
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

O
ctob
er
28,
2018

P
rof.
A
lan
G
u
th

R
E
V
IE
W

P
R
O
B
L
E
M
S
F
O
R

Q
U
IZ
2

R
e
v
ise
d
V
e
rsio
n
*

Q
U
IZ
D
A
T
E
:
M
o
n
d
ay,
N
ovem
b
er
5,
2
018,
d
u
rin
g
th
e
n
orm
al
class
tim
e.

C
O
V
E
R
A
G
E
:
L
ectu
re
N
otes
4,
5,
an
d
th
rou
gh
th
e
section
on
\D
y
n
am
ics
of
a
F
lat

R
ad
iation
-D
om
in
ated
U
n
iv
erse"
of
L
ectu
re
N
otes
6;
P
rob
lem
S
ets
4,
5,
an
d
6;
W
ein
-

b
erg,
T
h
e
F
irst
T
h
ree
M
in
u
tes,
C
h
ap
ters
4
{
7;
In
R
y
d
en
's
In
trodu
ction
to
C
osm
ol-

ogy,
w
e
h
av
e
read
C
h
ap
ters
4,
5
,
an
d
S
ec.
6.1
d
u
rin
g
th
is
p
erio
d
.
T
h
ese
ch
ap
ters,

h
ow
ever,
p
arallel
w
h
at
w
e
h
av
e
d
on
e
or
w
ill
b
e
d
oin
g
in
lectu
re,
so
y
ou
sh
ou
ld
take

th
em
as
an
aid
to
learn
in
g
th
e
lectu
re
m
aterial;
th
ere
w
ill
b
e
n
o
q
u
estion
s
ex
p
licitly

b
ased
on
th
ese
section
s
from
R
y
d
en
.
B
u
t
w
e
h
ave
a
lso
read
C
h
ap
ters
10
(N
u
cleosyn
-

thesis
an
d
the
E
arly
U
n
iverse)
a
n
d
8
(D
ark
M
atter)
in
R
y
d
en
,
an
d
th
ese
are
relevan
t

m
aterial
for
th
e
q
u
iz,
ex
cep
t
for
S
ec.
10.3
(D
eu
teriu
m
S
yn
thesis).
W
e
w
ill
retu
rn
to

d
eu
teriu
m
sy
n
th
esis
later
in
th
e
cou
rse.
Y
ou
can
also
ign
ore
R
y
d
en
's
E
q
s.
(10.11),

(10.12),
an
d
(10.13)
for
n
ow
.
C
h
ap
ters
4
a
n
d
5
of
W
ein
b
erg's
b
o
ok
are
p
acked
w
ith

n
u
m
b
ers;
y
o
u
n
eed
n
o
t
m
em
o
rize
th
ese
n
u
m
b
ers,
b
u
t
y
ou
sh
ou
ld
b
e
fam
iliar
w
ith

th
eir
ord
ers
of
m
agn
itu
d
e.
W
e
w
ill
n
ot
tak
e
o�
for
th
e
sp
ellin
g
of
n
am
es,
as
lon
g
as

th
ey
are
vagu
ely
recogn
izab
le.
F
or
d
ates
b
efore
1900,
it
w
ill
b
e
su
Æ
cien
t
for
y
ou
to

k
n
ow
w
h
en
th
in
gs
h
ap
p
en
ed
to
w
ith
in
100
y
ears.
F
or
d
ates
after
1900,
it
w
ill
b
e
su
Æ
-

cien
t
if
you
can
p
lace
ev
en
ts
w
ith
in
10
yea
rs.
Y
ou
sh
ou
ld
ex
p
ect
on
e
25-p
oin
t
p
rob
lem

b
ased
o
n
th
e
read
in
gs,
an
d
sev
eral
calcu
lation
al
p
rob
lem
s.
O
n
e
o
f
th
e
p
ro
b
le
m
s

o
n
th
e
q
u
iz
w
ill
b
e
ta
k
e
n
v
e
rb
a
tim

(o
r
a
t
le
a
st
a
lm
o
st
v
e
rb
a
tim
)
fro
m

e
ith
e
r
th
e
p
ro
b
le
m

se
ts
liste
d
a
b
o
v
e
(e
x
tra
c
re
d
it
p
ro
b
le
m
s
in
c
lu
d
e
d
),
o
r

fro
m

th
e
sta
rre
d
p
ro
b
le
m
s
fro
m

th
is
se
t
o
f
R
e
v
ie
w

P
ro
b
le
m
s.
T
h
e
starred

p
rob
lem
s
are
th
e
o
n
es
th
at
I
recom
m
en
d
th
at
y
ou
rev
iew
m
ost
carefu
lly
:
P
rob
lem
s

6,
7,
8,
13,
1
5,
17,
1
9,
an
d
2
1.

P
U
R
P
O
S
E
:
T
h
ese
rev
iew
p
rob
lem
s
are
n
ot
to
b
e
h
an
d
ed
in
,
b
u
t
are
b
ein
g
m
ad
e
avail-

ab
le
to
h
elp
y
ou
stu
d
y.
T
h
ey
com
e
m
ain
ly
from
q
u
izzes
in
p
rev
iou
s
y
ears.
In
som
e

cases
th
e
n
u
m
b
er
of
p
oin
ts
assign
ed
to
th
e
p
rob
lem
on
th
e
q
u
iz
is
listed
|

in
all

su
ch
cases
it
is
b
ased
on
100
p
oin
ts
for
th
e
fu
ll
q
u
iz.

In
ad
d
ition
to
th
is
set
of
p
rob
lem
s,
y
ou
w
ill
�
n
d
on
th
e
cou
rse
w
eb
p
age
th
e
actu
al

q
u
izzes
th
at
w
ere
giv
en
in
1994,
1996,
1
998,
2000,
2002,
2004,
2005,
2007,
2
009,

2011,
2013,
an
d
2016.
T
h
e
releva
n
t
p
rob
lem
s
from
th
ose
q
u
izzes
h
ave
m
ostly
b
een

in
corp
orated
in
to
th
ese
rev
iew
p
rob
lem
s,
b
u
t
y
ou
still
m
ay
b
e
in
terested
in
lo
ok
in
g

at
th
e
q
u
izzes,
ju
st
to
see
h
ow
m
u
ch
m
aterial
h
as
b
een
in
clu
d
ed
in
each
q
u
iz.
T
h
e

*
R
ev
ised
N
ovem
b
er
2,
2018:
P
rob
lem
23
refers
to
a
tab
le
of
in
tegrals,
w
h
ich
w
as
n
ot

in
clu
d
ed
in
th
e
origin
al
v
ersion
of
th
e
rev
iew
p
rob
lem
s.
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p
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coverage
of
th
e
u
p
com
in
g
q
u
iz
w
ill
n
ot
n
ecessarily
m
a
tch
ex
actly
th
e
coverag
e
fro
m

p
rev
iou
s
y
ears,
b
u
t
I
b
eliev
e
th
at
a
ll
th
ese
rev
iew
p
rob
lem
s
w
ou
ld
b
e
fa
ir
p
ro
b
lem
s

for
th
e
u
p
com
in
g
q
u
iz.
T
h
e
cov
erag
e
for
each
q
u
iz
in
recen
t
y
ears
is
u
su
a
lly
d
escrib
ed

at
th
e
start
of
th
e
rev
iew
p
rob
lem
s,
as
I
d
id
h
ere.
In
20
16
w
e
�
n
ish
ed
W
ein
b
erg's

b
o
ok
b
y
th
e
tim
e
of
Q
u
iz
2,
b
u
t
oth
erw
ise
th
e
covera
ge
w
a
s
th
e
sa
m
e
as
th
is
y
ear.

R
E
V
IE
W

S
E
S
S
IO
N
:
T
o
h
elp
y
ou
stu
d
y
for
th
e
q
u
iz,
H
on
ggeu
n
K
im
w
ill
h
old
a
rev
iew

session
,
at
a
tim
e
an
d
p
la
ce
to
b
e
an
n
ou
n
ced
.

F
U
T
U
R
E
Q
U
IZ
:
Q
u
iz
3
w
ill
b
e
given
on
W
ed
n
esd
ay,
D
ecem
b
er
5,
20
18
.

IN
F
O
R
M
A
T
IO
N

T
O

B
E
G
IV
E
N

O
N

Q
U
IZ
:

E
ach
q
u
iz
in
th
is
cou
rse
w
ill
h
av
e
a
sectio
n
of
\
u
sefu
l
in
form
ation
"
fo
r
y
ou
r
referen
ce.

F
or
th
e
secon
d
q
u
iz,
th
is
u
sefu
l
in
form
a
tion
w
ill
b
e
th
e
follow
in
g:

D
O
P
P
L
E
R

S
H
IF
T
(F
o
r
m
o
tio
n
a
lo
n
g
a
lin
e
):

z
=
v
=
u

(n
on
relativ
istic,
sou
rce
m
ov
in
g
)

z
=

v
=
u

1�
v
=
u

(n
on
rela
tiv
istic,
ob
serv
er
m
ov
in
g)

z
= s
1
+
�

1�
�
�
1

(sp
ecial
relativ
ity,
w
ith
�
=
v
=
c)

C
O
S
M
O
L
O
G
IC
A
L
R
E
D
S
H
IF
T
:

1
+
z�
�
o
b
se
rv
e
d

�
e
m
itte
d

=
a
(t
o
b
se
rv
e
d )

a
(t
e
m
itte
d )

S
P
E
C
IA
L
R
E
L
A
T
IV
IT
Y
:

T
im
e
D
ilation
F
acto
r:


�

1

p
1�
�
2

;

�
�
v
=
c

L
oren
tz-F
itzgera
ld
C
on
tractio
n
F
actor:



R
elativ
ity
o
f
S
im
u
ltan
eity
:

T
railin
g
clo
ck
read
s
later
b
y
an
am
o
u
n
t
�
`
0 =
c
.

E
n
ergy
-M
om
en
tu
m
F
ou
r-V
ector:

p
�
= �
Ec

;~p �
;
~p
=

m
0 ~v
;
E
=

m
0 c
2
= q
(m
0 c
2)
2
+
j~pj 2
c
2
;

p
2�
j~pj 2� �p
0 �
2

=
j~pj 2�
E
2

c
2

=
�
(m
0 c)
2

:
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K
IN
E
M
A
T
IC
S
O
F
A
H
O
M
O
G
E
N
E
O
U
S
L
Y

E
X
P
A
N
D
IN
G

U
N
I-

V
E
R
S
E
:

H
u
b
b
le's
L
aw
:
v
=
H
r
,

w
h
ere
v
=

recession
v
elo
city
of
a
d
istan
t
o
b
ject,
H

=

H
u
b
b
le

ex
p
an
sion
rate,
an
d
r
=
d
istan
ce
to
th
e
d
istan
t
ob
ject.

P
resen
t
V
alu
e
of
H
u
b
b
le
E
x
p
an
sion
R
ate
(P
lan
ck
2
018):

H
0
=
67
:66�
0
:42
k
m
-s �
1-M
p
c �
1

S
cale
F
actor:
`
p (t)
=
a
(t)`
c
;

w
h
ere
`
p (t)
is
th
e
p
h
y
sical
d
istan
ce
b
etw
een
an
y
tw
o
ob
jects,
a
(t)

is
th
e
scale
factor,
an
d
`
c
is
th
e
co
ord
in
ate
d
istan
ce
b
etw
een
th
e

ob
jects,
also
called
th
e
com
ov
in
g
d
istan
ce.

H
u
b
b
le
E
x
p
an
sion
R
ate:
H
(t)
=

1
a
(t)

d
a
(t)

d
t

.

L
ig
h
t
R
ay
s
in
C
om
ov
in
g
C
o
ord
in
ates:
L
igh
t
ray
s
travel
in
straigh
t

lin
es
w
ith
p
h
y
sical
sp
eed
c
relativ
e
to
an
y
ob
server.
In
C
artesian

co
ord
in
ates,
co
ord
in
ate
sp
eed
d
xd

t
=

c
a
(t)
.
In
gen
eral,
d
s
2

=

g
�
� d
x
�
d
x
�
=
0
:

H
orizon
D
istan
ce:

`
p
;h
o
riz
o
n (t)
=
a
(t) Z

t
0

c
a
(t 0)
d
t 0

= �
3
ct

(
at,
m
atter-d
om
in
ated
),

2
ct

(
at,
rad
iation
-d
om
in
ated
).

C
O
S
M
O
L
O
G
IC
A
L
E
V
O
L
U
T
IO
N
:

H
2
= �
_aa �
2

=
8
�3

G
��
k
c
2

a
2

;

�a
=
�
4
�3

G �
�
+
3
pc

2 �
a
;

�
m
(t)
=
a
3(t

i )

a
3(t)
�
m
(t
i )
(m
atter);

�
r (t)
=
a
4(t

i )

a
4(t)
�
r (t
i )
(rad
iation
):

_�
=
�
3
_aa �

�
+

pc
2 �
;


�
�
=
�
c
;
w
h
ere
�
c
=
3
H
2

8
�
G

:
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R
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R
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,
F
A
L
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2
0
1
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p
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4

E
V
O
L
U
T
IO
N

O
F
A

M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
:

F
lat
(k
=
0
):

a
(t)/
t
2
=
3



=
1
:

C
losed
(k
>
0):

ct
=
�
(��
sin
�)
;

apk
=
�
(1�
cos
�)
;



=

2

1
+
cos
�
>
1
;

w
h
ere
�
�
4
�3
G
�

c
2 �
apk �
3

:

O
p
en
(k
<
0):

ct
=
�
(sin
h
��
�)
;

ap�
=
�
(co
sh
��
1)
;



=

2

1
+
cosh
�
<
1
;

w
h
ere
�
�
4
�3
G
�

c
2 �
ap� �
3

;

��
�
k
>
0
:

M
IN
K
O
W
S
K
I
M
E
T
R
IC
(S
p
e
c
ia
l
R
e
la
tiv
ity
):

d
s
2�
�
c
2
d
�
2
=
�
c
2d
t
2
+
d
x
2
+
d
y
2
+
d
z
2
:

R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

M
E
T
R
IC
:

d
s
2�
�
c
2
d
�
2
=
�
c
2
d
t
2+
a
2(t) �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

A
ltern
atively,
for
k
>
0,
w
e
can
d
e�
n
e
r
=
sin
 
p

k
,
a
n
d
th
en

d
s
2�
�
c
2
d
�
2�
�
c
2
d
t
2
+
~a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

w
h
ere
~a
(t)
=
a
(t)= p
k
.
F
or
k
<
0
w
e
can
d
e�
n
e
r
=
sin
h
 

p�
k
,
a
n
d
th
en

d
s
2�
�
c
2
d
�
2
=
�
c
2
d
t
2+
~a
2(t) �
d
 
2
+
sin
h
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

w
h
ere
~a
(t)
=
a
(t)= p
�
k
.
N
ote
th
a
t
~a
can
b
e
called
a
if
th
ere
is
n
o
n
eed

to
relate
it
to
th
e
a
(t)
th
at
ap
p
ears
in
th
e
�
rst
eq
u
atio
n
ab
ove.
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S
C
H
W
A
R
Z
S
C
H
IL
D

M
E
T
R
IC
:

d
s
2�
�
c
2d
�
2
=
� �
1�
2
G
M

rc
2 �
c
2d
t
2
+ �
1�
2
G
M

rc
2 �

�
1

d
r
2

+
r
2d
�
2
+
r
2
sin
2
�
d
�
2
;

G
E
O
D
E
S
IC
E
Q
U
A
T
IO
N
:

dd
s �
g
ij
d
x
j

d
s �
=
12

(@
i g
k
` )
d
x
k

d
s

d
x
`

d
s

or:

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�
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2
3
(S
ol:
66
)

18.
A
T
w
o-D
im
en
sion
al
C
u
rved
S
p
ace
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
4
(S
ol:
69
)

*19.
R
otatin
g
F
ram
es
of
R
eferen
ce
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
5
(S
o
l:
7
2)

20.
T
h
e
S
tab
ility
of
S
ch
w
arzsch
ild
O
rb
its
.
.
.
.
.
.
.
.
.
.
.
.
.
.
27
(S
o
l:
7
5)

*21.
P
ressu
re
an
d
E
n
ergy
D
en
sity
o
f
M
y
steriou
s
S
tu
�
.
.
.
.
.
.
.
.
.
28
(S
ol:
79)

22.
V
olu
m
e
of
a
C
losed
T
h
ree-D
im
en
sion
al
S
p
a
ce

.
.
.
.
.
.
.
.
.
.
29
(S
o
l:
8
0)

23.
G
rav
itation
al
B
en
d
in
g
o
f
L
ig
h
t

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
3
1
(S
ol:
81
)
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P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G

(2
0
0
0
,
2
0
0
2
)

P
arts
(a)-(c)
of
this
problem
com
e
from
Q
u
iz
4,
2000,
an
d
parts
(d)
an
d
(e)
com
e
from

Q
u
iz
3
,
2
0
0
2
.

(a)
(5
poin
ts)
B
y
w
h
at
factor
d
o
es
th
e
lep
ton
n
u
m
b
er
p
er
co
m
ov
in
g
v
olu
m
e
of
th
e
u
n
i-

v
erse
ch
a
n
g
e
b
etw
een
tem
p
eratu
res
of
k
T
=
1
0
M
eV
a
n
d
k
T
=
0
:1
M
eV
?
Y
ou
sh
ou
ld

assu
m
e
th
e
ex
isten
ce
of
th
e
n
orm
al
th
ree
sp
ecies
of
n
eu
trin
os
for
y
ou
r
an
sw
er.

(b
)
(5
po
in
ts)
M
ea
su
rem
en
ts
of
th
e
p
rim
ord
ial
d
eu
teriu
m
a
b
u
n
d
an
ce
w
ou
ld
give
g
o
o
d

con
strain
ts
o
n
th
e
b
a
ryo
n
d
en
sity
o
f
th
e
u
n
iv
erse.
H
ow
ev
er,
th
is
ab
u
n
d
an
ce
is
h
ard

to
m
easu
re
a
ccu
rately.
W
h
ich
o
f
th
e
fo
llow
in
g
is
N
O
T
a
reason
w
h
y
th
is
is
h
ard
to

d
o?

(i)
T
h
e
n
eu
tron
in
a
d
eu
teriu
m

n
u
cleu
s
d
ecay
s
o
n
th
e
tim
e
scale
of
15
m
in
u
tes,

so
alm
ost
n
on
e
of
th
e
p
rim
ord
ial
d
eu
teriu
m
p
ro
d
u
ced
in
th
e
B
ig
B
an
g
is
still

p
resen
t.

(ii)
T
h
e
d
eu
teriu
m
ab
u
n
d
an
ce
in
th
e
E
arth
's
o
cean
s
is
b
iased
b
ecau
se,
b
ein
g
h
eav
ier,

less
d
eu
teriu
m
th
an
h
y
d
rogen
w
ou
ld
h
ave
escap
ed
from
th
e
E
arth
's
su
rface.

(iii)
T
h
e
d
eu
teriu
m
a
b
u
n
d
an
ce
in
th
e
S
u
n
is
b
iased
b
ecau
se
n
u
clear
reaction
s
ten
d

to
d
estroy
it
b
y
con
vertin
g
it
in
to
h
eliu
m
-3.

(iv
)
T
h
e
sp
ectral
lin
es
of
d
eu
teriu
m
are
a
lm
ost
id
en
tical
w
ith
th
ose
o
f
h
y
d
rogen
,
so

d
eu
teriu
m
sign
atu
res
ten
d
to
get
w
ash
ed
ou
t
in
sp
ectra
of
p
rim
ord
ial
gas
clou
d
s.

(v
)
T
h
e
d
eu
teriu
m
ab
u
n
d
an
ce
is
so
sm
all
(a
few
p
arts
p
er
m
illion
)
th
at
it
can
b
e

easily
ch
an
ged
b
y
a
strop
h
y
sical
p
ro
cesses
oth
er
th
an
p
rim
ord
ial
n
u
cleosy
n
th
esis.

(c)
(5
po
in
ts)
G
iv
e
th
ree
ex
am
p
les
of
h
ad
ron
s.

(d
)
(6
poin
ts)
In
C
h
ap
ter
6
of
T
he
F
irst
T
hree
M
in
u
tes,
S
tev
en
W
ein
b
erg
p
osed
th
e

q
u
estio
n
,
\W
h
y
w
as
th
ere
n
o
sy
stem
atic
search
for
th
is
[cosm
ic
b
ack
grou
n
d
]
rad
ia-

tion
,
y
ears
b
efore
1965?"
In
d
iscu
ssin
g
th
is
issu
e,
h
e
con
trasted
it
w
ith
th
e
h
istory

o
f
tw
o
d
i�
eren
t
elem
en
tary
p
articles,
each
of
w
h
ich
w
ere
p
red
icted
ap
p
rox
im
ately
20

y
ears
b
efore
th
ey
w
ere
�
rst
d
etected
.
N
am
e
on
e
of
th
ese
tw
o
elem
en
tary
p
articles.

(If
you
n
am
e
th
em
b
oth
correctly,
yo
u
w
ill
g
et
3
p
o
in
ts
ex
tra
cred
it.
H
ow
ev
er,
on
e

rig
h
t
an
d
on
e
w
ron
g
w
ill
get
y
ou
4
p
oin
ts
for
th
e
q
u
estion
,
com
p
ared
to
6
p
oin
ts
for

ju
st
n
am
in
g
o
n
e
p
article
an
d
gettin
g
it
righ
t.)

A
n
sw
er:

2n
d
A
n
sw
er
(op
tion
al):

(e)
(6
poin
ts)
In
C
h
ap
ter
6
of
T
he
F
irst
T
hree
M
in
u
tes,
S
teven
W
ein
b
erg
d
iscu
sses
th
ree

reason
s
w
h
y
th
e
im
p
ortan
ce
of
a
search
for
a
3 Æ
K
m
icrow
ave
rad
iation
b
ack
grou
n
d

w
as
n
ot
gen
erally
ap
p
reciated
in
th
e
1950s
an
d
early
1960s.
C
h
o
o
se
th
ose
th
ree

reason
s
from
th
e
follow
in
g
list.
(2
p
o
in
ts
for
each
rig
h
t
an
sw
er,
circle
at
m
ost
3.)

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
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8

(i)
T
h
e
earliest
calcu
la
tio
n
s
erron
eou
sly
p
red
icted
a
cosm
ic
b
ack
grou
n
d
tem
p
era
-

tu
re
of
on
ly
ab
ou
t
0
:1 Æ
K
,
a
n
d
su
ch
a
b
ack
gro
u
n
d
w
ou
ld
b
e
to
o
w
eak
to
d
etect.

(ii)
T
h
ere
w
as
a
b
reak
d
ow
n
in
com
m
u
n
ication
b
etw
een
th
eorists
an
d
ex
p
erim
en
tal-

ists.

(iii)
It
w
as
n
ot
tech
n
olog
ically
p
ossib
le
to
d
etect
a
sig
n
al
as
w
eak
as
a
3 Æ
K
m
icrow
av
e

b
ack
grou
n
d
u
n
til
a
b
o
u
t
196
5.

(iv
)
S
in
ce
alm
ost
all
p
h
y
sicists
a
t
th
e
tim
e
w
ere
p
ersu
ad
ed
b
y
th
e
stead
y
sta
te
m
o
d
el,

th
e
p
red
iction
s
o
f
th
e
b
ig
b
a
n
g
m
o
d
el
w
ere
n
ot
tak
en
seriou
sly.

(v
)
It
w
as
ex
traord
in
arily
d
iÆ
cu
lt
for
p
h
y
sicists
to
tak
e
seriou
sly
an
y
th
eo
ry
o
f
th
e

early
u
n
iv
erse.

(v
i)
T
h
e
early
w
ork
on
n
u
cleosy
n
th
esis
b
y
G
am
ow
,
A
lp
h
er,
H
erm
an
,
an
d
F
o
llin
,
et

al.,
h
ad
attem
p
ted
to
ex
p
lain
th
e
orig
in
o
f
a
ll
com
p
lex
n
u
clei
b
y
reaction
s
in
th
e

early
u
n
iv
erse.
T
h
is
p
rog
ram
w
as
n
ever
v
ery
su
ccessfu
l,
an
d
its
cred
ib
ility
w
as

fu
rth
er
u
n
d
erm
in
ed
a
s
im
p
rovem
en
ts
w
ere
m
ad
e
in
th
e
altern
ativ
e
th
eory,
th
at

elem
en
ts
are
sy
n
th
esized
in
stars.

P
R
O
B
L
E
M

2
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G

(2
0
0
7
)?
(2
4
po
in
ts)

T
he
follow
in
g
problem
w
a
s
P
roblem
1
o
f
Q
u
iz
2
in
2007.

(a)
(6
poin
ts)
In
1948
R
alp
h
A
.
A
lp
h
er
an
d
R
ob
ert
H
erm
an
w
rote
a
p
ap
er
p
red
ictin
g

a
cosm
ic
m
icrow
ave
b
ack
gro
u
n
d
w
ith
a
tem
p
eratu
re
of
5
K
.
T
h
e
p
a
p
er
w
as
b
ased

on
a
cosm
ological
m
o
d
el
th
a
t
th
ey
h
a
d
d
ev
elop
ed
w
ith
G
eorg
e
G
a
m
ow
,
in
w
h
ich
th
e

early
u
n
iverse
w
as
assu
m
ed
to
h
av
e
b
een
�
lled
w
ith
h
o
t
n
eu
tro
n
s.
A
s
th
e
u
n
iv
erse

ex
p
an
d
ed
an
d
co
oled
th
e
n
eu
tron
s
u
n
d
erw
en
t
b
eta
d
ecay
in
to
p
ro
ton
s,
electro
n
s,
a
n
d

an
tin
eu
trin
os,
u
n
til
at
so
m
e
p
oin
t
th
e
u
n
iv
erse
co
oled
en
o
u
gh
fo
r
lig
h
t
elem
en
ts
to

b
e
sy
n
th
esized
.
A
lp
h
er
a
n
d
H
erm
a
n
fou
n
d
th
at
to
a
ccou
n
t
fo
r
th
e
ob
served
p
resen
t

ab
u
n
d
an
ces
of
ligh
t
elem
en
ts,
th
e
ratio
of
p
h
o
to
n
s
to
n
u
clear
p
a
rticles
m
u
st
h
ave

b
een
ab
ou
t
10
9.
A
lth
ou
g
h
th
e
p
red
icted
tem
p
eratu
re
w
a
s
v
ery
clo
se
to
th
e
actu
al

valu
e
of
2.7
K
,
th
e
th
eo
ry
d
i�
ered
fro
m
ou
r
p
resen
t
th
eo
ry
in
tw
o
w
ay
s.
C
ircle
th
e

tw
o
correct
statem
en
ts
in
th
e
fo
llow
in
g
list.
(3
p
oin
ts
fo
r
each
righ
t
an
sw
er;
circle
at

m
ost
2.)
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(i)
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
th
at
th
e
n
eu
tron
cou
ld
d
ecay,
b
u
t
n
ow

th
e
n
eu
tron
is
th
ou
gh
t
to
b
e
ab
solu
tely
stab
le.

(ii)
In
th
e
cu
rren
t
th
eory,
th
e
u
n
iv
erse
started
w
ith
n
early
eq
u
al
d
en
sities
of
p
roton
s

an
d
n
eu
tron
s,
n
ot
all
n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
.

(iii)
In
th
e
cu
rren
t
th
eory,
th
e
u
n
iv
erse
started
w
ith
m
ain
ly
alp
h
a
p
articles,
n
ot
all

n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
a
ssu
m
ed
.
(N
ote:
an
alp
h
a
p
article
is

th
e
n
u
cleu
s
of
a
h
eliu
m
atom
,
com
p
osed
o
f
tw
o
p
roton
s
an
d
tw
o
n
eu
tron
s.)

(iv
)
In
th
e
cu
rren
t
th
eory,
th
e
con
v
ersion
of
n
eu
tron
s
in
to
p
roton
s
(an
d
v
ice
versa)

to
ok
p
lace
m
ain
ly
th
rou
gh
collision
s
w
ith
electron
s,
p
ositron
s,
n
eu
trin
os,
an
d

a
n
tin
eu
trin
os,
n
ot
th
rou
gh
th
e
d
ecay
of
th
e
n
eu
tron
s.

(v
)
T
h
e
ratio
of
p
h
oton
s
to
n
u
clear
p
articles
in
th
e
early
u
n
iv
erse
is
n
ow
b
elieved

to
h
ave
b
een
ab
ou
t
10
3,
n
o
t
1
0
9
as
A
lp
h
er
a
n
d
H
erm
an
con
clu
d
ed
.

(b
)
(6
poin
ts)
In
W
ein
b
erg
's
\
R
ecip
e
fo
r
a
H
o
t
U
n
iverse,"
h
e
d
escrib
ed
th
e
p
rim
ord
ial

com
p
osition
of
th
e
u
n
iv
erse
in
term
s
of
th
ree
con
serv
ed
q
u
an
tities:
electric
ch
arge,

b
a
ryo
n
n
u
m
b
er,an
d
lep
ton
n
u
m
b
er.
If
electric
ch
arge
is
m
easu
red
in
u
n
its
of
th
e
elec-

tro
n
ch
arge,
th
en
all
th
ree
q
u
an
tities
are
in
tegers
for
w
h
ich
th
e
n
u
m
b
er
d
en
sity
can

b
e
com
p
ared
w
ith
th
e
n
u
m
b
er
d
en
sity
o
f
p
h
oton
s.
F
or
each
q
u
an
tity,
w
h
ich
ch
oice

m
ost
accu
rately
d
escrib
es
th
e
in
itial
ratio
of
th
e
n
u
m
b
er
d
en
sity
of
th
is
q
u
an
tity
to

th
e
n
u
m
b
er
d
en
sity
o
f
p
h
oton
s:

E
lectric
C
h
arge:

(i)�
10
9

(ii)�
1
0
0
0

(iii)�
1

(iv
)�
1
0 �
6

(v
)
eith
er
zero
or
n
egligib
le

B
a
ry
on
N
u
m
b
er:

(i)�
10 �
2
0

(ii)�
10 �
9

(iii)�
10 �
6

(iv
)�
1

(v
)
a
n
y
w
h
ere
from
10 �
5
to
1

L
ep
ton
N
u
m
b
er:

(i)�
1
0
9

(ii)�
1
0
0
0

(iii)�
1

(iv
)�
1
0 �
6

(v
)
cou
ld
b
e
as
h
igh
as�
1,
b
u
t

is
assu
m
ed
to
b
e
v
ery
sm
all

8
.2
8
6
Q
U
IZ
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V
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(c)
(12
poin
ts)
T
h
e
�
gu
re
b
elow
com
es
from
W
ein
b
erg
's
C
h
a
p
ter
5,
a
n
d
is
lab
eled
T
he

S
hiftin
g
N
eu
tron
-P
roton
B
alan
ce.

(i)
(3
poin
ts)
D
u
rin
g
th
e
p
erio
d
lab
eled
\
th
erm
aleq
u
ilib
riu
m
,"
th
e
n
eu
tro
n
fractio
n

is
ch
an
gin
g
b
ecau
se
(ch
o
o
se
on
e):

(A
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roto
n
,
electro
n
,
an
d
a
n
tin
eu
-

trin
o
w
ith
a
lifetim
e
of
ab
ou
t
1
secon
d
.

(B
)
T
h
e
n
eu
tron
is
u
n
sta
b
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electro
n
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
of
a
b
ou
t
15
seco
n
d
s.

(C
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electro
n
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
of
ab
ou
t
1
5
m
in
u
tes.

(D
)
N
eu
tron
s
an
d
p
ro
to
n
s
can
b
e
con
v
erted
from

o
n
e
in
to
th
ro
u
g
h
reaction
s

su
ch
a
s

an
tin
eu
trin
o
+
p
roton !
electron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
p
o
sitro
n
+
p
roton
:

(E
)
N
eu
tron
s
an
d
p
ro
to
n
s
can
b
e
con
verted
from
o
n
e
in
to
th
e
o
th
er
th
ro
u
g
h

reaction
s
su
ch
a
s

an
tin
eu
trin
o
+
p
roton !
p
o
sitro
n
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
electron
+
p
ro
ton
:

(F
)
N
eu
tron
s
an
d
p
ro
to
n
s
can
b
e
created
a
n
d
d
estroyed
b
y
reactio
n
s
su
ch
a
s

p
ro
to
n
+
n
eu
trin
o !
p
o
sitro
n
+
an
tin
eu
trin
o

n
eu
tro
n
+
a
n
tin
eu
trin
o !
electron
+
p
o
sitron
:
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(ii)
(3
poin
ts)
D
u
rin
g
th
e
p
erio
d
lab
eled
\n
eu
tron
d
ecay,"
th
e
n
eu
tron
fraction
is

ch
an
gin
g
b
ecau
se
(ch
o
ose
on
e):

(A
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electron
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
o
f
a
b
o
u
t
1
secon
d
.

(B
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electron
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
o
f
a
b
o
u
t
15
secon
d
s.

(C
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electron
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
o
f
a
b
o
u
t
15
m
in
u
tes.

(D
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
con
verted
from
on
e
in
to
th
e
oth
er
th
rou
gh

reaction
s
su
ch
a
s

an
tin
eu
trin
o
+
p
roton !
electron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
p
ositron
+
p
roton
:

(E
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
con
verted
from
on
e
in
to
th
e
oth
er
th
rou
gh

reaction
s
su
ch
a
s

a
n
tin
eu
trin
o
+
p
roton !
p
o
sitron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
electron
+
p
roton
:

(F
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
created
an
d
d
estroyed
b
y
reaction
s
su
ch
as

p
roton
+
n
eu
trin
o !
p
ositron
+
an
tin
eu
trin
o

n
eu
tron
+
a
n
tin
eu
trin
o !
electron
+
p
ositron
:

(iii)
(3
poin
ts)
T
h
e
m
asses
of
th
e
n
eu
tron
an
d
p
roton
a
re
n
ot
ex
actly
eq
u
al,
b
u
t

in
stea
d

(A
)
T
h
e
n
eu
tron
is
m
ore
m
assiv
e
th
an
a
p
roton
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
G
eV
(1
G
eV
=
10
9
eV
).

(B
)
T
h
e
n
eu
tron
is
m
ore
m
assiv
e
th
an
a
p
roton
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
M
eV
(1
M
eV
=
1
0
6
eV
).

