes
th
e
resu
lts
o
f
th
e
C
O
B
E
sa
tellite
ex
p
erim
en
t
fo
r

th
e
m
easu
rem
en
ts
of
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
(C
M
B
)
in
th
e
form
of

th
ree
im
p
ortan
t
resu
lts.
T
h
e
�
rst
w
as
th
a
t,
in
a
n
y
p
articu
lar
d
irectio
n
of
th
e

sk
y,
th
e
sp
ectru
m
of
th
e
C
M
B
is
v
ery
clo
se
to
th
at
of
an
id
eal
b
lack
b
o
d
y.
T
h
e

F
IR
A
S
in
stru
m
en
t
on
th
e
C
O
B
E
satellite
cou
ld
h
ave
d
etected
d
ev
ia
tion
s
fro
m

th
e
b
lack
b
o
d
y
sp
ectru
m
as
sm
all
as
�
�=
��
10
�

n
,
w
h
ere
n
is
an
in
teger.
T
o

w
ith
in
�
1,
w
h
at
is
n
?

A
n
sw
er:
n
=
4

(b
)
(5
poin
ts)
T
h
e
secon
d
resu
lt
w
as
th
e
m
easu
rem
en
t
of
a
d
ip
ole
d
istortio
n
of

th
e
C
M
B
sp
ectru
m
;
th
a
t
is,
th
e
rad
iation
is
sligh
tly
b
lu
esh
ifted
to
h
igh
er
tem
-

p
eratu
res
in
on
e
d
irection
,
an
d
sligh
tly
red
sh
ifted
to
low
er
tem
p
eratu
res
in

th
e
op
p
osite
d
irection
.
T
o
w
h
a
t
p
h
y
sical
e�
ect
w
a
s
th
is
d
ip
o
le
d
istortion
a
t-

trib
u
ted
?

A
n
sw
er:
T
h
e
large
d
ip
o
le
in
th
e
C
M
B
is
attrib
u
ted
to
th
e
m
o
tion
of
th
e
sa
tellite

relativ
e
to
th
e
fram
e
in
w
h
ich
th
e
C
M
B
is
very
n
early
iso
trop
ic.
(T
h
e
en
tire

L
o
cal
G
rou
p
is
m
ov
in
g
rela
tiv
e
to
th
is
fram
e
at
a
sp
eed
of
ab
ou
t
0.00
2
c.)

(c)
(5
poin
ts)
T
h
e
th
ird
resu
lt
con
cern
ed
th
e
m
easu
rem
en
t
of
tem
p
era
tu
re


u
ctu
-

ation
s
after
th
e
d
ip
ole
fea
tu
re
m
en
tion
ed
ab
ove
w
as
su
b
tracted
o
u
t.
D
e�
n
in
g

ÆTT
(�;�
)�
T
(�;�
)�
hTi

hTi

;

w
h
erehTi
=
2
:725
K
,
th
e
average
valu
e
of
T
,
th
ey
fo
u
n
d
a
ro
ot
m
ean
sq
u
are



u
ctu
ation
,

*�
ÆTT �
2 +
1
=
2

;
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R
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6

p
.
2
9

eq
u
a
l
to
so
m
e
n
u
m
b
er.
T
o
w
ith
in
an
ord
er
of
m
agn
itu
d
e,
w
h
at
w
as
th
at
n
u
m
-

b
er?

A
n
sw
er:

*�
ÆTT �
2 +
1
=
2

=
1
:1�
10
�

5
:

(d
)
(5
poin
ts)
W
h
ich
of
th
e
follow
in
g
d
escrib
es
th
e
S
ach
s-W
olfe
e�
ect?

(i)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t

ap
p
ear
red
d
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.

(ii)
P
h
oton
s
from


u
id
w
h
ich
h
ad
a
velo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t

ap
p
ear
b
lu
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.

(iii)
P
h
o
to
n
s
fro
m

overd
en
se
region
s
at
th
e
su
rface
of
last
scatterin
g
ap
p
ear

red
d
er
b
ecau
se
th
ey
m
u
st
clim
b
o
u
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

(iv
)
P
h
o
to
n
s
fro
m

overd
en
se
region
s
at
th
e
su
rface
of
last
scatterin
g
ap
p
ear

b
lu
er
b
ecau
se
th
ey
m
u
st
clim
b
o
u
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

(v
)
P
h
oton
s
trav
elin
g
tow
ard
u
s
from

th
e
su
rface
of
last
scatterin
g
ap
p
ear

red
d
er
b
ecau
se
of
ab
sorp
tion
in
th
e
in
tergalactic
m
ed
iu
m
.

(v
i)
P
h
oton
s
trav
elin
g
tow
ard
u
s
from

th
e
su
rface
of
last
scatterin
g
ap
p
ear

b
lu
er
b
ecau
se
of
ab
sorp
tion
in
th
e
in
tergalactic
m
ed
iu
m
.

(e)
(5
poin
ts)
T
h
e


atn
ess
p
rob
lem
refers
to
th
e
ex
trem
e
�
n
e-tu
n
in
g
th
at
is
n
eed
ed

in


a
t
early
tim
es,
in
ord
er
for
it
to
b
e
as
close
to
1
to
d
ay
as
w
e
o
b
serve.

S
tartin
g
w
ith
th
e
a
ssu
m
p
tion
th
at


to
d
ay
is
eq
u
al
to
1
w
ith
in
ab
ou
t
1%
,
on
e

con
clu
d
es
th
at
at
on
e
secon
d
after
th
e
b
ig
b
an
g,

j

�
1jt=
1
se
c
<
10
�

m

;

w
h
ere
m
is
a
n
in
teg
er.
T
o
w
ith
in
�
3,
w
h
at
is
m
?

A
n
sw
er:
m
=
18.
(S
ee
th
e
d
erivation
in
L
ectu
re
N
otes
8.)

(f)
(5
poin
ts)
T
h
e
total
en
ergy
d
en
sity
of
th
e
p
resen
t
u
n
iverse
con
sists
m
ain
ly
of

b
aryon
ic
m
atter,
d
ark
m
atter,
an
d
d
ark
en
ergy.
G
ive
th
e
p
ercen
tages
of
each
,

accord
in
g
to
th
e
b
est
�
t
ob
tain
ed
from
th
e
P
lan
ck
2013
d
ata.
Y
ou
w
ill
get
fu
ll

cred
it
if
th
e
�
rst
(b
aryon
ic
m
atter)
is
accu
rate
to�
2%
,
an
d
th
e
oth
er
tw
o
a
re

accu
rate
to
w
ith
in
�
5%
.

A
n
sw
er:
B
aryon
ic
m
atter:
5%
.
D
ark
m
atter:
26.5%
.
D
ark
en
ergy
:
68.5%
.

T
h
e
P
lan
ck
20
13
n
u
m
b
ers
w
ere
given
in
L
ectu
re
N
otes
7.
T
o
th
e
req
u
ested

accu
racy,
h
ow
ever,
n
u
m
b
ers
su
ch
as
R
y
d
en
's
B
en
ch
m
ark
M
o
d
el
w
ou
ld
also
b
e

satisfactory.

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
3
0

(g)
(5
poin
ts)
W
ith
in
th
e
co
n
ven
tio
n
al
h
o
t
b
ig
b
a
n
g
cosm
olo
gy
(w
ith
ou
t
in


atio
n
),

it
is
d
iÆ
cu
lt
to
u
n
d
ersta
n
d
h
ow
th
e
tem
p
era
tu
re
of
th
e
C
M
B
can
b
e
co
rrelated

at
an
gu
lar
sep
aration
s
th
at
a
re
so
large
th
at
th
e
p
oin
ts
on
th
e
su
rface
o
f
la
st

scatterin
g
w
as
sep
arated
from
each
oth
er
b
y
m
o
re
th
an
a
h
orizon
d
istan
ce.
A
p
-

p
rox
im
ately
w
h
at
an
g
le,
in
d
egrees,
corresp
o
n
d
s
to
a
sep
aration
on
th
e
su
rface

last
scatterin
g
of
on
e
h
o
rizon
len
gth
?
Y
ou
w
ill
get
fu
ll
cred
it
if
you
r
an
sw
er
is

righ
t
to
w
ith
in
a
factor
of
2.

A
n
sw
er:
R
y
d
en
gives
1
Æ

as
th
e
an
gle
su
b
ten
d
ed
b
y
th
e
H
u
b
b
le
len
gth
on
th
e

su
rface
of
last
scatterin
g
.
F
or
a
m
atter-d
om
in
ated
u
n
iv
erse,
w
h
ich
w
ou
ld
b
e

a
g
o
o
d
m
o
d
el
for
o
u
r
u
n
iverse,
th
e
h
orizon
len
g
th
is
tw
ice
th
e
H
u
b
b
le
len
gth
.

A
n
y
n
u
m
b
er
from
1
Æ

to
5
Æ

w
a
s
con
sid
ered
accep
tab
le.

P
R
O
B
L
E
M

4
:

N
U
M
B
E
R

D
E
N
S
IT
IE
S

IN

T
H
E

C
O
S
M
IC

B
A
C
K
-

G
R
O
U
N
D

R
A
D
IA
T
IO
N

In
gen
eral,
th
e
n
u
m
b
er
d
en
sity
of
a
p
article
in
th
e
b
lack
-b
o
d
y
rad
ia
tion
is
giv
en

b
y

n
=
g
�

�(3)
�
2 �
k
T�h

c �
3

F
or
p
h
oton
s,
on
e
h
as
g
�

=
2.
T
h
en

k
=
1
:381�
10
�

1
6erg
=
ÆK

T
=
2
:7
ÆK

�h
=
1
:055�
10
�

2
7erg-sec

c
=
2
:998�
10
1
0cm
/sec 9>>>>>=>>>>>;

=)

�
k
T�h

c �
3

=
1
:638�
1
0
3cm
�

3
:

T
h
en
u
sin
g
�(3)'
1
:202
,
on
e
�
n
d
s

n


=
39
9
=cm
3
:

F
or
th
e
n
eu
trin
os,

g
��
=
2�
34

=
32

p
er
sp
ecies.

T
h
e
factor
of
2
is
to
acco
u
n
t
for
�
an
d
��,
a
n
d
th
e
factor
of
3/
4
arises
fro
m
th
e

P
au
li
ex
clu
sion
p
rin
cip
le.
S
o
for
th
ree
sp
ecies
of
n
eu
trin
os
on
e
h
as

g
��
=
92

:
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p
.
3
1

U
sin
g
th
e
resu
lt

T
3�

=

411
T
3


from
P
rob
lem
8
of
P
rob
lem
S
et
3
(2000),
on
e
�
n
d
s

n
�
= �
g
��

g
�
 ��
T
�

T

 �

3
n



= �
94 ��
411 �

399cm
�

3

=)

n
�
=
326
=cm
3
(fo
r
a
ll
th
ree
sp
ecies
com
b
in
ed
).

P
R
O
B
L
E
M

5
:
P
R
O
P
E
R
T
IE
S
O
F
B
L
A
C
K
-B
O
D
Y

R
A
D
IA
T
IO
N

(a)
T
h
e
av
erage
en
ergy
p
er
p
h
oton
is
fou
n
d
b
y
d
iv
id
in
g
th
e
en
ergy
d
en
sity
b
y
th
e

n
u
m
b
er
d
en
sity.
T
h
e
p
h
oton
is
a
b
oson
w
ith
tw
o
sp
in
states,
so
g
=
g
�

=
2.

U
sin
g
th
e
form
u
las
on
th
e
fron
t
o
f
th
e
ex
am
,

E
=

g
�
2

30
(k
T
)
4

(�h
c)
3

g
�

�
(3
)

�
2

(k
T
)
3

(�h
c)
3

=

�
4

30
�
(3)
k
T
:

Y
ou
w
ere
n
o
t
ex
p
ected
to
evalu
ate
th
is
n
u
m
erically,
b
u
t
it
is
in
terestin
g
to

k
n
ow
th
at

E
=
2
:701
k
T
:

N
ote
th
at
th
e
av
erage
en
ergy
p
er
p
h
oton
is
sign
i�
can
tly
m
ore
th
an
k
T
,
w
h
ich

is
often
u
sed
as
a
rou
gh
estim
ate.

(b
)
T
h
e
m
eth
o
d
is
th
e
sam
e
as
ab
ove,
ex
cep
t
th
is
tim
e
w
e
u
se
th
e
form
u
la
for
th
e

en
tro
p
y
d
en
sity
:

S
=

g
2
�
2

45

k
4T
3

(�h
c)
3

g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

2
�
4

45
�
(3
)
k
:
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R
O
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p
.
3
2

N
u
m
erically,
th
is
gives
3
:6
02
k
,
w
h
ere
k
is
th
e
B
oltzm
an
n
co
n
sta
n
t.

(c)
In
th
is
case
w
e
w
ou
ld
h
ave
g
=
g
�

=
1
.
T
h
e
averag
e
en
ergy
p
er
p
a
rticle
an
d

th
e
average
en
trop
y
p
a
rticle
d
ep
en
d
s
on
ly
on
th
e
ratio
g
=
g
�,
so
th
ere
w
ou
ld
b
e

n
o
d
i�
eren
ce
from
th
e
a
n
sw
ers
giv
en
in
p
a
rts
(a)
a
n
d
(b
).

(d
)
F
or
a
ferm
ion
,
g
is
7/
8
tim
es
th
e
n
u
m
b
er
o
f
sp
in
sta
tes,
a
n
d
g
�

is
3/4
tim
es
th
e

n
u
m
b
er
of
sp
in
states.
S
o
th
e
average
en
ergy
p
er
p
article
is

E
=

g
�
2

30
(k
T
)
4

(�h
c)
3

g
�

�
(3
)

�
2

(k
T
)
3

(�h
c)
3

=

78
�
2

30
(k
T
)
4

(�h
c)
3

34
�
(3
)

�
2

(k
T
)
3

(�h
c)
3

=

7
�
4

1
80
�
(3
)
k
T
:

N
u
m
erically,
E
=
3
:15
14
k
T
.

W
arn
in
g:
th
e
M
ath
em
atician
G
en
eral
h
as
d
eterm
in
ed

th
at
th
e
m
em
oriza
tion
of
th
is
n
u
m
b
er
m
ay
ad
v
ersely

a�
ect
you
r
a
b
ility
to
rem
em
b
er
th
e
valu
e
o
f
�
.

If
on
e
takes
in
to
accou
n
t
b
oth
n
eu
trin
o
s
an
d
an
tin
eu
trin
os,
th
e
av
erag
e
en
ergy

p
er
p
article
is
u
n
a�
ected
|

th
e
en
ergy
d
en
sity
a
n
d
th
e
total
n
u
m
b
er
d
en
sity

are
b
oth
d
ou
b
led
,
b
u
t
th
eir
ratio
is
u
n
ch
an
ged
.

N
ote
th
at
th
e
en
ergy
p
er
p
article
is
h
igh
er
fo
r
ferm
io
n
s
th
a
n
it
is
for
b
oson
s.

T
h
is
resu
lt
can
b
e
u
n
d
ersto
o
d
as
a
n
atu
ral
co
n
seq
u
en
ce
of
th
e
fact
th
at
ferm
io
n
s

m
u
st
ob
ey
th
e
ex
clu
sio
n
p
rin
cip
le,
w
h
ile
b
o
son
s
d
o
n
o
t.
L
a
rge
n
u
m
b
ers
o
f

b
oson
s
can
th
erefore
collect
in
th
e
low
est
en
ergy
lev
els.
In
ferm
io
n
sy
stem
s,

on
th
e
oth
er
h
an
d
,
th
e
low
-ly
in
g
levels
can
a
ccom
m
o
d
ate
a
t
m
ost
on
e
p
a
rticle,

an
d
th
en
ad
d
ition
al
p
articles
are
fo
rced
to
h
ig
h
er
en
ergy
levels.
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.
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(e)
T
h
e
va
lu
es
o
f
g
an
d
g
�

are
again
7
/8
an
d
3/4
resp
ectiv
ely,
so

S
=

g
2
�
2

45

k
4T
3

(�h
c)
3

g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

78
2
�
2

45

k
4T
3

(�h
c)
3

34
�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

7
�
4

135
�
(3)
k
:

N
u
m
erically,
th
is
gives
S
=
4
:2
0
2
k
.

P
R
O
B
L
E
M

6
:
A

N
E
W

S
P
E
C
IE
S
O
F
L
E
P
T
O
N

a)
T
h
e
n
u
m
b
er
d
en
sity
is
giv
en
b
y
th
e
form
u
la
a
t
th
e
start
of
th
e
ex
am
,

n
=
g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

:

S
in
ce
th
e
8.286ion
is
like
th
e
electron
,
it
h
as
g
�

=
3;
th
ere
are
2
sp
in
states

for
th
e
p
articles
an
d
2
for
th
e
an
tip
articles,
giv
in
g
4,
an
d
th
en
a
factor
of
3/4

b
ecau
se
th
e
p
articles
are
ferm
ion
s.
S
o

T
h
en

A
n
sw
er
=
3
�
(3
)

�
2

� �

3�
10
6�
10
2

6
:582�
10
�

1
6�
2
:998�
10
1
0 �

3

:
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p
.
3
4

Y
ou
w
ere
n
ot
asked
to
evalu
a
te
th
is
ex
p
ression
,
b
u
t
th
e
an
sw
er
is
1
:29�
1
0
3
9.

b
)
F
or
a


at
cosm
ology
�
=
0
a
n
d
on
e
of
th
e
E
in
stein
eq
u
ation
s
b
ecom
es

�
_aa �
2

=
8
�3

G
�
:

D
u
rin
g
th
e
rad
iation
-d
om
in
ated
era
a
(t)/
t
1
=
2,
as
claim
ed
on
th
e
fron
t
cover

of
th
e
ex
am
.
S
o,

_aa
=

12
t
:

U
sin
g
th
is
in
th
e
ab
ov
e
eq
u
a
tion
giv
es

14
t
2

=
8
�3

G
�
:

S
olve
th
is
for
�
,

�
=

3

32
�
G
t
2

:

T
h
e
q
u
estion
ask
s
th
e
va
lu
e
o
f
�
at
t
=

0
:01
sec.

W
ith
G

=

6
:6
7
32�

10
�

8
cm
3
sec
�

2
g
�

1,
th
en

�
=

3

3
2
��
6
:673
2�
10
�

8�
(0
:01)
2

in
u
n
its
o
f
g
=cm
3.
Y
ou
w
eren
't
asked
to
p
u
t
th
e
n
u
m
b
ers
in
,
b
u
t,
fo
r
referen
ce,

d
oin
g
so
g
ives
�
=
4
:4
7�
10
9
g
=
cm
3.

c)
T
h
e
m
ass
d
en
sity
�
=
u
=
c
2,
w
h
ere
u
is
th
e
en
erg
y
d
en
sity.
T
h
e
en
ergy
d
en
sity

for
b
lack
-b
o
d
y
rad
ia
tio
n
is
given
in
th
e
ex
am
,

u
=
�
c
2
=
g
�
2

30
(k
T
)
4

(�h
c)
3

:

W
e
can
u
se
th
is
in
fo
rm
a
tion
to
so
lve
fo
r
k
T
in
term
s
of
�
(t)
w
h
ich
w
e
fo
u
n
d

ab
ove
in
p
art
(b
).
A
t
a
tim
e
of
0.01
sec,
g
h
as
th
e
follow
in
g
con
trib
u
tio
n
s:

P
h
oton
s:

g
=
2

e
+
e
�

:

g
=
4�
78
=
3
12

�
e ;�
�
;�
�
:

g
=
6�
78
=
5
14

8
:286
io
n�
an
ti8
:28
6ion

g
=
4�
78
=
3
12
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.
3
5

g
to
t
=
14
14

:

S
olv
in
g
for
k
T
in
term
s
of
�
gives

k
T
= �
30

�
2

1
g
to
t �h

3c
5� �
1
=
4

:

U
sin
g
th
e
resu
lt
for
�
from
p
art
(b
)
as
w
ell
as
th
e
list
of
fu
n
d
am
en
tal
con
stan
ts

from
th
e
cover
sh
eet
of
th
e
ex
am
gives

k
T
= �
90�
(1
:055�
10
�

2
7)
3�
(2
:998�
10
1
0)
5

1
4
:24�
32
�
3�
6
:6
7
3
2�
10
�

8�
(0
:0
1
)
2 �

1
=
4

�

1

1
:602�
10
�

6

w
h
ere
th
e
an
sw
er
is
giv
en
in
u
n
its
of
M
eV
.
P
u
ttin
g
in
th
e
n
u
m
b
ers
y
ield
s

k
T
=
8
:02
M
eV
.