(C
)
T
h
e
n
eu
tron
is
m
ore
m
assiv
e
th
an
a
p
roton
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1
.2
9
3
K
eV
(1
K
eV
=
1
0
3
eV
).

(D
)
T
h
e
p
roton
is
m
ore
m
assiv
e
th
an
a
n
eu
tron
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
G
eV
.

(E
)
T
h
e
p
roton
is
m
ore
m
assiv
e
th
an
a
n
eu
tron
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
M
eV
.

(F
)
T
h
e
p
roton
is
m
ore
m
assiv
e
th
an
a
n
eu
tron
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
K
eV
.
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(iv
)
(3
poin
ts)
D
u
rin
g
th
e
p
erio
d
lab
eled
\
era
of
n
u
cleosy
n
th
esis,"
(ch
o
ose
on
e:)

(A
)
E
ssen
tially
all
th
e
n
eu
tron
s
p
resen
t
com
b
in
e
w
ith
p
roto
n
s
to
fo
rm
h
eliu
m

n
u
clei,
w
h
ich
m
ostly
su
rv
ive
u
n
til
th
e
p
resen
t
tim
e.

(B
)
E
ssen
tially
all
th
e
n
eu
tron
s
p
resen
t
co
m
b
in
e
w
ith
p
roton
s
to
form
d
eu
teriu
m

n
u
clei,
w
h
ich
m
ostly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e.

(C
)
A
b
ou
t
h
alf
th
e
n
eu
tro
n
s
p
resen
t
com
b
in
e
w
ith
p
roto
n
s
to
fo
rm
h
eliu
m
n
u
-

clei,
w
h
ich
m
ostly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e,
an
d
th
e
oth
er
h
a
lf
of
th
e

n
eu
tron
s
rem
a
in
free.

(D
)
A
b
ou
t
h
alf
th
e
n
eu
tron
s
p
resen
t
co
m
b
in
e
w
ith
p
roto
n
s
to
form
d
eu
teriu
m

n
u
clei,
w
h
ich
m
o
stly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e,
an
d
th
e
oth
er
h
alf
of

th
e
n
eu
tron
s
rem
a
in
free.

(E
)
E
ssen
tially
all
th
e
p
ro
ton
s
p
resen
t
co
m
b
in
e
w
ith
n
eu
tron
s
to
form
h
eliu
m

n
u
clei,
w
h
ich
m
ostly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e.

(F
)
E
ssen
tially
all
th
e
p
roto
n
s
p
resen
t
co
m
b
in
e
w
ith
n
eu
tron
s
to
form
d
eu
teriu
m

n
u
clei,
w
h
ich
m
o
stly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e.

P
R
O
B
L
E
M

3
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G

(2
0
1
1
)?
(20
po
in
ts)

T
he
follow
in
g
problem
com
es
from
Q
u
iz
2,
2011
.

(a)
(8
poin
ts)
D
u
rin
g
n
u
cleosy
n
th
esis,
h
eav
ier
n
u
clei
form
from
p
ro
ton
s
an
d
n
eu
tro
n
s

th
rou
gh
a
series
of
tw
o
p
article
reaction
s.

(i)
In
T
he
F
irst
T
hree
M
in
u
tes,
W
ein
b
erg
d
iscu
sses
tw
o
ch
ain
s
of
reaction
s
th
a
t,

startin
g
from
p
roton
s
an
d
n
eu
tron
s,
en
d
u
p
w
ith
h
eliu
m
,
H
e
4.
D
escrib
e
a
t
least

on
e
of
th
ese
tw
o
ch
a
in
s.

(ii)
E
x
p
lain
b
rie
y
w
h
at
is
th
e
d
eu
teriu
m

bo
ttlen
eck,
a
n
d
w
h
a
t
is
its
ro
le
d
u
rin
g

n
u
cleosy
n
th
esis.

(b
)
(12
poin
ts)
In
C
h
ap
ter
4
o
f
T
h
e
F
irst
T
h
ree
M
in
u
tes,
S
tev
en
W
ein
b
erg
m
ak
es
th
e

follow
in
g
statem
en
t
regard
in
g
th
e
rad
iatio
n
-d
om
in
ated
p
h
ase
of
th
e
ea
rly
u
n
iv
erse:

T
he
tim
e
that
it
takes
fo
r
th
e
u
n
iverse
to
cool
from

on
e
tem
pera
tu
re
to
an
oth
er
is

proportion
al
to
the
di�
eren
ce
of
the
in
verse
squ
ares
of
these
tem
peratu
res.

In
th
is
p
art
of
th
e
p
rob
lem
you
w
ill
ex
p
lore
m
ore
q
u
an
tita
tiv
ely
th
is
statem
en
t.

(i)
F
or
a
rad
iation
-d
om
in
a
ted
u
n
iverse
th
e
scale-factor
a
(t)/
t
1
=
2.
F
in
d
th
e
cosm
ic

tim
e
t
as
a
fu
n
ction
of
th
e
H
u
b
b
le
ex
p
an
sion
rate
H
.

(ii)
T
h
e
m
ass
d
en
sity
stored
in
rad
ia
tion
�
r
is
p
rop
ortion
al
to
th
e
tem
p
eratu
re
T

to
th
e
fou
rth
p
ow
er:
i.e.,
�
r '
�
T
4,
fo
r
som
e
con
stan
t
�
.
F
or
a
w
id
e
ran
ge
of

tem
p
eratu
res
w
e
can
tak
e
�
'
4
:52�
10 �
3
2
k
g�
m
�
3�
K
�
4.
If
th
e
tem
p
eratu
re
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is
m
easu
red
in
d
egrees
K
elv
in
(K
),
th
en
�
r
h
as
th
e
stan
d
ard
S
I
u
n
its,
[�
r ]
=

k
g�
m
�
3.
U
se
th
e
F
ried
m
an
n
eq
u
ation
for
a

at
u
n
iv
erse
(k
=
0)
w
ith
�
=
�
r

to
ex
p
ress
th
e
H
u
b
b
le
ex
p
an
sion
rate
H

in
term
s
of
th
e
tem
p
eratu
re
T
.
Y
ou

w
ill
n
eed
th
e
S
I
va
lu
e
of
th
e
g
rav
itation
al
con
stan
t
G
'
6
:6
7�
10 �
1
1
N
�
m
2�

k
g �
2.
W
h
at
is
th
e
H
u
b
b
le
ex
p
an
sion
rate,
in
in
verse
secon
d
s,
at
th
e
start
of

n
u
cleo
sy
n
th
esis,
w
h
en
T
=
T
n
u
c
l '
0
:9�
10
9
K
?

(iii)
U
sin
g
th
e
resu
lts
in
(i)
an
d
(ii),
ex
p
ress
th
e
cosm
ic
tim
e
t
as
a
fu
n
ction
of
th
e

tem
p
eratu
re.
Y
ou
r
resu
lt
sh
ou
ld
agree
w
ith
W
ein
b
erg's
claim

ab
ove.
W
h
at
is

th
e
cosm
ic
tim
e,
in
secon
d
s,
w
h
en
T
=
T
n
u
c
l ?

P
R
O
B
L
E
M

4
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G

(2
0
1
3
)?
(25
poin
ts)

T
he
follow
in
g
problem
com
es
from
Q
u
iz
2,
2013.

(a)
(6
poin
ts)
T
h
e
p
rim
ary
ev
id
en
ce
for
d
ark
m
atter
in
galax
ies
com
es
from
m
easu
rin
g

th
eir
rotation
cu
rv
es,
i.e.,
th
e
orb
ital
v
elo
city
v
as
a
fu
n
ction
of
rad
iu
s
R
.
If
stars

con
trib
u
ted
all,
or
m
ost,
of
th
e
m
ass
in
a
galax
y,
w
h
a
t
w
ou
ld
w
e
ex
p
ect
for
th
e

b
eh
av
ior
of
v
(R
)
at
la
rg
e
ra
d
ii?

(b
)
(5
po
in
ts)
W
h
at
is
actu
ally
fou
n
d
for
th
e
b
eh
av
ior
of
v
(R
)?

(c)
(7
po
in
ts)
A
n
im
p
o
rtan
t
to
ol
for
estim
atin
g
th
e
m
ass
in
a
galax
y
is
th
e
stead
y
-state

v
irial
th
eorem
.
W
h
at
d
o
es
th
is
th
eorem
state?

(d
)
(7
poin
ts)
A
t
th
e
en
d
of
C
h
ap
ter
10,
R
y
d
en
w
rites
\
T
h
u
s,
th
e
very
stron
g
a
sy
m
m
etry

b
etw
een
b
ary
on
s
an
d
an
tib
ary
on
s
to
d
ay
an
d
th
e
la
rg
e
n
u
m
b
er
of
p
h
oton
s
p
er
b
aryon

are
b
oth
p
ro
d
u
cts
of
a
tin
y
asy
m
m
etry
b
etw
een
q
u
ark
s
an
d
an
itq
u
ark
s
in
th
e
early

u
n
iv
erse."
E
x
p
lain
in
on
e
or
a
few
sen
ten
ces
h
ow
a
tin
y
asy
m
m
etry
b
etw
een
q
u
ark
s

an
d
a
n
itq
u
ark
s
in
th
e
early
u
n
iv
erse
resu
lts
in
a
stron
g
asy
m
m
etry
b
etw
een
b
aryon
s

an
d
an
tib
a
ryon
s
to
d
ay.

P
R
O
B
L
E
M

5
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G

(2
0
1
6
)?
(25
poin
ts)

(a)
(5
poin
ts)
In
C
h
ap
ter
8
of
B
arb
ara
R
y
d
en
's
In
trodu
ction
to
C
osm
ology,
sh
e
estim
ates

th
e
con
trib
u
tion
to


from
clu
sters
of
galax
ies
as

(i)
0.01

(ii)
0
.0
5

(iii)
0
.20

(iv
)
0.60

(v
)
1.00
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(b
)
(4
poin
ts)
O
n
e
m
eth
o
d
of
estim
atin
g
th
e
tota
l
m
ass
of
a
clu
ster
of
ga
la
x
ies
is
b
ased

on
th
e
v
irial
th
eorem
.
W
ith
th
is
m
eth
o
d
,
on
e
estim
ates
th
e
m
ass
b
y
m
easu
rin
g

(i)
th
e
rad
iu
s
con
tain
in
g
h
alf
th
e
lu
m
in
osity
a
n
d
also
th
e
tem
p
eratu
re
o
f
th
e
X
-ray

em
ittin
g
gas
at
th
e
cen
ter
of
th
e
g
alax
y.

(ii)
th
e
v
elo
city
d
isp
ersion
p
erp
en
d
icu
la
r
to
th
e
lin
e
of
sigh
t
an
d
a
lso
th
e
ra
d
iu
s

con
tain
in
g
h
alf
of
th
e
lu
m
in
osity
of
th
e
clu
ster.

(iii)
th
e
velo
city
d
isp
ersion
alon
g
th
e
lin
e
of
sigh
t
an
d
also
th
e
ra
d
iu
s
co
n
tain
in
g
h
alf

of
th
e
lu
m
in
osity
o
f
th
e
clu
ster.

(iv
)
th
e
v
elo
city
d
isp
ersion
a
lon
g
th
e
lin
e
of
sig
h
t
an
d
also
th
e
red
sh
ift
o
f
th
e
clu
ster.

(v
)
th
e
v
elo
city
d
isp
ersion
p
erp
en
d
icu
lar
to
th
e
lin
e
of
sigh
t
a
n
d
a
lso
th
e
red
sh
ift
o
f

th
e
clu
ster.

(c)
(4
poin
ts)
A
n
oth
er
m
eth
o
d
o
f
estim
atin
g
th
e
to
tal
m
ass
of
a
clu
ster
o
f
ga
lax
ies
is
to

m
ake
d
etailed
m
easu
rem
en
ts
of
th
e
x
-ray
s
em
itted
b
y
th
e
h
o
t
in
traclu
ster
gas.

(i)
B
y
assu
m
in
g
th
at
th
is
g
as
is
th
e
d
om
in
an
t
com
p
on
en
t
o
f
th
e
m
a
ss
o
f
th
e
clu
ster,

th
e
m
ass
of
th
e
clu
ster
can
b
e
estim
a
ted
.

(ii)
B
y
assu
m
in
g
th
at
th
e
h
ot
ga
s
com
p
rises
ab
ou
t
a
th
ird
of
th
e
m
a
ss
o
f
th
e
clu
ster,

th
e
total
m
ass
of
th
e
clu
ster
can
b
e
estim
a
ted
.

(iii)
B
y
assu
m
in
g
th
at
th
e
ga
s
is
h
eated
b
y
stars
a
n
d
su
p
ern
ova
e
th
a
t
m
a
ke
u
p

m
ost
of
th
e
m
ass
of
th
e
clu
ster,
th
e
m
ass
o
f
th
ese
stars
an
d
su
p
ern
ova
e
ca
n
b
e

estim
ated
.

(iv
)
B
y
assu
m
in
g
th
at
th
e
gas
is
h
eated
b
y
in
teraction
s
w
ith
d
a
rk
m
a
tter,
w
h
ich

d
om
in
ates
th
e
m
ass
o
f
th
e
clu
ster,
th
e
m
ass
of
th
e
clu
ster
can
b
e
estim
ated
.

(v
)
B
y
a
ssu
m
in
g
th
at
th
is
g
as
is
in
h
y
d
rostatic
eq
u
ilib
riu
m
,
th
e
tem
p
eratu
re,
m
ass

d
en
sity,
an
d
even
th
e
ch
em
ical
com
p
ositio
n
o
f
th
e
clu
ster
ca
n
b
e
m
o
d
eled
.
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(d
)
(6
poin
ts)
In
C
h
ap
ter
6
of
T
he
F
irst
T
hree
M
in
u
tes,
S
teven
W
ein
b
erg
d
iscu
sses
th
ree

reason
s
w
h
y
th
e
im
p
ortan
ce
of
a
search
for
a
3 Æ
K
m
icrow
ave
rad
iation
b
ack
grou
n
d

w
as
n
ot
gen
erally
ap
p
reciated
in
th
e
1950s
an
d
early
1960s.
C
h
o
o
se
th
ose
th
ree

reason
s
from
th
e
follow
in
g
list.
(2
p
o
in
ts
for
each
rig
h
t
an
sw
er,
circle
at
m
ost
3.)

(i)
T
h
e
earliest
calcu
lation
s
erron
eou
sly
p
red
icted
a
cosm
ic
b
ack
grou
n
d
tem
p
era-

tu
re
of
on
ly
ab
ou
t
0
:1 Æ
K
,
a
n
d
su
ch
a
b
a
ck
grou
n
d
w
ou
ld
b
e
to
o
w
eak
to
d
etect.

(ii)
T
h
ere
w
a
s
a
b
rea
k
d
ow
n
in
com
m
u
n
ication
b
etw
een
th
eorists
an
d
ex
p
erim
en
tal-

ists.

(iii)
It
w
as
n
ot
tech
n
ologically
p
ossib
le
to
d
etect
a
sign
al
as
w
eak
as
a
3 Æ
K
m
icrow
ave

b
ack
grou
n
d
u
n
til
ab
ou
t
1965.

(iv
)
S
in
ce
alm
ost
all
p
h
y
sicists
at
th
e
tim
e
w
ere
p
ersu
ad
ed
b
y
th
e
stead
y
state
m
o
d
el,

th
e
p
red
iction
s
of
th
e
b
ig
b
an
g
m
o
d
el
w
ere
n
o
t
ta
ken
seriou
sly.

(v
)
It
w
as
ex
traord
in
arily
d
iÆ
cu
lt
for
p
h
y
sicists
to
tak
e
seriou
sly
an
y
th
eory
of
th
e

early
u
n
iv
erse.

(v
i)
T
h
e
early
w
ork
o
n
n
u
cleosy
n
th
esis
b
y
G
am
ow
,
A
lp
h
er,
H
erm
an
,
an
d
F
ollin
,
et

al.,
h
ad
attem
p
ted
to
ex
p
lain
th
e
origin
of
all
com
p
lex
n
u
clei
b
y
reaction
s
in
th
e

early
u
n
iv
erse.
T
h
is
p
rogram
w
a
s
n
ever
very
su
ccessfu
l,
an
d
its
cred
ib
ility
w
as

fu
rth
er
u
n
d
erm
in
ed
as
im
p
rovem
en
ts
w
ere
m
ad
e
in
th
e
altern
ativ
e
th
eory,
th
at

elem
en
ts
a
re
sy
n
th
esized
in
stars.

(e)
(6
poin
ts)
In
1948
R
alp
h
A
.
A
lp
h
er
an
d
R
ob
ert
H
erm
an
w
rote
a
p
ap
er
p
red
ictin
g

a
cosm
ic
m
icrow
ave
b
ack
grou
n
d
w
ith
a
tem
p
eratu
re
of
5
K
.
T
h
e
p
ap
er
w
as
b
ased

on
a
cosm
ological
m
o
d
el
th
at
th
ey
h
ad
d
ev
elop
ed
w
ith
G
eorge
G
am
ow
,
in
w
h
ich
th
e

early
u
n
iv
erse
w
as
assu
m
ed
to
h
ave
b
een
�
lled
w
ith
h
ot
n
eu
tron
s.
A
s
th
e
u
n
iv
erse

ex
p
an
d
ed
an
d
co
oled
th
e
n
eu
tron
s
u
n
d
erw
en
t
b
eta
d
ecay
in
to
p
roton
s,
electron
s,
an
d

a
n
tin
eu
trin
os,
u
n
til
at
som
e
p
oin
t
th
e
u
n
iv
erse
co
oled
en
ou
gh
for
ligh
t
elem
en
ts
to

b
e
sy
n
th
esized
.
A
lp
h
er
an
d
H
erm
an
fou
n
d
th
at
to
accou
n
t
for
th
e
ob
serv
ed
p
resen
t

ab
u
n
d
an
ces
o
f
ligh
t
elem
en
ts,
th
e
ratio
of
p
h
oton
s
to
n
u
clear
p
articles
m
u
st
h
ave

b
een
ab
ou
t
1
0
9.
A
lth
ou
gh
th
e
p
red
icted
tem
p
eratu
re
w
as
v
ery
close
to
th
e
actu
al

valu
e
of
2.7
K
,
th
e
th
eory
d
i�
ered
from
ou
r
p
resen
t
th
eory
in
tw
o
w
ay
s.
C
ircle
th
e

tw
o
correct
statem
en
ts
in
th
e
follow
in
g
list.
(3
p
oin
ts
fo
r
each
righ
t
a
n
sw
er;
circle
a
t

m
o
st
2
.)

(i)
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
th
at
th
e
n
eu
tron
cou
ld
d
ecay,
b
u
t
n
ow

th
e
n
eu
tron
is
th
ou
gh
t
to
b
e
ab
solu
tely
stab
le.

(ii)
In
th
e
cu
rren
t
th
eory,
th
e
u
n
iv
erse
started
w
ith
n
early
eq
u
al
d
en
sities
of
p
roton
s

an
d
n
eu
tron
s,
n
ot
all
n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
.

(iii)
In
th
e
cu
rren
t
th
eory,
th
e
u
n
iv
erse
started
w
ith
m
ain
ly
alp
h
a
p
articles,
n
ot
all

n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
a
ssu
m
ed
.
(N
ote:
an
alp
h
a
p
article
is

th
e
n
u
cleu
s
of
a
h
eliu
m
atom
,
com
p
osed
o
f
tw
o
p
roton
s
an
d
tw
o
n
eu
tron
s.)

(iv
)
In
th
e
cu
rren
t
th
eory,
th
e
con
v
ersion
of
n
eu
tron
s
in
to
p
roton
s
(an
d
v
ice
versa)

to
ok
p
lace
m
ain
ly
th
rou
gh
collision
s
w
ith
electron
s,
p
ositron
s,
n
eu
trin
os,
an
d

a
n
tin
eu
trin
os,
n
ot
th
rou
gh
th
e
d
ecay
of
th
e
n
eu
tron
s.

(v
)
T
h
e
ratio
of
p
h
oton
s
to
n
u
clear
p
articles
in
th
e
early
u
n
iv
erse
is
n
ow
b
elieved

to
h
ave
b
een
ab
ou
t
10
3,
n
o
t
1
0
9
as
A
lp
h
er
a
n
d
H
erm
an
con
clu
d
ed
.

8
.2
8
6
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U
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V
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R
O
B
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E
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p
.
1
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�

P
R
O
B
L
E
M

6
:
E
V
O
L
U
T
IO
N

O
F
A
N

O
P
E
N

U
N
IV
E
R
S
E

T
he
follow
in
g
problem

w
as
ta
ken
fro
m

Q
u
iz
2
,
1990,
w
here
it
cou
n
ted
10
poin
ts
ou
t
of

100.C
on
sid
er
an
op
en
,
m
atter-d
om
in
a
ted
u
n
iv
erse,
a
s
d
escrib
ed
b
y
th
e
evolu
tion
eq
u
a
-

tion
s
on
th
e
fron
t
o
f
th
e
q
u
iz.
F
in
d
th
e
tim
e
t
at
w
h
ich
a
= p
�
=
2
�
.

�

P
R
O
B
L
E
M

7
:
A
N
T
IC
IP
A
T
IN
G

A

B
IG

C
R
U
N
C
H

S
u
p
p
ose
th
at
w
e
lived
in
a
closed
,
m
atter-d
o
m
in
ated
u
n
iv
erse,
as
d
escrib
ed
b
y
th
e

eq
u
ation
s
on
th
e
fron
t
o
f
th
e
q
u
iz.
S
u
p
p
ose
fu
rth
er
th
at
w
e
m
ea
su
red
th
e
m
a
ss
d
en
sity

p
aram
eter


to
b
e


0
=
2
,
a
n
d
w
e
m
easu
red
th
e
H
u
b
b
le
\
con
sta
n
t"
to
h
av
e
som
e
valu
e

H
0 .
H
ow
m
u
ch
tim
e
w
ou
ld
w
e
h
ave
b
efore
o
u
r
u
n
iv
erse
en
d
ed
in
a
b
ig
cru
n
ch
,
at
w
h
ich

tim
e
th
e
scale
factor
a
(t)
w
ou
ld
colla
p
se
to
0?

�

P
R
O
B
L
E
M

8
:

T
R
A
C
IN
G

L
IG
H
T

R
A
Y
S

IN

A

C
L
O
S
E
D
,
M
A
T
T
E
R
-

D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
(30
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3
,
Q
u
iz
2
,
1
998.

T
h
e
sp
acetim
e
m
etric
fo
r
a
h
o
m
ogen
eou
s,
isotrop
ic,
closed
u
n
iv
erse
is
g
iven
b
y
th
e

R
ob
ertson
-W
alk
er
form
u
la:

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
;

w
h
ere
I
h
ave
taken
k
=
1.
T
o
d
iscu
ss
m
o
tion
in
th
e
rad
ia
l
d
irection
,
it
is
m
o
re
con
v
en
ien
t

to
w
ork
w
ith
a
n
a
ltern
ative
ra
d
ial
co
o
rd
in
ate
 
,
rela
ted
to
r
b
y

r
=
sin
 
:

T
h
en

d
r

p
1�
r
2

=
d
 
;

so
th
e
m
etric
sim
p
li�
es
to

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
:

(a)
(7
poin
ts)
A
ligh
t
p
u
lse
travels
o
n
a
n
u
ll
tra
jectory,
w
h
ich
m
ean
s
th
at
d
�
=
0
for

each
segm
en
t
o
f
th
e
tra
jectory.
C
on
sid
er
a
ligh
t
p
u
lse
th
at
m
ov
es
alon
g
a
rad
ial
lin
e,

so
�
=
�
=
con
stan
t.
F
in
d
a
n
ex
p
ression
fo
r
d
 
=
d
t
in
term
s
o
f
q
u
a
n
tities
th
at
ap
p
ea
r

in
th
e
m
etric.



8
.2
8
6
Q
U
IZ
2
R
E
V
IE
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P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
.
1
7

(b
)
(8
poin
ts)
W
rite
an
ex
p
ression
for
th
e
p
h
y
sical
h
orizon
d
istan
ce
`
p
h
y
s
at
tim
e
t.
Y
ou

sh
ou
ld
leave
y
ou
r
an
sw
er
in
th
e
form
o
f
a
d
e�
n
ite
in
tegral.

T
h
e
form

of
a
(t)
d
ep
en
d
s
on
th
e
con
ten
t
o
f
th
e
u
n
iverse.
If
th
e
u
n
iv
erse
is
m
atter-

d
om
in
ated
(i.e.,
d
om
in
ated
b
y
n
on
relativ
istic
m
atter),
th
en
a
(t)
is
d
escrib
ed
b
y
th
e

p
aram
etric
eq
u
ation
s

ct
=
�
(��
sin
�)
;

a
=
�
(1�
co
s
�)
;

w
h
ere

�
�
4
�3
G
�
a
3

c
2

:

T
h
ese
eq
u
ation
s
are
id
en
tical
to
th
ose
on
th
e
fron
t
of
th
e
ex
am
,
ex
cep
t
th
at
I
h
av
e
ch
osen

k
=
1
.

(c)
(10
poin
ts)
C
on
sid
er
a
rad
ial
ligh
t-ray
m
ov
in
g
th
rou
gh
a
m
atter-d
om
in
ated
closed

u
n
iv
erse,
as
d
escrib
ed
b
y
th
e
eq
u
ation
s
ab
ove.
F
in
d
an
ex
p
ression
for
d
 
=
d
�,
w
h
ere

�
is
th
e
p
aram
eter
u
sed
to
d
escrib
e
th
e
ev
olu
tion
.

(d
)
(5
po
in
ts)
S
u
p
p
ose
th
at
a
p
h
oton
leaves
th
e
origin
of
th
e
co
ord
in
ate
sy
stem
( 
=
0)

a
t
t
=
0.
H
ow
lon
g
w
ill
it
tak
e
for
th
e
p
h
oton
to
retu
rn
to
its
startin
g
p
lace?
E
x
p
ress

y
ou
r
a
n
sw
er
as
a
fraction
of
th
e
fu
ll
lifetim
e
o
f
th
e
u
n
iv
erse,
from
b
ig
b
an
g
to
b
ig

cru
n
ch
.

P
R
O
B
L
E
M

9
:
L
E
N
G
T
H
S
A
N
D
A
R
E
A
S
IN
A
T
W
O
-D
IM
E
N
S
IO
N
A
L
M
E
T
-

R
IC
(2
5
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3,
Q
u
iz
2,
1994:

S
u
p
p
o
se
a
tw
o
d
im
en
sion
al
sp
ace,
d
escrib
ed
in
p
o
lar
co
ord
in
ates
(r;�),
h
as
a
m
etric

giv
en
b
y

d
s
2
=
(1
+
a
r)
2
d
r
2
+
r
2(1
+
br)
2
d
�
2
;

w
h
ere
a
a
n
d
b
are
p
ositiv
e
con
stan
ts.
C
on
sid
er
th
e
p
ath
in
th
is
sp
ace
w
h
ich
is
form
ed
b
y

startin
g
at
th
e
origin
,
m
ov
in
g
alon
g
th
e
�
=
0
lin
e
to
r
=
r
0 ,
th
en
m
ov
in
g
at
�
x
ed
r
to

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
.
1
8

�
=
�
=2,
an
d
th
en
m
ov
in
g
b
a
ck
to
th
e
o
rigin
at
�
x
ed
�.
T
h
e
p
ath
is
sh
ow
n
b
elow
:

a)
(10
poin
ts)
F
in
d
th
e
total
len
g
th
o
f
th
is
p
ath
.

b
)
(15
poin
ts)
F
in
d
th
e
area
en
closed
b
y
th
is
p
ath
.

P
R
O
B
L
E
M

1
0
:
G
E
O
M
E
T
R
Y

IN

A

C
L
O
S
E
D

U
N
IV
E
R
S
E
(2
5
po
in
ts)

T
he
follow
in
g
problem
w
as
P
ro
blem
4,
Q
u
iz
2,
19
88:

C
on
sid
er
a
u
n
iverse
d
escrib
ed
b
y
th
e
R
ob
ertson
{W
alk
er
m
etric
on
th
e
�
rst
p
a
ge
of

th
e
q
u
iz,
w
ith
k
=
1.
T
h
e
q
u
estion
s
b
elow
all
p
ertain
to
som
e
�
x
ed
tim
e
t,
so
th
e
scale

factor
can
b
e
w
ritten
sim
p
ly
a
s
a
,
d
ro
p
p
in
g
its
ex
p
licit
t-d
ep
en
d
en
ce.

A
sm
all
ro
d
h
as
on
e
en
d
a
t
th
e
p
oin
t
(r
=
h
;
�
=
0
;
�
=
0)
an
d
th
e
oth
er
en
d
a
t
th
e

p
oin
t
(r
=
h
;
�
=
�
�;
�
=
0).
A
ssu
m
e
th
at
�
��
1
.



8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
.
1
9

(a)
F
in
d
th
e
p
h
y
sical
d
istan
ce
`
p
from
th
e
origin
(r
=
0
)
to
th
e
�
rst
en
d
(h
;0
;0)
of
th
e

ro
d
.
Y
ou
m
ay
�
n
d
o
n
e
o
f
th
e
fo
llow
in
g
in
tegrals
u
sefu
l:

Z
d
r

p
1�
r
2

=
sin
�
1
r

Z
d
r

1�
r
2

=
12

ln �
1
+
r

1�
r �
:

(b
)
F
in
d
th
e
p
h
y
sical
len
gth
s
p
o
f
th
e
ro
d
.
E
x
p
ress
you
r
an
sw
er
in
term
s
o
f
th
e
scale

factor
a
,
an
d
th
e
co
ord
in
ates
h
an
d
�
�.

(c)
N
ote
th
at
�
�
is
th
e
an
gle
su
b
ten
d
ed
b
y
th
e
ro
d
,
as
seen
from
th
e
origin
.
W
rite
an

ex
p
ression
for
th
is
an
gle
in
term
s
of
th
e
p
h
y
sical
d
istan
ce
`
p ,
th
e
p
h
y
sical
len
gth
s
p ,

an
d
th
e
scale
factor
a
.

P
R
O
B
L
E
M

1
1
:
T
H
E
G
E
N
E
R
A
L
S
P
H
E
R
IC
A
L
L
Y

S
Y
M
M
E
T
R
IC

M
E
T
R
IC

(20
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3,
Q
u
iz
2,
1986:

T
h
e
m
etric
for
a
g
iv
en
sp
ace
d
ep
en
d
s
of
cou
rse
on
th
e
co
ord
in
ate
sy
stem

w
h
ich

is
u
sed
to
d
escrib
e
it.
It
can
b
e
sh
ow
n
th
at
for
an
y
th
ree
d
im
en
sion
al
sp
ace
w
h
ich
is

sp
h
erically
sy
m
m
etric
ab
ou
t
a
p
articu
lar
p
oin
t,
co
ord
in
ates
can
b
e
fou
n
d
so
th
at
th
e

m
etric
h
as
th
e
form

d
s
2
=
d
r
2
+
�
2(r) �d
�
2
+
sin
2
�
d
�
2 �

for
som
e
fu
n
ction
�
(r).
T
h
e
co
ord
in
ates
�
an
d
�
h
av
e
th
eir
u
su
al
ran
ges:
�
varies
b
etw
een

0
an
d
�
,
an
d
�
varies
from
0
to
2
�
,
w
h
ere
�
=
0
a
n
d
�
=
2
�
are
id
en
ti�
ed
.
G
iven
th
is

m
etric,
con
sid
er
th
e
sp
h
ere
w
h
ose
ou
ter
b
ou
n
d
ary
is
d
e�
n
ed
b
y
r
=
r
0 .

(a
)
F
in
d
th
e
p
h
y
sical
rad
iu
s
a
of
th
e
sp
h
ere.
(B
y
\rad
iu
s",
I
m
ean
th
e
p
h
y
sical
len
gth

o
f
a
ra
d
ia
l
lin
e
w
h
ich
ex
ten
d
s
from
th
e
cen
ter
to
th
e
b
ou
n
d
ary
of
th
e
sp
h
ere.)

(b
)
F
in
d
th
e
p
h
y
sical
area
of
th
e
su
rface
of
th
e
sp
h
ere.

(c)
F
in
d
an
ex
p
licit
ex
p
ression
for
th
e
v
olu
m
e
of
th
e
sp
h
ere.
B
e
su
re
to
in
clu
d
e
th
e

lim
its
o
f
in
tegration
for
an
y
in
tegrals
w
h
ich
o
ccu
r
in
y
ou
r
an
sw
er.

(d
)
S
u
p
p
ose
a
n
ew
rad
ial
co
ord
in
ate
�
is
in
tro
d
u
ced
,
w
h
ere
�
is
related
to
r
b
y

�
=
r
2
:

E
x
p
ress
th
e
m
etric
in
term
s
o
f
th
is
n
ew
variab
le.

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
.
2
0

P
R
O
B
L
E
M

1
2
:
V
O
L
U
M
E
S
IN

A

R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

U
N
IV
E
R
S
E
(2
0

poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
1
,
Q
u
iz
3
,
1
990:

T
h
e
m
etric
for
a
R
ob
ertson
-W
alk
er
u
n
iv
erse
is
g
iv
en
b
y

d
s
2
=
a
2(t) �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

C
alcu
late
th
e
v
olu
m
e
V
(r
m
a
x )
o
f
th
e
sp
h
ere
d
escrib
ed
b
y

r�
r
m
a
x
:

Y
ou
sh
ou
ld
carry
ou
t
an
y
a
n
gu
la
r
in
tegratio
n
s
th
at
m
ay
b
e
n
ecessa
ry,
b
u
t
y
ou
m
ay
leav
e

y
ou
r
a
n
sw
er
in
th
e
form
of
a
ra
d
ial
in
tegra
l
w
h
ich
is
n
ot
carried
ou
t.
B
e
su
re,
h
ow
ev
er,

to
clearly
in
d
icate
th
e
lim
its
of
in
tegration
.