d
)
T
h
e
p
ro
d
u
ction
of
h
eliu
m

is
in
creased
.
A
t
a
n
y
given
tem
p
eratu
re,
th
e
ad
d
i-

tion
al
p
article
in
creases
th
e
en
ergy
d
en
sity.
S
in
ce
H

/
�
1
=
2,
th
e
in
creased

en
erg
y
d
en
sity
sp
eed
s
th
e
ex
p
an
sion
of
th
e
u
n
iverse|

th
e
H
u
b
b
le
con
stan
t
at

an
y
g
iv
en
tem
p
eratu
re
is
h
igh
er
if
th
e
ad
d
ition
al
p
article
ex
ists,
an
d
th
e
tem
-

p
eratu
re
falls
faster.
T
h
e
w
eak
in
teraction
s
th
at
in
tercon
vert
p
roton
s
a
n
d
n
eu
-

tron
s
\
freeze
ou
t"
w
h
en
th
ey
can
n
o
lon
ger
keep
u
p
w
ith
th
e
rate
of
evolu
tion

of
th
e
u
n
iverse.
T
h
e
reaction
rates
at
a
given
tem
p
eratu
re
w
ill
b
e
u
n
a�
ected

b
y
th
e
ad
d
ition
al
p
article,
b
u
t
th
e
h
igh
er
va
lu
e
o
f
H

w
ill
m
ean
th
at
th
e
tem
-

p
eratu
re
at
w
h
ich
th
ese
rates
can
n
o
lon
ger
keep
p
ace
w
ith
th
e
u
n
iverse
w
ill

o
ccu
r
so
on
er.
T
h
e
freeze-ou
t
w
ill
th
erefore
o
ccu
r
at
a
h
igh
er
tem
p
eratu
re.
T
h
e

eq
u
ilib
riu
m
valu
e
of
th
e
ratio
of
n
eu
tron
to
p
roton
d
en
sities
is
larger
at
h
igh
er

tem
p
era
tu
res:
n
n
=
n
p

/
ex
p
(�
�
m
c
2=
k
T
),
w
h
ere
n
n

an
d
n
p

are
th
e
n
u
m
b
er

d
en
sities
of
n
eu
tron
s
a
n
d
p
roton
s,
an
d
�
m
is
th
e
n
eu
tron
-p
roton
m
ass
d
i�
er-

en
ce.
C
on
seq
u
en
tly,
th
ere
are
m
ore
n
eu
tron
s
p
resen
t
to
com
b
in
e
w
ith
p
roton
s

to
b
u
ild
h
eliu
m
n
u
clei.
In
ad
d
ition
,
th
e
faster
evolu
tion
rate
im
p
lies
th
at
th
e

tem
p
era
tu
re
a
t
w
h
ich
th
e
d
eu
teriu
m
b
ottlen
eck
b
reak
s
is
reach
ed
so
on
er.
T
h
is

im
p
lies
th
at
few
er
n
eu
tron
s
w
ill
h
ave
a
ch
an
ce
to
d
ecay,
fu
rth
er
in
creasin
g
th
e

h
eliu
m
p
ro
d
u
ction
.

e)
A
fter
th
e
n
eu
trin
os
d
ecou
p
le,
th
e
en
trop
y
in
th
e
n
eu
trin
o
b
ath
is
con
served

sep
a
ra
tely
fro
m
th
e
en
trop
y
in
th
e
rest
of
th
e
rad
iation
b
ath
.
J
u
st
after
n
eu
-

trin
o
d
ecou
p
lin
g,
all
o
f
th
e
p
articles
in
eq
u
ilib
riu
m
are
d
escrib
ed
b
y
th
e
sam
e

tem
p
era
tu
re
w
h
ich
co
ols
as
T
/
1
=
a
.
T
h
e
en
trop
y
in
th
e
b
ath
of
p
articles
still

in
eq
u
ilib
riu
m
ju
st
after
th
e
n
eu
trin
os
d
ecou
p
le
is

S
/
g
re
st T
3(t)a
3(t)

8
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R
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R
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O
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S
,
F
A
L
L
2
0
1
6

p
.
3
6

w
h
ere
g
re
st
=
g
to
t �
g
�

=
9
.
B
y
to
d
ay,
th
e
e
+

�
e
�

p
a
irs
an
d
th
e
8
.286
io
n
-

an
ti8.286ion
p
airs
h
av
e
a
n
n
ih
ila
ted
,
th
u
s
tran
sferrin
g
th
eir
en
tro
p
y
to
th
e
p
h
o-

ton
b
ath
.
A
s
a
resu
lt
th
e
tem
p
eratu
re
of
th
e
p
h
oton
b
ath
is
in
crea
sed
relative

to
th
at
of
th
e
n
eu
trin
o
b
ath
.
F
rom
con
serva
tio
n
o
f
en
tro
p
y
w
e
h
av
e
th
a
t
th
e

en
trop
y
after
an
n
ih
ilation
s
is
eq
u
al
to
th
e
en
trop
y
b
efo
re
an
n
ih
ilation
s

g


T
3

a
3(t)
=
g
re
st T
3(t)a
3(t)
:

S
o,

T



T
(t)
= �
g
re
st

g

 �

1
=
3

:

S
in
ce
th
e
n
eu
trin
o
tem
p
eratu
re
w
as
eq
u
al
to
th
e
tem
p
eratu
re
b
efo
re
an
n
ih
ila
-

tion
s,
w
e
h
ave
th
at

T
�

T



= �
29 �
1
=
3

:

P
R
O
B
L
E
M

7
:
A

N
E
W

T
H
E
O
R
Y

O
F
T
H
E
W
E
A
K

IN
T
E
R
A
C
T
IO
N
S

(40
poin
ts)

(a)
In
th
e
stan
d
ard
m
o
d
el,
th
e
b
lack
-b
o
d
y
rad
iation
at
k
T
�
200
M
eV
con
ta
in
s

th
e
follow
in
g
con
trib
u
tion
s:

P
h
oto
n
s:

g
=
2

e
+
e
�

:

g
=
4�
78
=
3
12

�
e ;�
�
;�
� :

g
=
6�
78
=
5
14

�
+
�
�

:

g
=
4�
78
=
3
12

�
+
�
�

�
0

g
=
3

9>>>>>>>=>>>>>>>;
g
T
O
T

=
17
14

T
h
e
m
ass
d
en
sity
is
th
en
g
iven
b
y

�
=

uc
2
=
g
T
O
T
�
2

30
(k
T
)
4

�h
3c
5

:

In
k
g/m
3,
on
e
can
eva
lu
a
te
th
is
ex
p
ression
b
y

�
= �
17
14 �
�
2

3
0 �

2
00�
10
6
eV
�
1
:602�
1
0
�

1
9
J

eV

�
4

(1
:0
5
5�
1
0
�

3
4
J
-s)
3
(2
:9
98�
10
8
m
/s)
5

:



8
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8
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Q
U
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3
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
3
7

C
h
eck
in
g
th
e
u
n
its,

[�
]
=

J
4

J
3-s
3-m
5-s
�

5

=
J
-s
2

m
5

= �k
g-m
2-s
�

2 �
s
2

m
5

=
k
g/m
3
:

S
o,
th
e
�
n
al
an
sw
er
w
o
u
ld
b
e

�
= �
17
14 �
�
2

3
0 �2

0
0�
1
0
6�
1
:602�
10
�

1
9 �
4

(1
:0
5
5�
10
�

3
4)
3
(2
:9
9
8�
10
8)
5
k
g

m
3

:

Y
ou
w
ere
n
o
t
ex
p
ected
to
evalu
ate
th
is,
b
u
t
w
ith
a
calcu
lator
on
e
w
ou
ld
�
n
d

�
=
2
:1
0�
10
1
8
k
g/m
3
:

In
g/cm
3,
o
n
e
w
o
u
ld
evalu
ate
th
is
ex
p
ression
b
y

�
= �
17
14 �
�
2

30

�
200�
1
0
6
eV
�
1
:602�
10
�

1
2
erg

eV

�
4

(1
:055�
10
�

2
7
erg-s)
3
(2
:998�
1
0
1
0
cm
/s)
5

:

C
h
eck
in
g
th
e
u
n
its,

[�
]
=

erg
4

erg
3-s
3-cm
5-s
�

5
=
erg-s
2

cm
5

= �g-cm
2-s
�

2 �
s
2

cm
5

=
g/cm
3
:

S
o,
in
th
is
case
th
e
�
n
al
an
sw
er
w
ou
ld
b
e

�
= �
17
14 �
�
2

30 �200�
1
0
6�
1
:602�
10
�

1
2 �
4

(1
:0
5
5�
10
�

2
7)
3
(2
:998�
10
1
0)
5

g
cm
3

:

N
o
evalu
ation
w
as
req
u
ested
,
b
u
t
w
ith
a
calcu
lator
you
w
ou
ld
�
n
d

�
=
2
:10�
10
1
5
g/cm
3
;

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
3
8

w
h
ich
a
grees
w
ith
th
e
a
n
sw
er
ab
ove.

N
ote:

A

com
m
on

m
ista
ke

w
a
s

to

leav
e

o
u
t

th
e

con
versio
n

fa
cto
r

1
:602
�
10
�

1
9

J
/eV

(or
1
:602
�
1
0
�

1
2

erg/eV
),
an
d

in
stead

to

u
se

�h
=
6
:582�
10
�

1
6
eV
-s.
B
u
t
if
on
e
w
ork
s
o
u
t
th
e
u
n
its
of
th
is
an
sw
er,
th
ey

tu
rn
ou
t
to
b
e
eV
-sec
2/m
5
(or
eV
-sec
2/cm
5),
w
h
ich
is
a
m
ost
p
ecu
liar
set
of

u
n
its
to
m
easu
re
a
m
ass
d
en
sity.

In
th
e
N
T
W
I,
w
e
h
av
e
in
ad
d
ition
th
e
con
trib
u
tion
to
th
e
m
a
ss
d
en
sity
fro
m

R
+
-R
�

p
airs,
w
h
ich
w
ou
ld
act
ju
st
lik
e
e
+
-e
�

p
airs
or
�
+
-�
�

p
airs,
w
ith
g
=

3
12 .
T
h
u
s
g
T
O
T

=
20
34
,
so

�
= �
2
0
34 �
�
2

30 �20
0�
10
6�
1
:6
02�
1
0
�

1
9 �
4

(1
:0
55�
10
�

3
4)
3
(2
:998�
10
8)
5
k
g

m
3

or

�
= �
20
34 �
�
2

3
0 �2

00�
1
0
6�
1
:60
2�
10
�

1
2 �
4

(1
:05
5�
10
�

2
7)
3
(2
:9
98�
1
0
1
0)
5

g
cm
3

:

N
u
m
erically,
th
e
an
sw
er
in
th
is
case
w
ou
ld
b
e

�
N
T
W
I
=
2
:53�
1
0
1
8
k
g
/m
3
=
2
:5
3�
1
0
1
5
g/cm
3
:

(b
)
A
s
lon
g
a
s
th
e
u
n
iverse
is
in
th
erm
al
eq
u
ilib
riu
m
,
en
tro
p
y
is
con
serv
ed
.
T
h
e

en
trop
y
in
a
given
volu
m
e
of
th
e
co
m
ov
in
g
co
ord
in
ate
sy
stem
is

a
3(t)s
V
c
o
o
rd

;

w
h
ere
s
is
th
e
en
trop
y
d
en
sity
an
d
a
3V

c
o
o
rd
is
th
e
p
h
y
sical
v
olu
m
e.
S
o

a
3(t)s

is
con
served
.
A
fter
th
e
n
eu
trin
o
s
d
ecou
p
le,

a
3s

�

an
d

a
3s

o
th
e
r

are
sep
arately
con
served
,
w
h
ere
s
o
th
e
r
is
th
e
en
trop
y
of
every
th
in
g
ex
cep
t
n
eu
-

trin
os.

N
ote
th
at
s
can
b
e
w
ritten
as

s
=
g
A
T
3

;



8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
3
9

w
h
ere
A
is
a
con
stan
t.
B
efore
th
e
d
isap
p
earan
ce
of
th
e
e;�
,
R
,
an
d
�
p
articles

from
th
e
th
erm
al
eq
u
ilib
riu
m
rad
iation
,

s
�
= �
5
14 �

A
T
3

s
o
th
e
r
= �
1
5
12 �

A
T
3

:

S
o

s
�

s
o
th
e
r
=

5
14

15
12

:

If
a
3s

�
a
n
d
a
3s

o
th
e
r
a
re
co
n
served
,
th
en
so
is
s
�
=
s
o
th
e
r .
B
y
to
d
ay,
th
e
en
trop
y

p
rev
iou
sly
sh
ared
am
on
g
th
e
variou
s
p
articles
still
in
eq
u
ilib
riu
m
after
n
eu
trin
o

d
ecou
p
lin
g
h
as
b
een
tran
sfered
to
th
e
p
h
oton
s
so
th
at

s
o
th
e
r
=
s
p
h
o
to
n
s
=
2
A
T
3


:

T
h
e
en
trop
y
in
n
eu
trin
os
is
still

s
�
= �
5
14 �

A
T
3�

:

S
in
ce
s
�
=
s
o
th
e
r
is
con
stan
t
w
e
k
n
ow
th
at

�5
14 �
T
3�

2
T
3


=

s
�

s
o
th
e
r
=

5
14

15
12

=)

T
�
= �
431 �
1
=
3

T



:

(c)
O
n
e
ca
n
w
rite

n
=
g
�B
T
3

;

w
h
ere
B
is
a
con
stan
t.
H
ere
g
�


=
2,
an
d
g
��
=
6�
34

=
4
12
.
In
th
e
stan
d
ard

m
o
d
el,
on
e
h
as
to
d
ay

n
�

n



=
g
�� T
3�

g
�
 T
3


= �4
12 �2

411
=

911
:

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
.
4
0

In
th
e
N
T
W
I,

n
�

n



= �4
12 �2

431
=

931
:

(d
)
A
t
k
T
=
200
M
eV
,
th
e
th
erm
a
l
eq
u
ilib
riu
m

ratio
of
n
eu
tron
s
to
p
ro
to
n
s
is

giv
en
b
y

n
n

n
p

=
e
�

1
:2
9
M
e
V
=
2
0
0
M
e
V

�
1
:

In
th
e
stan
d
ard
th
eory
th
is
ratio
w
ou
ld
d
ecrease
rap
id
ly
as
th
e
u
n
iv
erse
co
oled

an
d
k
T
fell
b
elow
th
e
p-n
m
ass
d
i�
eren
ce
of
1.29
M
eV
,
b
u
t
in
th
e
N
T
W
I
th
e

ratio
freezes
ou
t
at
th
e
h
igh
tem
p
eratu
re
corresp
on
d
in
g
to
k
T
=
2
00
M
eV
,

w
h
en
th
e
ratio
is
ab
ou
t
1
.
W
h
en
k
T
falls
b
elow
20
0
M
eV
in
th
e
N
T
W
I,
th
e

n
eu
trin
o
in
teraction
s

n
+
�
e $
p
+
e
�

an
d

n
+
e
+

$
p
+
��
e

th
at
m
ain
tain
th
e
th
erm
a
l
eq
u
ilib
riu
m
b
alan
ce
b
etw
een
p
roto
n
s
an
d
n
eu
tron
s

n
o
lon
ger
o
ccu
r
at
a
sig
n
i�
can
t
rate,
so
th
e
ratio
n
= n
p
is
n
o
lon
ger
con
tro
lled
b
y

th
erm
al
eq
u
ilib
riu
m
.
A
fter
k
T
fa
lls
b
elow
200
M
eV
,
th
e
on
ly
p
ro
cess
th
at
ca
n

con
vert
n
eu
tron
s
to
p
roton
s
is
th
e
rath
er
slow
p
ro
cess
of
free
n
eu
tro
n
d
ecay,

w
ith
a
d
ecay
tim
e
�
d

of
ab
ou
t
89
0
s.
T
h
u
s,
w
h
en
th
e
d
eu
teriu
m
b
ottlen
eck

b
reak
s
at
ab
ou
t
200
s,
th
e
n
u
m
b
er
d
en
sity
of
n
eu
tron
s
w
ill
b
e
con
sid
erab
ly

h
igh
er
th
an
in
th
e
sta
n
d
a
rd
m
o
d
el.
S
in
ce
essen
tially
all
o
f
th
ese
n
eu
tron
s
w
ill

b
ecom
e
b
ou
n
d
in
to
H
e
n
u
clei,
th
e
h
igh
er
n
eu
tron
ab
u
n
d
an
ce
of
th
e
N
T
W
I

im
p
lies
a

h
igh
er
p
red
icted
H
e
a
b
u
n
d
an
ce:

T
o
estim
ate
th
e
H
e
ab
u
n
d
an
ce,
n
ote
th
at
if
w
e
tem
p
orarily
ign
ore
free
n
eu
tron

d
ecay,
th
en
th
e
n
eu
tro
n
-p
ro
to
n
ra
tio
w
ou
ld
b
e
frozen
at
ab
ou
t
1
an
d
w
ou
ld

rem
ain
1
u
n
til
th
e
tim
e
o
f
n
u
cleosy
n
th
esis.
A
t
th
e
tim
e
of
n
u
cleo
sy
n
th
esis

essen
tially
all
of
th
ese
n
eu
tro
n
s
w
o
u
ld
b
e
b
ou
n
d
in
to
H
e
n
u
clei
(each
w
ith
2

p
roton
s
an
d
2
n
eu
tro
n
s).
F
or
an
in
itial
1:1
ratio
of
n
eu
tro
n
s
to
p
ro
to
n
s,
a
ll

th
e
n
eu
tron
s
an
d
p
ro
to
n
s
can
b
e
b
ou
n
d
in
to
H
e
n
u
clei,
w
ith
n
o
p
roton
s
left

over
in
th
e
form
o
f
h
y
d
rog
en
,
so
Y
w
ou
ld
eq
u
a
l
1
.
H
ow
ever,
th
e
free
n
eu
tron

d
ecay
p
ro
cess
w
ill
cau
se
th
e
ratio
n
n
=
n
p

to
fa
ll
b
elow
1
b
efore
th
e
start
of

n
u
cleosy
n
th
esis,
so
th
e
p
red
icted
va
lu
e
of
Y
w
ou
ld
b
e
less
th
a
n
1.

T
o
calcu
late
h
ow
m
u
ch
less,
n
ote
th
at
R
y
d
en
estim
ates
th
e
sta
rt
of
n
u
cleo
sy
n
-

th
esis
at
th
e
tim
e
w
h
en
th
e
tem
p
era
tu
re
reach
es
T
n
u
c ,
w
h
ich
is
th
e
tem
p
era
tu
re

for
w
h
ich
a
th
erm
aleq
u
ilib
riu
m
calcu
latio
n
gives
n
D
=
n
n
=
1
.
T
h
is
co
rresp
on
d
s
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p
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4
1

to
w
h
at
W
ein
b
erg
refers
to
as
th
e
b
reak
in
g
of
th
e
d
eu
teriu
m
b
ottlen
eck
.
T
h
e

tem
p
era
tu
re
T
n
u
c
is
calcu
lated
in
term
s
of
�
=
n
B
=
n


an
d
p
h
y
sical
con
stan
ts,

so
it
w
ou
ld
n
ot
b
e
ch
an
ged
b
y
th
e
N
T
W
I.
T
h
e
tim
e
w
h
en
th
is
tem
p
eratu
re
is

reach
ed
,
h
ow
ever,
w
ou
ld
b
e
ch
an
ged
sligh
tly
b
y
th
e
ch
an
ge
in
th
e
ratio
T
�
=
T

 .

S
in
ce
th
is
e�
ect
is
rath
er
su
b
tle,
n
o
p
oin
ts
w
ill
b
e
taken
o�
if
y
ou
om
itted
it.

H
ow
ever,
to
b
e
as
accu
rate
as
p
ossib
le,
on
e
sh
ou
ld
recogn
ize
th
at
n
u
cleosy
n
th
e-

sis
o
ccu
rs
d
u
rin
g
th
e
rad
iation
-d
om
in
ated
era,
b
u
t
lon
g
after
th
e
e
+
-e
�

p
airs

h
ave
d
isa
p
p
ea
red
,
so
th
e
b
la
ck
-b
o
d
y
rad
iation
con
sists
of
p
h
oton
s
at
tem
p
era-

tu
re
T


an
d
n
eu
trin
os
at
a
low
er
tem
p
eratu
re
T
� .
T
h
e
en
ergy
d
en
sity
is
given

b
y

u
=
�
2

3
0

(k
T


)
4

(�h
c)
3 "
2
+ �
2
14 ��
T
�

T

 �

4 #�
g
e
�
�
2

30
(k
T

 )
4

(�h
c)
3

;

w
h
ere

g
e
�

=
2
+ �
214 ��
T
�

T

 �

4

:

F
or
th
e
stan
d
ard
m
o
d
el

g
sm

e
�

=
2
+ �
2
14 ��
411 �
4
=
3

;

an
d
for
th
e
N
T
W
I

g
N
T
W
I

e
�

=
2
+ �
214 ��
431 �
4
=
3

:

T
h
e
relation
b
etw
een
tim
e
an
d
tem
p
eratu
re
in
a


at
rad
iation
-d
om
in
ated
u
n
i-

verse
is
given
in
th
e
fo
rm
u
la
sh
eets
as

k
T
= �
45�h
3c
5

16
�
3g
G �

1
=
4

1pt
:

T
h
u
s,

t/

1
g
1
=
2

e
�

T
2

:

In
th
e
stan
d
ard
m
o
d
el
R
y
d
en
estim
ates
th
e
tim
e
of
n
u
cleosy
n
th
esis
a
s
t
smnu

c �

200
s,
so
in
th
e
N
T
W
I
it
w
ou
ld
b
e
lon
ger
b
y
th
e
factor

t
N
T
W
I

n
u
c

= s
g
sm

e
�

g
N
T
W
I

e
�

t
smnu

c
:

W
h
ile
of
cou
re
y
ou
w
ere
n
ot
ex
p
ected
to
w
ork
ou
t
th
e
n
u
m
erics,
th
is
gives

t
N
T
W
I

n
u
c

=
1
:2
0
t
smnu

c
:

8
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Q
U
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3
R
E
V
IE
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P
R
O
B
L
E
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S
O
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U
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A
L
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2
0
1
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p
.
4
2

N
ote
th
at
R
y
d
en
gives
t
n
u
c �
200
s,
w
h
ile
W
ein
b
erg
p
la
ces
it
at
3
34

m
in
u
tes

�
225
s,
w
h
ich
is
clo
se
en
ou
gh
.