�

P
R
O
B
L
E
M

1
3
:
T
H
E
S
C
H
W
A
R
Z
S
C
H
IL
D

M
E
T
R
IC
(25
po
in
ts)

T
he
follow
problem
w
as
P
ro
blem
4,
Q
u
iz
3,
19
92:

T
h
e
sp
ace
ou
tsid
e
a
sp
h
erica
lly
sy
m
m
etric
m
ass
M

is
d
escrib
ed
b
y
th
e
S
ch
w
a
rzsch
ild

m
etric,
giv
en
at
th
e
fron
t
of
th
e
ex
am
.
T
w
o
ob
serv
ers,
d
esig
n
a
ted
A
an
d
B
,
are
lo
cated

alon
g
th
e
sam
e
rad
ial
lin
e,
w
ith
valu
es
o
f
th
e
co
ord
in
a
te
r
giv
en
b
y
r
A

a
n
d
r
B
,
resp
ectiv
ely,

w
ith
r
A

<

r
B
.
Y
ou
sh
ou
ld
a
ssu
m
e
th
at
b
oth
o
b
servers
lie
o
u
tsid
e
th
e
S
ch
w
arzsch
ild

h
orizon
.

a)
(5
poin
ts)
W
rite
d
ow
n
th
e
ex
p
ression
for
th
e
S
ch
w
arzsch
ild
h
orizon
rad
iu
s
R
S ,
ex
-

p
ressed
in
term
s
of
M

an
d
fu
n
d
a
m
en
tal
con
stan
ts.

b
)
(5
poin
ts)
W
h
at
is
th
e
p
rop
er
d
istan
ce
b
etw
een
A
a
n
d
B
?
It
is
o
kay
to
leav
e
th
e

an
sw
er
to
th
is
p
art
in
th
e
form
o
f
a
n
in
teg
ral
th
at
y
o
u
d
o
n
ot
evalu
ate|

b
u
t
b
e
su
re

to
clearly
in
d
icate
th
e
lim
its
of
in
teg
ration
.

c)
(5
poin
ts)
O
b
server
A
h
a
s
a
clo
ck
th
a
t
em
its
a
n
ev
en
ly
sp
aced
seq
u
en
ce
of
tick
s,

w
ith
p
rop
er
tim
e
sep
aratio
n
�
�
A
.
W
h
at
w
ill
b
e
th
e
co
o
rd
in
ate
tim
e
sep
ara
tion
�
t
A

b
etw
een
th
ese
tick
s?

d
)
(5
poin
ts)
A
t
each
tick
of
A
's
clo
ck
,
a
ligh
t
p
u
lse
is
tran
sm
itted
.
O
b
serv
er
B
receives

th
ese
p
u
lses,
an
d
m
easu
res
th
e
tim
e
sep
ara
tion
on
h
is
ow
n
clo
ck
.
W
h
a
t
is
th
e
tim
e

in
terval
�
�
B

m
easu
red
b
y
B
.

e)
(5
poin
ts)
S
u
p
p
ose
th
a
t
th
e
o
b
ject
creatin
g
th
e
grav
itatio
n
a
l
�
eld
is
a
static
b
lack

h
ole,
so
th
e
S
ch
w
arzsch
ild
m
etric
is
valid
for
all
r.
N
ow
su
p
p
ose
th
at
on
e
con
sid
ers

th
e
case
in
w
h
ich
ob
serv
er
A
lies
o
n
th
e
S
ch
w
a
rzsch
ild
h
orizon
,
so
r
A

�
R
S .
Is
th
e

p
rop
er
d
istan
ce
b
etw
een
A
an
d
B
�
n
ite
for
th
is
ca
se?
D
o
es
th
e
tim
e
in
terval
of
th
e

p
u
lses
receiv
ed
b
y
B
,
�
�
B
,
d
iverg
e
in
th
is
ca
se?
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.
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1
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G
E
O
D
E
S
IC
S
(2
0
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
4,
Q
u
iz
2,
1986:

O
rd
in
ary
E
u
clid
ean
tw
o-d
im
en
sion
al
sp
ace
can
b
e
d
escrib
ed
in
p
olar
co
ord
in
ates
b
y

th
e
m
etric

d
s
2
=
d
r
2
+
r
2
d
�
2
:

(a)
S
u
p
p
ose
th
at
r(�
)
an
d
�(�
)
d
escrib
e
a
geo
d
esic
in
th
is
sp
ace,
w
h
ere
th
e
p
aram
eter

�
is
th
e
a
rc
len
gth
m
easu
red
alon
g
th
e
cu
rv
e.
U
se
th
e
gen
eral
form
u
la
on
th
e
fron
t

of
th
e
ex
am
to
o
b
tain
ex
p
licit
d
i�
eren
tial
eq
u
ation
s
w
h
ich
r(�
)
an
d
�(�
)
m
u
st
ob
ey.

(b
)
N
ow
in
tro
d
u
ce
th
e
u
su
al
C
artesian
co
ord
in
ates,
d
e�
n
ed
b
y

x
=
r
cos
�
;

y
=
r
sin
�
:

U
se
y
o
u
r
an
sw
er
to
(a)
to
sh
ow
th
at
th
e
lin
e
y
=
1
is
a
geo
d
esic
cu
rve.

�

P
R
O
B
L
E
M

1
5
:
A
N

E
X
E
R
C
IS
E
IN

T
W
O
-D
IM
E
N
S
IO
N
A
L
M
E
T
R
IC
S
(30

po
in
ts)

(a)
(8
poin
ts)
C
on
sid
er
�
rst
a
tw
o-d
im
en
sion
al
sp
ace
w
ith
co
ord
in
ates
r
an
d
�.
T
h
e

m
etric
is
giv
en
b
y

d
s
2
=
d
r
2
+
r
2d
�
2
:

C
on
sid
er
th
e
cu
rv
e
d
escrib
ed
b
yr(�)

=
(1
+
�
cos
2
�)
r
0
;

w
h
ere
�
an
d
r
0
are
con
stan
ts,
a
n
d
�
ru
n
s
fro
m
�
1
to
�
2 .
W
rite
an
ex
p
ression
,
in
th
e

form
of
a
d
e�
n
ite
in
tegral,
for
th
e
len
gth
S
of
th
is
cu
rv
e.

(b
)
(5
poin
ts)
N
ow
con
sid
er
a
tw
o-d
im
en
sion
al
sp
ace
w
ith
th
e
sam
e
tw
o
co
ord
in
ates
r

an
d
�,
b
u
t
th
is
tim
e
th
e
m
etric
w
ill
b
e

d
s
2
= �
1
+
ra �

d
r
2
+
r
2
d
�
2
;

w
h
ere
a
is
a
con
stan
t.
�
is
a
p
erio
d
ic
(an
gu
lar)
variab
le,
w
ith
a
ran
ge
of
0
to
2
�
,
w
ith

2
�
id
en
ti�
ed
w
ith
0.
W
h
at
is
th
e
len
gth
R
of
th
e
p
ath
from
th
e
origin
(r
=
0)
to

th
e
p
oin
t
r
=
r
0 ;�
=
0,
a
lon
g
th
e
p
ath
for
w
h
ich
�
=
0
ev
ery
w
h
ere
alon
g
th
e
p
ath
?

Y
o
u
ca
n
leav
e
you
r
an
sw
er
in
th
e
form
of
a
d
e�
n
ite
in
tegral.
(B
e
su
re,
h
ow
ever,
to

sp
ecify
th
e
lim
its
o
f
in
tegration
.)
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p
.
2
2

(c)
(7
poin
ts)
F
or
th
e
sp
ace
d
escrib
ed
in
p
art
(b
),
w
h
at
is
th
e
to
tal
area
co
n
tain
ed
w
ith
in

th
e
region
r
<
r
0 .
A
gain
y
ou
ca
n
leave
yo
u
r
a
n
sw
er
in
th
e
form
of
a
d
e�
n
ite
in
tegra
l,

m
ak
in
g
su
re
to
sp
ecify
th
e
lim
its
of
in
teg
ration
.

(d
)
(10
poin
ts)
A
gain
for
th
e
sp
ace
d
escrib
ed
in
p
art
(b
),
co
n
sid
er
a
g
eo
d
esic
d
escrib
ed

b
y
th
e
u
su
al
geo
d
esic
eq
u
atio
n
,

dd
s �
g
ij
d
x
j

d
s �
=
12

(@
i g
k
` )
d
x
k

d
s

d
x
`

d
s
:

T
h
e
geo
d
esic
is
d
escrib
ed
b
y
fu
n
ction
s
r(s)
an
d
�(s),
w
h
ere
s
is
th
e
a
rc
len
gth
a
lon
g

th
e
cu
rv
e.
W
rite
ex
p
licitly
b
o
th
(i.e.,
for
i=
1
=
r
an
d
i=
2
=
�)
geo
d
esic
eq
u
atio
n
s.

P
R
O
B
L
E
M

1
6
:
G
E
O
D
E
S
IC
S
O
N

T
H
E
S
U
R
F
A
C
E
O
F
A

S
P
H
E
R
E

In
th
is
p
rob
lem
w
e
w
ill
test
th
e
geo
d
esic
eq
u
ation
b
y
com
p
u
tin
g
th
e
geo
d
esic
cu
rv
es

on
th
e
su
rface
of
a
sp
h
ere.
W
e
w
ill
d
escrib
e
th
e
sp
h
ere
as
in
L
ectu
re
N
o
tes
5,
w
ith
m
etric

given
b
y

d
s
2
=
a
2 �d
�
2
+
sin
2
�
d
�
2 �
:

(a)
C
learly
on
e
geo
d
esic
on
th
e
sp
h
ere
is
th
e
eq
u
a
to
r,
w
h
ich
ca
n
b
e
p
a
ra
m
etrized
b
y

�
=
�
=2
an
d
�
=
 
,
w
h
ere
 
is
a
p
ara
m
eter
w
h
ich
ru
n
s
from
0
to
2
�
.
S
h
ow
th
at
if

th
e
eq
u
ator
is
rotated
b
y
a
n
an
gle
�
ab
ou
t
th
e
x
-ax
is,
th
en
th
e
eq
u
a
tion
s
b
ecom
e:

cos
�
=
sin
 
sin
�

tan
�
=
tan
 
cos
�

:

(b
)
U
sin
g
th
e
gen
eric
form
of
th
e
geo
d
esic
eq
u
a
tion
on
th
e
fron
t
o
f
th
e
ex
a
m
,
d
eriv
e
th
e

d
i�
eren
tial
eq
u
ation
w
h
ich
d
escrib
es
geo
d
esics
in
th
is
sp
ace.

(c)
S
h
ow
th
at
th
e
ex
p
ression
s
in
(a)
satisfy
th
e
d
i�
eren
tia
l
eq
u
atio
n
fo
r
th
e
g
eo
d
esic.

H
in
t:
T
h
e
a
lgeb
ra
on
th
is
ca
n
b
e
m
essy,
b
u
t
I
fou
n
d
th
in
gs
w
ere
rea
so
n
ab
ly
sim
p
le

if
I
w
rote
th
e
d
erivativ
es
in
th
e
follow
in
g
w
ay
:

d
�

d
 
=
�

co
s
 
sin
�

p
1�
sin
2
 
sin
2
�

;

d
�

d
 
=

cos
�

1�
sin
2
 
sin
2
�

:
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P
R
O
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1
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:
G
E
O
D
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S
IC
S
IN

A

C
L
O
S
E
D

U
N
IV
E
R
S
E

T
he
follow
in
g
pro
blem
w
a
s
P
roblem
3,
Q
u
iz
3,
2000,
w
here
it
w
as
w
orth
40
poin
ts
plu
s
5

po
in
ts
extra
cred
it.

C
on
sid
er
th
e
case
of
closed
R
ob
ertson
-W
alk
er
u
n
iv
erse.
T
ak
in
g
k
=
1,
th
e
sp
acetim
e

m
etric
can
b
e
w
ritten
in
th
e
form

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

W
e
w
ill
assu
m
e
th
at
th
is
m
etric
is
giv
en
,
an
d
th
at
a
(t)
h
as
b
een
sp
eci�
ed
.
W
h
ile
galax
ies

are
ap
p
rox
im
ately
station
ary
in
th
e
com
ov
in
g
co
ord
in
ate
sy
stem
d
escrib
ed
b
y
th
is
m
etric,

w
e
can
still
con
sid
er
an
ob
ject
th
at
m
oves
in
th
is
sy
stem
.
In
p
articu
lar,
in
th
is
p
rob
lem

w
e
w
ill
con
sid
er
an
ob
ject
th
at
is
m
ov
in
g
in
th
e
rad
ial
d
irection
(r-d
irection
),
u
n
d
er
th
e

in

u
en
ce
of
n
o
forces
oth
er
th
an
grav
ity.
H
en
ce
th
e
ob
ject
w
ill
travel
on
a
geo
d
esic.

(a)
(7
po
in
ts)
E
x
p
ress
d
�
=
d
t
in
term
s
of
d
r=
d
t.

(b
)
(3
po
in
ts)
E
x
p
ress
d
t=
d
�
in
term
s
o
f
d
r=
d
t.

(c)
(10
poin
ts)
If
th
e
o
b
ject
trav
els
on
a
tra
jectory
g
iv
en
b
y
th
e
fu
n
ction
r
p (t)
b
etw
een

som
e
tim
e
t
1
an
d
som
e
later
tim
e
t
2 ,
w
rite
an
in
tegral
w
h
ich
gives
th
e
total
am
ou
n
t

of
tim
e
th
at
a
clo
ck
atta
ch
ed
to
th
e
ob
ject
w
ou
ld
record
for
th
is
jou
rn
ey.

(d
)
(10
po
in
ts)
D
u
rin
g
a
tim
e
in
terval
d
t,
th
e
ob
ject
w
ill
m
ove
a
co
ord
in
ate
d
istan
ce

d
r
=
d
rd

t
d
t
:

L
et
d
`
d
en
ote
th
e
p
h
y
sical
d
istan
ce
th
at
th
e
o
b
ject
m
oves
d
u
rin
g
th
is
tim
e.
B
y

\p
h
y
sical
d
istan
ce,"
I
m
ean
th
e
d
istan
ce
th
at
w
ou
ld
b
e
m
easu
red
b
y
a
com
ov
in
g
ob
-

serv
er
(a
n
o
b
server
station
ary
w
ith
resp
ect
to
th
e
co
ord
in
ate
sy
stem
)
w
h
o
is
lo
cated

a
t
th
e
sa
m
e
p
o
in
t.
T
h
e
q
u
an
tity
d
`=
d
t
can
b
e
regard
ed
as
th
e
p
h
y
sical
sp
eed
v
p
h
y
s

of
th
e
ob
ject,
sin
ce
it
is
th
e
sp
eed
th
at
w
ou
ld
b
e
m
easu
red
b
y
a
co
m
ov
in
g
ob
serv
er.

W
rite
an
ex
p
ression
for
v
p
h
y
s
as
a
fu
n
ction
of
d
r=
d
t
an
d
r.

(e)
(10
po
in
ts)
U
sin
g
th
e
form
u
las
at
th
e
fron
t
of
th
e
ex
am
,
d
eriv
e
th
e
geo
d
esic
eq
u
ation

of
m
otion
for
th
e
co
ord
in
ate
r
of
th
e
ob
ject.
S
p
eci�
cally,
you
sh
ou
ld
d
eriv
e
an

eq
u
ation
of
th
e
form

dd
� �
A
d
r

d
� �
=
B �
d
t

d
� �

2
+
C �
d
r

d
� �

2
+
D �
d
�

d
� �

2
+
E �
d
�

d
� �

2

;

w
h
ere
A
,
B
,
C
,
D
,
an
d
E
are
fu
n
ction
s
of
th
e
co
ord
in
ates,
som
e
of
w
h
ich
m
igh
t
b
e

zero.

(f)
(5
poin
ts
E
X
T
R
A
C
R
E
D
IT
)
O
n
P
rob
lem
1
of
P
rob
lem
S
et
6
w
e
learn
ed
th
at
in
a


at
R
ob
ertson
-W
alk
er
m
etric,
th
e
relativ
istically
d
e�
n
ed
m
om
en
tu
m
of
a
p
article,

p
=

m
v
p
h
y
s

q
1�
v
2p

h
y
s

c
2

;

fa
lls
o
�
a
s
1
=
a
(t).
U
se
th
e
geo
d
esic
eq
u
ation
d
eriv
ed
in
p
art
(e)
to
sh
ow
th
at
th
e

sam
e
is
tru
e
in
a
closed
u
n
iv
erse.
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R
O
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p
.
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4

P
R
O
B
L
E
M

1
8
:
A

T
W
O
-D
IM
E
N
S
IO
N
A
L
C
U
R
V
E
D

S
P
A
C
E
(4
0
poin
ts)

T
he
follow
in
g
problem
w
as
P
ro
blem
3,
Q
u
iz
2,
20
02.

C
on
sid
er
a
tw
o-d
im
en
sion
al
cu
rved
sp
a
ce
d
escrib
ed
b
y
p
o
lar

co
ord
in
ates
u
an
d
�,
w
h
ere
0
�
u
�
a
an
d
0
�
�
�
2
�
,
an
d

�
=
2
�
is
as
u
su
al
id
en
ti�
ed
w
ith
�
=
0.
T
h
e
m
etric
is
g
iven
b
y

d
s
2
=

a
d
u
2

4
u
(a�
u
)
+
u
d
�
2
:

A
d
iagram
o
f
th
e
sp
ace
is
sh
ow
n
at
th
e
righ
t,
b
u
t
yo
u
sh
ou
ld
of

cou
rse
k
eep
in
m
in
d
th
at
th
e
d
ia
gra
m
d
o
es
n
ot
a
ccu
ra
tely
re
ect

th
e
d
istan
ces
d
e�
n
ed
b
y
th
e
m
etric.

(a)
(6
poin
ts)
F
in
d
th
e
rad
iu
s
R

of
th
e
sp
ace,
d
e�
n
ed
as
th
e

len
gth
of
a
rad
ial
(i.e.,
�
=
co
n
stan
t)
lin
e.
Y
o
u
m
ay
ex
p
ress

you
r
an
sw
er
as
a
d
e�
n
ite
in
tegra
l,
w
h
ich
yo
u
n
eed
n
ot
eva
l-

u
ate.
B
e
su
re,
h
ow
ever,
to
sp
ecify
th
e
lim
its
of
in
tegration
.

(b
)
(6
poin
ts)
F
in
d
th
e
circu
m
feren
ce
S
o
f
th
e
sp
ace,
d
e�
n
ed
as

th
e
len
gth
of
th
e
b
o
u
n
d
a
ry
o
f
th
e
sp
ace
a
t
u
=
a
.

(c)
(7
poin
ts)
C
on
sid
er
a
n
an
n
u
lar
reg
io
n
a
s
sh
ow
n
,
con
sistin
g

of
all
p
o
in
ts
w
ith
a
u
-co
ord
in
ate
in
th
e
ra
n
g
e
u
0

�
u
�

u
0
+
d
u
.
F
in
d
th
e
p
h
y
sica
l
a
rea
d
A
of
th
is
region
,
to
�
rst

ord
er
in
d
u
.

(d
)
(3
poin
ts)
U
sin
g
y
ou
r
a
n
sw
er
to
p
art
(c),
w
rite
an
ex
p
ressio
n
for
th
e
to
tal
a
rea
of

th
e
sp
ace.
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(e)
(10
poin
ts)
C
on
sid
er
a
geo
d
esic
cu
rv
e
in
th
is
sp
ace,
d
escrib
ed
b
y
th
e
fu
n
ction
s
u
(s)

an
d
�(s),
w
h
ere
th
e
p
aram
eter
s
is
ch
osen
to
b
e
th
e
arc
len
gth
alon
g
th
e
cu
rv
e.
F
in
d

th
e
geo
d
esic
eq
u
ation
for
u
(s),
w
h
ich
sh
ou
ld
h
ave
th
e
form

dd
s �
F
(u
;�)
d
u

d
s �
=
:::
;

w
h
ere
F
(u
;�)
is
a
fu
n
ction
th
at
y
ou
w
ill
�
n
d
.
(N
ote
th
at
b
y
w
ritin
g
F
as
a
fu
n
ction

o
f
u
an
d
�,
w
e
a
re
say
in
g
th
a
t
it
cou
ld
d
ep
en
d
on
eith
er
or
b
o
th
of
th
em
,
b
u
t
w
e
are

n
ot
say
in
g
th
at
it
n
ecessarily
d
ep
en
d
s
on
th
em
.)
Y
ou
n
eed
n
ot
sim
p
lify
th
e
left-h
an
d

sid
e
of
th
e
eq
u
ation
.

(f)
(8
po
in
ts)
S
im
ilarly,
�
n
d
th
e
geo
d
esic
eq
u
ation
for
�(s),
w
h
ich
sh
ou
ld
h
ave
th
e
form

dd
s �
G
(u
;�)
d
�

d
s �
=
:::
;

w
h
ere
G
(u
;�)
is
a
fu
n
ction
th
at
y
o
u
w
ill
�
n
d
.
A
gain
,
you
n
eed
n
ot
sim
p
lify
th
e

left-h
an
d
sid
e
of
th
e
eq
u
ation
.

�

P
R
O
B
L
E
M

1
9
:
R
O
T
A
T
IN
G

F
R
A
M
E
S
O
F
R
E
F
E
R
E
N
C
E
(35
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3,
Q
u
iz
2,
2004.

In
th
is
p
rob
lem
w
e
w
ill
u
se
th
e
form
alism
of
gen
eral
relativ
ity
a
n
d
geo
d
esics
to
d
eriv
e

th
e
relativ
istic
d
escrip
tion
of
a
rotatin
g
fram
e
of
referen
ce.

T
h
e
p
rob
lem
w
ill
con
cern
th
e
con
seq
u
en
ces
of
th
e
m
etric

d
s
2
=
�
c
2
d
�
2
=
�
c
2
d
t
2
+ hd
r
2
+
r
2
(d
�
+
!
d
t)
2
+
d
z
2 i
;

(P
19.1)

w
h
ich
corresp
on
d
s
to
a
co
ord
in
ate
sy
stem

rotatin
g
ab
ou
t
th
e
z-ax
is,
w
h
ere
�
is
th
e

azim
u
th
al
an
gle
arou
n
d
th
e
z-ax
is.
T
h
e
co
ord
in
ates
h
av
e
th
e
u
su
al
ran
ge
for
cy
lin
d
rical

co
ord
in
ates:�1
<
t
<
1
,
0�
r
<
1
,�1
<
z
<
1
,
a
n
d
0�
�
<
2
�
,
w
h
ere
�
=
2
�
is

id
en
ti�
ed
w
ith
�
=
0.

E
X
T
R
A
IN
F
O
R
M
A
T
IO
N

T
o
w
ork
the
problem
,
you
d
o
n
ot
n
eed
to
kn
ow
an
ythin
g
abou
t
w
here
this
m
etric

ca
m
e
from
.
H
ow
ever,
it
m
ight
(or
m
ight
n
ot!)
help
you
r
in
tu
ition
to
kn
ow
that

E
q.
(P
1
9
.1
)
w
a
s
o
bta
in
ed
by
startin
g
w
ith
a
M
in
kow
ski
m
etric
in
cylin
drical

coordin
ates
�t
,
�r,
��,
a
n
d
�z,

c
2
d
�
2
=
c
2
d
�t
2� �d
�r
2
+
�r
2
d
��
2
+
d
�z
2 �
;

an
d
then
in
trodu
cin
g
n
ew
coo
rdin
a
tes
t,
r,
�
,
an
d
z
th
a
t
are
related
by

�t
=
t;

�r
=
r;

��
=
�
+
!
t;

�z
=
z
;

so
d
�t
=
d
t,
d
�r
=
d
r,
d
��
=
d
�
+
!
d
t,
an
d
d
�z
=
d
z
.

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
.
2
6

(a)
(8
poin
ts)
T
h
e
m
etric
can
b
e
w
ritten
in
m
atrix
form
b
y
u
sin
g
th
e
stan
d
a
rd
d
e�
n
ition

d
s
2
=
�
c
2
d
�
2�
g
�
�
d
x
�
d
x
�
;

w
h
ere
x
0�
t,
x
1�
r,
x
2�
�
,
an
d
x
3�
z
.
T
h
en
,
for
ex
am
p
le,
g
1
1
(w
h
ich
can
a
lso
b
e

called
g
r
r )
is
eq
u
al
to
1
.
F
in
d
ex
p
licit
ex
p
ression
s
to
co
m
p
lete
th
e
list
of
th
e
n
o
n
zero

en
tries
in
th
e
m
atrix
g
�
� :

g
1
1 �
g
r
r
=
1

g
0
0 �
g
tt
=
?

g
2
0 �
g
0
2 �
g
�
t �
g
t�
=
?

g
2
2 �
g
�
�
=
?

g
3
3 �
g
z
z
=
?

(P
19
.2)

If
y
ou
can
n
ot
an
sw
er
p
art
(a),
y
ou
ca
n
in
tro
d
u
ce
u
n
sp
eci�
ed
fu
n
ction
s
f
1 (r),
f
2 (r),
f
3 (r),

an
d
f
4 (r),
w
ith

g
1
1 �
g
r
r
=
1

g
0
0 �
g
tt
=
f
1 (r)

g
2
0 �
g
0
2 �
g
�
t �
g
t�
=
f
1 (r)

g
2
2 �
g
�
�
=
f
3 (r)

g
3
3 �
g
z
z
=
f
4 (r)
;

(P
19
.3)

an
d
you
can
th
en
ex
p
ress
y
ou
r
a
n
sw
ers
to
th
e
su
b
seq
u
en
t
p
a
rts
in
term
s
of
th
ese
u
n
sp
ec-

i�
ed
fu
n
ction
s.

(b
)
(10
poin
ts)
U
sin
g
th
e
geo
d
esic
eq
u
a
tion
s
fro
m
th
e
fron
t
o
f
th
e
q
u
iz,

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�

;

ex
p
licitly
w
rite
th
e
eq
u
a
tio
n
th
a
t
resu
lts
w
h
en
th
e
free
in
d
ex
�
is
eq
u
a
l
to
1
,
corre-

sp
on
d
in
g
to
th
e
co
ord
in
ate
r.

(c)
(7
poin
ts)
E
x
p
licitly
w
rite
th
e
eq
u
ation
th
at
resu
lts
w
h
en
th
e
free
in
d
ex
�
is
eq
u
al

to
2,
corresp
on
d
in
g
to
th
e
co
ord
in
ate
�
.

(d
)
(10
poin
ts)
U
se
th
e
m
etric
to
�
n
d
an
ex
p
ression
for
d
t=d
�
in
term
s
of
d
r=d
t,
d
�
=d
t,

an
d
d
z
=d
t.
T
h
e
ex
p
ressio
n
m
ay
also
d
ep
en
d
on
th
e
co
n
sta
n
ts
c
a
n
d
!
.
B
e
su
re
to

n
ote
th
at
you
r
an
sw
er
sh
ou
ld
d
ep
en
d
on
th
e
d
erivativ
es
of
t,
�
,
a
n
d
z
w
ith
resp
ect

to
t,
n
ot
�
.
(H
in
t:
�
rst
�
n
d
an
expression
for
d
�
=
d
t,
in
term
s
of
the
qu
a
n
tities

in
dicated,
an
d
then
ask
you
rself
how
this
resu
lt
can
be
u
sed
to
�
n
d
d
t=d
�
.)
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.
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P
R
O
B
L
E
M

2
0
:

T
H
E

S
T
A
B
IL
IT
Y

O
F

S
C
H
W
A
R
Z
S
C
H
IL
D

O
R
B
IT
S

(30

po
in
ts)

T
h
is
p
roblem
w
as
P
roblem
4,
Q
u
iz
2
in
2007.
I
have
m
odi�
ed
the
referen
ce
to
the

hom
ew
ork
problem
to
co
rrespon
d
to
the
cu
rren
t
(2016)
con
text,
w
here
it
is
P
roblem
3
of

P
roblem
S
et
6.
In
2007
it
had
also
been
a
hom
ew
ork
problem
prior
to
the
qu
iz.

T
h
is
p
rob
lem
is
a
n
elab
oration
of
th
e
P
rob
lem
3
of
P
rob
lem
S
et
6,
for
w
h
ich
b
oth

th
e
statem
en
t
an
d
th
e
solu
tion
are
rep
ro
d
u
ced
at
th
e
en
d
of
th
is
q
u
iz.
T
h
is
m
aterial
is

rep
ro
d
u
ced
for
y
ou
r
referen
ce,
b
u
t
y
ou
sh
ou
ld
b
e
aw
are
th
at
th
e
solu
tion
to
th
e
p
resen
t

p
rob
lem
h
as
im
p
ortan
t
d
i�
eren
ces.
Y
ou
can
cop
y
from
th
is
m
aterial,
b
u
t
to
allow
th
e

grad
er
to
assess
y
ou
r
u
n
d
erstan
d
in
g,
y
ou
are
ex
p
ected
to
p
resen
t
a
logical,
self-con
tain
ed

an
sw
er
to
th
is
q
u
estio
n
.

In
th
e
solu
tion
to
th
at
h
om
ew
o
rk
p
ro
b
lem
,
it
w
as
stated
th
at
fu
rth
er
an
aly
sis
of
th
e

orb
its
in
a
S
ch
w
arzsch
ild
geom
etry
sh
ow
s
th
at
th
e
sm
allest
stable
circu
lar
orb
it
o
ccu
rs

for
r
=
3
R
S
.
C
ircu
lar
orb
its
are
p
ossib
le
for
32
R
S

<
r
<
3
R
S

,
b
u
t
th
ey
are
n
ot
stab
le.

In
th
is
p
rob
lem
w
e
w
ill
ex
p
lore
th
e
calcu
lation
s
b
eh
in
d
th
is
statem
en
t.

W
e
w
ill
con
sid
er
a
b
o
d
y
w
h
ich
u
n
d
ergo
es
sm
all
oscillation
s
ab
ou
t
a
circu
lar
orb
it
at

r(t)
=
r
0 ,
�
=
�
=
2
,
w
h
ere
r
0
is
a
con
stan
t.
T
h
e
co
ord
in
ate
�
w
ill
th
erefore
b
e
�
x
ed
,
b
u
t

all
th
e
oth
er
co
ord
in
ates
w
ill
va
ry
a
s
th
e
b
o
d
y
fo
llow
s
its
orb
it.

(a)
(12
po
in
ts)
T
h
e
�
rst
step
,
sin
ce
r(�
)
w
ill
n
ot
b
e
a
con
stan
t
in
th
is
solu
tion
,
w
ill
b
e

to
d
eriv
e
th
e
eq
u
ation
o
f
m
otion
for
r(�
).
T
h
at
is,
for
th
e
S
ch
w
arzsch
ild
m
etric

d
s
2
=
�
c
2d
�
2
=
�
h
(r)c
2d
t
2
+
h
(r) �
1d
r
2
+
r
2d
�
2
+
r
2
sin
2
�
d
�
2
;

(P
20.1)

w
h
ere

h
(r)�
1�
R
Sr

;

w
ork
ou
t
th
e
ex
p
licit
form
of
th
e
geo
d
esic
eq
u
ation

dd
� �
g
�
�
d
x
�

d
� �
=
12
@
g
�
�

@
x
�

d
x
�

d
�

d
x
�

d
�

;

(P
20.2)

for
th
e
case
�
=
r.
Y
ou
sh
ou
ld
u
se
th
is
resu
lt
to
�
n
d
a
n
ex
p
licit
ex
p
ression
for

d
2r

d
�
2

:

Y
o
u
m
ay
a
llow
you
r
a
n
sw
er
to
con
ta
in
h
(r),
its
d
erivative
h
0(r)
w
ith
resp
ect
to
r,

a
n
d
th
e
d
erivativ
e
w
ith
resp
ect
to
�
o
f
a
n
y
co
ord
in
ate,
in
clu
d
in
g
d
t=
d
�
.
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6
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O
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p
.
2
8

(b
)
(6
poin
ts)
It
is
u
sefu
l
to
co
n
sid
er
r
an
d
�
to
b
e
th
e
in
d
ep
en
d
en
t
va
ria
b
les,
w
h
ile

treatin
g
t
as
a
d
ep
en
d
en
t
variab
le.
F
in
d
an
ex
p
ression
fo
r

�
d
t

d
� �

2

in
term
s
of
r,
d
r=
d
�
,
d
�
=
d
�
,
h
(r),
an
d
c.
U
se
th
is
eq
u
a
tion
to
sim
p
lify
th
e
ex
p
ressio
n

for
d
2r=
d
�
2
ob
tain
ed
in
p
a
rt
(a).
T
h
e
g
oal
is
to
ob
tain
a
n
ex
p
ressio
n
o
f
th
e
form

d
2r

d
�
2
=
f
0 (r)
+
f
1 (r) �
d
�

d
� �

2

:

(P
20.3)

w
h
ere
th
e
fu
n
ction
s
f
0 (r)
a
n
d
f
1 (r)
m
igh
t
d
ep
en
d
o
n
R
S
o
r
c,
an
d
m
igh
t
b
e
p
ositiv
e,

n
egative,
or
zero.
N
ote
th
at
th
e
in
term
ed
iate
step
s
in
th
e
calcu
la
tion
in
volv
e
a
term

p
rop
ortion
al
to
(d
r=
d
�
)
2,
b
u
t
th
e
n
et
co
eÆ
cien
t
for
th
is
term
va
n
ish
es.

(c)
(7
poin
ts)
T
o
u
n
d
ersta
n
d
th
e
o
rb
it
w
e
w
ill
also
n
eed
th
e
eq
u
ation
o
f
m
otio
n
fo
r
�
.

E
valu
ate
th
e
geo
d
esic
eq
u
a
tion
(P
2
0.2)
for
�
=
�
,
an
d
w
rite
th
e
resu
lt
in
term
s
o
f

th
e
q
u
an
tity
L
,
d
e�
n
ed
b
y

L
�
r
2
d
�

d
�
:

(P
20.4)

(d
)
(5
poin
ts)
F
in
ally,
w
e
co
m
e
to
th
e
q
u
estion
of
stab
ility.
S
u
b
stitu
tin
g
E
q
.
(P
2
0.4
)

in
to
E
q
.
(P
20.3),
th
e
eq
u
atio
n
of
m
o
tion
for
r
can
b
e
w
ritten
as

d
2r

d
�
2
=
f
0 (r)
+
f
1 (r)
L
2

r
4

:

N
ow
con
sid
er
a
sm
all
p
ertu
rb
ation
ab
ou
t
th
e
circu
lar
orb
it
at
r
=
r
0 ,
a
n
d
w
rite
an

eq
u
ation
th
at
d
eterm
in
es
th
e
sta
b
ility
of
th
e
orb
it.
(T
h
at
is,
if
som
e
ex
tern
al
fo
rce

gives
th
e
orb
itin
g
b
o
d
y
a
sm
a
ll
k
ick
in
th
e
rad
ial
d
irection
,
h
ow
can
y
ou
d
eterm
in
e

w
h
eth
er
th
e
p
ertu
rb
ation
w
ill
lead
to
stab
le
oscillation
s,
o
r
w
h
eth
er
it
w
ill
start
to

grow
?)
Y
ou
sh
ou
ld
ex
p
ress
th
e
stab
ility
req
u
irem
en
t
in
term
s
of
th
e
u
n
sp
eci�
ed

fu
n
ction
s
f
0 (r)
an
d
f
1 (r).
Y
o
u
a
re
N
O
T
a
sked
to
carry
ou
t
th
e
alg
eb
ra
o
f
in
sertin
g

th
e
ex
p
licit
form
s
th
at
yo
u
h
ave
fo
u
n
d
fo
r
th
ese
fu
n
ction
s.