T
o
follow
th
e
e�
ect
of
th
is
free
d
ecay,
it
is
easiest
to
d
o
it
b
y
con
sid
erin
g
th
e

ratio
n
eu
tron
s
to
b
ary
o
n
n
u
m
b
er,
n
n
=
n
B
,
sin
ce
n
B

d
o
es
n
o
t
ch
a
n
g
e
d
u
rin
g
th
is

p
erio
d
.
A
t
freeze-ou
t,
w
h
en
k
T
�
2
00
M
eV
,

n
n

n
B

�
12

:

J
u
st
b
efore
n
u
cleosy
n
th
esis,
at
tim
e
t
n
u
c ,
th
e
ratio
w
ill
b
e

n
n

n
B

�
12

e
�

t
n
u
c
=
�
d

:

If
free
d
ecay
is
ign
ored
,
w
e
fou
n
d
Y
=
1
.
S
in
ce
all
th
e
su
rv
iv
in
g
n
eu
tro
n
s
are

b
ou
n
d
in
to
H
e,
th
e
co
rrected
valu
e
of
Y
is
sim
p
ly
d
eceased
b
y
m
u
ltip
ly
in
g
b
y

th
e
fraction
of
n
eu
tro
n
s
th
a
t
d
o
n
o
t
u
n
d
ergo
d
ecay.
T
h
u
s,
th
e
p
red
iction
of

N
T
W
I
is

Y
=
e
�

t
n
u
c =
�
d

=
ex
p 8<:
� q

g
s
m

e
f
f

g
N
T
W

I

e
ff

200

890

9=;
;

w
h
ere
g
sm

e
�

an
d
g
N
T
W
I

e
�

a
re
giv
en
a
b
ov
e.
W
h
en
eva
lu
ated
n
u
m
erically,
th
is
w
ou
ld

give

Y
=
P
red
icted
H
e
ab
u
n
d
an
ce
b
y
w
eigh
t�
0
:76
:

P
R
O
B
L
E
M

8
:
D
O
U
B
L
IN
G

O
F
E
L
E
C
T
R
O
N
S
(10
poin
ts)

T
h
e
en
trop
y
d
en
sity
o
f
b
lack
-b
o
d
y
rad
ia
tion
is
giv
en
b
y

s
=
g �
2
�
2

45

k
4

(�h
c)
3 �
T
3

=
g
C
T
3
;

w
h
ere
C
is
a
con
stan
t.
A
t
th
e
tim
e
w
h
en
th
e
electron
-p
o
sitro
n
p
airs
d
isap
p
ea
r,

th
e
n
eu
trin
os
are
d
ecou
p
led
,
so
th
eir
en
trop
y
is
con
serv
ed
.
A
ll
of
th
e
en
trop
y

from
electron
-p
ositron
p
a
irs
is
given
to
th
e
p
h
o
ton
s,
an
d
n
on
e
to
th
e
n
eu
trin
o
s.

T
h
e
sam
e
w
ill
b
e
tru
e
h
ere,
fo
r
b
o
th
sp
ecies
of
electro
n
-p
ositro
n
p
airs.

T
h
e
con
serv
ed
n
eu
trin
o
en
trop
y
can
b
e
d
escrib
ed
b
y
S
�

�
a
3s

�
,
w
h
ich
in
d
i-

cates
th
e
en
trop
y
p
er
cu
b
ic
n
otch
,
i.e.,
en
trop
y
p
er
u
n
it
com
ov
in
g
v
olu
m
e.
W
e
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3

in
tro
d
u
ce
th
e
n
otation
n
�

an
d
n
+

for
th
e
n
ew
electron
-like
an
d
p
ositron
-like

p
articles,
an
d
also
th
e
con
ven
tion
th
at

P
rim
ed
q
u
an
tities:

valu
es
a
fter
e
+
e
�

n
+
n
�

an
n
ih
ilation

U
n
p
rim
ed
q
u
an
tities:

valu
es
b
efore
e
+
e
�

n
+
n
�

an
n
ih
ilation
.

F
or
th
e
n
eu
trin
os,

S
0�
=
S
�

=)

g
� C
(a
0T
0� )
3

=
g
�
C
(a
T
� )
3

=)

a
0T
0�
=
a
T
�
:

F
o
r
th
e
p
h
o
to
n
s,
b
efo
re
e
+
e
�

n
+
n
�

an
n
ih
ilation
w
e
h
ave

T


=
T
e
+

e
�

n
+
n
�

=
T
�
;

g


=
2
;
g
e
+

e
�

=
g
n
+
n
�

=
7
=2
:

W
h
en
th
e
e
+
e
�

an
d
n
+
n
�

p
a
irs
a
n
n
ih
ila
te,
th
eir
en
trop
y
is
ad
d
ed
to
th
e
p
h
o-

ton
s:

S
0

=
S
e
+

e
�

+
S
n
+
n
�

+
S



=)

2
C �a
0T
0
 �
3

= �
2
+
2�
72 �

C
(a
T


)
3

=)

a
0T
0

= �
92 �
1
=
3

a
T


;

so
a
T


in
creases
b
y
a
factor
of
(9
=2)
1
=
3.

B
efo
re
e
+
e
�

an
n
ih
ilation
th
e
n
eu
trin
os
w
ere
in
th
erm
al
eq
u
ilib
riu
m

w
ith
th
e

p
h
oton
s,
so
T


=
T
� .
B
y
con
sid
erin
g
th
e
tw
o
b
ox
ed
eq
u
ation
s
ab
ove,
on
e
h
as

T
0�
= �
29 �
1
=
3

T
0

:

T
h
is
ratio
w
ou
ld
rem
ain
u
n
ch
an
ged
u
n
til
th
e
p
resen
t
d
ay.

8
.2
8
6
Q
U
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R
E
V
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R
O
B
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E
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S
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p
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P
R
O
B
L
E
M

9
:
T
IM
E
S
C
A
L
E
S
IN

C
O
S
M
O
L
O
G
Y

(a)
1
sec.
[T
h
is
is
th
e
tim
e
at
w
h
ich
th
e
w
eak
in
tera
ction
s
b
eg
in
to
\
freeze
o
u
t",

so
th
at
free
n
eu
tron
d
ecay
b
ecom
es
th
e
o
n
ly
m
ech
a
n
ism
th
at
can
in
terch
a
n
g
e

p
roton
s
a
n
d
n
eu
tron
s.
F
rom
th
is
tim
e
on
w
ard
,
th
e
relativ
e
n
u
m
b
er
of
p
ro
ton
s

an
d
n
eu
tron
s
is
n
o
lon
g
er
con
trolled
b
y
th
erm
a
l
eq
u
ilib
riu
m
con
sid
eration
s.]

(b
)
4
m
in
s.
[B
y
th
is
tim
e
th
e
u
n
iv
erse
h
as
b
eco
m
e
so
co
ol
th
at
n
u
clea
r
reactio
n
s

are
n
o
lon
ger
in
itiated
.]

(c)
10
�

3
7
sec.
[W
e
learn
ed
in
L
ectu
re
N
o
tes
7
th
a
t
k
T
w
as
ab
o
u
t
1
M
eV
a
t
t
=
1

sec.
S
in
ce
1
G
eV
=
1
0
00
M
eV
,
th
e
valu
e
of
k
T
th
a
t
w
e
w
an
t
is
1
0
1
9

tim
es

h
igh
er.
In
th
e
rad
iatio
n
-d
om
in
a
ted
era
T
/
a
�

1/
t
�

1
=
2,
so
w
e
g
et
10
�

3
8
sec.]

(d
)
10,000
{
1,000,000
years.
[T
h
is
n
u
m
b
er
w
a
s
estim
a
ted
in
L
ectu
re
N
o
tes
7
a
s

200,000
years.]

(e)
10
�

5
sec.
[A
s
in
(c),
w
e
can
u
se
t/
T
�

2,
w
ith
k
T
�
1
M
eV
at
t
=
1
sec.]

P
R
O
B
L
E
M

1
0
:
E
V
O
L
U
T
IO
N

O
F
F
L
A
T
N
E
S
S
(15
po
in
ts)

(a)
W
e
start
w
ith
th
e
F
ried
m
an
n
eq
u
ation
from
th
e
fo
rm
u
la
sh
eet
on
th
e
q
u
iz:

H
2
= �
_aa �
2

=
8
�3

G
��
k
c
2

a
2

:

T
h
e
critical
d
en
sity
is
th
e
valu
e
o
f
�
corresp
on
d
in
g
to
k
=
0,
so

H
2
=
8
�3

G
�
c
:

U
sin
g
th
is
ex
p
ression
to
rep
lace
H
2

o
n
th
e
left-h
a
n
d
sid
e
o
f
th
e
F
ried
m
an
n

eq
u
ation
,
an
d
th
en
d
iv
id
in
g
b
y
8
�
G
=3
,
on
e
�
n
d
s

�
c
=
��
3
k
c
2

8
�
G
a
2

:

R
earran
gin
g,

��
�
c

�

=

3
k
c
2

8
�
G
a
2�
:

O
n
th
e
left-h
an
d
sid
e
w
e
can
d
iv
id
e
th
e
n
u
m
erator
an
d
d
en
om
in
ato
r
b
y
�
c ,
an
d

th
en
u
se
th
e
d
e�
n
itio
n


�
�
=
�
c
to
ob
tain



�
1




=

3
k
c
2

8
�
G
a
2�
:

(1
)
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R
O
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p
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5

F
or
a
m
atter-d
om
in
ated
u
n
iverse
w
e
k
n
ow
th
a
t
�/
1
=
a
3(t),
an
d
so



�
1




/
a
(t)
:

If
th
e
u
n
iv
erse
is
n
early


at
w
e
k
n
ow
th
a
t
a
(t)/
t
2
=
3,
so



�
1




/
t
2
=
3
:

(b
)
E
q
.
(1)
ab
ov
e
is
still
tru
e,
so
ou
r
on
ly
task
is
to
re-evalu
ate
th
e
righ
t-h
an
d
sid
e.

F
or
a
rad
iation
-d
om
in
ated
u
n
iverse
w
e
k
n
ow
th
at
�/
1
=
a
4(t),
so



�
1




/
a
2(t)
:

If
th
e
u
n
iv
erse
is
n
early


at
th
en
a
(t)/
t
1
=
2,
so



�
1




/
t
:

P
R
O
B
L
E
M

1
1
:

T
H
E

S
L
O
A
N

D
IG
IT
A
L

S
K
Y

S
U
R
V
E
Y

z

=

5
:8
2

Q
U
A
S
A
R

(40
poin
ts)

(a
)
S
in
ce


m

+


�

=
0
:35
+
0
:65
=
1,
th
e
u
n
iverse
is


at.
It
th
erefore
ob
ey
s
a

sim
p
le
fo
rm
o
f
th
e
F
ried
m
an
n
eq
u
ation
,

H
2
= �
_aa �
2

=
8
�3

G
(�
m

+
�
�
)
;

w
h
ere
th
e
ov
erd
ot
in
d
icates
a
d
erivativ
e
w
ith
resp
ect
to
t,
an
d
th
e
term
p
ro-

p
o
rtion
al
to
k
h
as
b
een
d
rop
p
ed
.
U
sin
g
th
e
fact
th
at
�
m

/
1
=
a
3(t)
an
d
�
�

=

con
st,
th
e
en
ergy
d
en
sities
on
th
e
righ
t-h
an
d
sid
e
can
b
e
ex
p
ressed
in
term
s
of

th
eir
p
resen
t
valu
es
�
m
;0
a
n
d
�
�

�
�
�
;0 .
D
e�
n
in
g

x
(t)�
a
(t)

a
(t
0 )
;
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U
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R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
6

p
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4
6

on
e
h
as

�
_xx �
2

=
8
�3

G �
�
m
;0

x
3

+
�
� �

=
8
�3

G
�
c
;0 �


m
;0

x
3

+


�
;0 �

=
H
20 �


m
;0

x
3

+


�
;0 �
:

H
ere
w
e
u
sed
th
e
facts
th
at



m
;0 �
�
m
;0

�
c
;0
;



�
;0 �
�
�

�
c
;0

;

an
d

H
20
=
8
�3

G
�
c
;0
:

T
h
e
eq
u
ation
ab
ove
fo
r
(
_x=
x
)
2
im
p
lies
th
a
t

_x
=
H
0
x r


m
;0

x
3

+


�
;0
;

w
h
ich
in
tu
rn
im
p
lies
th
atd

t
=

1H
0

d
x

x q


m

;0

x
3

+


�
;0

:

U
sin
g
th
e
fact
th
at
x
ch
an
ges
from
0
to
1
ov
er
th
e
life
of
th
e
u
n
iv
erse,
th
is

relation
can
b
e
in
tegrated
to
give

t
0
= Z

t
0

0

d
t
=

1H
0 Z

1
0

d
x

x q


m

;
0

x
3

+


�
;0

:

T
h
e
an
sw
er
can
also
b
e
w
ritten
as

t
0
=

1H
0 Z

1
0

x
d
x

p


m
;0 x
+


�
;0 x
4

or

t
0
=

1H
0 Z

1
0

d
z

(1
+
z
) p


m
;0 (1
+
z)
3
+


�
;0

;
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w
h
ere
in
th
e
last
an
sw
er
I
ch
an
ged
th
e
variab
le
of
in
tegration
u
sin
g

x
=

1
1
+
z
;

d
x
=
�
d
z

(1
+
z)
2

:

N
ote
th
at
th
e
m
in
u
s
sign
in
th
e
ex
p
ression
for
d
x
is
can
celed
b
y
th
e
in
terch
an
ge

of
th
e
lim
its
of
in
tegration
:
x
=
0
corresp
on
d
s
to
z
=
1
,
an
d
x
=
1
corresp
on
d
s

to
z
=
0
.

Y
ou
r
an
sw
er
sh
ou
ld
lo
ok
like
on
e
of
th
e
ab
ove
b
ox
ed
an
sw
ers.
Y
ou
w
ere
n
ot

ex
p
ected
to
com
p
lete
th
e
n
u
m
erical
calcu
lation
,
b
u
t
for
p
ed
agogical
p
u
rp
oses

I
w
ill
con
tin
u
e.
T
h
e
in
tegral
can
actu
ally
b
e
carried
ou
t
an
aly
tically,
giv
in
g

Z
1

0

x
d
x

p


m
;0 x
+


�
;0 x
4
=

2

3 p


�
;0
ln  p


m

+


�
;0
+ p


�
;0

p


m

!
:

U
sin
g

1H
0

=
9
:778�
10
9

h
0

y
r
;

w
h
ere
H
0
=
100
h
0
k
m
-sec
�

1-M
p
c
�

1,
on
e
�
n
d
s
for
h
0
=
0
:65
th
at

1H
0
=
15
:043�
10
9
y
r
:

T
h
en
u
sin
g


m

=
0
:35
an
d


�
;0
=
0
:65,
on
e
�
n
d
s

t
0
=
13
:88�
10
9
y
r
:

S
o
th
e
S
D
S
S
p
eop
le
w
ere
righ
t
o
n
ta
rg
et.

(b
)
H
av
in
g
d
on
e
p
art
(a),
th
is
p
art
is
very
easy.
T
h
e
d
y
n
am
ics
of
th
e
u
n
iverse
is

of
cou
rse
th
e
sam
e,
an
d
th
e
q
u
estion
is
on
ly
sligh
tly
d
i�
eren
t.
In
p
art
(a)
w
e

fou
n
d
th
e
am
ou
n
t
of
tim
e
th
at
it
to
ok
for
x
to
ch
an
ge
from
0
to
1.
T
h
e
ligh
t

from
th
e
q
u
asar
th
at
w
e
n
ow
receive
w
as
em
itted
w
h
en

x
=

1
1
+
z
;

sin
ce
th
e
cosm
ological
red
sh
ift
is
given
b
y

1
+
z
=
a
(t
o
b
se
rv
e
d )

a
(t
e
m
itte
d )
:

8
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R
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E
M

S
O
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p
.
4
8

U
sin
g
th
e
ex
p
ression
for
d
t
from
p
art
(a),
th
e
am
o
u
n
t
o
f
tim
e
th
a
t
it
to
o
k
th
e

u
n
iverse
to
ex
p
an
d
from
x
=
0
to
x
=
1
=
(1
+
z)
is
g
iv
en
b
y

t
e
= Z

t
e

0

d
t
=

1H
0 Z

1
=
(1
+
z
)

0

d
x

x q


m

;0

x
3

+


�
;0

:

A
gain
on
e
cou
ld
w
rite
th
e
an
sw
er
oth
er
w
ay
s,
in
clu
d
in
g

t
0
=

1H
0 Z

1
z

d
z
0

(1
+
z
0) p


m
;0 (1
+
z
0)
3
+


�
;0

:

A
gain
you
w
ere
ex
p
ected
to
stop
w
ith
an
ex
p
ression
lik
e
th
e
on
e
a
b
ove.
C
on
-

tin
u
in
g,
h
ow
ever,
th
e
in
tegral
can
a
gain
b
e
d
on
e
a
n
aly
tica
lly
:

Z
x
m
a
x

0

d
x

x q


m

;0

x
3

+


�
;0

=

2

3 p


�
;0
ln  p


m

+


�
;0 x
3m

a
x
+ p


�
;0
x
3
=
2

m
a
x

p


m

!
:

U
sin
g
x
m
a
x
=
1
=(1
+
5
:82
)
=
:14
66
an
d
th
e
oth
er
valu
es
as
b
efore,
o
n
e
�
n
d
s

t
e
=
0
:063
21

H
0

=
0
:9509�
10
9
y
r
:

S
o
again
th
e
S
D
S
S
p
eo
p
le
w
ere
rig
h
t.

(c)
T
o
�
n
d
th
e
p
h
y
sical
d
istan
ce
to
th
e
q
u
asar,
w
e
n
eed
to
�
gu
re
ou
t
h
ow
fa
r
lig
h
t

can
travel
from
z
=
5
:8
2
to
th
e
p
resen
t.
S
in
ce
w
e
w
a
n
t
th
e
p
resen
t
d
istan
ce,

w
e
m
u
ltip
ly
th
e
co
ord
in
a
te
d
istan
ce
b
y
a
(t
0 ).
F
o
r
th
e


at
m
etric

d
s
2
=
�
c
2
d
�
2
=
�
c
2d
t
2
+
a
2(t) �
d
r
2
+
r
2(d
�
2
+
sin
2
�
d
�
2) 	
;

th
e
co
ord
in
ate
velo
city
o
f
ligh
t
(in
th
e
rad
ial
d
irection
)
is
fou
n
d
b
y
settin
g

d
s
2
=
0,
giv
in
g

d
r

d
t
=

c
a
(t)
:

S
o
th
e
total
co
ord
in
a
te
d
ista
n
ce
th
at
ligh
t
can
travel
from
t
e
to
t
0
is

`
c
= Z

t
0

t
e

c
a
(t)
d
t
:
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T
h
is
is
n
ot
th
e
�
n
al
a
n
sw
er,
h
ow
ev
er,
b
ecau
se
w
e
d
on
't
ex
p
licitly
k
n
ow
a
(t).

W
e
can
,
h
ow
ev
er,
ch
an
ge
variab
les
of
in
tegration
from
t
to
x
,
u
sin
g

d
t
=

d
t

d
x
d
x
=
d
x_x

:

S
o

`
c
=

c
a
(t
0 ) Z

1
x
e

d
x

x
_x
;

w
h
ere
x
e
is
th
e
valu
e
of
x
at
th
e
tim
e
of
em
ission
,
so
x
e
=
1
=(1
+
z
).
U
sin
g
th
e

eq
u
ation
for
_x
from
p
art
(a),
th
is
in
tegral
can
b
e
rew
ritten
as

`
c
=

c

H
0 a
(t
0 ) Z

1
1
=
(1
+
z
)

d
x

x
2 q


m

;
0

x
3

+


�
;0

:

F
in
ally,
th
en

`
p
h
y
s;0
=
a
(t
0 )
`
c
=

cH
0 Z

1
1
=
(1
+
z
)

d
x

x
2 q


m

;0

x
3

+


�
;0

:

A
ltern
atively,
th
is
resu
lt
can
b
e
w
ritten
a
s

`
p
h
y
s;0
=

cH
0 Z

1
1
=
(1
+
z
)

d
x

p


m
;0
x
+


�
;0
x
4

;

or
b
y
ch
an
gin
g
variab
les
of
in
tegration
to
ob
tain

`
p
h
y
s;0
=

cH
0 Z

z
0

d
z
0

p


m
;0
(1
+
z
0)
3
+


�
;0

:

C
o
n
tin
u
in
g
for
p
ed
agogical
p
u
rp
oses,
th
is
tim
e
th
e
in
tegral
h
as
n
o
a
n
aly
tic

form
,
so
far
as
I
k
n
ow
.
In
tegratin
g
n
u
m
erically,

Z
5
:8
2

0

d
z
0

p
0
:35
(1
+
z
0)
3
+
0
:65
=
1
:8099
;

8
.2
8
6
Q
U
IZ
3
R
E
V
IE
W

P
R
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5
0

an
d
th
en
u
sin
g
th
e
va
lu
e
o
f
1
=
H
0
fro
m
p
a
rt
(a),

`
p
h
y
s;0
=
27
:2
3
lig
h
t-y
r
:

R
igh
t
again
.