�

P
R
O
B
L
E
M

2
1
:
P
R
E
S
S
U
R
E

A
N
D

E
N
E
R
G
Y

D
E
N
S
IT
Y

O
F
M
Y
S
T
E
R
I-

O
U
S
S
T
U
F
F
(25
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
3
,
Q
u
iz
3
,
2
002.

In
L
ectu
re
N
otes
6
,
w
ith
fu
rth
er
calcu
latio
n
s
in
P
rob
lem

4
of
P
rob
lem

S
et
6,
a

th
ou
gh
t
ex
p
erim
en
t
in
volv
in
g
a
p
isto
n
w
as
u
sed
to
sh
ow
th
a
t
p
=
13
�
c
2
fo
r
rad
ia
tion
.
In

th
is
p
rob
lem
you
w
ill
ap
p
ly
th
e
sam
e
tech
n
iq
u
e
to
calcu
late
th
e
p
ressu
re
o
f
m
y
ste
r
io
u
s
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.
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stu
�
,
w
h
ich
h
as
th
e
p
rop
erty
th
at
th
e
en
ergy
d
en
sity
falls
o�
in
p
rop
ortion
to
1
= p
V
as

th
e
v
olu
m
e
V
is
in
crea
sed
.

If
th
e
in
itial
en
ergy
d
en
sity
o
f
th
e
m
y
steriou
s
stu
�
is
u
0

=
�
0 c
2,
th
en
th
e
in
itial

con
�
gu
ration
of
th
e
p
iston
can
b
e
d
raw
n
a
s

T
h
e
p
iston
is
th
en
p
u
lled
o
u
tw
ard
,
so
th
at
its
in
itial
v
olu
m
e
V
is
in
creased
to
V
+
�
V
.

Y
o
u
m
ay
con
sid
er
�
V
to
b
e
in
�
n
itesim
al,
so
�
V
2
can
b
e
n
eglected
.

(a)
(15
poin
ts)
U
sin
g
th
e
fact
th
at
th
e
en
ergy
d
en
sity
of
m
y
steriou
s
stu
�
falls
o�
as

1
= p
V
,
�
n
d
th
e
am
ou
n
t
�
U
b
y
w
h
ich
th
e
en
ergy
in
sid
e
th
e
p
iston
ch
an
ges
w
h
en
th
e

v
olu
m
e
is
en
larged
b
y
�
V
.
D
e�
n
e
�
U
to
b
e
p
ositive
if
th
e
en
ergy
in
creases.

(b
)
(5
poin
ts)
If
th
e
(u
n
k
n
ow
n
)
p
ressu
re
of
th
e
m
y
steriou
s
stu
�
is
called
p,
h
ow
m
u
ch

w
ork
�
W

is
d
o
n
e
b
y
th
e
a
g
en
t
th
at
p
u
lls
ou
t
th
e
p
iston
?

(c)
(5
po
in
ts)
U
se
y
ou
r
resu
lts
from
(a)
an
d
(b
)
to
ex
p
ress
th
e
p
ressu
re
p
of
th
e
m
y
steriou
s

stu
�
in
term
s
of
its
en
ergy
d
en
sity
u
.
(If
y
ou
d
id
n
ot
an
sw
er
p
arts
(a)
an
d
/or
(b
),

ex
p
lain
as
b
est
y
ou
can
h
ow
yo
u
w
ou
ld
d
eterm
in
e
th
e
p
ressu
re
if
y
ou
k
n
ew
th
e

a
n
sw
ers
to
th
ese
tw
o
q
u
estion
s.)

P
R
O
B
L
E
M

2
2
:
V
O
L
U
M
E
O
F
A
C
L
O
S
E
D
T
H
R
E
E
-D
IM
E
N
S
IO
N
A
L
S
P
A
C
E

(15
poin
ts)

T
h
is
p
ro
blem
is
a
gen
era
liza
tio
n
o
f
P
roblem
2
of
P
roblem
S
et
5.

R
ecall
th
at
th
e
sp
atial
p
art
of
th
e
m
etric
for
a
closed
u
n
iv
erse
can
b
e
w
ritten
as

d
s
2
=
R
2 �d
 
2
+
sin
2
 �d
�
2
+
sin
2
�d
�
2 ��
:

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M
S
,
F
A
L
L
2
0
1
8

p
.
3
0

In
th
is
p
rob
lem

w
e
w
ill
co
n
sid
er
a
m
ore
gen
eral
m
etric,
w
h
ich
also
d
escrib
es
a
closed

th
ree-d
im
en
sion
al
sp
ace,
b
u
t
o
n
e
th
at
is
n
ot
h
om
o
gen
eou
s.
T
h
e
m
etric
w
ill
b
e
giv
en
b
y

d
s
2
=
R
2 �d
 
2
+
f
2( 
) �d
�
2
+
sin
2
�d
�
2 ��
;

w
h
ere
f
( 
)
is
som
e
u
n
sp
eci�
ed
fu
n
ction
.
T
h
e
co
ord
in
ates
�
an
d
�
h
ave
th
e
u
su
al
ra
n
ge,

0�
��
�
,
an
d
0�
�
�
2
�
,
an
d
 
varies
in
th
e
ra
n
ge
0�
 
�
�
.

W
rite
an
in
tegral
ex
p
ression
fo
r
th
e
v
olu
m
e
of
th
is
sp
ace.
T
h
e
in
tegral
sh
ou
ld
b
e

over
a
sin
gle
variab
le
on
ly.
H
in
t:
as
in
P
rob
lem
2
o
f
P
rob
lem
S
et
5
,
y
ou
ca
n
b
reak
th
e

v
olu
m
e
u
p
in
to
sp
h
erical
sh
ells
o
f
in
�
n
itesim
al
th
ick
n
ess,
ex
ten
d
in
g
from
 
to
 
+
d
 
:
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.
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P
R
O
B
L
E
M

2
3
:
G
R
A
V
IT
A
T
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N
A
L
B
E
N
D
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O
F
L
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H
T
(30
poin
ts)

W
h
en
a
ligh
t
ray
p
asses
b
y
a
m
assiv
e
ob
ject,
gen
eral
relativ
ity
p
red
icts
th
at
it
w
ill

b
e
b
en
t.
S
in
ce
m
ost
celestial
ob
jects
are
n
early
sp
h
erical,
w
e
can
u
se
th
e
S
ch
w
arzsch
ild

m
etric
to
calcu
late
th
e
b
en
d
in
g.
F
u
rth
erm
ore,
sin
ce
w
e
a
re
u
su
ally
in
terested
in
ob
jects

th
at
are
n
ot
b
lack
h
o
les
o
r
a
n
y
w
h
ere
n
early
as
d
en
se,
w
e
can
ob
tain
an
accu
rate
an
sw
er

b
y
carry
in
g
o
u
t
th
e
calcu
lation
in
a
w
eak
-�
eld
ap
p
rox
im
ation
.
F
or
a
p
h
oton
th
at
grazes

th
e
S
u
n
,
for
ex
am
p
le,
th
e
valu
e
of
R
S
ch =
R
�
,
th
e
S
ch
w
arzsch
ild
rad
iu
s
over
th
e
rad
iu
s
of

th
e
S
u
n
,
is
a
b
o
u
t
4�
1
0 �
6.

S
ta
rtin
g
w
ith
th
e
S
ch
w
arzsch
ild
m
etric,

d
s
2
=
� �
1�
R
S
c
h

r �
c
2d
t
2
+ �
1�
R
S
c
h

r �
�
1

d
r
2
+
r
2(d
�
2
+
sin
2
�
d
�
2)
;

(P
23.1)

w
h
ere
R
S
c
h
=
2
G
M
=
c
2,
w
e
ca
n
ex
p
a
n
d
in
p
ow
ers
o
f
R
S
ch =
r
an
d
k
eep
on
ly
th
e
�
rst
ord
er

term
s:d

s
2
=
� �
1�
R
S
c
h

r �
c
2d
t
2
+ �
1
+
R
S
ch

r �
d
r
2
+
r
2(d
�
2
+
sin
2
�
d
�
2)
:

(P
23.2)

F
or
th
is
p
rob
lem
it
is
u
sefu
l
to
sw
itch
to
C
artesian
-lik
e
co
o
rd
in
ates,
d
e�
n
ed
in
term
s
of

r,
�,
a
n
d
�
b
y
th
e
u
su
al
C
artesian
form
u
las,

x
=
r
sin
�
co
s
�
;

y
=
r
sin
�
sin
�
;

z
=
r
cos
�
:

(P
23.3)

G
en
eral
relativ
ity
allow
s
u
s
to
m
ak
e
a
n
y
co
ord
in
ate
red
e�
n
ition
s
th
at
w
e
m
igh
t
w
an
t,
as

lon
g
as
w
e
calcu
late
th
e
m
etric
in
term
s
of
th
e
n
ew
co
ord
in
ates.
It
is
u
sefu
l
to
con
tin
u
e

to
u
se
th
e
q
u
an
tity
r,
b
u
t
n
ow
it
w
ill
b
e
th
ou
gh
t
of
as
a
fu
n
ction
of
th
e
co
ord
in
ates
x
,
y
,

an
d
z:

r
=
(x
2
+
y
2
+
z
2)
1
=
2
:

(P
23.4)

T
h
e
m
etric
can
th
en
b
e
rew
ritten
as
th
e
M
in
k
ow
sk
i
m
etric
of
sp
ecial
relativ
ity,
p
lu
s
sm
all

correction
s:d

s
2
=
�
c
2d
t
2
+
d
x
2
+
d
y
2
+
d
z
2
+
R
S
ch

r

c
2d
t
2
+
R
S
ch

r

(d
r)
2
;

(P
23.5)

w
h
ere
from
E
q
.
(4)
on
e
can
see
th
at

d
r
=
1r

(x
d
x
+
y
d
y
+
z
d
z)
:

(P
23.6)

(a)
(6
poin
ts)
F
o
r
th
e
m
etric
as
a
p
p
rox
im
ated
b
y
E
q
s.
(P
23.5)
a
n
d
(P
23.6),
w
rite
th
e

ex
p
ression
s
for
g
tt ,
g
x
x ,
a
n
d
g
x
y .
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3
2

T
h
e
tra
jectory
of
th
e
p
h
o
to
n
is
ligh
tlik
e,
so
w
e
ca
n
n
o
t
u
se
�
to
p
a
ram
eterize
th
e

tra
jectory,
b
ecau
se
p
rop
er
tim
e
in
tervals
alon
g
a
ligh
tlik
e
tra
jectory
a
re
zero.
N
on
eth
eless,

it
can
b
e
sh
ow
n
th
at
on
e
can
u
se
an
\
aÆ
n
e
p
a
ram
eter"
�
,
for
w
h
ich
th
e
geo
d
esic
eq
u
atio
n

h
as
th
e
u
su
al
form
:

dd
� �
g
�
�
d
x
�

d
� �
=
12

[@
�
g
�
� ]
d
x
�

d
�

d
x
�

d
�

:

(P
23
.7)

T
o
ob
tain
an
an
sw
er
th
a
t
is
accu
rate
to
�
rst
ord
er
in
G
,
w
e
b
eg
in
b
y
co
n
sid
erin
g
th
e

u
n
pertu
rbed
p
h
oton
tra
jectory
|

th
e
tra
jecto
ry
it
w
ou
ld
h
av
e
if
G
w
ere
tak
en
a
s
zero
,
so

R
S
ch
=
2
G
M
=
c
2
=
0.
T
h
is
w
o
u
ld
b
e
a
straigh
t
lin
e
in
th
e
(x
;y
;z)
co
ord
in
ates,
as
sh
ow
n

in
th
e
d
iagram
b
elow
:

H
ere
b
is
called
th
e
im
pact
pa
ra
m
eter.
W
e
can
p
ara
m
eterize
th
is
p
a
th
b
y

x
(�
)
=
�
;

y
(�
)
=
b
;

z
(�
)
=
0
;

t(�
)
=
�
=
c
:

(P
23
.8)

W
e
w
ill
calcu
late
th
e
d
e
ectio
n
(to
�
rst
ord
er
in
G
)
b
y
a
ssu
m
in
g
th
at
th
e
p
h
oto
n
p
a
th
is

accu
rately
d
escrib
ed
b
y
E
q
.
(P
23
.8),
a
n
d
w
e
w
ill
calcu
la
te
th
e
y
-v
elo
city
th
at
th
e
p
h
oton

acq
u
ires
d
u
e
to
th
e
grav
itation
al
a
ttractio
n
of
th
e
S
u
n
.

(b
)
(9
poin
ts)
W
ith
th
e
go
al
of
calcu
latin
g
d
2y
=
d
�
2,
w
e
evalu
ate
th
e
geo
d
esic
eq
u
atio
n

for
�
=
y
.
S
tart
h
ere
b
y
evalu
atin
g
th
e
left-h
a
n
d
sid
e
o
f
E
q
.
(P
23.7)
for
�
=
y
,
to

�
rst
ord
er
in
G
.
E
x
p
an
d
th
e
d
eriva
tive
w
ith
resp
ect
to
�
u
sin
g
th
e
p
ro
d
u
ct
ru
le,

w
ork
in
g
ou
t
ex
p
licitly
th
e
d
erivativ
es
of
th
e
releva
n
t
g
�
�
w
ith
resp
ect
to
�
.
In
p
arts

(b
)
a
n
d
(c),
you
m
ay
a
ssu
m
e
th
at
x
(�
),
y
(�
),
z(�
),
an
d
t(�
),
as
w
ell
a
s
d
x
=d
�
,

d
y
=d
�
,
d
z
=d
�
,
an
d
d
t=d
�
,
a
re
all
giv
en
to
su
Æ
cien
t
a
ccu
racy
b
y
E
q
.
(P
23
.8)
a
n
d
its

d
erivatives
w
ith
resp
ect
to
�
.
(B
e
carefu
l:
it
is
lik
ely
th
at
th
ere
a
re
m
ore
term
s
th
an

you
w
ill
at
�
rst
n
otice.)

(c)
(9
poin
ts)
E
valu
ate
th
e
righ
t-h
a
n
d
sid
e
of
E
q
.
(P
23
.7)
for
�
=
y
,
to
�
rst
o
rd
er
in
G
.

C
arry
ou
t
a
ll
d
erivatives
ex
p
licitly.
(It
alw
ay
s
p
ay
s
to
b
e
ca
refu
l.)

(d
)
(2
poin
ts)
U
se
you
r
an
sw
ers
to
p
arts
(c)
an
d
(d
)
to
�
n
d
an
eq
u
a
tion
for
d
2y
=
d
�
2.

(e)
(4
poin
ts)
If
th
e
p
h
oton
sta
rts
ou
t
o
n
th
e
u
n
p
ertu
rb
ed
tra
jecto
ry,
its
in
itial
valu
e
of

d
y
=d
�
w
ill
b
e
zero.
T
h
e
�
n
al
valu
e
of
d
y
=d
�
w
ill
th
en
b
e

d
y

d
� ����
�
n
a
l
= Z
1�

1
d
2y

d
�
2
d
�
:

(P
2
3.9
)

U
se
th
is
fact
to
ex
p
ress
th
e
d
e
ection
an
gle
�
,
to
�
rst
ord
er
in
G
,
a
s
an
ex
p
licit

in
tegral.
Y
ou
n
eed
n
ot
ca
rry
ou
t
th
e
in
tegral,
b
u
t
y
ou
m
ay
w
ish
to
u
se
th
e
tab
le
of
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in
tegrals
giv
en
b
elow
to
carry
it
ou
t
so
th
at
y
o
u
ca
n
ch
eck
you
r
an
sw
er.
T
h
e
correct

�
n
al
an
sw
er
is

�
=
4
G
M

c
2b
:

(P
23.10)

T
A
B
L
E
O
F
IN
T
E
G
R
A
L
S
:

Z
1�

1

1

(x
2
+
b
2)
d
x
=
�b

Z
1�

1

1

(x
2
+
b
2)
3
=
2
d
x
=

2b
2

Z
1�

1

1

(x
2
+
b
2)
2
d
x
=

�2
b
3

Z
1�

1

x
2

(x
2
+
b
2)
2
d
x
=

�2
b

Z
1�

1

x
2

(x
2
+
b
2)
5
=
2
d
x
=

23
b
2

Z
1�

1

x
2

(x
2
+
b
2)
3
d
x
=

�8
b
3

8
.2
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6
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U
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R
O
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.
3
4

S
O
L
U
T
IO
N
S

P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?

(a)
T
h
is
is
a
total
trick
q
u
estion
.
L
ep
ton
n
u
m
b
er
is,
of
cou
rse,
co
n
served
,
so
th
e
facto
r

is
ju
st
1.
S
ee
W
ein
b
erg
ch
ap
ter
4
,
p
ag
es
9
1-4
.

(b
)
T
h
e
correct
an
sw
er
is
(i).
T
h
e
oth
ers
are
a
ll
real
reason
s
w
h
y
it's
h
a
rd
to
m
ea
su
re,

alth
ou
gh
W
ein
b
erg's
b
o
ok
em
p
h
asizes
reaso
n
(v
)
a
b
it
m
ore
th
a
n
m
o
d
ern
astro
p
h
y
si-

cists
d
o:
astrop
h
y
sicists
h
ave
b
een
lo
ok
in
g
fo
r
oth
er
w
ay
s
th
at
d
eu
teriu
m
m
ig
h
t
b
e

p
ro
d
u
ced
,
b
u
t
n
o
sign
i�
can
t
m
ech
a
n
ism
h
as
b
een
fou
n
d
.
S
ee
W
ein
b
erg
ch
ap
ter
5,

p
ages
114-7.

(c)
T
h
e
m
ost
ob
v
iou
s
a
n
sw
ers
w
ou
ld
b
e
p
roton
,
n
eu
tron
,
an
d
p
i
m
eso
n
.
H
ow
ev
er,
th
ere

are
m
an
y
oth
er
p
o
ssib
ilities,
in
clu
d
in
g
m
an
y
th
at
w
ere
n
ot
m
en
tion
ed
b
y
W
ein
b
erg.

S
ee
W
ein
b
erg
ch
ap
ter
7,
p
a
ges
1
36-8
.

(d
)
T
h
e
correct
an
sw
ers
w
ere
th
e
n
eu
trin
o
a
n
d
th
e
a
n
tip
roton
.
T
h
e
n
eu
trin
o
w
a
s
�
rst

h
y
p
oth
esized
b
y
W
olfga
n
g
P
au
li
in
193
2
(in
ord
er
to
ex
p
la
in
th
e
k
in
em
atics
of
b
eta

d
ecay
),
a
n
d
�
rst
d
etected
in
th
e
1950s.
A
fter
th
e
p
ositron
w
as
d
iscovered
in
193
2,

th
e
an
tip
roton
w
as
th
ou
gh
t
lik
ely
to
ex
ist,
an
d
th
e
B
eva
tron
in
B
erk
eley
w
a
s
b
u
ilt

to
lo
ok
for
an
tip
roton
s.
It
m
a
d
e
th
e
�
rst
d
etectio
n
in
th
e
1
950
s.

(e)
T
h
e
correct
an
sw
ers
w
ere
(ii),
(v
)
an
d
(v
i).
T
h
e
oth
ers
w
ere
in
correct
for
th
e
fo
l-

low
in
g
reason
s:

(i)
th
e
earliest
p
red
ictio
n
o
f
th
e
C
M
B
tem
p
eratu
re,
b
y
A
lp
h
er
an
d
H
erm
an
in
1
948
,

w
as
5
d
egrees,
n
ot
0.1
d
egrees.

(iii)
W
ein
b
erg
q
u
otes
h
is
ex
p
erim
en
tal
co
lleag
u
es
as
say
in
g
th
a
t
th
e
3 Æ
K
rad
ia
tion

cou
ld
h
ave
b
een
o
b
serv
ed
\
lo
n
g
b
efore
1965
,
p
ro
b
ab
ly
in
th
e
m
id
-19
50s
an
d
p
er-

h
ap
s
even
in
th
e
m
id
-194
0s."
T
o
W
ein
b
erg,
h
ow
ev
er,
th
e
h
isto
rica
lly
in
terestin
g

q
u
estion
is
n
ot
w
h
en
th
e
rad
iation
cou
ld
h
ave
b
een
o
b
serv
ed
,
b
u
t
w
h
y
rad
io

astron
om
ers
d
id
n
o
t
k
n
ow
th
at
th
ey
ou
g
h
t
to
try.

(iv
)
W
ein
b
erg
argu
es
th
a
t
p
h
y
sicists
at
th
e
tim
e
d
id
n
o
t
p
ay
a
tten
tio
n
to
eith
er
th
e

stead
y
state
m
o
d
el
o
r
th
e
b
ig
b
an
g
m
o
d
el,
as
in
d
ica
ted
b
y
th
e
sen
ten
ce
in
item

(v
)
w
h
ich
is
a
d
irect
q
u
ote
from
th
e
b
o
ok
:
\It
w
as
ex
tra
ord
in
arily
d
iÆ
cu
lt
for

p
h
y
sicists
to
tak
e
serio
u
sly
a
n
y
th
eory
of
th
e
early
u
n
iv
erse".
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P
R
O
B
L
E
M

2
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(24
poin
ts)

(a)
(6
poin
ts)
In
1948
R
alp
h
A
.
A
lp
h
er
an
d
R
ob
ert
H
erm
an
w
rote
a
p
ap
er
p
red
ictin
g

a
cosm
ic
m
icrow
ave
b
ack
grou
n
d
w
ith
a
tem
p
eratu
re
of
5
K
.
T
h
e
p
ap
er
w
as
b
ased

on
a
cosm
ological
m
o
d
el
th
at
th
ey
h
ad
d
ev
elop
ed
w
ith
G
eorge
G
am
ow
,
in
w
h
ich
th
e

early
u
n
iv
erse
w
as
assu
m
ed
to
h
ave
b
een
�
lled
w
ith
h
ot
n
eu
tron
s.
A
s
th
e
u
n
iv
erse

ex
p
an
d
ed
an
d
co
oled
th
e
n
eu
tron
s
u
n
d
erw
en
t
b
eta
d
ecay
in
to
p
roton
s,
electron
s,
an
d

a
n
tin
eu
trin
os,
u
n
til
at
som
e
p
oin
t
th
e
u
n
iv
erse
co
oled
en
ou
gh
for
ligh
t
elem
en
ts
to

b
e
sy
n
th
esized
.
A
lp
h
er
an
d
H
erm
an
fou
n
d
th
at
to
accou
n
t
for
th
e
ob
serv
ed
p
resen
t

ab
u
n
d
an
ces
o
f
ligh
t
elem
en
ts,
th
e
ratio
of
p
h
oton
s
to
n
u
clear
p
articles
m
u
st
h
ave

b
een
ab
ou
t
1
0
9.
A
lth
ou
gh
th
e
p
red
icted
tem
p
eratu
re
w
as
v
ery
close
to
th
e
actu
al

valu
e
of
2.7
K
,
th
e
th
eory
d
i�
ered
from
ou
r
p
resen
t
th
eory
in
tw
o
w
ay
s.
C
ircle
th
e

tw
o
correct
statem
en
ts
in
th
e
follow
in
g
list.
(3
p
oin
ts
fo
r
each
righ
t
a
n
sw
er;
circle
a
t

m
o
st
2
.)

(i)
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
th
at
th
e
n
eu
tron
cou
ld
d
ecay,
b
u
t
n
ow

th
e
n
eu
tron
is
th
ou
gh
t
to
b
e
ab
solu
tely
stab
le.

(ii)
In
th
e
cu
rren
t
th
eory,
th
e
u
n
iv
erse
started
w
ith
n
early
eq
u
al
d
en
sities
of
p
roton
s

an
d
n
eu
tron
s,
n
ot
all
n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
.

(iii)
In
th
e
cu
rren
t
th
eory,
th
e
u
n
iv
erse
started
w
ith
m
ain
ly
alp
h
a
p
articles,
n
ot
all

n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
a
ssu
m
ed
.
(N
ote:
an
alp
h
a
p
article
is

th
e
n
u
cleu
s
of
a
h
eliu
m
atom
,
com
p
osed
o
f
tw
o
p
roton
s
an
d
tw
o
n
eu
tron
s.)

(iv
)
In
th
e
cu
rren
t
th
eory,
th
e
con
v
ersion
of
n
eu
tron
s
in
to
p
roton
s
(an
d
v
ice
versa)

to
ok
p
lace
m
ain
ly
th
rou
gh
collision
s
w
ith
electron
s,
p
ositron
s,
n
eu
trin
os,
an
d

a
n
tin
eu
trin
os,
n
ot
th
rou
gh
th
e
d
ecay
of
th
e
n
eu
tron
s.

(v
)
T
h
e
ratio
of
p
h
oton
s
to
n
u
clear
p
articles
in
th
e
early
u
n
iv
erse
is
n
ow
b
elieved

to
h
ave
b
een
ab
ou
t
10
3,
n
o
t
1
0
9
as
A
lp
h
er
a
n
d
H
erm
an
con
clu
d
ed
.

(b
)
(6
poin
ts)
In
W
ein
b
erg
's
\
R
ecip
e
fo
r
a
H
o
t
U
n
iverse,"
h
e
d
escrib
ed
th
e
p
rim
ord
ial

com
p
osition
of
th
e
u
n
iv
erse
in
term
s
of
th
ree
con
serv
ed
q
u
an
tities:
electric
ch
arge,

b
a
ryo
n
n
u
m
b
er,an
d
lep
ton
n
u
m
b
er.
If
electric
ch
arge
is
m
easu
red
in
u
n
its
of
th
e
elec-

tro
n
ch
arge,
th
en
all
th
ree
q
u
an
tities
are
in
tegers
for
w
h
ich
th
e
n
u
m
b
er
d
en
sity
can

b
e
com
p
ared
w
ith
th
e
n
u
m
b
er
d
en
sity
o
f
p
h
oton
s.
F
or
each
q
u
an
tity,
w
h
ich
ch
oice

m
ost
accu
rately
d
escrib
es
th
e
in
itial
ratio
of
th
e
n
u
m
b
er
d
en
sity
of
th
is
q
u
an
tity
to

th
e
n
u
m
b
er
d
en
sity
o
f
p
h
oton
s:

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
3
6

E
lectric
C
h
arge:

(i)�
10
9

(ii)�
100
0

(iii)�
1

(iv
)�
10 �
6

(v
)
eith
er
zero
or
n
eg
ligib
le

B
aryon
N
u
m
b
er:

(i)�
10 �
2
0

(ii)�
10 �
9

(iii)�
1
0 �
6

(iv
)�
1

(v
)
an
y
w
h
ere
from
10 �
5
to
1

L
ep
ton
N
u
m
b
er:

(i)�
1
0
9

(ii)�
10
00

(iii)�
1

(iv
)�
10 �
6

(v
)
cou
ld
b
e
as
h
igh
as�
1
,
b
u
t

is
assu
m
ed
to
b
e
v
ery
sm
all

(c)
(12
poin
ts)
T
h
e
�
gu
re
b
elow
co
m
es
fro
m
W
ein
b
erg's
C
h
ap
ter
5
,
an
d
is
lab
eled
T
he

S
hiftin
g
N
eu
tron
-P
roton
B
a
la
n
ce.

(i)
(3
poin
ts)
D
u
rin
g
th
e
p
erio
d
lab
eled
\
th
erm
aleq
u
ilib
riu
m
,"
th
e
n
eu
tro
n
fractio
n

is
ch
an
gin
g
b
ecau
se
(ch
o
o
se
on
e):

(A
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roto
n
,
electro
n
,
an
d
a
n
tin
eu
-

trin
o
w
ith
a
lifetim
e
of
ab
ou
t
1
secon
d
.

(B
)
T
h
e
n
eu
tron
is
u
n
sta
b
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electro
n
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
of
a
b
ou
t
15
seco
n
d
s.

(C
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electro
n
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
of
ab
ou
t
1
5
m
in
u
tes.

(D
)
N
eu
tron
s
an
d
p
ro
to
n
s
can
b
e
con
v
erted
from

o
n
e
in
to
th
ro
u
g
h
reaction
s

su
ch
a
s
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an
tin
eu
trin
o
+
p
roton !
electron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
p
ositron
+
p
roton
:

(E
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
con
verted
from
on
e
in
to
th
e
oth
er
th
rou
gh

reaction
s
su
ch
a
s

a
n
tin
eu
trin
o
+
p
roton !
p
o
sitron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
electron
+
p
roton
:

(F
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
created
an
d
d
estroyed
b
y
reaction
s
su
ch
as

p
roton
+
n
eu
trin
o !
p
ositron
+
an
tin
eu
trin
o

n
eu
tron
+
a
n
tin
eu
trin
o !
electron
+
p
ositron
:

(ii)
(3
poin
ts)
D
u
rin
g
th
e
p
erio
d
lab
eled
\n
eu
tron
d
ecay,"
th
e
n
eu
tron
fraction
is

ch
an
gin
g
b
ecau
se
(ch
o
ose
on
e):

(A
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electron
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
o
f
a
b
o
u
t
1
secon
d
.

(B
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electron
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
o
f
a
b
o
u
t
15
secon
d
s.

(C
)
T
h
e
n
eu
tron
is
u
n
stab
le,
an
d
d
ecay
s
in
to
a
p
roton
,
electron
,
an
d
an
tin
eu
-

trin
o
w
ith
a
lifetim
e
o
f
a
b
o
u
t
15
m
in
u
tes.

(D
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
con
verted
from
on
e
in
to
th
e
oth
er
th
rou
gh

reaction
s
su
ch
a
s

an
tin
eu
trin
o
+
p
roton !
electron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
p
ositron
+
p
roton
:

(E
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
con
verted
from
on
e
in
to
th
e
oth
er
th
rou
gh

reaction
s
su
ch
a
s

a
n
tin
eu
trin
o
+
p
roton !
p
o
sitron
+
n
eu
tron

n
eu
trin
o
+
n
eu
tron !
electron
+
p
roton
:

(F
)
N
eu
tron
s
an
d
p
roton
s
can
b
e
created
an
d
d
estroyed
b
y
reaction
s
su
ch
as

p
roton
+
n
eu
trin
o !
p
ositron
+
an
tin
eu
trin
o

n
eu
tron
+
a
n
tin
eu
trin
o !
electron
+
p
ositron
:
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(iii)
(3
poin
ts)
T
h
e
m
a
sses
of
th
e
n
eu
tro
n
an
d
p
ro
to
n
are
n
ot
ex
actly
eq
u
al,
b
u
t

in
stead

(A
)
T
h
e
n
eu
tron
is
m
ore
m
assiv
e
th
an
a
p
roton
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
G
eV
(1
G
eV
=
10
9
eV
).

(B
)
T
h
e
n
eu
tron
is
m
o
re
m
a
ssiv
e
th
an
a
p
roton
w
ith
a
rest
en
erg
y
d
i�
eren
ce
o
f

1.293
M
eV
(1
M
eV
=
10
6
eV
).

(C
)
T
h
e
n
eu
tron
is
m
o
re
m
assiv
e
th
an
a
p
roton
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
K
eV
(1
K
eV
=
10
3
eV
).

(D
)
T
h
e
p
roton
is
m
o
re
m
assiv
e
th
an
a
n
eu
tro
n
w
ith
a
rest
en
ergy
d
i�
eren
ce
of

1.293
G
eV
.

(E
)
T
h
e
p
roton
is
m
ore
m
assiv
e
th
an
a
n
eu
tron
w
ith
a
rest
en
erg
y
d
i�
eren
ce
o
f

1.293
M
eV
.

(F
)
T
h
e
p
roton
is
m
ore
m
a
ssiv
e
th
an
a
n
eu
tron
w
ith
a
rest
en
erg
y
d
i�
eren
ce
o
f

1.293
K
eV
.

(iv
)
(3
poin
ts)
D
u
rin
g
th
e
p
erio
d
la
b
eled
\era
of
n
u
cleosy
n
th
esis,"
(ch
o
o
se
o
n
e:)

(A
)
E
ssen
tially
all
th
e
n
eu
tron
s
p
resen
t
co
m
b
in
e
w
ith
p
roto
n
s
to
fo
rm
h
eliu
m

n
u
clei,
w
h
ich
m
o
stly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e.

(B
)
E
ssen
tially
all
th
e
n
eu
tron
s
p
resen
t
com
b
in
e
w
ith
p
ro
ton
s
to
fo
rm
d
eu
teriu
m

n
u
clei,
w
h
ich
m
o
stly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e.

(C
)
A
b
ou
t
h
alf
th
e
n
eu
tron
s
p
resen
t
co
m
b
in
e
w
ith
p
roto
n
s
to
form
h
eliu
m
n
u
-

clei,
w
h
ich
m
ostly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e,
a
n
d
th
e
oth
er
h
a
lf
of
th
e

n
eu
tron
s
rem
ain
free.

(D
)
A
b
ou
t
h
alf
th
e
n
eu
tro
n
s
p
resen
t
com
b
in
e
w
ith
p
roto
n
s
to
fo
rm
d
eu
teriu
m

n
u
clei,
w
h
ich
m
ostly
su
rv
ive
u
n
til
th
e
p
resen
t
tim
e,
a
n
d
th
e
oth
er
h
alf
o
f

th
e
n
eu
tron
s
rem
ain
free.

(E
)
E
ssen
tially
all
th
e
p
roton
s
p
resen
t
com
b
in
e
w
ith
n
eu
tron
s
to
form
h
eliu
m

n
u
clei,
w
h
ich
m
o
stly
su
rv
iv
e
u
n
til
th
e
p
resen
t
tim
e.