(d
)
`
p
h
y
s;e
=
a
(t
e )`
c ,
so

`
p
h
y
s;e
=
a
(t
e )

a
(t
0 )
`
p
h
y
s;0
=

`
p
h
y
s;0

1
+
z
:

N
u
m
erically
th
is
g
iv
es

`
p
h
y
s;e
=
3
:99
2�
10
9
ligh
t-y
r
:

T
h
e
S
D
S
S
an
n
ou
n
cem
en
t
is
still
okay.

(e)
T
h
e
sp
eed
d
e�
n
ed
in
th
is
w
ay
o
b
ey
s
th
e
H
u
b
b
le
law
ex
actly,
so

v
=
H
0
`
p
h
y
s;0
=
c Z

z
0

d
z
0

p


m
;0
(1
+
z
0)
3
+


�
;0

:

T
h
en

vc
= Z

z
0

d
z
0

p


m
;0
(1
+
z
0)
3
+


�
;0

:

N
u
m
erically,
w
e
h
ave
alread
y
fo
u
n
d
th
at
th
is
in
tegral
h
as
th
e
valu
e

vc
=
1
:80
99
:

T
h
e
S
D
S
S
p
eop
le
get
a
n
A
.
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1

P
R
O
B
L
E
M

1
2
:
S
E
C
O
N
D

H
U
B
B
L
E
C
R
O
S
S
IN
G

(40
poin
ts)

(a
)
F
rom
th
e
form
u
la
sh
eets,
w
e
k
n
ow
th
at
for
a


at
rad
iation
-d
om
in
ated
u
n
iverse,

a
(t)/
t
1
=
2
:

S
in
ce

H
=

_aa
;

(w
h
ich
is
also
on
th
e
form
u
la
sh
eets),

H
=

12
t
:

T
h
en

`
H
(t)�
cH
�

1(t)
=

2
ct
:

(b
)
W
e
a
re
told
th
at
th
e
en
ergy
d
en
sity
is
d
om
in
ated
b
y
p
h
oton
s
an
d
n
eu
trin
os,

so
w
e
n
eed
to
ad
d
to
g
eth
er
th
ese
tw
o
co
n
trib
u
tion
s
to
th
e
en
ergy
d
en
sity.
F
or

p
h
oton
s,
th
e
form
u
la
sh
eet
rem
in
d
s
u
s
th
at
g


=
2
,
so

u


=
2
�
2

3
0

(k
T


)
4

(�h
c)
3

:

F
or
n
eu
trin
os
th
e
form
u
la
sh
eet
rem
in
d
s
u
s
th
at

g
�
=

78
| {z}

F
e
rm
io
n

fa
c
to
r

�

3
|{z}

3
sp
e
c
ie
s

�
e
;�
�
;�
� �

2
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

1
|{z}

S
p
in
sta
te
s

=

214
;

so

u
�
=
214
�
2

30
(k
T
� )
4

(�h
c)
3

:

C
o
m
b
in
in
g
th
ese
tw
o
ex
p
ression
s
an
d
u
sin
g
T
�
=
(4
=
11)
1
=
3
T


,
on
e
h
as

u
=
u


+
u
�
= "
2
+
2
14 �
411 �
4
=
3 #
�
2

30
(k
T


)
4

(�h
c)
3

;

so
�
n
ally

g
1
=
2
+
214 �
411 �
4
=
3

:
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R
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.
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2

(c)
T
h
e
F
ried
m
an
n
eq
u
ation
tells
u
s
th
a
t,
fo
r
a


at
u
n
iverse,

H
2
=
8
�3

G
�
;

w
h
ere
in
th
is
case
H
=
1
=(2
t)
an
d

�
=

uc
2
=
g
1
�
2

30
(k
T


)
4

�h
3c
5

:

T
h
u
s

�
12

t �
2

=
8
�
G3

g
1
�
2

3
0

(k
T


)
4

�h
3c
5

:

S
olv
in
g
for
T

 ,

T


=
1k �
45�h
3c
5

1
6
�
3g
1 G �

1
=
4

1pt
:

(d
)
T
h
e
con
d
ition
for
H
u
b
b
le
cro
ssin
g
is

�
(t)
=
cH
�

1(t)
;

an
d
th
e
�
rst
H
u
b
b
le
cro
ssin
g
alw
ay
s
o
ccu
rs
d
u
rin
g
th
e
in


ation
ary
era.
T
h
u
s

an
y
H
u
b
b
le
crossin
g
d
u
rin
g
th
e
rad
ia
tion
-d
om
in
ated
era
m
u
st
b
e
th
e
secon
d

H
u
b
b
le
crossin
g.

If
�
is
th
e
p
resen
t
p
h
y
sical
w
avelen
g
th
of
th
e
d
en
sity
p
ertu
rb
ation
s
u
n
d
er
d
is-

cu
ssion
,
th
e
w
avelen
gth
a
t
tim
e
t
is
scaled
b
y
th
e
scale
facto
r
a
(t):

�
(t)
=

a
(t)

a
(t
0 )
�
:

B
etw
een
th
e
secon
d
H
u
b
b
le
crossin
g
an
d
n
ow
,
th
ere
h
ave
b
een
n
o
freeze-ou
ts

of
p
article
sp
ecies.
T
o
d
ay
th
e
en
trop
y
o
f
th
e
u
n
iv
erse
is
still
d
om
in
ated
b
y

p
h
oton
s
an
d
n
eu
trin
o
s,
so
th
e
con
serva
tion
of
en
trop
y
im
p
lies
th
at
a
T



h
a
s

rem
ain
ed
essen
tially
con
stan
t
b
etw
een
th
en
a
n
d
n
ow
.
T
h
u
s,

�
(t)
=

T


;0

T


(t)
�
:

U
sin
g
th
e
p
rev
iou
s
resu
lts
for
cH
�

1(t)
a
n
d
fo
r
T


(t),
th
e
con
d
ition
�
(t)
=

cH
�

1(t)
can
b
e
rew
ritten
as

k
T


;0 �
16
�
3g

1 G

4
5�h
3c
5 �

1
=
4p

t
�
=
2
ct
:
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3

S
olv
in
g
for
t,
th
e
tim
e
of
secon
d
H
u
b
b
le
crossin
g
is
fou
n
d
to
b
e

t
H
2 (�
)
=
(k
T


;0 �
)
2 �
�
3g

1 G

4
5
�h
3c
9 �

1
=
2

:

E
xten
sion
:
Y
ou
w
ere
n
ot
asked
to
in
sert
n
u
m
b
ers,
b
u
t
it
is
of
cou
rse
in
terestin
g

to
k
n
ow
w
h
ere
th
e
ab
ove
form
u
la
lead
s.
If
w
e
tak
e
�
=
10
6
lt-y
r,
it
gives

t
H
2 (10
6
lt-y
r)
=
1
:0
4�
10
7
s
=
0
:330
year
:

F
or
�
=
1
M
p
c,

t
H
2 (1
M
p
c)
=
1
:11�
10
8
s
=
3
:51
y
ear
:

T
ak
in
g
�
=

2
:5�
10
6

lt-y
r,
th
e
d
istan
ce
to
A
n
d
rom
ed
a,
th
e
n
earest
sp
iral

g
a
la
x
y,

t
H
2 (2
:5�
10
6
lt-y
r)
=
6
:50�
1
0
7
sec
=
2
:06
year
:

P
R
O
B
L
E
M

1
3
:
N
E
U
T
R
IN
O

N
U
M
B
E
R

A
N
D

T
H
E
N
E
U
T
R
O
N
/
P
R
O
-

T
O
N

E
Q
U
IL
IB
R
IU
M

(a
)
F
rom
th
e
ch
em
ical
eq
u
ilib
riu
m
eq
u
ation
on
th
e
fron
t
of
th
e
ex
am
,
th
e
n
u
m
b
er

d
en
sities
of
n
eu
tron
s
an
d
p
roton
s
can
b
e
w
ritten
as

n
n
=
g
n
(2
�
m
n
k
T
)
3
=
2

(2
�
�h
)
3

e
(�
n
�

m
n
c
2
)=
k
T

n
p
=
g
p
(2
�
m
p k
T
)
3
=
2

(2
�
�h
)
3

e
(�
p
�

m
p
c
2
)=
k
T

;

w
h
ere
g
n
=
g
p
=
2.
D
iv
id
in
g,

n
n

n
p

= �
m
n

m
p �

3
=
2

e
�

(�
E
+
�
p
�

�
n
)=
k
T

;

w
h
ere
�
E
=
(m
n �
m
p )c
2
is
th
e
p
roton
-n
eu
tron
m
ass-en
ergy
d
i�
eren
ce.
A
p
-

p
rox
im
atin
g
m
n
=
m
p �
1
,
o
n
e
h
a
s

n
n

n
p

=
e
�

(�
E
+
�
p
�

�
n
)=
k
T

:
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T
h
e
ap
p
rox
im
ation
m
n
=
m
p

�
1
is
very
accu
rate
(0.14
%
),
b
u
t
is
clea
rly
n
ot

n
ecessary.
F
u
ll
cred
it
w
as
giv
en
w
h
eth
er
o
r
n
ot
th
is
ap
p
rox
im
a
tion
w
as
u
sed
.

(b
)
F
or
an
y
allow
ed
ch
em
ical
rea
ction
,
th
e
su
m
of
th
e
ch
em
ica
l
p
o
ten
tia
ls
on
th
e

tw
o
sid
es
m
u
st
b
e
eq
u
al.
S
o,
from

e
+

+
n
 !
p
+
��
e
;

w
e
can
in
fer
th
at

�
�
e
+
�
n
=
�
p �
�
�
;

w
h
ich
im
p
lies
th
at

�
n �
�
p
=
�
e �
�
�
:

(c)
A
p
p
ly
in
g
th
e
form
u
la
g
iven
in
th
e
p
rob
lem
to
th
e
n
u
m
b
er
d
en
sities
of
electro
n

n
eu
trin
os
a
n
d
th
e
corresp
on
d
in
g
an
tin
eu
trin
os,

n
�
=
g
��
�
(3)

�
2

(k
T
)
3

(�h
c)
3
e
�
�
=
k
T

�n
�
=
g
��
�
(3)

�
2

(k
T
)
3

(�h
c)
3
e
�

�
�
=
k
T

;

sin
ce
th
e
ch
em
ical
p
o
ten
tia
l
fo
r
th
e
an
tin
eu
trin
o
s
(��
)
is
th
e
n
egativ
e
o
f
th
e

ch
em
ical
p
oten
tial
fo
r
n
eu
trin
os.
A
n
eu
trin
o
h
a
s
on
ly
on
e
sp
in
sta
te,
so
g
�
=

3
=4,
w
h
ere
th
e
factor
o
f
3
/4
a
rises
b
ecau
se
n
eu
trin
o
s
a
re
ferm
io
n
s.
S
ettin
g

x
�
e
�

�
�
=
k
T

an
d

A
�
34
�
(3
)

�
2

(k
T
)
3

(�h
c)
3

;

th
e
n
u
m
b
er
d
en
sity
eq
u
ation
s
can
b
e
w
ritten
co
m
p
actly
a
s

n
�
=
Ax

;

�n
�
=
x
A
:

T
o
ex
p
ress
x
in
term
s
o
f
th
e
ratio
�n
� =
n
� ,
d
iv
id
e
th
e
secon
d
eq
u
ation
b
y
th
e

�
rst
to
o
b
tain

�n
�

n
�

=
x
2

=)

x
= r
�n
�

n
�

:
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A
ltern
atively,
x
can
b
e
ex
p
ressed
in
term
s
of
th
e
d
i�
eren
ce
in
n
u
m
b
er
d
en
sities

�n
� �
n
�
b
y
startin
g
w
ith

�
n
=
�n
� �
n
�
=
x
A
�
Ax

:

R
ew
ritin
g
th
e
a
b
ove
form
u
la
as
an
ex
p
licit
q
u
ad
ratic,

A
x
2�
�
n
x�
A
=
0
;

on
e
�
n
d
s

x
=
�
n�
p

�
n
2
+
4
A
2

2
A

:

S
in
ce
th
e
d
e�
n
ition
of
x
im
p
lies
x
>
0,
on
ly
th
e
p
ositiv
e
ro
ot
is
relevan
t.
S
in
ce

th
e
n
u
m
b
er
of
electron
s
is
still
assu
m
ed
to
b
e
eq
u
al
to
th
e
n
u
m
b
er
of
p
ositron
s,

�
e
=
0,
so
th
e
an
sw
er
to
(b
)
red
u
ces
to
�
n �
�
p
=
�
�
� .
F
rom
(a),

n
n

n
p

=
e
�

(�
E
+
�
p
�

�
n
)=
k
T

=
e
�

(�
E
+
�
�
)=
k
T

=
x
e
�

�
E
=
k
T

=

r
�n
�

n
�
e
�

�
E
=
k
T

:

A
ltern
atively,
on
e
can
w
rite
th
e
an
sw
er
as

n
n

n
p

=
p

�
n
2
+
4
A
2
+
�
n

2
A

e
�

�
E
=
k
T

;

w
h
ere

A
�
34
�
(3)

�
2

(k
T
)
3

(�h
c)
3

:

(d
)
F
or
�
n
>
0,
th
e
a
n
sw
er
to
(c)
im
p
lies
th
at
th
e
ratio
n
n
=
n
p
w
ou
ld
b
e
larger

th
an
in
th
e
u
su
al
case
(�
n
=
0).
T
h
is
is
con
sisten
t
w
ith
th
e
ex
p
ectation
th
at

an
ex
cess
of
an
tin
eu
trin
os
w
ill
ten
d
to
cau
se
p's
to
tu
rn
in
to
n
's
accord
in
g
to

th
e
reaction

p
+
��
e �!
e
+

+
n
:

S
in
ce
th
e
am
ou
n
t
of
h
eliu
m

p
ro
d
u
ced
is
p
rop
ortion
al
to
th
e
n
u
m
b
er
of
n
eu
-

tron
s
th
at
su
rv
ive
u
n
til
th
e
b
reak
in
g
of
th
e
d
eu
teriu
m

b
o
ttlen
eck
,
startin
g

w
ith
a
h
igh
er
eq
u
ilib
riu
m
ab
u
n
d
an
ce
of
n
eu
tron
s
w
ill
in
crease
th
e
p
ro
d
u
ction

of
h
eliu
m
.
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P
R
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A
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2
0
1
6

p
.
5
6

P
R
O
B
L
E
M

1
4
:
T
H
E

E
V
E
N
T

H
O
R
IZ
O
N

F
O
R

O
U
R

U
N
IV
E
R
S
E

(25

poin
ts)

(a)
In
a
sp
h
erical
p
u
lse
each
ligh
t
ray
is
m
ov
in
g
rad
ia
lly
ou
tw
ard
,
so
d
�
=
d
�
=
0
.

A
ligh
t
ray
travels
alon
g
a
n
u
ll
tra
jectory,
m
ea
n
in
g
th
at
d
s
2
=
0,
so
w
e
h
ave

d
s
2
=
�
c
2
d
t
2
+
a
2(t)
d
r
2
=
0
:

(3.1)

from
w
h
ich
it
follow
s
th
at

d
r

d
t
=
�
c

a
(t)
:

(3.2)

W
e
are
in
terested
in
a
rad
ial
p
u
lse
th
at
starts
at
r
=
0
at
tim
e
t
=
t
0 ,
so
th
e

lim
itin
g
valu
e
of
r
is
given
b
yr

m
a
x
= Z

1
t
0

c
a
(t)
d
t
:

(3
.3
)

(b
)
C
h
an
gin
g
variab
les
o
f
in
teg
ra
tion
to

x
=

a
(t)

a
(t
0 )
;

(3
.4
)

th
e
in
tegral
b
ecom
es

r
m
a
x
= Z

1
1

c
a
(t)

d
t

d
x
d
x
=

c
a
(t
0 ) Z

1
1

1x
d
t

d
x
d
x
;

(3
.5
)

w
h
ere
w
e
u
sed
th
e
fact
th
at
t
=
t
0

co
rresp
on
d
s
to
x
=
a
(t
0 )=
a
(t
0 )
=
1
.
A
s

given
to
u
s
on
th
e
fo
rm
u
la
sh
eet,
th
e
�
rst-ord
er
F
ried
m
an
n
eq
u
atio
n
ca
n
b
e

w
ritten
as

x
d
xd

t
=
H
0 q


m
;0 x
+


ra
d
;0
+


v
a
c;0 x
4
+


k
;0 x
2
:

(3.6
)

U
sin
g
th
is
su
b
stitu
tio
n
,

r
m
a
x
=

c

a
(t
0 )H
0 Z

1
1

d
x

p


m
;0 x
+


ra
d
;0
+


v
a
c;0 x
4

;

(3
.7
)

w
h
ere
w
e
h
ave
u
sed


k
;0
=
0,
sin
ce
th
e
u
n
iv
erse
is
tak
en
to
b
e


a
t.
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(c)
T
o
�
n
d
th
e
valu
e
of
th
e
red
sh
ift
for
th
e
ligh
t
th
at
w
e
are
p
resen
tly
receiv
in
g
from

co
ord
in
ate
d
istan
ce
r
m
a
x ,
w
e
ca
n
b
eg
in
b
y
n
oticin
g
th
at
th
e
tim
e
of
em
ission
t
e

can
b
e
d
eterm
in
ed
b
y
th
e
eq
u
ation
w
h
ich
im
p
lies
th
at
th
e
co
ord
in
ate
d
istan
ce

traveled
b
y
a
ligh
t
p
u
lse
b
etw
een
tim
es
t
e

an
d
t
0

m
u
st
eq
u
al
r
m
a
x .
U
sin
g

E
q
.
(3.2)
for
th
e
co
ord
in
ate
velo
city
o
f
ligh
t,
th
is
eq
u
ation
read
s

Z
t
0

t
e

c
a
(t)
d
t
=
r
m
a
x
:

(3.8)

T
h
e
\h
alf-cred
it"
an
sw
er
to
th
e
q
u
iz
p
rob
lem
w
ou
ld
in
clu
d
e
th
e
ab
ove
eq
u
ation
,

follow
ed
b
y
th
e
statem
en
t
th
a
t
th
e
red
sh
ift
z
e
h
can
b
e
d
eterm
in
ed
from

z
=
a
(t
0 )

a
(t
e ) �
1
:

(3.9)

T
h
e
\fu
ll-cred
it"
an
sw
er
is
ob
tain
ed
b
y
ch
an
gin
g
th
e
variab
le
of
in
tegration
as

in
p
art
(b
),
so
E
q
.
(3.8)
b
ecom
es

r
m
a
x
= Z

1
x
e

c
a
(t)

d
t

d
x
d
x

=

c
a
(t
0 ) Z

1
x
e

1x
d
t

d
x
d
x
;

(3.10)

w
h
ere
x
e
is
th
e
valu
e
of
x
co
rresp
o
n
d
in
g
to
t
=
t
e .
T
h
en
u
sin
g
E
q
.
(3.6)
w
ith



k
;0
=
0
,
w
e
�
n
d

r
m
a
x
=

c

a
(t
0 )H
0 Z

1
x
e

d
x

p


m
;0 x
+


ra
d
;0
+


v
a
c
;0 x
4

:

(3.11)

T
o
com
p
lete
th
e
an
sw
er
in
th
is
lan
gu
age,
w
e
u
se

z
=

1x
e �
1
:

(3.12)

E
q
s.
(3.11)
an
d
(3.12)
con
stitu
te
a
fu
ll
an
sw
er
to
th
e
q
u
estion
,
b
u
t
o
n
e
cou
ld

go
fu
rth
er
an
d
rep
lace
r
m
a
x
u
sin
g
E
q
.
(3.7),
�
n
d
in
g

Z
1

1

d
x

p


m
;0 x
+


ra
d
;0
+


v
a
c
;0 x
4

= Z
1

x
e

d
x

p


m
;0 x
+


ra
d
;0
+


v
a
c;0 x
4

:

(3.13)
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In
th
is
form
th
e
an
sw
er
d
ep
en
d
s
on
ly
on
th
e
valu
es
of


X
;0 .

Y
ou
w
ere
of
cou
rse
n
ot
a
sked
to
evalu
a
te
th
is
form
u
la
n
u
m
erica
lly,
b
u
t
y
ou

m
igh
t
b
e
in
terested
in
k
n
ow
in
g
th
a
t
th
e
P
lan
ck
20
13
valu
es


m
;0

=

0
:3
15,



v
a
c;0
=
0
:685,
an
d


ra
d
;0
=
9
:2�
10
�

5

lead
to
z
e
h

=
1
:87.
T
h
u
s,
n
o
even
t

th
at
is
h
ap
p
en
in
g
n
ow
(i.e.,
a
t
th
e
sam
e
valu
e
o
f
th
e
co
sm
ic
tim
e)
in
a
ga
la
x
y

at
red
sh
ift
larger
th
a
n
1
.87
w
ill
ever
b
e
v
isib
le
to
u
s
o
r
ou
r
d
escen
d
an
ts,
even

in
p
rin
cip
le.