(F
)
E
ssen
tially
all
th
e
p
roton
s
p
resen
t
com
b
in
e
w
ith
n
eu
tron
s
to
form
d
eu
teriu
m

n
u
clei,
w
h
ich
m
ostly
su
rv
ive
u
n
til
th
e
p
resen
t
tim
e.
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P
R
O
B
L
E
M

3
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(20
poin
ts) y

(a)
(8
po
in
ts)

(i)
(4
po
in
ts)
W
e
w
ill
u
se
th
e
n
otation
X
A

to
in
d
icate
a
n
u
cleu
s,*
w
h
ere
X

is

th
e
sy
m
b
o
l
fo
r
th
e
elem
en
t
w
h
ich
in
d
ica
tes
th
e
n
u
m
b
er
of
p
roton
s,
w
h
ile
A

is
th
e
m
ass
n
u
m
b
er,
n
am
ely
th
e
total
n
u
m
b
er
o
f
p
roton
s
an
d
n
eu
tron
s.
W
ith

th
is
n
o
ta
tio
n
H
1,
H
2,
H
3,
H
e
3
an
d
H
e
4
stan
d
for
h
y
d
rogen
,d
eu
teriu
m
,
tritiu
m
,

h
eliu
m
-3
an
d
h
eliu
m
-4
n
u
clei,
resp
ectiv
ely.
S
tev
en
W
ein
b
erg,
in
T
he
F
irst
T
hree

M
in
u
tes,
ch
ap
ter
V
,
p
age
108,
d
escrib
es
tw
o
ch
ain
s
of
reaction
s
th
at
p
ro
d
u
ce

h
eliu
m
,
startin
g
from
p
roton
s
an
d
n
eu
tron
s.
T
h
ey
can
b
e
w
ritten
as:

p
+
n
!
H
2
+


H
2
+
n
!
H
3
+


H
3
+
p!
H
e
4
+

;

p
+
n
!
H
2
+


H
2
+
p!
H
e
3
+


H
e
3
+
n
!
H
e
4
+

:

T
h
ese
are
th
e
tw
o
ex
am
p
les
giv
en
b
y
W
ein
b
erg
.
H
ow
ever,
d
i�
eren
t
ch
ain
s
of

tw
o
p
article
reaction
s
can
tak
e
p
lace
(in
g
en
eral
w
ith
d
i�
eren
t
p
rob
ab
ilities).

F
or
ex
am
p
le:

p
+
n
!
H
2
+


H
2
+
H
2!
H
e
4
+

;

p
+
n
!
H
2
+


H
2
+
n
!
H
3
+


H
3
+
H
2!
H
e
4
+
n
;

p
+
n
!
H
2
+


H
2
+
p!
H
e
3
+


H
e
3
+
H
2!
H
e
4
+
p
;

:::

S
tu
d
en
ts
w
h
o
d
escrib
ed
ch
ain
s
d
i�
eren
t
from
th
ose
of
W
ein
b
erg,
b
u
t
th
at
can

still
ta
k
e
p
lace,
got
fu
ll
cred
it
for
th
is
p
art.
A
lso,
n
otice
th
at
p
h
oton
s
in
th
e

reaction
s
ab
ove
carry
th
e
ad
d
ition
al
en
ergy
released
.
H
ow
ever,
sin
ce
th
e
m
ain

p
oin
t
w
as
to
d
escrib
e
th
e
n
u
clear
reaction
s,
stu
d
en
ts
w
h
o
d
id
n
't
in
clu
d
e
th
e

p
h
oton
s
still
receiv
ed
fu
ll
cred
it.

(ii)
(4
po
in
ts)
T
h
e
deu
teriu
m
bottlen
eck
is
d
iscu
ssed
b
y
W
ein
b
erg
in
T
he
F
irst
T
hree

M
in
u
tes,
ch
ap
ter
V
,
p
ages
109-110.
T
h
e
k
ey
p
oin
t
is
th
at
from
p
art
(i)
it
sh
ou
ld

b
e
clear
th
at
d
eu
teriu
m
(H
2)
p
lay
s
a
cru
cia
l
ro
le
in
n
u
cleosy
n
th
esis,
sin
ce
it
is
th
e

startin
g
p
oin
t
fo
r
a
ll
th
e
ch
ain
s.
H
ow
ever,
th
e
d
eu
teriu
m
n
u
cleu
s
is
ex
trem
ely

lo
osely
b
ou
n
d
com
p
ared
to
H
3,
H
e
3,
or
esp
ecially
H
e
4.
S
o,
th
ere
w
ill
b
e
a

*
N
otice
th
at
som
e
stu
d
en
ts
ta
lk
ed
ab
ou
t
atom
s,
w
h
ile
w
e
are
talk
in
g
ab
ou
t
n
u
clei

form
ation
.
D
u
rin
g
n
u
cleosy
n
th
esis
th
e
tem
p
eratu
re
is
w
ay
to
o
h
igh
to
allow
electron
s

an
d
n
u
clei
to
b
in
d
togeth
er
to
form

atom
s.
T
h
is
h
ap
p
en
s
m
u
ch
later,
in
th
e
p
ro
cess

called
recom
b
in
ation
.
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ran
ge
o
f
tem
p
eratu
res
w
h
ich
are
low
en
ou
gh
fo
r
H
3,
H
e
3,
an
d
H
e
4
n
u
clei
to
b
e

b
o
u
n
d
,
b
u
t
to
o
h
ig
h
to
allow
th
e
d
eu
teriu
m
n
u
cleu
s
to
b
e
stab
le.
T
h
is
is
th
e

tem
p
eratu
re
ran
ge
w
h
ere
th
e
deu
teriu
m
bo
ttlen
eck
is
in
actio
n
:
ev
en
if
H
3,
H
e
3,

an
d
H
e
4
n
u
clei
cou
ld
in
p
rin
cip
le
b
e
stab
le
a
t
th
ose
tem
p
eratu
res,
th
ey
d
o
n
o
t

form
b
ecau
se
d
eu
teriu
m
,
w
h
ich
is
th
e
startin
g
p
oin
t
for
th
eir
form
a
tion
,
ca
n
n
o
t

b
e
form
ed
y
et.
N
u
cleo
sy
n
th
esis
can
n
ot
p
ro
ceed
at
a
sig
n
i�
can
t
rate
u
n
til
th
e

tem
p
eratu
re
is
low
en
o
u
g
h
so
th
at
d
eu
teriu
m
n
u
clei
a
re
stab
le;
a
t
th
is
p
oin
t
th
e

d
eu
teriu
m
b
o
ttlen
eck
h
as
b
een
p
assed
.

(b
)
(12
poin
ts)

(i)
(3
poin
ts)
If
w
e
tak
e
a
(t)
=
bt
1
=
2,
for
som
e
co
n
stan
t
b,
w
e
g
et
for
th
e
H
u
b
b
le

ex
p
an
sion
rate:

H
=

_aa
=

12
t

=)

t
=

12
H
:

(ii)
(6
poin
ts)
B
y
u
sin
g
th
e
F
ried
m
a
n
n
eq
u
a
tion
w
ith
k
=
0
a
n
d
�
=
�
r
=
�
T
4,
w
e

�
n
d
:

H
2
=
8
�3

G
�
r
=
8
�3

G
�
T
4

=)

H
=
T
2 r
8
�3

G
�
:

If
w
e
su
b
stitu
te
th
e
g
iv
en
n
u
m
erical
va
lu
es
G
'
6
:67�
10 �
1
1
N
�m
2�
k
g �
2
an
d

�
'
4
:52�
10 �
3
2
k
g�m
�
3�K
�
4
w
e
g
et:

H
'
T
2�
5
:03�
10 �
2
1
s �
1�
K
�
2
:

N
otice
th
at
th
e
u
n
its
correctly
co
m
b
in
e
to
giv
e
H

in
u
n
its
of
s �
1
if
th
e
tem
p
er-

atu
re
is
ex
p
ressed
in
d
eg
rees
K
elv
in
(K
).
In
d
etail,
w
e
see:

[G
�
] 1
=
2
=
(N
�m
2�
k
g �
2�
k
g�m
�
3�K
�
4)
1
=
2
=
s �
1�K
�
2
;

w
h
ere
w
e
u
sed
th
e
fa
ct
th
at
1
N
=
1
k
g�m
�s �
2.
A
t
T
=
T
n
u
c
l '
0
:9�
10
9K
w
e

get:

H
'
4
:07�
10 �
3s �
1:

(iii)
(3
poin
ts)
U
sin
g
th
e
resu
lts
in
p
arts
(i)
an
d
(ii),
w
e
get

t
=

12
H

' �
9
:95�
1
0
1
9

T
2

�
s�K
2
:
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T
o
go
o
d
a
ccu
racy,
th
e
n
u
m
erator
in
th
e
ex
p
ression
ab
ove
can
b
e
rou
n
d
ed
to

1
0
2
0.
T
h
e
ab
ov
e
eq
u
ation
agrees
w
ith
W
ein
b
erg's
claim

th
at,
for
a
rad
iation

d
om
in
ated
u
n
iv
erse,
tim
e
is
p
rop
ortion
al
to
th
e
in
v
erse
sq
u
are
of
th
e
tem
p
era-

tu
re.
In
p
articu
lar
for
T
=
T
n
u
c
l
w
e
g
et:

t
n
u
c
l '
123
s�
2
m
in
:

yS
olu
tion
w
ritten
b
y
D
an
iele
B
ertolin
i.

P
R
O
B
L
E
M

4
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(25
poin
ts)

(a)
(6
poin
ts)
T
h
e
p
rim
ary
ev
id
en
ce
for
d
ark
m
atter
in
galax
ies
com
es
from
m
easu
rin
g

th
eir
rotation
cu
rv
es,
i.e.,
th
e
orb
ital
v
elo
city
v
as
a
fu
n
ction
of
rad
iu
s
R
.
If
stars

con
trib
u
ted
all,
or
m
ost,
of
th
e
m
ass
in
a
galax
y,
w
h
a
t
w
ou
ld
w
e
ex
p
ect
for
th
e

b
eh
av
ior
of
v
(R
)
at
la
rg
e
ra
d
ii?

A
n
sw
er:
If
stars
con
trib
u
ted
m
ost
of
th
e
m
ass,
th
en
at
large
rad
ii
th
e
m
ass
w
ou
ld

ap
p
ear
to
b
e
con
cen
trated
as
a
sp
h
erical
lu
m
p
at
th
e
cen
ter,
an
d
th
e
orb
its
of
th
e

stars
w
ou
ld
b
e
\K
ep
lerian
,"
i.e.,
orb
its
in
a
1
=
r
2
g
rav
itation
al
�
eld
.
T
h
en
~F
=
m
~a

im
p
lies
th
at

1R
2

/
v
2

R

=)

v/
1
p

R
:

(b
)
(5
po
in
ts)
W
h
at
is
actu
ally
fou
n
d
for
th
e
b
eh
av
ior
of
v
(R
)?

A
n
sw
er:
v
(R
)
lo
o
k
s
n
early

at
a
t
large
rad
ii.

(c)
(7
po
in
ts)
A
n
im
p
o
rtan
t
to
ol
for
estim
atin
g
th
e
m
ass
in
a
galax
y
is
th
e
stead
y
-state

v
irial
th
eorem
.
W
h
at
d
o
es
th
is
th
eorem
state?

A
n
sw
er:
F
or
a
g
rav
itation
ally
b
ou
n
d
sy
stem
in
eq
u
ilib
riu
m
,

K
in
etic
en
ergy
=
�
12

(G
rav
itation
al
p
oten
tial
en
ergy)
:

(T
h
e
eq
u
ality
h
old
s
w
h
en
ev
er
�I�
0,
w
h
ere
I
is
th
e
m
om
en
t
of
in
ertia.)

(d
)
(7
poin
ts)
A
t
th
e
en
d
of
C
h
ap
ter
10,
R
y
d
en
w
rites
\
T
h
u
s,
th
e
very
stron
g
a
sy
m
m
etry

b
etw
een
b
ary
on
s
an
d
an
tib
ary
on
s
to
d
ay
an
d
th
e
la
rg
e
n
u
m
b
er
of
p
h
oton
s
p
er
b
aryon

are
b
oth
p
ro
d
u
cts
of
a
tin
y
asy
m
m
etry
b
etw
een
q
u
ark
s
an
d
an
itq
u
ark
s
in
th
e
early

u
n
iv
erse."
E
x
p
lain
in
on
e
or
a
few
sen
ten
ces
h
ow
a
tin
y
asy
m
m
etry
b
etw
een
q
u
ark
s

an
d
a
n
itq
u
ark
s
in
th
e
early
u
n
iv
erse
resu
lts
in
a
stron
g
asy
m
m
etry
b
etw
een
b
aryon
s

an
d
an
tib
a
ryon
s
to
d
ay.

A
n
sw
er:
W
h
en
k
T
w
as
large
com
p
ared
to
150
M
eV
,
th
e
ex
cess
of
q
u
ark
s
over
an
ti-

q
u
ark
s
w
a
s
tin
y
:
on
ly
ab
ou
t
3
ex
tra
q
u
ark
s
for
ev
ery
10
9
an
tiq
u
ark
s.
B
u
t
th
ere
w
as

m
assiv
e
q
u
ark
-an
tiq
u
ark
an
n
ih
ilation
as
k
T
fell
b
elow
1
50
M
eV
,
so
th
at
to
d
ay
w
e

see
th
e
ex
cess
q
u
ark
s,
b
ou
n
d
in
to
b
ary
on
s,
an
d
alm
ost
n
o
sign
of
an
tiq
u
ark
s.
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P
R
O
B
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5
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G

(2
0
1
6
)?
(25
poin
ts)

(a)
(5
poin
ts)
In
C
h
ap
ter
8
of
B
arb
ara
R
y
d
en
's
In
trodu
ction
to
C
osm
o
logy,
sh
e
estim
ates

th
e
con
trib
u
tion
to


from
clu
sters
of
galax
ies
a
s

(i)
0
.01

(ii)
0.0
5

(iii)
0.20

(iv
)
0
.60

(v
)
1.00

(b
)
(4
poin
ts)
O
n
e
m
eth
o
d
of
estim
a
tin
g
th
e
to
tal
m
ass
of
a
clu
ster
o
f
galax
ies
is
b
a
sed

on
th
e
v
irial
th
eorem
.
W
ith
th
is
m
eth
o
d
,
on
e
estim
ates
th
e
m
a
ss
b
y
m
ea
su
rin
g

(i)
th
e
rad
iu
s
con
tain
in
g
h
alf
th
e
lu
m
in
osity
a
n
d
also
th
e
tem
p
eratu
re
o
f
th
e
X
-ray

em
ittin
g
gas
at
th
e
cen
ter
of
th
e
g
alax
y.

(ii)
th
e
v
elo
city
d
isp
ersion
p
erp
en
d
icu
la
r
to
th
e
lin
e
of
sigh
t
an
d
a
lso
th
e
ra
d
iu
s

con
tain
in
g
h
alf
of
th
e
lu
m
in
osity
of
th
e
clu
ster.

(iii)
th
e
velo
city
d
isp
ersion
alon
g
th
e
lin
e
of
sigh
t
an
d
a
lso
th
e
rad
iu
s
con
ta
in
in
g
h
alf

of
th
e
lu
m
in
osity
of
th
e
clu
ster.

(iv
)
th
e
v
elo
city
d
isp
ersion
a
lon
g
th
e
lin
e
of
sig
h
t
an
d
also
th
e
red
sh
ift
o
f
th
e
clu
ster.

(v
)
th
e
v
elo
city
d
isp
ersion
p
erp
en
d
icu
lar
to
th
e
lin
e
of
sigh
t
a
n
d
a
lso
th
e
red
sh
ift
o
f

th
e
clu
ster.

E
xplan
ation
:
T
h
e
v
irial
th
eorem
rela
tes
th
e
k
in
etic
en
ergy
to
th
e
p
o
ten
tia
l
en
erg
y.
T
h
e

key
relation
sh
ip
is

12
M
<
v
2>
=
�2
G
M
2

r
h

;

w
h
ere
M

is
th
e
m
ass
of
th
e
clu
ster,
<
v
2>

is
th
e
averag
e
sq
u
a
red
velo
city
o
f
its

galax
ies,
an
d
r
h

is
th
e
rad
iu
s
con
tain
in
g
h
a
lf
th
e
to
tal
m
ass,
w
h
ich
is
estim
ated
b
y

th
e
rad
iu
s
con
tain
in
g
h
a
lf
th
e
lu
m
in
osity.
�
is
a
n
u
m
erica
l
facto
r
d
ep
en
d
in
g
on
th
e

stru
ctu
re
of
th
e
clu
ster,
estim
ated
at
0.4
b
ased
on
ob
serv
ed
clu
sters.
V
elo
cities
alon
g

th
e
lin
e
of
sigh
t
are
m
ea
su
red
b
y
th
e
sp
rea
d
in
D
o
p
p
ler
sh
ifts,
w
h
ile
v
elo
cities
p
erp
en
-

d
icu
lar
to
th
e
lin
e
of
sigh
t
a
re
essen
tially
im
p
ossib
le
to
m
easu
re,
elim
in
atin
g
an
sw
ers

(ii)
an
d
(v
).
S
in
ce
r
h
is
n
eed
ed
,
n
eith
er
(i)
n
or
(iv
)
in
clu
d
e
en
o
u
g
h
in
fo
rm
a
tion
.
(iii)

is
ex
actly
righ
t.

(c)
(4
poin
ts)
A
n
oth
er
m
eth
o
d
of
estim
a
tin
g
th
e
tota
l
m
a
ss
o
f
a
clu
ster
o
f
g
ala
x
ies
is
to

m
ake
d
etailed
m
easu
rem
en
ts
of
th
e
x
-ray
s
em
itted
b
y
th
e
h
ot
in
traclu
ster
g
as.

(i)
B
y
assu
m
in
g
th
at
th
is
g
a
s
is
th
e
d
om
in
an
t
com
p
on
en
t
of
th
e
m
ass
of
th
e
clu
ster,

th
e
m
ass
of
th
e
clu
ster
can
b
e
estim
ated
.

(ii)
B
y
assu
m
in
g
th
at
th
e
h
ot
g
as
co
m
p
rises
ab
ou
t
a
th
ird
of
th
e
m
ass
of
th
e
clu
ster,

th
e
total
m
ass
of
th
e
clu
ster
can
b
e
estim
ated
.
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(iii)
B
y
assu
m
in
g
th
at
th
e
gas
is
h
eated
b
y
stars
an
d
su
p
ern
ovae
th
at
m
ake
u
p

m
ost
of
th
e
m
ass
of
th
e
clu
ster,
th
e
m
ass
of
th
ese
stars
an
d
su
p
ern
ovae
can
b
e

estim
ated
.

(iv
)
B
y
assu
m
in
g
th
at
th
e
gas
is
h
eated
b
y
in
teraction
s
w
ith
d
ark
m
atter,
w
h
ich

d
om
in
ates
th
e
m
ass
of
th
e
clu
ster,
th
e
m
ass
of
th
e
clu
ster
can
b
e
estim
ated
.

(v
)
B
y
assu
m
in
g
th
at
th
is
gas
is
in
h
y
d
rostatic
eq
u
ilib
riu
m
,
th
e
tem
p
eratu
re,
m
ass

d
en
sity,
a
n
d
even
th
e
ch
em
ical
com
p
osition
of
th
e
clu
ster
can
b
e
m
o
d
eled
.

E
xplan
ation
:
T
h
e
d
o
m
in
a
n
t
com
p
on
en
t
of
th
e
m
ass
is
ap
p
aren
tly
d
ark
m
atter,
so
th
e

h
ot
in
traclu
ster
gas
is
on
ly
a
sm
all
fraction
,
an
d
w
e
h
ave
n
o
d
irect
w
ay
of
k
n
ow
in
g

w
h
at
fraction
.
B
u
t
th
e
gas
settles
in
to
a
state
of
h
y
d
rostatic
eq
u
ilib
riu
m

w
h
ich

is
d
eterm
in
ed
b
y
p
ressu
res
an
d
grav
itation
al
forces.
T
h
e
gas
can
b
e
m
ap
p
ed
b
y

m
easu
rin
g
its
x
-ray
s,
w
h
ich
allow
s
astron
om
ers
to
estim
ate
th
e
grav
itation
al
forces,

an
d
h
en
ce
th
e
m
ass.

(d
)
(6
poin
ts)
In
C
h
ap
ter
6
of
T
he
F
irst
T
hree
M
in
u
tes,
S
teven
W
ein
b
erg
d
iscu
sses
th
ree

reason
s
w
h
y
th
e
im
p
ortan
ce
of
a
search
for
a
3 Æ
K
m
icrow
ave
rad
iation
b
ack
grou
n
d

w
as
n
ot
gen
erally
ap
p
reciated
in
th
e
1950s
an
d
early
1960s.
C
h
o
o
se
th
ose
th
ree

reason
s
from
th
e
follow
in
g
list.
(2
p
o
in
ts
for
each
rig
h
t
an
sw
er,
circle
at
m
ost
3.)

(i)
T
h
e
earliest
calcu
lation
s
erron
eou
sly
p
red
icted
a
cosm
ic
b
ack
grou
n
d
tem
p
era-

tu
re
of
on
ly
ab
ou
t
0
:1 Æ
K
,
a
n
d
su
ch
a
b
a
ck
grou
n
d
w
ou
ld
b
e
to
o
w
eak
to
d
etect.

(ii)
T
h
ere
w
a
s
a
b
rea
k
d
ow
n
in
com
m
u
n
ication
b
etw
een
th
eorists
an
d
ex
p
erim
en
tal-

ists.

(iii)
It
w
as
n
ot
tech
n
ologically
p
ossib
le
to
d
etect
a
sign
al
as
w
eak
as
a
3 Æ
K
m
icrow
ave

b
ack
grou
n
d
u
n
til
ab
ou
t
1965.

(iv
)
S
in
ce
alm
ost
all
p
h
y
sicists
at
th
e
tim
e
w
ere
p
ersu
ad
ed
b
y
th
e
stead
y
state
m
o
d
el,

th
e
p
red
iction
s
of
th
e
b
ig
b
an
g
m
o
d
el
w
ere
n
o
t
ta
ken
seriou
sly.

(v
)
It
w
as
ex
traord
in
arily
d
iÆ
cu
lt
for
p
h
y
sicists
to
tak
e
seriou
sly
an
y
th
eory
of
th
e

early
u
n
iv
erse.

(v
i)
T
h
e
early
w
ork
o
n
n
u
cleosy
n
th
esis
b
y
G
am
ow
,
A
lp
h
er,
H
erm
an
,
an
d
F
ollin
,
et

al.,
h
ad
attem
p
ted
to
ex
p
lain
th
e
origin
of
all
com
p
lex
n
u
clei
b
y
reaction
s
in
th
e

early
u
n
iv
erse.
T
h
is
p
rogram
w
a
s
n
ever
very
su
ccessfu
l,
an
d
its
cred
ib
ility
w
as

fu
rth
er
u
n
d
erm
in
ed
as
im
p
rovem
en
ts
w
ere
m
ad
e
in
th
e
altern
ativ
e
th
eory,
th
at

elem
en
ts
a
re
sy
n
th
esized
in
stars.

A
n
sw
er:
T
h
e
correct
an
sw
ers
w
ere
(ii),
(v
)
an
d
(v
i).
T
h
e
oth
ers
w
ere
in
correct
for
th
e

follow
in
g
reason
s:

(i)
th
e
earliest
p
red
iction
of
th
e
C
M
B
tem
p
eratu
re,
b
y
A
lp
h
er
an
d
H
erm
an
in
1948,

w
as
5
d
egrees,
n
ot
0.1
d
egrees.
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(iii)
W
ein
b
erg
q
u
otes
h
is
ex
p
erim
en
tal
collea
gu
es
a
s
say
in
g
th
a
t
th
e
3 Æ
K
ra
d
ia
tion

cou
ld
h
ave
b
een
o
b
serv
ed
\lon
g
b
efore
196
5,
p
rob
ab
ly
in
th
e
m
id
-19
50
s
an
d
p
er-

h
ap
s
even
in
th
e
m
id
-1
9
40s."
T
o
W
ein
b
erg
,
h
ow
ever,
th
e
h
isto
rica
lly
in
terestin
g

q
u
estion
is
n
ot
w
h
en
th
e
ra
d
iation
cou
ld
h
av
e
b
een
o
b
serv
ed
,
b
u
t
w
h
y
rad
io

astron
om
ers
d
id
n
ot
k
n
ow
th
at
th
ey
ou
gh
t
to
try.

(iv
)
W
ein
b
erg
argu
es
th
at
p
h
y
sicists
at
th
e
tim
e
d
id
n
ot
p
ay
a
tten
tio
n
to
eith
er
th
e

stead
y
state
m
o
d
el
or
th
e
b
ig
b
an
g
m
o
d
el,
as
in
d
icated
b
y
th
e
sen
ten
ce
in
item

(v
)
w
h
ich
is
a
d
irect
q
u
o
te
from
th
e
b
o
ok
:
\It
w
as
ex
traord
in
arily
d
iÆ
cu
lt
for

p
h
y
sicists
to
tak
e
seriou
sly
an
y
th
eo
ry
of
th
e
early
u
n
iv
erse"
.

(e)
(6
poin
ts)
In
1948
R
alp
h
A
.
A
lp
h
er
a
n
d
R
ob
ert
H
erm
a
n
w
rote
a
p
ap
er
p
red
ictin
g

a
cosm
ic
m
icrow
ave
b
ack
gro
u
n
d
w
ith
a
tem
p
eratu
re
of
5
K
.
T
h
e
p
a
p
er
w
as
b
ased

on
a
cosm
ological
m
o
d
el
th
a
t
th
ey
h
a
d
d
ev
elop
ed
w
ith
G
eorg
e
G
a
m
ow
,
in
w
h
ich
th
e

early
u
n
iverse
w
as
assu
m
ed
to
h
av
e
b
een
�
lled
w
ith
h
o
t
n
eu
tro
n
s.
A
s
th
e
u
n
iv
erse

ex
p
an
d
ed
an
d
co
oled
th
e
n
eu
tron
s
u
n
d
erw
en
t
b
eta
d
ecay
in
to
p
ro
ton
s,
electro
n
s,
a
n
d

an
tin
eu
trin
os,
u
n
til
at
so
m
e
p
oin
t
th
e
u
n
iv
erse
co
oled
en
o
u
gh
fo
r
lig
h
t
elem
en
ts
to

b
e
sy
n
th
esized
.
A
lp
h
er
a
n
d
H
erm
a
n
fou
n
d
th
at
to
a
ccou
n
t
fo
r
th
e
ob
served
p
resen
t

ab
u
n
d
an
ces
of
ligh
t
elem
en
ts,
th
e
ratio
of
p
h
o
to
n
s
to
n
u
clear
p
a
rticles
m
u
st
h
ave

b
een
ab
ou
t
10
9.
A
lth
ou
g
h
th
e
p
red
icted
tem
p
eratu
re
w
a
s
v
ery
clo
se
to
th
e
actu
al

valu
e
of
2.7
K
,
th
e
th
eo
ry
d
i�
ered
fro
m
ou
r
p
resen
t
th
eo
ry
in
tw
o
w
ay
s.
C
ircle
th
e

tw
o
correct
statem
en
ts
in
th
e
fo
llow
in
g
list.
(3
p
oin
ts
fo
r
each
righ
t
an
sw
er;
circle
at

m
ost
2.)

(i)
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
th
at
th
e
n
eu
tro
n
cou
ld
d
ecay,
b
u
t
n
ow

th
e
n
eu
tron
is
th
ou
gh
t
to
b
e
ab
so
lu
tely
sta
b
le.

(ii)
In
th
e
cu
rren
t
th
eo
ry,
th
e
u
n
iv
erse
sta
rted
w
ith
n
early
eq
u
al
d
en
sities
of
p
roto
n
s

an
d
n
eu
tron
s,
n
ot
all
n
eu
tron
s
a
s
G
am
ow
,
A
lp
h
er,
an
d
H
erm
an
assu
m
ed
.

(iii)
In
th
e
cu
rren
t
th
eo
ry,
th
e
u
n
iverse
started
w
ith
m
ain
ly
alp
h
a
p
articles,
n
ot
all

n
eu
tron
s
as
G
am
ow
,
A
lp
h
er,
a
n
d
H
erm
an
assu
m
ed
.
(N
ote:
an
a
lp
h
a
p
article
is

th
e
n
u
cleu
s
of
a
h
eliu
m
atom
,
co
m
p
o
sed
of
tw
o
p
ro
to
n
s
an
d
tw
o
n
eu
tro
n
s.)

(iv
)
In
th
e
cu
rren
t
th
eo
ry,
th
e
con
version
o
f
n
eu
tron
s
in
to
p
ro
ton
s
(a
n
d
v
ice
versa)

to
ok
p
lace
m
ain
ly
th
ro
u
g
h
collision
s
w
ith
electron
s,
p
o
sitro
n
s,
n
eu
trin
o
s,
a
n
d

an
tin
eu
trin
os,
n
ot
th
rou
gh
th
e
d
ecay
o
f
th
e
n
eu
tron
s.

(v
)
T
h
e
ratio
of
p
h
oton
s
to
n
u
clear
p
articles
in
th
e
early
u
n
iv
erse
is
n
ow
b
eliev
ed

to
h
ave
b
een
ab
ou
t
10
3,
n
o
t
10
9
a
s
A
lp
h
er
an
d
H
erm
a
n
con
clu
d
ed
.
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P
R
O
B
L
E
M

6
:
E
V
O
L
U
T
IO
N

O
F
A
N

O
P
E
N

U
N
IV
E
R
S
E

T
h
e
evolu
tion
of
a
n
o
p
en
,
m
atter-d
om
in
ated
u
n
iv
erse
is
d
escrib
ed
b
y
th
e
follow
in
g

p
aram
etric
eq
u
ation
s:

ct
=
�
(sin
h
��
�)

ap�
=
�
(cosh
��
1)
:

E
valu
atin
g
th
e
secon
d
o
f
th
ese
eq
u
ation
s
at
a
= p
�
=
2
�
y
ield
s
a
solu
tion
for
�:

2
�
=
�
(cosh
��
1
)

=)

co
sh
�
=
3

=)

�
=
cosh
�
1(3)
:

W
e
can
u
se
th
ese
resu
lts
in
th
e
�
rst
eq
u
ation
to
solv
e
for
t.
N
otin
g
th
at

sin
h
�
= p
cosh
2
��
1
=
p

8
=
2 p
2
;

w
e
h
ave

t
=
�c h2 p

2�
cosh
�
1(3) i
:

N
u
m
erically,
t�
1
:06567
�
=
c.

P
R
O
B
L
E
M

7
:
A
N
T
IC
IP
A
T
IN
G

A

B
IG

C
R
U
N
C
H

T
h
e
critical
d
en
sity
is
giv
en
b
y

�
c
=
3
H
20

8
�
G

;

so
th
e
m
ass
d
en
sity
is
g
iven
b
y

�
=


0 �
c
=
2
�
c
=
3
H
20

4
�
G

:

(S
5.1)

S
u
b
stitu
tin
g
th
is
relation
in
to

H
20
=
8
�3

G
��
k
c
2

a
2

;

w
e
�
n
d

H
20
=
2
H
20 �
k
c
2

a
2

;

from
w
h
ich
it
fo
llow
s
th
at

apk
=

cH
0

:

(S
5.2)
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N
ow
u
se

�
=
4
�3
G
�
a
3

k
3
=
2c
2

:

S
u
b
stitu
tin
g
th
e
valu
es
w
e
h
av
e
from
E
q
s.
(S
5.1
)
an
d
(S
5
.2)
for
�
an
d
a
= p
k
,
w
e
h
ave

�
=

cH
0

:

(S
5
.3)

T
o
d
eterm
in
e
th
e
valu
e
of
th
e
p
ara
m
eter
�,
u
se

apk
=
�
(1�
co
s
�)
;

w
h
ich
w
h
en
com
b
in
ed
w
ith
E
q
s.
(S
5.2)
an
d
(S
5.3)
im
p
lies
th
at
cos
�
=
0
:
T
h
e
eq
u
a
tion

cos
�
=
0
h
a
s
m
u
ltip
le
solu
tion
s,
b
u
t
w
e
k
n
ow
th
a
t
th
e
�-p
aram
eter
for
a
closed
m
atter-

d
om
in
ated
u
n
iverse
varies
b
etw
een
0
an
d
�
d
u
rin
g
th
e
ex
p
an
sion
p
h
a
se
of
th
e
u
n
iv
erse.

W
ith
in
th
is
ran
ge,
cos
�
=
0
im
p
lies
th
at
�
=
�
=
2
.
T
h
u
s,
th
e
age
of
th
e
u
n
iv
erse
a
t
th
e

tim
e
th
ese
m
easu
rem
en
ts
are
m
a
d
e
is
given
b
y

t
=
�c

(��
sin
�)

=

1H
0 �

�2
�
1 �
:

T
h
e
total
lifetim
e
of
th
e
closed
u
n
iv
erse
corresp
on
d
s
to
�
=
2
�
,
or

t
�
n
a
l
=
2
�
�c

=

2
�

H
0

;

so
th
e
tim
e
rem
ain
in
g
b
efore
th
e
b
ig
cru
n
ch
is
given
b
y

t
�
n
a
l �
t
=

1H
0 h2
�� �
�2
�
1 �i
=

�
3
�2

+
1 �
1H

0

:

P
R
O
B
L
E
M

8
:

T
R
A
C
IN
G

L
IG
H
T

R
A
Y
S

IN

A

C
L
O
S
E
D
,
M
A
T
T
E
R
-

D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E

(a)
S
in
ce
�
=
�
=
con
stan
t,
d
�
=
d
�
=
0,
a
n
d
for
ligh
t
ray
s
o
n
e
a
lw
ay
s
h
as
d
�
=
0
.
T
h
e

lin
e
elem
en
t
th
erefore
red
u
ces
to

0
=
�
c
2
d
t
2
+
a
2(t)d
 
2
:
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R
earran
gin
g
g
iv
es

�
d
 d

t �
2

=

c
2

a
2(t)
;

w
h
ich
im
p
lies
th
at

d
 d

t
=
�
c

a
(t)
:

T
h
e
p
lu
s
sig
n
d
escrib
es
o
u
tw
ard
rad
ial
m
otion
,
w
h
ile
th
e
m
in
u
s
sign
d
escrib
es
in
w
ard

m
otion
.

(b
)
T
h
e
m
ax
im
u
m
va
lu
e
o
f
th
e
 
co
ord
in
ate
th
at
can
b
e
reach
ed
b
y
tim
e
t
is
fou
n
d
b
y

in
tegratin
g
its
rate
of
ch
an
ge:

 
h
o
r
= Z

t
0

c
a
(t 0)
d
t 0
:

T
h
e
p
h
y
sical
h
orizon
d
istan
ce
is
th
e
p
rop
er
len
gth
o
f
th
e
sh
ortest
lin
e
d
raw
n
at
th
e

tim
e
t
from
th
e
origin
to
 
=
 
h
o
r ,
w
h
ich
accord
in
g
to
th
e
m
etric
is
giv
en
b
y

`
p
h
y
s (t)
= Z

 
=
 
h
o
r

 
=
0

d
s
= Z

 
h
o
r

0

a
(t)
d
 
=

a
(t) Z

t
0

c
a
(t 0)
d
t 0
:

(c)
F
rom
p
art
(a),

d
 d

t
=

c
a
(t)
:

B
y
d
i�
eren
tiatin
g
th
e
eq
u
ation
ct
=
�
(��
sin
�)
stated
in
th
e
p
rob
lem
,
on
e
�
n
d
s

d
t

d
�
=
�c

(1�
co
s
�)
:

T
h
en

d
 d

�
=
d
 d

t
d
t

d
�
=
�
(1�
cos
�)

a
(t)

:

T
h
en
u
sin
g
a
=
�
(1�
cos
�),
as
stated
in
th
e
p
rob
lem
,
on
e
h
as
th
e
v
ery
sim
p
le
resu
lt

d
 d

�
=
1
:
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(d
)
T
h
is
p
art
is
very
sim
p
le
if
o
n
e
k
n
ow
s
th
a
t
 
m
u
st
ch
a
n
ge
b
y
2
�
b
efo
re
th
e
p
h
oto
n

retu
rn
s
to
its
startin
g
p
oin
t.
S
in
ce
d
 
=
d
�
=
1,
th
is
m
ean
s
th
a
t
�
m
u
st
a
lso
ch
an
ge

b
y
2
�
.
F
rom
a
=
�
(1�
cos
�),
o
n
e
can
see
th
at
a
retu
rn
s
to
zero
a
t
�
=
2
�
,
so
th
is

is
ex
actly
th
e
lifetim
e
of
th
e
u
n
iv
erse.
S
o,

T
im
e
for
p
h
oton
to
retu
rn

L
ifetim
e
of
u
n
iv
erse

=
1
:

If
it
is
n
ot
clear
w
h
y
 
m
u
st
ch
an
g
e
b
y
2
�
for
th
e
p
h
o
to
n
to
retu
rn
to
its
startin
g

p
oin
t,
th
en
recall
th
e
co
n
stru
ction
of
th
e
closed
u
n
iv
erse
th
a
t
w
as
u
sed
in
L
ectu
re

N
otes
5.
T
h
e
closed
u
n
iv
erse
is
d
escrib
ed
as
th
e
3
-d
im
en
sion
al
su
rface
of
a
sp
h
ere
in

a
fou
r-d
im
en
sion
al
E
u
clid
ean
sp
a
ce
w
ith
co
ord
in
a
tes
(x
;y
;z
;w
):

x
2
+
y
2
+
z
2
+
w
2
=
a
2
;

w
h
ere
a
is
th
e
rad
iu
s
of
th
e
sp
h
ere.
T
h
e
R
ob
ertson
-W
alk
er
co
ord
in
ate
sy
stem

is

con
stru
cted
on
th
e
3-d
im
en
sio
n
al
su
rface
o
f
th
e
sp
h
ere,
tak
in
g
th
e
p
oin
t
(0
;0
;0
;1)

as
th
e
cen
ter
of
th
e
co
ord
in
a
te
sy
stem
.
If
w
e
d
e�
n
e
th
e
w
-d
irectio
n
a
s
\n
orth
,"

th
en
th
e
p
oin
t
(0
;0
;0
;1)
can
b
e
ca
lled
th
e
n
orth
p
ole.
E
ach
p
oin
t
(x
;y
;z
;w
)
o
n
th
e

su
rface
of
th
e
sp
h
ere
is
a
ssign
ed
a
co
o
rd
in
ate
 
,
d
e�
n
ed
to
b
e
th
e
a
n
g
le
b
etw
een
th
e

p
ositive
w
ax
is
an
d
th
e
vecto
r
(x
;y
;z
;w
).
T
h
u
s
 
=
0
a
t
th
e
n
orth
p
ole,
a
n
d
 
=
�

for
th
e
an
tip
o
d
al
p
oin
t,
(0
;0
;0
;�
1),
w
h
ich
ca
n
b
e
ca
lled
th
e
sou
th
p
ole.
In
m
ak
in
g

th
e
rou
n
d
trip
th
e
p
h
oton
m
u
st
travel
fro
m
th
e
n
orth
p
o
le
to
th
e
sou
th
p
ole
a
n
d

b
ack
,
for
a
total
ran
ge
of
2
�
.

D
iscu
ssion
:
S
om
e
stu
d
en
ts
a
n
sw
ered
th
at
th
e
p
h
oton
w
ou
ld
retu
rn
in
th
e
lifetim
e

of
th
e
u
n
iverse,
b
u
t
rea
ch
ed
th
is
con
clu
sion
w
ith
ou
t
con
sid
erin
g
th
e
d
etails
o
f
th
e

m
otion
.
T
h
e
argu
m
en
t
w
as
sim
p
ly
th
at,
at
th
e
b
ig
cru
n
ch
w
h
en
th
e
scale
facto
r

retu
rn
s
to
zero,
all
d
ista
n
ces
w
ou
ld
retu
rn
to
zero
,
in
clu
d
in
g
th
e
d
istan
ce
b
etw
een

th
e
p
h
oton
an
d
its
startin
g
p
lace.
T
h
is
sta
tem
en
t
is
correct,
b
u
t
it
d
o
es
n
ot
q
u
ite

an
sw
er
th
e
q
u
estion
.
F
irst,
th
e
statem
en
t
in
n
o
w
ay
ru
les
ou
t
th
e
p
ossib
ility
th
a
t

th
e
p
h
oton
m
igh
t
retu
rn
to
its
sta
rtin
g
p
oin
t
b
efore
th
e
b
ig
cru
n
ch
.
S
econ
d
,
if
w
e

u
se
th
e
d
elicate
b
u
t
w
ell-m
o
tivated
d
e�
n
itio
n
s
th
a
t
gen
eral
relativ
ists
u
se,
it
is
n
ot

n
ecessarily
tru
e
th
at
th
e
p
h
oton
retu
rn
s
to
its
sta
rtin
g
p
oin
t
at
th
e
b
ig
cru
n
ch
.
T
o

b
e
con
crete,
let
m
e
con
sid
er
a
ra
d
iation
-d
o
m
in
ated
closed
u
n
iv
erse|
a
h
y
p
oth
etical

u
n
iverse
for
w
h
ich
th
e
o
n
ly
\m
atter"
p
resen
t
con
sists
of
m
assless
p
articles
su
ch
a
s

p
h
oton
s
or
n
eu
trin
os.
In
th
at
ca
se
(y
o
u
can
ch
eck
m
y
calcu
lation
s)
a
p
h
o
ton
th
a
t

leaves
th
e
n
orth
p
ole
at
t
=
0
ju
st
rea
ch
es
th
e
sou
th
p
o
le
at
th
e
b
ig
cru
n
ch
.
It

m
igh
t
seem
th
at
reach
in
g
th
e
so
u
th
p
o
le
at
th
e
b
ig
cru
n
ch
is
n
ot
an
y
d
i�
eren
t
from

com
p
letin
g
th
e
rou
n
d
trip
b
ack
to
th
e
n
orth
p
o
le,
sin
ce
th
e
d
istan
ce
b
etw
een
th
e

n
orth
p
ole
an
d
th
e
sou
th
p
ole
is
zero
at
t
=
t
C
ru
n
c
h ,
th
e
tim
e
o
f
th
e
b
ig
cru
n
ch
.

H
ow
ever,
su
p
p
ose
w
e
ad
op
t
th
e
p
rin
cip
le
th
at
th
e
in
stan
t
of
th
e
in
itia
l
sin
gu
larity
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a
n
d
th
e
in
sta
n
t
o
f
th
e
�
n
a
l
cru
n
ch
are
b
oth
to
o
sin
gu
lar
to
b
e
con
sid
ered
p
art
of
th
e

sp
acetim
e.
W
e
w
ill
allow
ou
rselv
es
to
m
ath
em
atically
con
sid
er
tim
es
ran
gin
g
from

t
=
�
to
t
=
t
C
ru
n
ch �
�,
w
h
ere
�
is
arb
itrarily
sm
all,
b
u
t
w
e
w
ill
n
ot
try
to
d
escrib
e

w
h
at
h
ap
p
en
s
ex
actly
at
t
=
0
or
t
=
t
C
ru
n
c
h .
T
h
u
s,
w
e
n
ow
con
sid
er
a
p
h
oton
th
at

starts
its
jou
rn
ey
at
t
=
�,
a
n
d
w
e
fo
llow
it
u
n
til
t
=
t
C
ru
n
c
h �
�.
F
or
th
e
case
of
th
e

m
a
tter-d
o
m
in
ated
closed
u
n
iv
erse,
su
ch
a
p
h
oton
w
ou
ld
traverse
a
fraction
o
f
th
e

fu
ll
circle
th
at
w
ou
ld
b
e
alm
ost
1,
an
d
w
ou
ld
ap
p
roach
1
as
�!
0.
B
y
con
trast,
for

th
e
rad
iation
-d
om
in
ated
closed
u
n
iv
erse,
th
e
p
h
o
to
n
w
o
u
ld
traverse
a
fraction
of
th
e

fu
ll
circle
th
at
is
alm
ost
1/2,
an
d
it
w
ou
ld
ap
p
roach
1
/2
as
�!
0.
T
h
u
s,
from
th
is

p
oin
t
of
v
iew
th
e
tw
o
ca
ses
lo
o
k
very
d
i�
eren
t.
In
th
e
rad
iation
-d
om
in
ated
case,
on
e

w
ou
ld
say
th
at
th
e
p
h
oton
h
as
com
e
on
ly
h
alf-w
ay
b
a
ck
to
its
startin
g
p
oin
t.

P
R
O
B
L
E
M

9
:

L
E
N
G
T
H
S

A
N
D

A
R
E
A
S

IN

A

T
W
O
-D
IM
E
N
-

S
IO
N
A
L
M
E
T
R
IC

a)
A
lon
g
th
e
�
rst
segm
en
t
d
�
=
0
,
so
d
s
2
=
(1
+
a
r)
2
d
r
2,
o
r
d
s
=
(1+
a
r)
d
r.
In
tegratin
g,

th
e
len
gth
of
th
e
�
rst
segm
en
t
is
fou
n
d
to
b
e

S
1
= Z

r
0

0

(1
+
a
r)
d
r
=
r
0
+
12

a
r
20
:

A
lo
n
g
th
e
seco
n
d
seg
m
en
t
d
r
=
0
,
so
d
s
=
r(1
+
br)
d
�,
w
h
ere
r
=
r
0 .
S
o
th
e
len
gth

of
th
e
secon
d
segm
en
t
is

S
2
= Z

�
=
2

0

r
0 (1
+
br
0 )
d
�
=
�2

r
0 (1
+
br
0 )
:

F
in
ally,
th
e
th
ird
segm
en
t
is
id
en
tical
to
th
e
�
rst,
so
S
3
=
S
1 .
T
h
e
total
len
gth
is

th
en

S
=
2
S
1
+
S
2
=
2 �
r
0
+
12

a
r
20 �
+
�2

r
0 (1
+
br
0 )

=

�
2
+
�2 �

r
0
+
12

(2
a
+
�
b)r
20
:
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R
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2
0
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p
.
5
0

b
)
T
o
�
n
d
th
e
area,
it
is
b
est
to
d
iv
id
e
th
e
region
in
to
con
cen
tric
strip
s
as
sh
ow
n
:

N
ote
th
at
th
e
strip
h
as
a
co
o
rd
in
ate
w
id
th
o
f
d
r,
b
u
t
th
e
d
ista
n
ce
a
cro
ss
th
e
w
id
th

of
th
e
strip
is
d
eterm
in
ed
b
y
th
e
m
etric
to
b
e

d
h
=
(1
+
a
r)
d
r
:

T
h
e
len
gth
of
th
e
strip
is
calcu
lated
th
e
sam
e
w
ay
a
s
S
2
in
p
art
(a):

s(r)
=
�2

r(1
+
br)
:

T
h
e
area
is
th
en

d
A
=
s(r)
d
h
;

so

A
= Z

r
0

0

s(r)
d
h

= Z
r
0

0

�2
r(1
+
br)(1
+
a
r)
d
r

=
�2 Z
r
0

0

[r
+
(a
+
b)r
2
+
a
br
3]d
r

=

�2 �
12

r
20
+
13

(a
+
b)r
30
+
14

a
br
40 �
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1

P
R
O
B
L
E
M

1
0
:
G
E
O
M
E
T
R
Y

IN

A

C
L
O
S
E
D

U
N
IV
E
R
S
E

(a)
A
s
on
e
m
ov
es
alon
g
a
lin
e
from
th
e
origin
to
(h
;0
;0),
th
ere
is
n
o
variation
in
�
or
�
.

S
o
d
�
=
d
�
=
0
,
a
n
d

d
s
=

a
d
r

p
1�
r
2

:

S
o

`
p
= Z

h
0

a
d
r

p
1�
r
2

=
a
sin
�
1
h
:

(b
)
In
th
is
case
it
is
on
ly
�
th
at
varies,
so
d
r
=
d
�
=
0.
S
o

d
s
=
a
r
d
�
;

so

s
p
=
a
h
�
�
:

(c)
F
rom
p
art
(a),
o
n
e
h
as

h
=
sin
(`
p =
a
)
:

In
sertin
g
th
is
ex
p
ression
in
to
th
e
a
n
sw
er
to
(b
),
an
d
th
en
solv
in
g
for
�
�,
on
e
h
as

�
�
=

s
p

a
sin
(`
p =
a
)
:

N
o
te
th
a
t
a
s
a!
1
,
th
is
ap
p
roach
es
th
e
E
u
clid
ean
resu
lt,
�
�
=
s
p =
`
p .

P
R
O
B
L
E
M

1
1
:
T
H
E
G
E
N
E
R
A
L
S
P
H
E
R
IC
A
L
L
Y

S
Y
M
M
E
T
R
IC
M
E
T
R
IC

(a)
T
h
e
m
etric
is
giv
en
b
y

d
s
2
=
d
r
2
+
�
2(r) �d
�
2
+
sin
2
�
d
�
2 �
:

T
h
e
ra
d
iu
s
a
is
d
e�
n
ed
a
s
th
e
p
h
y
sical
len
gth
o
f
a
rad
ial
lin
e
w
h
ich
ex
ten
d
s
from
th
e

cen
ter
to
th
e
b
o
u
n
d
ary
of
th
e
sp
h
ere.
T
h
e
len
gth
of
a
p
ath
is
ju
st
th
e
in
tegral
of
d
s,

so

a
= Z

ra
d
ia
l
p
a
th
fro
m

o
rig
in
to
r
0

d
s
:
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T
h
e
rad
ial
p
ath
is
at
a
con
stan
t
valu
e
of
�
a
n
d
�
,
so
d
�
=
d
�
=
0,
an
d
th
en
d
s
=
d
r.

S
o

a
= Z

r
0

0

d
r
=

r
0
:

(b
)
O
n
th
e
su
rface
r
=
r
0 ,
so
d
r�
0.
T
h
en

d
s
2
=
�
2(r

0 ) �d
�
2
+
sin
2
�
d
�
2 �
:

T
o
�
n
d
th
e
area
elem
en
t,
con
sid
er
�
rst
a
p
ath
o
b
tain
ed
b
y
va
ry
in
g
o
n
ly
�.
T
h
en
d
s
=

�
(r
0 )
d
�.
S
im
ilarly,
a
p
a
th
o
b
tain
ed
b
y
vary
in
g
on
ly
�
h
as
len
gth
d
s
=
�
(r
0 )
sin
�
d
�
.

F
u
rth
erm
ore,
th
ese
tw
o
p
ath
s
a
re
p
erp
en
d
icu
lar
to
each
oth
er,
a
fact
th
at
is
in
cor-

p
orated
in
to
th
e
m
etric
b
y
th
e
ab
sen
ce
of
a
d
r
d
�
term
.
T
h
u
s,
th
e
area
o
f
a
sm
a
ll

rectan
gle
con
stru
cted
from
th
ese
tw
o
p
ath
s
is
giv
en
b
y
th
e
p
ro
d
u
ct
of
th
eir
len
gth
s,

so

d
A
=
�
2(r

0 )
sin
�
d
�
d
�
:

T
h
e
area
is
th
en
ob
tain
ed
b
y
in
tegratin
g
over
th
e
ra
n
g
e
of
th
e
co
ord
in
a
te
variab
les:

A
=
�
2(r

0 ) Z
2
�

0

d
� Z

�
0

sin
�
d
�

=
�
2(r

0 )(2
�
) ��
co
s
� ���
�0 �

=)

A
=
4
�
�
2(r

0 )
:

A
s
a
ch
eck
,
n
otice
th
at
if
�
(r)
=
r,
th
en
th
e
m
etric
b
ecom
es
th
e
m
etric
o
f
E
u
clid
ean

sp
ace,
in
sp
h
erical
p
o
lar
co
o
rd
in
ates.
In
th
is
case
th
e
a
n
sw
er
a
b
ove
b
ecom
es
th
e

w
ell-k
n
ow
n
form
u
la
for
th
e
area
of
a
E
u
clid
ea
n
sp
h
ere,
4
�
r
2.

(c)
A
s
in
P
rob
lem

2
of
P
ro
b
lem

S
et
5,
w
e
can
im
a
gin
e
b
rea
k
in
g
u
p
th
e
v
o
lu
m
e
in
to

sp
h
erical
sh
ells
o
f
in
�
n
itesim
al
th
ick
n
ess,
w
ith
a
giv
en
sh
ell
ex
ten
d
in
g
from

r
to

r
+
d
r.
B
y
th
e
p
rev
iou
s
calcu
lation
,
th
e
area
of
su
ch
a
sh
ell
is
A
(r)
=
4
�
�
2(r).
(In

th
e
p
rev
iou
s
p
art
w
e
con
sid
ered
on
ly
th
e
case
r
=
r
0 ,
b
u
t
th
e
sa
m
e
argu
m
en
t
ap
p
lies

for
an
y
valu
e
of
r.)
T
h
e
th
ick
n
ess
of
th
e
sh
ell
is
ju
st
th
e
p
ath
len
g
th
d
s
of
a
ra
d
ial

p
ath
corresp
o
n
d
in
g
to
th
e
co
ord
in
ate
in
terval
d
r.
F
or
rad
ial
p
ath
s
th
e
m
etric
red
u
ces

to
d
s
2
=
d
r
2,
so
th
e
th
ick
n
ess
of
th
e
sh
ell
is
d
s
=
d
r.
T
h
e
v
olu
m
e
o
f
th
e
sh
ell
is
th
en

d
V
=
4
�
�
2(r)
d
r
:

T
h
e
total
v
olu
m
e
is
th
en
ob
tain
ed
b
y
in
teg
ration
:

V
=
4
� Z

r
0

0

�
2(r)
d
r
:
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C
h
eck
in
g
th
e
an
sw
er
for
th
e
E
u
clid
ean
case,
�
(r)
=
r,
on
e
sees
th
at
it
g
iv
es
V
=

(4
�
=
3
)r
30 ,
a
s
ex
p
ected
.

(d
)
If
r
is
rep
laced
b
y
a
n
ew
co
ord
in
a
te
�
�
r
2,
th
en
th
e
in
�
n
itesim
al
variation
s
of
th
e

tw
o
co
ord
in
ates
are
related
b
y

d
�d

r
=
2
r
=
2 p
�
;

so

d
r
2
=
d
�
2

4
�

:

T
h
e
fu
n
ction
�
(r)
can
th
en
b
e
w
ritten
as
�
( p
�
),
so

d
s
2
=
d
�
2

4
�
+
�
2( p
�
) �d
�
2
+
sin
2
�
d
�
2 �
:

P
R
O
B
L
E
M

1
2
:
V
O
L
U
M
E
S
IN

A

R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

U
N
IV
E
R
S
E

T
h
e
p
ro
d
u
ct
of
d
i�
eren
tial
len
gth
elem
en
ts
corresp
on
d
in
g
to
in
�
n
itesim
al
ch
an
ges
in

th
e
co
ord
in
ates
r;�
an
d
�
eq
u
als
th
e
d
i�
eren
tia
l
volu
m
e
elem
en
t
d
V
.
T
h
erefore

d
V
=
a
(t)

d
r

p
1�
k
r
2 �
a
(t)rd
��
a
(t)r
sin
�d
�

T
h
e
total
v
olu
m
e
is
th
en

V
= Z
d
V
=
a
3(t) Z
r
m
a
x

0

d
r Z

�
0

d
� Z

2
�

0

d
�
r
2
sin
�

p
1�
k
r
2

W
e
can
d
o
th
e
an
gu
lar
in
tegration
s
im
m
ed
iately
:

V
=
4
�
a
3(t) Z
r
m

a
x

0

r
2d
r

p
1�
k
r
2

:

[P
ed
agogicalN
ote:
If
y
ou
d
on
't
see
th
rou
gh
th
e
solu
tion
s
ab
ove,
th
en
n
ote
th
at
th
e
v
olu
m
e

of
th
e
sp
h
ere
can
b
e
d
eterm
in
ed
b
y
in
tegration
,
after
�
rst
b
reak
in
g
th
e
v
olu
m
e
in
to

in
�
n
itesim
al
cells.
A
gen
eric
cell
is
sh
ow
n
in
th
e
d
iagram
b
elow
:
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.
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T
h
e
cell
in
clu
d
es
th
e
volu
m
e
ly
in
g
b
etw
een
r
an
d
r
+
d
r,
b
etw
een
�
a
n
d
�
+
d
�,
an
d

b
etw
een
�
an
d
�
+
d
�
.
In
th
e
lim
it
as
d
r,
d
�,
an
d
d
�
all
ap
p
roa
ch
zero,
th
e
cell

ap
p
roach
es
a
rectan
gu
lar
solid
w
ith
sid
es
o
f
len
gth
:

d
s
1
=
a
(t)

d
r

p
1�
k
r
2

d
s
2
=
a
(t)r
d
�

d
s
3
=
a
(t)r
sin
�
d
�
:

H
ere
each
d
s
is
calcu
lated
b
y
u
sin
g
th
e
m
etric
to
�
n
d
d
s
2,
in
each
case
allow
in
g
on
ly

on
e
of
th
e
q
u
an
tities
d
r,
d
�,
o
r
d
�
to
b
e
n
on
zero.
T
h
e
in
�
n
itesim
a
l
v
olu
m
e
elem
en
t

is
th
en
d
V
=
d
s
1 d
s
2 d
s
3 ,
resu
ltin
g
in
th
e
a
n
sw
er
ab
ove.
T
h
e
d
eriva
tion
relies
on
th
e

orth
ogon
ality
o
f
th
e
d
r,
d
�,
an
d
d
�
d
irection
s;
th
e
orth
og
on
ality
is
im
p
lied
b
y
th
e

m
etric,
w
h
ich
o
th
erw
ise
w
ou
ld
con
tain
cross
term
s
su
ch
as
d
r
d
�.]

[E
x
ten
sion
:
T
h
e
in
tegral
can
in
fact
b
e
carried
ou
t,
u
sin
g
th
e
su
b
stitu
tio
n

p
k
r
=
sin
 

(if
k
>
0)

p�
k
r
=
sin
h
 

(if
k
>
0).

T
h
e
an
sw
er
is

V
= 8>>>>>><>>>>>>:

2
�
a
3(t) 24
sin
�
1 �p
k
r
m
a
x �

k
3
=
2

� p
1�
k
r
2m

a
x

k

35
(if
k
>
0)

2
�
a
3(t) "p
1�
k
r
2m

a
x

(�
k
)

�
sin
h
�
1 �p�
k
r
m
a
x �

(�
k
)
3
=
2

#
(if
k
<
0)

.]
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P
R
O
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a
)
T
h
e
S
ch
w
arzsch
ild
h
orizon
is
th
e
va
lu
e
o
f
r
fo
r
w
h
ich
th
e
m
etric
b
ecom
es
sin
gu
lar.

S
in
ce
th
e
m
etric
con
ta
in
s
th
e
fa
cto
r�

1�
2
G
M

rc
2 �
;

it
b
ecom
es
sin
gu
lar
at

R
S
=
2
G
M

c
2

:

b
)
T
h
e
sep
aration
b
etw
een
A
an
d
B

is
p
u
rely
in
th
e
rad
ial
d
irection
,
so
th
e
p
rop
er

len
gth
of
a
segm
en
t
alon
g
th
e
p
ath
join
in
g
th
em
is
giv
en
b
y

d
s
2
= �
1�
2
G
M

rc
2 �

�
1

d
r
2
;

so

d
s
=

d
r

q
1�
2
G
M

r
c
2

:

T
h
e
p
rop
er
d
istan
ce
from
A
to
B
is
ob
tain
ed
b
y
a
d
d
in
g
th
e
p
rop
er
len
gth
s
of
all
th
e

segm
en
ts
alon
g
th
e
p
ath
,
so

s
A
B

= Z
r
B

r
A

d
r

q
1�
2
G
M

r
c
2

:

E
X
T
E
N
S
I
O
N
:
T
h
e
in
tegration
can
b
e
carried
ou
t
ex
p
licitly.
F
irst
u
se
th
e
ex
p
ression

for
th
e
S
ch
w
arzsch
ild
rad
iu
s
to
rew
rite
th
e
ex
p
ression
for
s
A
B

a
s

s
A
B

= Z
r
B

r
A

p
r
d
r

p
r�
R
S

:

T
h
en
in
tro
d
u
ce
th
e
h
y
p
erb
olic
trigon
om
etric
su
b
stitu
tion

r
=
R
S
cosh
2
u
:

O
n
e
th
en
h
as

p
r�
R
S
= p
R
S

sin
h
u
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.
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d
r
=
2
R
S
cosh
u
sin
h
u
d
u
;

an
d
th
e
in
d
e�
n
ite
in
tegra
l
b
eco
m
es

Z
p

r
d
r

p
r�
R
S

=
2
R
S Z
cosh
2
u
d
u

=
R
S Z
(1
+
co
sh
2
u
)d
u

=
R
S �
u
+
12

sin
h
2
u �

=
R
S
(u
+
sin
h
u
cosh
u
)

=
R
S
sin
h
�
1 �r
rR

S

�
1 �
+ p
r(r�
R
S
)
:

T
h
u
s,

s
A
B

=
R
S �
sin
h
�
1 �r
r
B

R
S

�
1 �
�
sin
h �
1 �r
r
A

R
S

�
1 ��

+ p
r
B
(r
B

�
R
S
)� p
r
A
(r
A

�
R
S
)
:

c)
A
tick
of
th
e
clo
ck
an
d
th
e
follow
in
g
tick
are
tw
o
ev
en
ts
th
at
d
i�
er
on
ly
in
th
eir
tim
e

co
ord
in
ates.
T
h
u
s,
th
e
m
etric
red
u
ces
to

�
c
2d
�
2
=
� �
1�
2
G
M

rc
2 �
c
2d
t
2
;

so

d
�
= r
1�
2
G
M

rc
2

d
t
:

T
h
e
read
in
g
on
th
e
o
b
serv
er's
clo
ck
co
rresp
on
d
s
to
th
e
p
rop
er
tim
e
in
terva
l
d
�
,
so

th
e
corresp
on
d
in
g
in
terval
o
f
th
e
co
ord
in
ate
t
is
given
b
y

�
t
A

=

�
�
A

q
1�
2
G
M

r
A

c
2

:

d
)
S
in
ce
th
e
S
ch
w
arzsch
ild
m
etric
d
o
es
n
ot
ch
a
n
ge
w
ith
tim
e,
each
p
u
lse
leav
in
g
A
w
ill

take
th
e
sam
e
len
gth
of
tim
e
to
reach
B
.
T
h
u
s,
th
e
p
u
lses
em
itted
b
y
A
w
ill
arriv
e

at
B
w
ith
a
tim
e
co
o
rd
in
a
te
sp
acin
g

�
t
B

=
�
t
A

=

�
�
A

q
1�
2
G
M

r
A

c
2

:
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T
h
e
clo
ck
at
B
,
h
ow
ev
er,
w
ill
read
th
e
p
rop
er
tim
e
an
d
n
ot
th
e
co
ord
in
ate
tim
e.

T
h
u
s,

�
�
B

= r
1�
2
G
M

r
B
c
2

�
t
B

=

vuut
1�
2
G
M

r
B

c
2

1�
2
G
M

r
A

c
2

�
�
A

:

e)
F
rom
p
arts
(a)
a
n
d
(b
),
th
e
p
rop
er
d
istan
ce
b
etw
een
A
an
d
B
can
b
e
rew
ritten
as

s
A
B

= Z
r
B

R
S

p
rd
r

p
r�
R
S

:

T
h
e
p
oten
tially
d
iv
ergen
t
p
art
of
th
e
in
tegral
com
es
from
th
e
ran
ge
of
in
tegration
in

th
e
im
m
ed
iate
v
icin
ity
of
r
=
R
S ,
say
R
S
<
r
<
R
S
+
�.
F
or
th
is
ran
ge
th
e
q
u
an
tity

p
r
in
th
e
n
u
m
erator
can
b
e
ap
p
rox
im
ated
b
y p
R
S
,
so
th
e
con
trib
u
tion
h
as
th
e
form

p
R
S Z

R
S

+
�

R
S

d
r

p
r�
R
S

:

C
h
a
n
g
in
g
th
e
in
tegration
variab
le
to
u
�
r�
R
S
,
th
e
con
trib
u
tion
can
b
e
easily

evalu
ated
:

p
R
S Z

R
S

+
�

R
S

d
r

p
r�
R
S

= p
R
S Z

�
0

d
u
p

u
=
2 p
R
S �
<
1
:

S
o,
alth
ou
gh
th
e
in
tegran
d
is
in
�
n
ite
at
r
=
R
S
,
th
e
in
tegral
is
still
�
n
ite.

T
h
e
p
rop
er
d
istan
ce
b
etw
een
A
a
n
d
B
d
o
es
n
ot
d
iverge.

L
o
ok
in
g
at
th
e
an
sw
er
to
p
art
(d
),
h
ow
ev
er,
on
e
can
see
th
at
w
h
en
r
A

=
R
S
,

T
h
e
tim
e
in
terval
�
�
B

d
iv
erges.
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.
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R
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G
E
O
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E
S
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S

T
h
e
geo
d
esic
eq
u
ation
for
a
cu
rv
e
x
i(�
),
w
h
ere
th
e
p
aram
eter
�
is
th
e
arc
len
gth

alon
g
th
e
cu
rve,
can
b
e
w
ritten
a
s

dd
� �
g
ij
d
x
j

d
� �
=
12

(@
i g
k
` )
d
x
k

d
�

d
x
`

d
�
:

H
ere
th
e
in
d
ices
j,
k
,
an
d
`
a
re
su
m
m
ed
from
1
to
th
e
d
im
en
sio
n
o
f
th
e
sp
a
ce,
so
th
ere

is
on
e
eq
u
ation
for
each
valu
e
o
f
i.

(a)
T
h
e
m
etric
is
given
b
y

d
s
2
=
g
ij d
x
id
x
j
=
d
r
2
+
r
2
d
�
2
;

so

g
r
r
=
1
;

g
�
�
=
r
2
;

g
r
�
=
g
�
r
=
0
:

F
irst
tak
in
g
i
=
r,
th
e
n
on
van
ish
in
g
term
s
in
th
e
g
eo
d
esic
eq
u
ation
b
eco
m
e

dd
� �
g
r
r
d
r

d
� �
=
12

(@
r g
�
� )
d
�

d
�

d
�

d
�
;

w
h
ich
can
b
e
w
ritten
ex
p
licitly
as

dd
� �

d
r

d
� �
=
12 �@

r r
2 � �
d
�

d
� �

2

;

or

d
2r

d
�
2
=
r �
d
�

d
� �

2

:

F
or
i
=
�,
o
n
e
h
as
th
e
sim
p
li�
catio
n
th
at
g
ij
is
in
d
ep
en
d
en
t
o
f
�
fo
r
all
(i;j).
S
o

dd
� �
r
2
d
�

d
� �
=
0
:

(b
)
T
h
e
�
rst
step
is
to
p
ara
m
eterize
th
e
cu
rv
e,
w
h
ich
m
ean
s
to
im
ag
in
e
m
ov
in
g
a
lon
g

th
e
cu
rve,
an
d
ex
p
ressin
g
th
e
co
ord
in
ates
as
a
fu
n
ction
of
th
e
d
istan
ce
trav
eled
.
(I

am
callin
g
th
e
lo
cu
s
y
=
1
a
cu
rve
rath
er
th
a
n
a
lin
e,
sin
ce
th
e
tech
n
iq
u
es
th
at
are

u
sed
h
ere
are
u
su
ally
ap
p
lied
to
cu
rv
es.
S
in
ce
a
lin
e
is
a
sp
ecial
ca
se
of
a
cu
rv
e,
th
ere
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is
n
oth
in
g
w
ron
g
w
ith
treatin
g
th
e
lin
e
as
a
cu
rv
e.)
In
C
artesian
co
ord
in
ates,
th
e

cu
rve
y
=
1
can
b
e
p
aram
eterized
as

x
(�
)
=
�
;

y
(�
)
=
1
:

(T
h
e
p
aram
eterization
is
n
ot
u
n
iq
u
e,
b
ecau
se
on
e
can
ch
o
ose
�
=
0
to
rep
resen
t
an
y

p
oin
t
a
lon
g
th
e
cu
rv
e.)
C
on
vertin
g
to
th
e
d
esired
p
olar
co
ord
in
ates,

r(�
)
= p
x
2(�
)
+
y
2(�
)
= p
�
2
+
1
;

�(�
)
=
ta
n
�
1
y
(�
)

x
(�
)
=
ta
n
�
1(1
=
�
)
:

C
alcu
latin
g
th
e
n
eed
ed
d
erivativ
es,*

d
r

d
�
=

�

p
�
2
+
1

d
2r

d
�
2
=

1

p
�
2
+
1 �

�
2

(�
2
+
1)
3
=
2

=

1

(�
2
+
1)
3
=
2

=

1r
3

d
�

d
�
=
�

1

1
+ �
1� �
2

1�
2
=
�
1r

2

:

T
h
en
,
su
b
stitu
tin
g
in
to
th
e
geo
d
esic
eq
u
ation
for
i
=
r,

d
2r

d
�
2
=
r �
d
�

d
� �

2()
1r

3

=
r ��
1r

2 �
2

;

w
h
ich
ch
eck
s.
S
u
b
stitu
tin
g
in
to
th
e
geo
d
esic
eq
u
ation
for
i
=
�,

dd
� �
r
2
d
�

d
� �
=
0()
dd

� �
r
2 ��
1r

2 ��
=
0
;

w
h
ich
also
ch
eck
s.

*
If
y
ou
d
o
n
ot
rem
em
b
er
h
ow
to
d
i�
eren
tiate
�
=
tan �
1(z),
th
en
y
ou
sh
ou
ld
k
n
ow

h
ow
to
d
eriv
e
it.
W
rite
z
=
tan
�
=
sin
�
=
cos
�
,
so

d
z
= �
cos
�

cos
�
+
sin
2
�

cos
2
� �
d
�
=
(1
+
tan
2
�
)d
�
:

T
h
en

d
�d

z
=

1

1
+
tan
2
�
=

1
1
+
z
2

:
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P
R
O
B
L
E
M

1
5
:
A
N

E
X
E
R
C
IS
E

IN

T
W
O
-D
IM
E
N
S
IO
N
A
L
M
E
T
R
IC
S
(3
0

poin
ts)

(a)
S
in
ce

r(�)
=
(1
+
�
cos
2
�)
r
0
;

as
th
e
an
gu
lar
co
ord
in
a
te
�
ch
an
g
es
b
y
d
�,
r
ch
an
ges
b
y

d
r
=
d
r

d
�
d
�
=
�
2
�r
0
co
s
�
sin
�
d
�
:

d
s
2
is
th
en
g
iv
en
b
y

d
s
2
=
d
r
2
+
r
2d
�
2

=
4
�
2r
20
co
s
2
�
sin
2
�
d
�
2
+
(1
+
�
co
s
2
�)
2
r
20
d
�
2

= �4
�
2
co
s
2
�
sin
2
�
+
(1
+
�
co
s
2
�)
2 �
r
20
d
�
2
;

so

d
s
=
r
0 q
4
�
2
cos
2
�
sin
2
�
+
(1
+
�
cos
2
�)
2
d
�
:

S
in
ce
�
ru
n
s
from
�
1
to
�
2
a
s
th
e
cu
rv
e
is
sw
ep
t
ou
t,

S
=
r
0 Z

�
2

�
1 q
4
�
2
cos
2
�
sin
2
�
+
(1
+
�
cos
2
�)
2
d
�
:

(b
)
S
in
ce
�
d
o
es
n
ot
vary
a
lo
n
g
th
is
p
ath
,

d
s
= r
1
+
ra

d
r
;

an
d
so

R
= Z

r
0

0 r
1
+
ra

d
r
:

(c)
S
in
ce
th
e
m
etric
d
o
es
n
o
t
con
ta
in
a
term
in
d
r
d
�,
th
e
r
an
d
�
d
irection
s
are
o
rth
og-

on
al.
T
h
u
s,
if
on
e
con
sid
ers
a
sm
all
region
in
w
h
ich
r
is
in
th
e
in
terva
l
r 0
to
r 0+
d
r 0,

an
d
�
is
in
th
e
in
terval
� 0
to
� 0
+
d
� 0,
th
en
th
e
region
can
b
e
treated
a
s
a
rectan
gle.

T
h
e
sid
e
a
lon
g
w
h
ich
r
varies
h
as
len
gth
d
s
r
= p
1
+
(r 0=
a
)
d
r 0,
w
h
ile
th
e
sid
e
alon
g

w
h
ich
�
varies
h
as
len
gth
d
s
�
=
r 0d
� 0.
T
h
e
area
is
th
en

d
A
=
d
s
r
d
s
�
=
r 0 p
1
+
(r 0=
a
)
d
r 0d
� 0
:
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T
o
cover
th
e
area
for
w
h
ich
r
<
r
0 ,
r 0
m
u
st
b
e
in
tegrated
from
0
to
r
0 ,
an
d
� 0
m
u
st

b
e
in
tegrated
from
0
to
2
�
:

A
= Z

r
0

0

d
r 0 Z

2
�

0

d
� 0r 0 p
1
+
(r 0=
a
)
:

B
u
t

Z
2
�

0

d
� 0
=
2
�
;

so

A
=
2
� Z

r
0

0

d
r 0r 0 p
1
+
(r 0=
a
)
:

Y
o
u
w
ere
n
ot
asked
to
ca
rry
o
u
t
th
e
in
tegration
,
b
u
t
it
can
b
e
d
on
e
b
y
u
sin
g
th
e

su
b
stitu
tion
u
=
1
+
(r 0=
a
),
so
d
u
=
(1
=
a
)
d
r 0,
a
n
d
r 0
=
a
(u�
1).
T
h
e
resu
lt
is

A
=
4
�
a
2

15 �
2
+ �
3
r
20

a
2

+
r
0a
�
2 � r
1
+
r
0a �
:

(d
)
T
h
e
n
on
zero
m
etric
co
eÆ
cien
ts
are
giv
en
b
y

g
r
r
=
1
+
ra

;

g
�
�
=
r
2
;

so
th
e
m
etric
is
d
iagon
al.
F
o
r
i
=
1
=
r,
th
e
geo
d
esic
eq
u
ation
b
ecom
es

dd
s �
g
r
r
d
r

d
s �
=
12
@
g
r
r

@
r

d
r

d
s

d
r

d
s
+
12
@
g
�
�

@
r

d
�

d
s

d
�

d
s
;

so
if
w
e
su
b
stitu
te
th
e
va
lu
es
fro
m
a
b
ov
e,
w
e
h
ave

dd
s ��
1
+
ra �
d
r

d
s �
=
12
@@

r �
1
+
ra � �
d
r

d
s �

2
+
12
@
r
2

@
r �

d
�

d
s �

2

:

S
im
p
lify
in
g
sligh
tly,dd

s ��
1
+
ra �
d
r

d
s �
=

12
a �

d
r

d
s �

2
+
r �
d
�

d
s �

2

:

T
h
e
an
sw
er
a
b
ov
e
is
p
erfectly
accep
tab
le,
b
u
t
o
n
e
m
igh
t
w
a
n
t
to
ex
p
an
d
th
e
left-h
an
d

sid
e:

dd
s ��
1
+
ra �
d
r

d
s �
=
1a �
d
r

d
s �

2
+ �
1
+
ra �
d
2r

d
s
2

:
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In
sertin
g
th
is
ex
p
an
sion
in
to
th
e
b
ox
ed
eq
u
a
tion
a
b
ove,
th
e
�
rst
term
ca
n
b
e
b
rou
g
h
t

to
th
e
righ
t-h
an
d
sid
e,
giv
in
g

�
1
+
ra �
d
2r

d
s
2

=
�
12

a �
d
r

d
s �

2
+
r �
d
�

d
s �

2

:

T
h
e
i
=
2
=
�
eq
u
ation
is
sim
p
ler,
b
ecau
se
n
on
e
of
th
e
g
ij
co
eÆ
cien
ts
d
ep
en
d
on
�,

so
th
e
righ
t-h
an
d
sid
e
o
f
th
e
geo
d
esic
eq
u
ation
van
ish
es.
O
n
e
h
as
sim
p
ly

dd
s �
r
2
d
�

d
s �
=
0
:

F
or
m
ost
p
u
rp
oses
th
is
is
th
e
b
est
w
ay
to
w
rite
th
e
eq
u
a
tion
,
sin
ce
it
lea
d
s
im
m
ed
i-

ately
to
r
2(d
�=d
s)
=
con
st:
H
ow
ever,
it
is
p
ossib
le
to
ex
p
a
n
d
th
e
d
eriva
tive,
giv
in
g

th
e
altern
ative
form

r
2
d
2�

d
s
2
+
2
r
d
r

d
s

d
�

d
s
=
0
:

P
R
O
B
L
E
M

1
6
:
G
E
O
D
E
S
IC
S
O
N

T
H
E
S
U
R
F
A
C
E
O
F
A

S
P
H
E
R
E

(a)
R
otation
s
are
easy
to
u
n
d
ersta
n
d
in
C
a
rtesian
co
ord
in
ates.
T
h
e
rela
tion
sh
ip
b
etw
een

th
e
p
olar
an
d
C
artesian
co
ord
in
ates
is
given
b
y

x
=
r
sin
�
cos
�

y
=
r
sin
�
sin
�

z
=
r
cos
�
:

T
h
e
eq
u
ator
is
th
en
d
escrib
ed
b
y
�
=
�
=
2,
an
d
�
=
 
,
w
h
ere
 
is
a
p
a
ra
m
eter

ru
n
n
in
g
from
0
to
2
�
.
T
h
u
s,
th
e
eq
u
ator
is
d
escrib
ed
b
y
th
e
cu
rve
x
i( 
),
w
h
ere

x
1
=
x
=
r
co
s
 

x
2
=
y
=
r
sin
 

x
3
=
z
=
0
:
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N
ow
in
tro
d
u
ce
a
p
rim
ed
co
ord
in
ate
sy
stem
th
at
is
related
to
th
e
origin
al
sy
stem
b
y

a
rotation
in
th
e
y
-z
p
lan
e
b
y
a
n
an
gle
�
:

x
=
x
0

y
=
y 0cos
�
�
z 0sin
�

z
=
z 0cos
�
+
y 0sin
�
:

T
h
e
rotated
eq
u
ator,
w
h
ich
w
e
seek
to
d
escrib
e,
is
ju
st
th
e
stan
d
ard
eq
u
ator
in
th
e

p
rim
ed
co
ord
in
ates:

x
0
=
r
cos
 
;

y 0
=
r
sin
 
;

z 0
=
0
:

U
sin
g
th
e
relation
b
etw
een
th
e
tw
o
co
ord
in
ate
sy
stem
s
giv
en
ab
ov
e,

x
=
r
cos
 

y
=
r
sin
 
cos
�

z
=
r
sin
 
sin
�
:

U
sin
g
a
gain
th
e
relation
s
b
etw
een
p
olar
a
n
d
C
artesian
co
ord
in
ates,

co
s
�
=
zr

=
sin
 
sin
�

ta
n
�
=
yx

=
ta
n
 
cos
�
:

(b
)
A
segm
en
t
o
f
th
e
eq
u
ator
corresp
on
d
in
g
to
an
in
terva
l
d
 
h
as
len
gth
a
d
 
,
so
th
e

p
aram
eter
 
is
p
rop
ortion
al
to
th
e
arc
len
gth
.
E
x
p
ressed
in
term
s
of
th
e
m
etric,
th
is

relation
sh
ip
b
ecom
es

d
s
2
=
g
ij
d
x
i

d
 

d
x
j

d
 
d
 
2
=
a
2d
 
2
:
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T
h
u
s
th
e
q
u
an
tity

A
�
g
ij
d
x
i

d
 

d
x
j

d
 

is
eq
u
al
to
a
2,
so
th
e
g
eo
d
esic
eq
u
a
tion
(5
.50
)
red
u
ces
to
th
e
sim
p
ler
fo
rm

o
f

E
q
.
(5.52).
(N
ote
th
at
w
e
are
fo
llow
in
g
th
e
n
o
tation
of
L
ectu
re
N
o
tes
5,
ex
cep
t

th
at
th
e
variab
le
u
sed
to
p
ara
m
eterize
th
e
p
ath
is
called
 
,
rath
er
th
an
�
or
s.
A
l-

th
ou
gh
A
is
n
ot
eq
u
al
to
1
as
w
e
assu
m
ed
in
L
ectu
re
N
o
tes
5,
it
is
ea
sily
seen
th
at

E
q
.
(5.52)
follow
s
from
(5.50)
p
rov
id
ed
on
ly
th
at
A
=
con
sta
n
t.)
T
h
u
s,

dd
 �
g
ij
d
x
j

d
 �
=
12

(@
i g
k
` )
d
x
k

d
 

d
x
`

d
 

:

F
or
th
is
p
rob
lem
th
e
m
etric
h
as
on
ly
tw
o
n
on
zero
com
p
o
n
en
ts:

g
�
�
=
a
2
;

g
�
�
=
a
2
sin
2
�
:

T
ak
in
g
i
=
�
in
th
e
geo
d
esic
eq
u
a
tion
,

dd
 �
g
�
�
d
�

d
 �
=
12

@
� g
�
�
d
�

d
 

d
�

d
 

=)

d
2�

d
 
2
=
sin
�
cos
� �
d
�

d
 �

2

:

T
ak
in
g
i
=
�
,

dd
 �
a
2
sin
2
�
d
�

d
 �
=
0

=)

dd
 �
sin
2
�
d
�

d
 �
=
0
:

(c)
T
h
is
p
art
is
m
ain
ly
algeb
ra
.
T
a
k
in
g
th
e
d
erivativ
e
o
f

cos
�
=
sin
 
sin
�

im
p
lies

�
sin
�
d
�
=
cos
 
sin
�
d
 
:

T
h
en
,
u
sin
g
th
e
trigon
om
etric
id
en
tity
sin
�
=
p

1�
cos
2
�
,
on
e
�
n
d
s

sin
�
= q
1�
sin
2
 
sin
2
�
;
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so

d
�

d
 
=
�

cos
 
sin
�

p
1�
sin
2
 
sin
2
�
:

S
im
ilarly

tan
�
=
tan
 
co
s
�

=)

sec
2
�
d
�
=
sec
2
 
d
 
cos
�
:

T
h
en

sec
2
�
=
tan
2
�
+
1
=
tan
2
 
cos
2
�
+
1

=

1
cos
2
 
[sin
2
 
cos
2
�
+
cos
2
 
]

=
sec
2
 
[sin
2
 
(1�
sin
2
�
)
+
cos
2
 
]

=
sec
2
 
[1�
sin
2
 
sin
2
�
]
;

S
o

d
�

d
 
=

cos
�

1�
sin
2
 
sin
2
�
:

T
o
v
erify
th
e
g
eo
d
esic
eq
u
ation
s
of
p
art
(b
),
it
is
easiest
to
ch
eck
th
e
secon
d
on
e

�
rst:

sin
2
�
d
�

d
 
=
(1�
sin
2
 
sin
2
�
)

cos
�

1�
sin
2
 
sin
2
�

=
cos
�
;

so
clearly

dd
 �
sin
2
�
d
�

d
 �
=

dd
 
(cos
�
)
=
0
:

T
o
v
erify
th
e
�
rst
geo
d
esic
eq
u
ation
from
p
art
(b
),
�
rst
calcu
late
th
e
left-h
an
d
sid
e,

d
2�=
d
 
2,
u
sin
g
ou
r
resu
lt
for
d
�=
d
 
:

d
2�

d
 
2

=

dd
 �

d
�

d
 �
=

dd
 (�

cos
 
sin
�

p
1�
sin
2
 
sin
2
� )
:

A
fter
som
e
straigh
tforw
ard
a
lgeb
ra,
on
e
�
n
d
s

d
2�

d
 
2
=

sin
 
sin
�
cos
2
�

�1�
sin
2
 
sin
2
� �
3
=
2

:
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T
h
e
righ
t-h
an
d
sid
e
of
th
e
�
rst
g
eo
d
esic
eq
u
ation
can
b
e
evalu
a
ted
u
sin
g
th
e
ex
p
res-

sion
fou
n
d
ab
ove
fo
r
d
�
=
d
 
,
giv
in
g

sin
�
cos
� �
d
�

d
 �

2
= q
1�
sin
2
 
sin
2
�
sin
 
sin
�

cos
2
�

�1�
sin
2
 
sin
2
� �
2

=

sin
 
sin
�
cos
2
�

�1�
sin
2
 
sin
2
� �
3
=
2

:

S
o
th
e
left-
an
d
righ
t-h
an
d
sid
es
are
eq
u
al.

P
R
O
B
L
E
M

1
7
:
G
E
O
D
E
S
IC
S
IN

A

C
L
O
S
E
D

U
N
IV
E
R
S
E

(a)
(7
poin
ts)
F
or
p
u
rely
ra
d
ial
m
otion
,
d
�
=
d
�
=
0
,
so
th
e
lin
e
elem
en
t
red
u
ces
d
o

�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
r
2 �
:

D
iv
id
in
g
b
y
d
t
2,

�
c
2 �
d
�d

t �
2

=
�
c
2
+

a
2(t)

1�
r
2 �
d
rd

t �
2

:

R
earran
gin
g,

d
�d

t
= s
1�

a
2(t)

c
2(1�
r
2) �
d
rd

t �
2

:

(b
)
(3
poin
ts)

d
t

d
�
=

1d
�d

t
=

1

s
1�

a
2(t)

c
2(1�
r
2) �
d
rd

t �
2

:

(c)
(10
poin
ts)
D
u
rin
g
an
y
in
terval
o
f
clo
ck
tim
e
d
t,
th
e
p
rop
er
tim
e
th
a
t
w
ou
ld
b
e

m
easu
red
b
y
a
clo
ck
m
ov
in
g
w
ith
th
e
o
b
ject
is
giv
en
b
y
d
�
,
as
giv
en
b
y
th
e
m
etric.

U
sin
g
th
e
an
sw
er
from
p
art
(a),

d
�
=
d
�d

t
d
t
= s
1�

a
2(t)

c
2(1�
r
2p ) �
d
r
p

d
t �

2
d
t
:
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.
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7

In
tegratin
g
to
�
n
d
th
e
total
p
rop
er
tim
e,

�
= Z

t
2

t
1 s
1�

a
2(t)

c
2(1�
r
2p ) �
d
r
p

d
t �

2
d
t
:

(d
)
(10
poin
ts)
T
h
e
p
h
y
sical
d
istan
ce
d
`
th
at
th
e
ob
ject
m
oves
d
u
rin
g
a
given
tim
e

in
terval
is
related
to
th
e
co
ord
in
ate
d
istan
ce
d
r
b
y
th
e
sp
atial
p
art
of
th
e
m
etric:

d
`
2
=
d
s
2
=
a
2(t) �
d
r
2

1�
r
2 �
=)

d
`
=

a
(t)

p
1�
r
2
d
r
:

T
h
u
s

v
p
h
y
s
=
d
`

d
t
=

a
(t)

p
1�
r
2

d
rd

t
:

D
iscu
ssion
:
A
com
m
on
m
istak
e
w
as
to
in
clu
d
e�
c
2
d
t
2
in
th
e
ex
p
ression
for
d
`
2.
T
o

u
n
d
erstan
d
w
h
y
th
is
is
n
ot
correct,
w
e
sh
ou
ld
th
in
k
ab
ou
t
h
ow
an
o
b
server
w
ou
ld

m
easu
re
d
`,
th
e
d
istan
ce
to
b
e
u
sed
in
calcu
latin
g
th
e
v
elo
city
o
f
a
p
assin
g
o
b
ject.

T
h
e
ob
server
w
ou
ld
p
lace
a
m
eter
stick
alon
g
th
e
p
ath
of
th
e
ob
ject,
an
d
sh
e
w
ou
ld

m
ark
o�
th
e
p
osition
o
f
th
e
ob
ject
at
th
e
b
egin
n
in
g
an
d
en
d
of
a
tim
e
in
terva
l
d
t
m
e
a
s .

T
h
en
sh
e
w
ou
ld
read
th
e
d
istan
ce
b
y
su
b
tra
ctin
g
th
e
tw
o
read
in
gs
on
th
e
m
eter
stick
.

T
h
is
su
b
traction
is
eq
u
al
to
th
e
p
h
y
sical
d
istan
ce
b
etw
een
th
e
tw
o
m
ark
s,
m
easu
red

a
t
th
e
s
a
m
e
tim
e
t.
T
h
u
s,
w
h
en
w
e
com
p
u
te
th
e
d
istan
ce
b
etw
een
th
e
tw
o
m
ark
s,

w
e
set
d
t
=
0
.
T
o
com
p
u
te
th
e
sp
eed
sh
e
w
ou
ld
th
en
d
iv
id
e
th
e
d
istan
ce
b
y
d
t
m
e
a
s ,

w
h
ich
is
n
on
zero.

(e)
(10
poin
ts)
W
e
start
w
ith
th
e
stan
d
ard
form
u
la
for
a
geo
d
esic,
as
w
ritten
on
th
e

fron
t
of
th
e
ex
am
:

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�

:

T
h
is
form
u
la
is
tru
e
for
each
p
ossib
le
valu
e
of
�
,
w
h
ile
th
e
E
in
stein
su
m
m
ation

con
ven
tion
im
p
lies
th
at
th
e
in
d
ices
�
,
�
,
a
n
d
�
a
re
su
m
m
ed
.
W
e
are
try
in
g
to
d
eriv
e

th
e
eq
u
ation
for
r,
so
w
e
set
�
=
r.
S
in
ce
th
e
m
etric
is
d
iagon
al,
th
e
on
ly
con
trib
u
tion

on
th
e
left-h
an
d
sid
e
w
ill
b
e
�
=
r.
O
n
th
e
rig
h
t-h
an
d
sid
e,
th
e
d
iagon
al
n
atu
re
of

th
e
m
etric
im
p
lies
th
at
n
on
zero
con
trib
u
tion
s
arise
on
ly
w
h
en
�
=
�
.
T
h
e
term
w
ill

van
ish
u
n
less
d
x
�
=
d
�
is
n
on
zero,
so
�
m
u
st
b
e
eith
er
r
or
t
(i.e.,
th
ere
is
n
o
m
otion

in
th
e
�
or
�
d
irection
s).
H
ow
ev
er,
th
e
righ
t-h
an
d
sid
e
is
p
rop
ortion
al
to

@
g
�
�

@
r

:
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R
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R
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.
6
8

S
in
ce
g
tt
=
�
c
2,
th
e
d
erivative
w
ith
resp
ect
to
r
w
ill
va
n
ish
.
T
h
u
s,
th
e
on
ly
n
on
zero

con
trib
u
tion
on
th
e
righ
t-h
an
d
sid
e
a
rises
fro
m
�
=
�
=
r.
U
sin
g

g
r
r
=

a
2(t)

1�
r
2

;

th
e
geo
d
esic
eq
u
ation
b
eco
m
es

dd
� �
g
r
r
d
r

d
� �
=
12

(@
r g
r
r )
d
r

d
�

d
r

d
�
;

or

dd
� �

a
2

1�
r
2
d
r

d
� �
=
12 �

@
r �
a
2

1�
r
2 ��
d
r

d
�

d
r

d
�
;

or
�
n
ally

dd
� �

a
2

1�
r
2
d
r

d
� �
=
a
2

r

(1�
r
2)
2 �
d
r

d
� �

2

:

T
h
is
m
atch
es
th
e
form
sh
ow
n
in
th
e
q
u
estion
,
w
ith

A
=

a
2

1�
r
2

;
an
d
C
=
a
2

r

(1�
r
2)
2

;

w
ith
B
=
D
=
E
=
0
.

(f)
(5
poin
ts
E
X
T
R
A
C
R
E
D
IT
)
T
h
e
algeb
ra
h
ere
ca
n
get
m
essy,
b
u
t
it
is
n
ot
to
o
b
a
d

if
on
e
d
o
es
th
e
calcu
latio
n
in
an
eÆ
cien
t
w
ay.
O
n
e
go
o
d
w
ay
to
start
is
to
sim
p
lify

th
e
ex
p
ression
for
p.
U
sin
g
th
e
an
sw
er
from
(d
),

p
=

m
v
p
h
y
s

q
1�
v
2p

h
y
s

c
2

=

m

a
(t)

p
1�
r
2

d
r

d
t

q
1�

a
2

c
2
(1�
r
2
) �
d
r

d
t �

2

:

U
sin
g
th
e
an
sw
er
from
(b
),
th
is
sim
p
li�
es
to

p
=
m

a
(t)

p
1�
r
2

d
rd

t
d
t

d
�
=
m

a
(t)

p
1�
r
2

d
r

d
�
:

M
u
ltip
ly
th
e
geo
d
esic
eq
u
a
tion
b
y
m
,
an
d
th
en
u
se
th
e
ab
ov
e
resu
lt
to
rew
rite
it
as

dd
� �

a
p

p
1�
r
2 �
=
m
a
2

r

(1�
r
2)
2 �
d
r

d
� �

2

:
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p
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6
9

E
x
p
an
d
in
g
th
e
left-h
an
d
sid
e,

L
H
S
=

dd
� �

a
p

p
1�
r
2 �
=

1

p
1�
r
2

dd
� f
a
pg
+
a
p

r

(1�
r
2)
3
=
2

d
r

d
�

=

1

p
1�
r
2

dd
� f
a
pg
+
m
a
2

r

(1�
r
2)
2 �
d
r

d
� �

2

:

In
sertin
g
th
is
ex
p
ression
b
ack
in
to
left-h
an
d
sid
e
of
th
e
origin
al
eq
u
ation
,
on
e
sees

th
at
th
e
secon
d
term
can
cels
th
e
ex
p
ression
o
n
th
e
righ
t-h
an
d
sid
e,
leav
in
g

1

p
1�
r
2

dd
� f
a
pg
=
0
:

M
u
ltip
ly
in
g
b
y p
1�
r
2,
on
e
h
as
th
e
d
esired
resu
lt:

dd
� f
a
pg
=
0

=)

p/
1

a
(t)
:

P
R
O
B
L
E
M

1
8
:
A

T
W
O
-D
IM
E
N
S
IO
N
A
L
C
U
R
V
E
D

S
P
A
C
E
(40
poin
ts)

(a)
F
or
�
=
con
sta
n
t,
th
e
ex
p
ression
for
th
e
m
etric
red
u
ces
to

d
s
2
=

a
d
u
2

4
u
(a�
u
)

=)

d
s
=
12 r
a

u
(a�
u
)
d
u
:

T
o
�
n
d
th
e
len
gth
of
th
e
rad
ial
lin
e
sh
ow
n
,
o
n
e
m
u
st
in
-

tegrate

th
is

ex
p
ression

fro
m

th
e

valu
e

8
.2
8
6
Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
7
0

of
u
at
th
e
cen
ter,
w
h
ich
is
0,
to
th
e
valu
e
of
u
at
th
e
ou
ter
ed
ge,
w
h
ich
is
a
.
S
o

R
=
12 Z
a

0 r
a

u
(a�
u
)
d
u
:

Y
ou
w
ere
n
ot
ex
p
ected
to
d
o
it,
b
u
t
th
e
in
teg
ral
can
b
e
carried
o
u
t,
g
iv
in
g
R
=

(�
=2) p
a
.

(b
)
F
or
u
=
con
sta
n
t,
th
e
ex
p
ression
for
th
e
m
etric
red
u
ces
to

d
s
2
=
u
d
�
2

=)

d
s
=
p

u
d
�
:

S
in
ce
�
ru
n
s
from
0
to
2
�
,
a
n
d
u
=
a
for
th
e
circu
m
feren
ce

of
th
e
sp
ace,

S
= Z

2
�

0

p
a
d
�
=
2
� p
a
:

(c)
T
o
evalu
ate
th
e
a
n
sw
er
to
�
rst
ord
er
in
d
u
m
ean
s
to
n
eglect

an
y
term
s
th
at
w
ou
ld
b
e
p
rop
ortio
n
a
l
to
d
u
2
or
h
igh
er
p
ow
-

ers.
T
h
is
m
ean
s
th
at
w
e
can
treat
th
e
an
n
u
lu
s
a
s
if
it
w
ere

arb
itrarily
th
in
,
in
w
h
ich
ca
se
w
e
can
im
ag
in
e
b
en
d
in
g
it

in
to
a
rectan
gle
w
ith
ou
t
ch
an
gin
g
its
a
rea.
T
h
e
area
is
th
en

eq
u
al
to
th
e
circu
m
feren
ce
tim
es
th
e
w
id
th
.
B
oth
th
e
cir-

cu
m
feren
ce
an
d
th
e
w
id
th
m
u
st
b
e
calcu
lated
b
y
u
sin
g
th
e

m
etric:
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R
O
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7
1

d
A
=
circu
m
feren
ce�
w
id
th

=
[2
� p
u
0
]� �
12 r
a

u
0 (a�
u
0 )
d
u �

=

� r
a

(a�
u
0 )
d
u
:

(d
)
W
e
can
�
n
d
th
e
total
area
b
y
im
agin
in
g
th
at
it
is
b
rok
en
u
p
in
to
an
n
u
lu
ses,
w
h
ere

a
sin
gle
an
n
u
lu
s
starts
at
rad
ial
co
ord
in
ate
u
an
d
ex
ten
d
s
to
u
+
d
u
.
A
s
in
p
art
(a),

th
is
ex
p
ression
m
u
st
b
e
in
tegrated
from
th
e
valu
e
of
u
a
t
th
e
cen
ter,
w
h
ich
is
0,
to

th
e
valu
e
of
u
at
th
e
ou
ter
ed
ge,
w
h
ich
is
a
.

A
=
� Z

a
0 r

a

(a�
u
)
d
u
:

Y
ou
d
id
n
ot
n
eed
to
carry
ou
t
th
is
in
tegration
,
b
u
t
th
e
an
sw
er
w
ou
ld
b
e
A
=
2
�
a
.

(e)
F
rom
th
e
list
at
th
e
fron
t
o
f
th
e
ex
am
,
th
e
gen
eral
form
u
la
for
a
geo
d
esic
is
w
ritten

a
s

dd
s �
g
ij
d
x
j

d
s �
=
12
@
g
k
`

@
x
i
d
x
k

d
s

d
x
`

d
s
:

T
h
e
m
etric
com
p
on
en
ts
g
ij
are
related
to
d
s
2
b
y

d
s
2
=
g
ij
d
x
id
x
j
;

w
h
ere
th
e
E
in
stein
su
m
m
ation
con
ven
tio
n
(su
m
over
rep
eated
in
d
ices)
is
assu
m
ed
.

In
th
is
ca
se

g
1
1 �
g
u
u
=

a

4
u
(a�
u
)

g
2
2 �
g
�
�
=
u

g
1
2
=
g
2
1
=
0
;

w
h
ere
I
h
ave
ch
osen
x
1
=
u
a
n
d
x
2
=
�.
T
h
e
eq
u
a
tio
n
w
ith
d
u
=d
s
on
th
e
left-h
an
d

sid
e
is
fou
n
d
b
y
lo
o
k
in
g
at
th
e
geo
d
esic
eq
u
ation
s
for
i
=
1.
O
f
cou
rse
j,
k
,
a
n
d
`

m
u
st
a
ll
b
e
su
m
m
ed
,
b
u
t
th
e
on
ly
n
on
zero
con
trib
u
tion
s
arise
w
h
en
j
=
1,
an
d
k

an
d
`
are
eith
er
b
o
th
eq
u
al
to
1
or
b
oth
eq
u
al
to
2:

dd
s �
g
u
u
d
u

d
s �
=
12
@
g
u
u

@
u �

d
u

d
s �

2
+
12
@
g
�
�

@
u �

d
�

d
s �

2

:

8
.2
8
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p
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7
2

dd
s �

a

4
u
(a�
u
)

d
u

d
s �
=
12 �
dd

u �
a

4
u
(a�
u
) ���

d
u

d
s �

2
+
12 �
dd

u
(u
) ��
d
�

d
s �

2

=
12 �
a

4
u
(a�
u
)
2 �

a

4
u
2(a�
u
) ��

d
u

d
s �

2
+
12 �
d
�

d
s �

2

=

18
a
(2
u�
a
)

u
2(a�
u
)
2 �
d
u

d
s �

2
+
12 �
d
�

d
s �

2

:

(f)
T
h
is
p
art
is
solved
b
y
th
e
sa
m
e
m
eth
o
d
,
b
u
t
it
is
sim
p
ler.
H
ere
w
e
co
n
sid
er
th
e

geo
d
esic
eq
u
ation
w
ith
i
=
2
.
T
h
e
on
ly
term
th
a
t
con
trib
u
tes
o
n
th
e
left-h
an
d
sid
e

is
j
=
2.
O
n
th
e
righ
t-h
a
n
d
sid
e
on
e
�
n
d
s
n
on
triv
ial
ex
p
ressio
n
s
w
h
en
k
an
d
`
a
re

eith
er
b
oth
eq
u
al
to
1
o
r
b
o
th
eq
u
a
l
to
2.
H
ow
ev
er,
th
e
term
s
on
th
e
rig
h
t-h
a
n
d
sid
e

b
oth
in
volve
th
e
d
eriva
tive
o
f
th
e
m
etric
w
ith
resp
ect
to
x
2
=
�,
a
n
d
th
ese
d
erivativ
es

all
van
ish
.
S
o

dd
s �
g
�
�
d
�

d
s �
=
12
@
g
u
u

@
� �

d
u

d
s �

2
+
12
@
g
�
�

@
� �

d
�

d
s �

2

;

w
h
ich
red
u
ces
to

dd
s �
u
d
�

d
s �
=
0
:

P
R
O
B
L
E
M

1
9
:
R
O
T
A
T
IN
G

F
R
A
M
E
S
O
F
R
E
F
E
R
E
N
C
E
(35
po
in
ts)

(a)
T
h
e
m
etric
w
as
given
as

�
c
2
d
�
2
=
�
c
2
d
t
2
+ hd
r
2
+
r
2
(d
�
+
!
d
t)
2
+
d
z
2 i
;

an
d
th
e
m
etric
co
eÆ
cien
ts
are
th
en
ju
st
read
o�
fro
m
th
is
ex
p
ression
:

g
1
1 �
g
r
r
=
1

g
0
0 �
g
tt
=
co
eÆ
cien
t
of
d
t
2
=
�
c
2
+
r
2!
2

g
2
0 �
g
0
2 �
g
�
t �
g
t�
=
12 �

co
eÆ
cien
t
o
f
d
�
d
t
=
r
2!
2

g
2
2 �
g
�
�
=
co
eÆ
cien
t
of
d
�
2
=
r
2

g
3
3 �
g
z
z
=
co
eÆ
cien
t
of
d
z
2
=
1
:
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3

N
ote
th
at
th
e
o�
-d
iagon
alterm
g
�
t
m
u
st
b
e
m
u
ltip
lied
b
y
1
/2,
b
ecau
se
th
e
ex
p
ression

3
X�

=
0

3
X�

=
0
g
�
�
d
x
�
d
x
�

in
clu
d
es
th
e
tw
o
eq
u
al
term
s
g
2
0
d
�
d
t
+
g
0
2
d
t
d
�
,
w
h
ere
g
2
0 �
g
0
2 .

(b
)
S
tartin
g
w
ith
th
e
gen
eral
ex
p
ression

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�

;

w
e
set
�
=
r:

dd
� �
g
r
�
d
x
�

d
� �
=
12

(@
r g
�
�
)
d
x
�

d
�

d
x
�

d
�

:

W
h
en
w
e
su
m

over
�
on
th
e
left-h
an
d
sid
e,
th
e
on
ly
valu
e
for
w
h
ich
g
r
�

6=
0
is

�
=
1�
r.
T
h
u
s,
th
e
left-h
an
d
sid
e
is
sim
p
ly

L
H
S
=

dd
� �
g
r
r
d
x
1

d
� �
=

dd
� �

d
r

d
� �
=
d
2r

d
�
2

:

T
h
e
R
H
S
in
clu
d
es
ev
ery
com
b
in
ation
of
�
a
n
d
�
for
w
h
ich
g
�
�
d
ep
en
d
s
on
r,
so
th
at

@
r
g
�
� 6=
0
.
T
h
is
m
ean
s
g
tt ,
g
�
�
,
a
n
d
g
�
t .
S
o,

R
H
S
=
12

@
r (�
c
2
+
r
2!
2) �
d
t

d
� �

2
+
12

@
r (r
2) �
d
�

d
� �

2
+
@
r (r
2!
)
d
�

d
�

d
t

d
�

=
r!
2 �
d
t

d
� �

2
+
r �
d
�

d
� �

2
+
2
r!
d
�

d
�

d
t

d
�

=
r �
d
�

d
�
+
!
d
t

d
� �

2

:

N
ote
th
at
th
e
�
n
al
term
in
th
e
�
rst
lin
e
is
really
th
e
su
m
of
th
e
con
trib
u
tion
s
from

g
�
t
an
d
g
t�
,
w
h
ere
th
e
tw
o
term
s
w
ere
com
b
in
ed
to
can
cel
th
e
factor
of
1/2
in
th
e

gen
eral
ex
p
ression
.
F
in
ally,

d
2r

d
�
2
=
r �
d
�

d
�
+
!
d
t

d
� �

2

:

If
on
e
ex
p
an
d
s
th
e
R
H
S
as

d
2r

d
�
2
=
r �
d
�

d
� �

2
+
r!
2 �
d
t

d
� �

2
+
2
r!
d
�

d
�

d
t

d
�
;
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7
4

th
en
on
e
can
id
en
tify
th
e
term
p
rop
o
rtion
a
l
to
!
2
a
s
th
e
cen
trifu
ga
l
force,
an
d
th
e

term
p
rop
ortion
al
to
!
as
th
e
C
o
riolis
fo
rce.

(c)
S
u
b
stitu
tin
g
�
=
�
,

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�

:

B
u
t
n
on
e
of
th
e
m
etric
co
eÆ
cien
ts
d
ep
en
d
on
�
,
so
th
e
righ
t-h
a
n
d
sid
e
is
zero
.
T
h
e

left-h
an
d
sid
e
receives
co
n
trib
u
tio
n
s
from
�
=
�
an
d
�
=
t:

dd
� �
g
�
�
d
�

d
�
+
g
�
t
d
t

d
� �
=

dd
� �
r
2
d
�

d
�
+
r
2!
d
t

d
� �
=
0
;

so

dd
� �
r
2
d
�

d
�
+
r
2!
d
t

d
� �
=
0
:

N
ote
th
at
on
e
can
n
ot
\fa
cto
r
ou
t"
r
2,
sin
ce
r
can
d
ep
en
d
o
n
�
.
If
th
is
eq
u
atio
n

is
ex
p
an
d
ed
to
giv
e
an
eq
u
atio
n
for
d
2�
=d
�
2,
th
e
term

p
ro
p
o
rtio
n
al
to
!
w
o
u
ld

b
e
id
en
ti�
ed
as
th
e
C
oriolis
force.
T
h
ere
is
n
o
term
p
ro
p
o
rtion
al
to
!
2,
sin
ce
th
e

cen
trifu
gal
force
h
as
n
o
co
m
p
o
n
en
t
in
th
e
�
d
irection
.

(d
)
If
E
q
.
(P
19.1)
o
f
th
e
p
rob
lem
is
d
iv
id
ed
b
y
c
2d
t
2,
on
e
ob
tain
s

�
d
�d

t �
2

=
1�
1c

2 "�
d
r

d
t �

2
+
r
2 �
d
�d

t
+
! �

2
+ �
d
zd

t �
2 #

:

T
h
en
u
sin
g

d
t

d
�
=

1
�

d
�

d
t �
;

on
e
h
as

d
t

d
�
=

1

vuut
1�
1c

2 "�
d
r

d
t �

2
+
r
2 �
d
�d

t
+
! �

2
+ �
d
zd

t �
2 #
:

N
ote
th
at
th
is
eq
u
ation
is
really
ju
st

d
t

d
�
=

1

p
1�
v
2=
c
2

;

ad
ap
ted
to
th
e
rotatin
g
cy
lin
d
rical
co
ord
in
ate
sy
stem
.
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5

P
R
O
B
L
E
M

2
0
:
T
H
E

S
T
A
B
IL
IT
Y

O
F

S
C
H
W
A
R
Z
S
C
H
IL
D

O
R
B
IT
S
�

(30

po
in
ts)

F
rom
th
e
m
etric:

d
s
2
=
�
c
2d
�
2
=
�
h
(r)
c
2d
t
2
+
h
(r) �
1d
r
2
+
r
2d
�
2
+
r
2
sin
2
�d
�
2
;

(S
20.1)

an
d
th
e
con
ven
tion
d
s
2
=
g
�
�
d
x
�
d
x
�
w
e
read
th
e
n
on
van
ish
in
g
m
etric
com
p
on
en
ts:

g
tt
=
�
h
(r)c
2
;
g
r
r
=

1
h
(r)
;
g
�
�
=
r
2
;
g
�
�
=
r
2
sin
2
�
:

(S
20.2)

W
e
are
told
th
at
th
e
orb
it
h
as
�
=
�
=2,
so
on
th
e
orb
it
d
�
=
0
an
d
th
e
relevan
t
m
etric

an
d
m
etric
com
p
on
en
ts
are:

d
s
2
=
�
c
2d
�
2
=
�
h
(r)
c
2d
t
2
+
h
(r) �
1d
r
2
+
r
2d
�
2
;

(S
20.3)

g
tt
=
�
h
(r)c
2
;
g
r
r
=

1
h
(r)
;
g
�
�
=
r
2
:

(S
20.4)

W
e
also
k
n
ow
th
at

h
(r)
=
1�
R
Sr
:

(S
20.5)

(a)
T
h
e
geo
d
esic
eq
u
ation

dd
� �
g
�
�
d
x
�

d
� �
=
12
@
g
�
�

@
x
�

d
x
�

d
�

d
x
�

d
�
;

(S
20.6)

for
th
e
in
d
ex
va
lu
e
�
=
r
ta
kes
th
e
form

dd
� �
g
r
r
d
r

d
� �
=
12
@
g
�
�

@
r

d
x
�

d
�

d
x
�

d
�

:

E
x
p
an
d
in
g
o
u
t

dd
� �

1h
d
r

d
� �
=
12
@
g
tt

@
r �

d
t

d
� �

2
+
12
@
g
r
r

@
r �

d
r

d
� �

2
+
12
@
g
�
�

@
r �

d
�

d
� �

2
:

U
sin
g
th
e
valu
es
in
(S
20.4)
to
evalu
ate
th
e
righ
t-h
an
d
sid
e
a
n
d
tak
in
g
th
e
d
erivatives
on

th
e
left-h
an
d
sid
e:

�
h
0

h
2 �
d
r

d
� �

2
+
1h
d
2r

d
�
2
=
�
12

c
2h
0 �
d
t

d
� �

2�
12
h
0

h
2 �
d
r

d
� �

2
+
r �
d
�

d
� �

2
:

*
S
olu
tion
b
y
B
arton
Z
w
ieb
ach
.
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R
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H
ere
h
0�
d
h

d
r
an
d
w
e
h
ave
su
p
ressed
th
e
argu
m
en
ts
of
h
an
d
h
0to
av
oid
clu
tter.
C
ollectin
g

th
e
u
n
d
erlin
ed
term
s
to
th
e
righ
t
an
d
m
u
ltip
ly
in
g
b
y
h
,
w
e
�
n
d

d
2r

d
�
2
=
�
12

h
0h
c
2 �
d
t

d
� �

2
+
12
h
0h �
d
r

d
� �

2
+
rh �
d
�

d
� �

2
:

(S
20
.7)

(b
)
D
iv
id
in
g
th
e
ex
p
ression
(S
20
.3)
for
th
e
m
etric
b
y
d
�
2
w
e
read
ily
�
n
d

�
c
2
=
�
h
c
2 �
d
t

d
� �

2
+
1h �
d
r

d
� �

2
+
r
2 �
d
�

d
� �

2
;

an
d
rearran
gin
g,

h
c
2 �
d
t

d
� �

2
=
c
2
+
1h �
d
r

d
� �

2
+
r
2 �
d
�

d
� �

2
:

(S
20
.8)

T
h
is
is
th
e
m
ost
u
sefu
l
form
o
f
th
e
an
sw
er.
O
f
co
u
rse,
w
e
also
h
av
e

�
d
t

d
� �

2
=
1h

+

1
h
2c
2 �
d
r

d
� �

2
+

r
2

h
c
2 �
d
�

d
� �

2
:

(S
2
0.9
)

W
e
u
se
n
ow
(S
20.8)
to
sim
p
lify
(S
20
.7):

d
2r

d
�
2
=
�
12

h
0  
c
2
+
1h �
d
r

d
� �

2
+
r
2 �
d
�

d
� �

2 !
+
12
h
0h �
d
r

d
� �

2
+
rh �
d
�

d
� �

2
:

E
x
p
an
d
in
g
ou
t,
th
e
term
s
w
ith
(
d
r

d
�
)
2
ca
n
cel
a
n
d
w
e
�
n
d

d
2r

d
�
2
=
�
12

h
0c
2
+ �
rh�
12

h
0r
2 ��
d
�

d
� �

2
:

(S
2
0.1
0)

T
h
is
is
an
accep
tab
le
an
sw
er.
O
n
e
can
sim
p
lify
(S
20.10
)
fu
rth
er
b
y
n
otin
g
th
a
t
h
0
=

R
S
=
r
2
an
d
rh
=
r�
R
S
:d

2r
d
�
2
=
�
12
R
S
c
2

r
2

+ �
r�
32

R
S ��
d
�

d
� �

2
:

(S
20.11)

In
th
e
n
otation
of
th
e
p
rob
lem
sta
tem
en
t,
w
e
h
ave

f
0 (r)
=
�
12
R
S
c
2

r
2

;

f
1 (r)
=
r�
32

R
S
:

(S
20
.12
)
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(c)
T
h
e
geo
d
esic
eq
u
ation
(S
20.6)
for
�
=
�
gives

dd
� �
g
�
�
d
�

d
� �
=
12
@
g
�
�

@
�

d
x
�

d
�

d
x
�

d
�
:

S
in
ce
n
o
m
etric
com
p
on
en
t
d
ep
en
d
s
o
n
�
,
th
e
righ
t-h
an
d
sid
e
van
ish
es
an
d
w
e
get:

dd
� �
r
2
d
�

d
� �
=
0

!

dd
�
L
=
0
;
w
h
ere

L
�
r
2
d
�

d
�
:

(S
20.13)

T
h
e
q
u
an
tity
L
is
a
con
stan
t
o
f
th
e
m
otion
,
n
am
ely,
it
is
a
n
u
m
b
er
in
d
ep
en
d
en
t
of
�
.

(d
)
U
sin
g
(S
20.13)
th
e
secon
d
-ord
er
d
i�
eren
tial
eq
u
ation
(S
20.11)
for
r(�
)
tak
es
th
e
form

stated
in
th
e
p
rob
lem
:

d
2r

d
�
2
=
f
0 (r)
+
f
1 (r)

r
4

L
2�
H
(r)
;

(S
20.14)

w
h
ere
w
e
h
av
e
in
tro
d
u
ced
th
e
fu
n
ction
H
(r)
(recall
th
at
L
is
a
con
stan
t!).
T
h
e
d
i�
eren
tial

eq
u
ation
th
en
tak
es
th
e
fo
rm

d
2r

d
�
2
=
H
(r)
:

(S
20.15)

S
in
ce
w
e
a
re
told
th
at
a
circu
lar
orb
it
w
ith
rad
iu
s
r
0

ex
ists,
th
e
fu
n
ction
r(�
)
=

r
0

m
u
st
solv
e
th
is
eq
u
ation
.
B
ein
g
th
e
con
stan
t
fu
n
ction
,
th
e
left-h
an
d
sid
e
van
ish
es
an
d
,

con
seq
u
en
tly,
th
e
righ
t-h
a
n
d
sid
e
m
u
st
a
lso
van
ish
:

H
(r
0 )
=
f
0 (r
0 )
+
f
1 (r
0 )

r
40

L
2
=
0
:

(S
20.16)

T
o
in
v
estigate
stab
ility
w
e
con
sid
er
a
sm
all
p
ertu
rb
ation
Ær(�
)
of
th
e
orb
it:

r(�
)
=
r
0
+
Ær(�
)
;
w
ith

Ær(�
)�
r
0

at
som
e
in
itial
�
:

S
u
b
stitu
tin
g
th
is
in
to
(S
20.15)
w
e
get,
to
�
rst
n
on
triv
ial
ap
p
rox
im
ation

d
2Ær

d
�
2

=
H
(r
0
+
Ær)'
H
(r
0 )
+
ÆrH
0(r

0 )
=
Ær
H
0(r

0 )
;

w
h
ere
H
0(r)
=
d
H
(r
)

d
r

an
d
w
e
u
sed
H
(r
0 )
=
0
from
(S
20.16).
T
h
e
resu
ltin
g
eq
u
ation

d
2Ær(�
)

d
�
2

=
H
0(r

0 )
Ær(�
)
;

(S
20.17)

is
fam
iliar
b
ecau
se
H
0(r

0 )
is
ju
st
a
n
u
m
b
er.
T
h
e
con
d
ition
of
stab
ility
is
th
at
th
is
n
u
m
b
er

is
n
egativ
e:
H
0(r

0 )
<
0.
In
d
eed
,
in
th
is
case
(S
20.17)
is
th
e
h
arm
on
ic
oscillator
eq
u
ation

d
2x

d
t
2

=
�
!
2x
;
w
ith
rep
lacem
en
ts

x$
Ær;
t$
�
;
�
!
2$
H
0(r

0 )
;
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an
d
th
e
solu
tion
d
escrib
es
b
o
u
n
d
ed
oscillation
s.
S
o
stab
ility
req
u
ires:

S
tab
ility
C
on
d
ition
:
H
0(r

0 )
=

dd
r �
f
0 (r)
+
f
1 (r)

r
4

L
2 �

r
=
r
0

<
0
:

(S
20.18)

T
h
is
is
th
e
a
n
sw
er
to
p
art
(d
).

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

F
or
stu
d
en
ts
in
terested
in
gettin
g
th
e
fa
m
ou
s
resu
lt
th
a
t
orb
its
are
sta
b
le
fo
r
r
>
3
R
S
w
e

com
p
lete
th
is
p
art
of
th
e
an
a
ly
sis
b
elow
.
F
irst
w
e
evalu
ate
H
0(r

0 )
in
(S
20
.18
)
u
sin
g
th
e

valu
es
of
f
0
an
d
f
1
in
(S
20.12
):

H
0(r

0 )
=

dd
r ��

12
R
S
c
2

r
2

+ �
1r

3 �
3
R
S

2
r
4 �
L
2 �

r
=
r
0

=
R
S
c
2

r
30

�
3
L
2

r
50

(r
0 �
2
R
S
)
:

T
h
e
in
eq
u
ality
in
(S
20.18)
th
en
giv
es
u
s

R
S
c
2�
3
L
2

r
20

(r
0 �
2
R
S
)
<
0
;

(S
20
.19
)

w
h
ere
w
e
m
u
ltip
lied
b
y
r
30
>
0.
T
o
com
p
lete
th
e
calcu
lation
w
e
n
eed
th
e
valu
e
o
f
L
2
for

th
e
orb
it
w
ith
rad
iu
s
r
0 .
T
h
is
va
lu
e
is
d
eterm
in
ed
b
y
th
e
va
n
ish
in
g
of
H
(r
0 ):

�
12
R
S
c
2

r
20

+
(r
0 �
32

R
S
)
L
2

r
40

=
0

!

L
2

r
20

=
12

R
S
c
2

(r
0 �
32
R
S
)
:

N
ote,
in
cid
en
tally,
th
at
th
e
eq
u
a
lity
to
th
e
righ
t
d
em
an
d
s
th
at
for
a
circu
lar
orb
it
r
0
>

32
R
S
.
S
u
b
stitu
tin
g
th
e
ab
ove
valu
e
of
L
2=
r
20
in
(S
20.19)
w
e
g
et:

R
S
c
2�
32

R
S
c
2

(r
0 �
32
R
S
) (r
0 �
2
R
S
)
<
0
:

C
an
cellin
g
th
e
com
m
on
facto
rs
o
f
R
S
c
2
w
e
�
n
d

1�
32
(r
0 �
2
R
S
)

(r
0 �
32
R
S
)
<
0
;

w
h
ich
is
eq
u
ivalen
t
to

32
(r
0 �
2
R
S
)

(r
0 �
32
R
S
)
>
1
:

F
or
r
0
>
32
R
S
,
w
e
get3(r

0 �
2
R
S
)
>
2(r
0 �
32

R
S
)

!

r
0
>
3
R
S
:

(S
20
.20
)

T
h
is
is
th
e
d
esired
con
d
ition
fo
r
sta
b
le
orb
its
in
th
e
S
ch
w
arzsch
ild
g
eom
etry.
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7
9

P
R
O
B
L
E
M

2
1
:
P
R
E
S
S
U
R
E
A
N
D

E
N
E
R
G
Y
D
E
N
S
IT
Y
O
F
M
Y
S
T
E
R
IO
U
S

S
T
U
F
F

(a)
If
u
/
1
= p
V
,
th
en
on
e
can
w
rite

u
(V
+
�
V
)
=
u
0 r
V

V
+
�
V

:

(T
h
e
ab
ove
ex
p
ression
is
p
rop
ortion
al
to
1
= p
V
+
�
V
,
an
d
red
u
ces
to
u
=
u
0
w
h
en

�
V
=
0.)
E
x
p
an
d
in
g
to
�
rst
ord
er
in
�
V
,

u
=

u
0

q
1
+
�
VV

=

u
0

1
+
12
�
VV

=
u
0 �
1�
12
�
VV �

:

T
h
e
total
en
ergy
is
th
e
en
ergy
d
en
sity
tim
es
th
e
v
olu
m
e,
so

U
=
u
(V
+
�
V
)
=
u
0 �
1�
12
�
VV �

V �
1
+
�
VV �

=
U
0 �
1
+
12
�
VV �

;

w
h
ere
U
0
=
u
0 V
:
T
h
en

�
U
=
12
�
VV

U
0
:

(b
)
T
h
e
w
o
rk
d
o
n
e
b
y
th
e
agen
t
m
u
st
b
e
th
e
n
egativ
e
o
f
th
e
w
ork
d
on
e
b
y
th
e
gas,
w
h
ich

is
p
�
V
.
S
o

�
W

=
�
p
�
V

:

(c)
T
h
e
agen
t
m
u
st
su
p
p
ly
th
e
fu
ll
ch
an
ge
in
en
ergy,
so

�
W

=
�
U
=
12
�
VV

U
0
:

C
om
b
in
in
g
th
is
w
ith
th
e
ex
p
ression
for
�
W

from
p
art
(b
),
on
e
sees
im
m
ed
iately

th
at

p
=
�
12
U
0

V

=

�
12

u
0
:

8
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8
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Q
U
IZ
2
R
E
V
IE
W

P
R
O
B
L
E
M

S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
8
0

P
R
O
B
L
E
M

2
2
:
V
O
L
U
M
E
O
F
A
C
L
O
S
E
D
T
H
R
E
E
-D
IM
E
N
S
IO
N
A
L
S
P
A
C
E

(15
poin
ts)

T
h
e
m
etric
for
th
e
sp
ace
th
at
w
e
a
re
con
sid
erin
g
is

d
s
2
=
R
2 �d
 
2
+
f
2( 
) �d
�
2
+
sin
2
�d
�
2 ��
;

F
or
com
p
arison
,
th
e
m
etric
for
th
e
su
rface
o
f
a
sp
h
ere
of
rad
iu
s
R
is
g
iven
b
y

d
s
2
=
R
2 �d
�
2
+
sin
2
�d
�
2 �
:

B
y
com
p
arin
g
th
ese
tw
o,
o
n
e
sees
th
a
t
th
e
set
of
p
oin
ts
d
escrib
ed
b
y
 
=
co
n
stan
t

(vary
in
g
�
an
d
�
)
h
as
th
e
sam
e
m
etric
a
s
a
sp
h
ere
of
rad
iu
s
r
=
R
f
( 
).
W
e
ca
n

save
ou
rselves
som
e
tro
u
b
le
in
calcu
latin
g
b
y
rem
em
b
erin
g
th
at
th
e
area
o
f
su
ch
a

sp
h
erical
su
rface
of
rad
iu
s
r
is
4
�
r
2
=
4
�
R
2f
2( 
).

T
h
e
volu
m
e
o
f
th
e
sp
h
erica
l
sh
ell
sh
ow
n
in
th
e
p
rob
lem
is
ju
st
th
e
a
rea
tim
es
th
e

th
ick
n
ess.
T
h
e
th
ick
n
ess
is
n
o
t
d
 
,
sin
ce
 
is
on
ly
a
co
ord
in
a
te
|

rem
em
b
er
th
a
t

in
cu
rved
sp
ace
a
co
o
rd
in
ate
an
d
a
d
istan
ce
are
tw
o
d
i�
eren
t
th
in
gs.
T
h
e
d
ista
n
ce
is

given
b
y
th
e
m
etric.
C
on
sid
er
in
th
is
case
a
ra
d
ial
lin
e
ex
ten
d
in
g
from
 
to
 
+
d
 
,

at
con
stan
t
�
an
d
�
.
T
h
en

d
s
2
=
R
2d
 
2

;

an
d
so
th
e
len
gth
of
th
e
lin
e
seg
m
en
t
is
d
s
=
R
d
 
.

T
h
e
volu
m
e
of
th
e
sp
h
erica
l
sh
ell
is
th
en
giv
en
b
y

d
V
= �4
�
R
2f
2( 
) �
R
d
 

:

W
e
m
u
st
n
ow
in
tegrate
over
th
e
ran
ge
o
f
 
,
for
0
to
�
.
S
o,

V
=
4
�
R
3 Z
�

0

f
2( 
)
d
 

:
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p
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1

P
R
O
B
L
E
M

2
3
:
G
R
A
V
IT
A
T
IO
N
A
L
B
E
N
D
IN
G

O
F
L
IG
H
T
(30
poin
ts)

(a)
(6
po
in
ts)
N
o
te
th
a
t

d
r
2
=

1r
2
(x
d
x
+
y
d
y
+
z
d
z)
2

=

1r
2 �x
2
d
x
2
+
y
2
d
y
2
+
z
2
d
z
2
+
2
x
y
d
x
d
y
+
2
x
z
d
x
d
z
+
2
y
z
d
y
d
z �
:

(S
23.1)

B
y
u
sin
g
th
is
ex
p
ression
for
(d
r)
2
in
E
q
.
(P
23.5),
w
e
h
av
e
th
e
fu
ll
ex
p
ression
for
d
s
2

w
ritten
ou
t,
from
w
h
ich
w
e
can
read
o�
th
e
com
p
on
en
ts
of
g
�
� :

g
tt
=
co
eÆ
cien
t
of
d
t
2
=
�
c
2 �
1�
R
S
ch

r �

g
x
x
=
co
eÆ
cien
t
of
d
x
2
=
1
+
R
S
ch

r
3

x
2

g
x
y
=
12

of
co
eÆ
cien
t
o
f
d
x
d
y
=
R
S
c
h

r
3

x
y
:

(S
23.2)

A
n
u
m
b
er
of
p
eop
le
m
issed
th
e
factor
of
1/2
in
th
e
va
lu
e
of
g
x
y .
It
arises
b
ecau
se

th
e
gen
eral
form
u
la
is
w
ritten
a
s
d
s
2
=
g
�
�
d
x
�
d
x
�,
w
h
ich
w
h
en
ex
p
an
d
ed
b
ecom
es

d
s
2
=
g
x
x d
x
2
+
g
y
y d
y
2
+
g
z
z d
z
2
+
g
tt d
t
2
+
g
x
y d
x
d
y
+
g
y
x
d
y
d
x
+
:::
:

S
in
ce
d
x
d
y
=
d
y
d
x
,
th
e
co
eÆ
cien
t
o
f
d
x
d
y
is
g
x
y
+
g
y
x
=
2
g
x
y .

(b
)
(9
po
in
ts)
It
w
ill
b
e
u
sefu
l
to
k
n
ow
th
e
d
eriva
tives
of
r:

@
r

@
x
=

@@
x
(x
2
+
y
2
+
z
2)
1
=
2

=
12

(x
2
+
y
2
+
z
2) �
1
=
2

@@
x
(x
2
+
y
2
+
z
2)
=
xr

:

(S
23.3)

S
im
ilarly,

@
r

@
y
=
yr

an
d

@
r

@
z
=
zr

;

(S
23.4)

an
d

d
r

d
�
=
@
r

@
x

d
x

d
�
+
@
r

@
y

d
y

d
�
+
@
r

@
z

d
z

d
�

=
xr

:

(S
23.5)
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R
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,
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L
2
0
1
8

p
.
8
2

In
th
e
2n
d
lin
e
I
u
sed
th
e
valu
e
of
@
r=
@
x
from
E
q
.
(S
23.3),
an
d
th
e
d
erivativ
es

d
x

d
�
=
1
;

d
y

d
�
=
d
z

d
�
=
0

(S
23
.6)

th
at
can
b
e
fou
n
d
from
E
q
.
(P
2
3.8).

N
ow
,
to
ex
p
an
d
th
e
left-h
an
d
sid
e
of
th
e
geo
d
esic
eq
u
ation
:

dd
� �
g
�
�
d
x
�

d
� �
=

dd
� �
g
y
y
d
y

d
�
+
g
y
x
d
x

d
� �

=

dd
� ��
1
+
R
S
ch

r
3

y
2 �
d
y

d
�
+
R
S
ch

r
3

x
y
d
x

d
� �

=
d
2y

d
�
2 �
3
R
S
c
h

r
4

xr
x
y
d
x

d
�
+
R
S
ch

r
3

d
x

d
�
y
d
x

d
�

=

d
2y

d
�
2 �
3
R
S
ch b

r
5

x
2
+
R
S
ch b

r
3

:

(S
23.7)

N
ote
th
at
I
d
rop
p
ed
a
term

R
S
c
h y
2

r
3

d
2y

d
�
2

an
d
a
term

R
S
c
h

r
3

x
y
d
2x

d
�
2

;

w
h
ich
is
ju
sti�
ed
b
ecau
se
th
e
a
cceleration
d
2
y

d
�
2

w
ill
b
e
p
rop
ortion
al
to
G
,
a
n
d
R
S
ch

is

p
rop
ortion
al
to
G
,
so
th
is
term
is
2n
d
o
rd
er
in
G
.
T
h
e
p
ro
b
lem
sta
ted
th
at
w
e
are
to

w
ork
to
�
rst
ord
er
in
G
.
N
o
p
o
in
ts
w
ere
taken
o�
,
h
ow
ever,
fro
m
stu
d
en
ts
w
h
o
retain
ed

th
ese
or
oth
er
n
egligib
le
term
s.

N
ote,
h
ow
ever,
th
at
d
2y
d
�
2
is
n
o
t
n
egligib
le,
an
d
ap
p
ea
rs
in
th
e
a
n
sw
er.
T
h
is
is

b
ecau
se
d
y
=d
�
is
n
ot
actu
a
lly
zero,
b
u
t
is
o
f
ord
er
G
.
d
y
=
d
�
is
zero
fo
r
th
e
u
n
p
ertu
rb
ed

p
ath
,
b
u
t
in
reality
th
e
p
h
oto
n
p
ick
s
u
p
a
sm
all
v
elo
city
in
th
e
y
-d
irection
,
ca
u
sed
b
y

th
e
grav
itation
al
attraction
o
f
th
e
S
u
n
an
d
p
rop
ortio
n
a
l
to
G
.
d
2y
=
d
�
2

w
ill
a
lso
b
e

p
rop
ortion
al
to
G
.
W
h
en
d
y
=d
�
m
u
ltip
lies
a
facto
r
p
rop
ortion
al
to
R
S
c
h ,
th
e
p
ro
d
u
ct
is

of
ord
er
G
2
an
d
h
en
ce
n
egligib
le.
B
u
t
d
2y
=d
�
2
b
y
itself
is
of
ord
er
G
an
d
is
n
o
t
n
eg
ligib
le.

N
ote
on
propagation
o
f
errors:
I
n
o
rm
ally
d
o
n
o
t
ta
k
e
o�
p
o
in
ts
for
p
rop
aga
tin
g
errors,

so
for
ex
am
p
le
a
stu
d
en
t
w
h
o
forgot
th
e
fa
ctor
o
f
1
/2
in
d
eterm
in
in
g
g
x
y
w
o
u
ld
get
fu
ll

cred
it
on
p
art
(b
),
ev
en
th
ou
gh
th
e
an
sw
er
w
ou
ld
con
tain
term
s
th
at
a
re
w
ron
g
b
y
a
facto
r

of
1/2.
H
ow
ever,
it
seem
s
righ
t
to
m
e
to
m
ak
e
an
ex
cep
tion
to
th
is
ru
le
in
cases
w
h
ere

an
error
o
n
p
art
(a)
cau
ses
th
e
con
seq
u
en
t
an
sw
er
on
a
later
p
a
rt
to
b
ecom
e
triv
ial.
F
or
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.
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ex
am
p
le,
if
a
stu
d
en
t
d
escrib
ed
a
m
etric
in
p
art
(a)
w
h
ich
h
ad
n
o
d
ep
en
d
en
ce
on
r,
th
en

m
an
y
of
th
e
term
s
in
p
arts
(b
)
an
d
(c)
w
ou
ld
n
ot
b
e
p
resen
t.
In
su
ch
cases
I
still
to
o
k

o�
p
o
in
ts
in
p
arts
(b
)
an
d
(c),
b
ecau
se
it
d
id
n
't
seem
fair
to
m
e
to
giv
e
su
ch
a
stu
d
en
t

cred
it
for
calcu
latin
g
th
ese
term
s,
w
h
en
th
e
stu
d
en
t
ex
h
ib
ited
n
o
su
ch
cap
ab
ility.

(c)
(9
po
in
ts)

12
@@

y
(g
�
�
)
d
x
�

d
�

d
x
�

d
�
=
12
@@

y
(g
x
x
) �
d
x

d
� �

2
+
12
@@

y
(g
tt ) �
d
t

d
� �

2

=
12
@@

y �
1
+
R
S
ch

r
3

x
2 �
�
12

c
2
@@

y �
1�
R
S
ch

r ��
1c

2 �

=
�
12 �

3
R
S
ch

r
4

yr
x
2 �
�
12 �
R
S
ch

r
2

yr �

=

�
32
R
S
ch b

r
5

x
2�
12
R
S
ch b

r
3

:

(S
23.8)

(d
)
(2
po
in
ts)
C
om
b
in
in
g
E
q
s.
(S
23.7)
an
d
(S
23.8),
w
e
�
n
d

d
2y

d
�
2
=
�
32
R
S
ch b

r
5

x
2�
12
R
S
ch b

r
3

+
3
R
S
ch b

r
5

x
2�
R
S
ch b

r
3

=

32
R
S
c
h b �
x
2

r
5

�
1r

3 �
:

(S
23.9)

(e)
(4
poin
ts)
T
h
e
�
n
al
valu
e
of
d
y
=d
�
is
giv
en
b
y
E
q
.
(P
23.9),
w
h
ile
th
e
�
n
al
valu
e
of

d
x
=d
�
w
ill
b
e
eq
u
al
to
1
,
a
t
least
u
p
to
p
ossib
le
correction
s
p
rop
ortion
al
to
G
.
T
h
u
s,

th
e
�
n
al
v
elo
city
w
ill
m
ak
e
a
n
a
n
g
le
�
relativ
e
to
th
e
h
orizon
tal,
w
h
ere

tan
�
=

d
y
=
d
�j�
n
a
l

d
x
=
d
�j�
n
a
l

= Z
1�

1
d
2y

d
�
2
d
�
:

S
in
ce
tan
�
w
ill
b
e
p
rop
ortion
al
to
G
,
th
e
sm
all
an
gle
ap
p
rox
im
ation
tan
�
=
�
w
ill

ap
p
ly,
an
d

�
� Z

1�
1

d
2y

d
�
2
d
�
:

(S
23.10)

8
.2
8
6
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R
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R
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,
F
A
L
L
2
0
1
8

p
.
8
4

T
h
en
,
u
sin
g
E
q
s.
(S
23.9)
an
d
co
m
b
in
in
g
w
ith
E
q
s.
(P
23.4)
a
n
d
(P
23
.8),

�
=
32

R
S
ch b Z

1�
1 �

x
2

r
5

�
1r

3 �
d
�

=

32
R
S
ch b Z

1�
1 �

�
2

(�
2
+
b
2)
5
=
2 �

1

(�
2
+
b
2)
3
=
2 �
d
�
:

(S
23
.11
)

Y
ou
w
ere
n
ot
ask
ed
to
ca
rry
ou
t
th
ese
in
tegra
ls,
b
u
t
u
sin
g
th
e
tab
le
of
in
teg
ra
ls
giv
en

w
ith
th
e
p
rob
lem
,
on
e
�
n
d
s

�
=
32

R
S
ch b �
23

b
2 �
2b

2 �
=
�
2
R
S
ch

b

=
�
4
G
M

c
2b

:

(S
23
.12
)

T
h
e
m
in
u
s
sign
in
d
icates
th
a
t
th
e
d
e
ection
is
d
ow
n
w
ard
,
as
on
e
w
ou
ld
ex
p
ect.


