
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

N
ov
em
b
er
20,
2018

P
rof.
A
lan
G
u
th

Q
U
IZ
2
S
O
L
U
T
IO
N
S

Q
u
iz
D
a
te
:
N
o
v
e
m
b
e
r
5
,
2
0
1
8

R
e
fo
rm
a
tte
d
to
R
e
m
o
v
e
B
la
n
k
P
a
g
e
s

P
lease
an
sw
er
all
q
u
estion
s
in
th
is
stap
led
b
o
ok
let.

P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(25
poin
ts)

(a)
(4
poin
ts)
W
h
ich
of
th
e
follow
in
g
statem
en
ts
ab
ou
t
d
eu
teriu
m
is
N
O
T
tru
e?
C
h
o
ose

o
n
e.

(i)
T
h
e
ab
u
n
d
an
ce
of
d
eu
teriu
m
in
th
e
u
n
iv
erse
ten
d
s
to
d
ecrease
w
ith
tim
e,
b
ecau
se

d
eu
teriu
m
is
v
ery
easily
d
estroyed
in
stars.

(ii)
T
h
e
m
ost
p
rom
isin
g
w
ay
to
�
n
d
th
e
p
rim
ord
ial
valu
e
of
d
eu
teriu
m
ab
u
n
d
an
ce
is

to
lo
ok
at
th
e
sp
ectra
of
d
istan
t
q
u
asars
to
estim
ate
th
e
ab
u
n
d
an
ce
of
d
eu
teriu
m

w
ith
in
th
e
q
u
asar
itself.

(iii)
T
h
e
L
y
m
an
-�
tran
sition
in
d
eu
teriu
m
corresp
on
d
s
to
a
sligh
tly
d
i�
eren
t
w
ave-

len
gth
th
an
th
e
L
y
m
an
-�
tran
sition
in
h
y
d
rogen
.

(iv
)
D
eu
teriu
m

p
lay
s
an
im
p
ortan
t
role
in
form
in
g
h
eliu
m

in
th
e
early
u
n
iv
erse

m
ain
ly
b
y
p
ro
d
u
cin
g
tritiu
m
or
3H
e.

[C
o
m
m
en
t:
T
h
e
m
o
st
p
rom
isin
g
w
ay
to
�
n
d
the
prim
ordial
valu
e
o
f
the
deu
teriu
m

a
bu
n
d
a
n
ce
is
to
look
at
the
spectra
of
d
istan
t
qu
asars
to
estim
ate
the
abu
n
dan
ce
o
f

deu
teriu
m
in
in
te
r
g
a
la
c
tic
g
a
s
c
lo
u
d
s
th
a
t
lie
betw
een
the
qu
asars
an
d
u
s.]

(b
)
(6
po
in
ts)
In
C
h
a
p
ter
5
o
f
T
he
F
irst
T
hree
M
in
u
tes,
S
teven
W
ein
b
erg
d
escrib
es
th
e

�
rst
th
ree
m
in
u
tes
o
f
th
e
h
istory
of
th
e
u
n
iv
erse.
C
h
o
ose
tw
o
correct
statem
en
ts

ab
ou
t
th
e
�
rst
th
ree
m
in
u
tes.
Y
o
u
ca
n
a
ssu
m
e
th
e
fra
ction
b
y
w
eigh
t
of
p
rim
ord
ial

h
eliu
m
is
26
p
ercen
t.
(3
p
oin
ts
for
each
righ
t
an
sw
er,
n
o
p
en
alty
for
gu
essin
g.)

(i)
W
h
en
th
e
tem
p
eratu
re
o
f
th
e
u
n
iv
erse
w
a
s
a
b
o
u
t
10
1
0
ÆK
(t�
1
sec),
n
eu
trin
os

an
d
a
n
tin
eu
trin
os
started
to
b
eh
ave
as
free
p
articles,
n
o
lon
ger
h
av
in
g
sign
i�
can
t

in
teraction
s
w
ith
electron
s,
p
ositron
s,
or
p
h
oton
s.

(ii)
A
fter
th
e
n
eu
trin
os
d
ecou
p
led
from
th
e
p
h
oton
s,
th
e
tem
p
eratu
re
of
th
e
n
eu
tri-

n
os
w
as
h
igh
er
th
an
th
at
of
th
e
p
h
oton
s
b
ecau
se
n
eu
trin
os
in
teracted
less
w
ith

oth
er
p
articles
a
s
th
e
u
n
iv
erse
ex
p
an
d
ed
.

(iii)
M
ost
of
th
e
atom
s
h
eav
ier
th
an
h
eliu
m
w
ere
m
ad
e
th
rou
gh
n
u
cleosy
n
th
esis
d
u
r-

in
g
th
e
�
rst
th
ree
m
in
u
tes,
a
n
d
th
is
is
w
h
y
w
e
call
th
is
p
erio
d
th
e
era
of
n
u
cle-

osy
n
th
esis.
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(iv
)
A
fter
th
e
�
rst
th
ree
m
in
u
tes,
th
ere
w
ere
a
b
ou
t
7
tim
es
m
ore
p
ro
ton
s
th
a
n
n
eu
-

tron
s,
an
d
th
e
ratio
o
f
p
roto
n
s
to
n
eu
tro
n
s
h
as
b
een
a
lm
ost
p
reserv
ed
u
n
til

to
d
ay.

(v
)
T
h
e
p
roton
s
an
d
n
eu
tron
s
b
ecam
e
d
ecou
p
led
fro
m
th
e
p
h
oton
s
after
th
e
�
rst

th
ree
m
in
u
tes,
b
eca
u
se
th
e
n
u
m
b
er
d
en
sities
o
f
p
ro
to
n
s
an
d
n
eu
tron
s
w
ere
d
e-

creased
b
y
th
e
form
a
tion
of
h
eliu
m
,
an
d
so
th
eir
in
teraction
s
w
ith
p
h
oton
s
b
e-

cam
e
n
egligib
le.

(v
i)
T
h
e
o
b
serv
ed
ab
u
n
d
a
n
ce
of
h
eliu
m
in
a
g
alax
y
to
d
ay
is
m
u
ch
la
rg
er
th
an
th
e

ab
u
n
d
an
ce
of
p
rim
ord
ial
h
eliu
m
,
b
ecau
se
h
eliu
m
is
con
tin
u
o
u
sly
form
ed
in
sid
e

stars
b
y
n
u
clear
fu
sion
.

[C
om
m
en
t:
T
he
statem
en
t
(i)
is
described
in
C
ha
pter
5
o
f
W
ein
berg's
boo
k,
an
d

it
has
a
lso
been
discu
ssed
in
class.
T
he
co
rrectn
ess
o
f
statem
en
t
(iv)
can
a
lso
be

seen
from
W
ein
berg's
C
ha
p
ter
5,
w
hich
sa
ys
th
at
the
fra
ction
of
n
eu
tro
n
s
after
the

�
rst
three
m
in
u
tes
is
a
ro
u
n
d
14%
,
an
d
it
goes
d
ow
n
to
aro
u
n
d
13
%
\
a
little
later"
.

T
hu
s
there
w
ere
abou
t
7
tim
es
m
o
re
proton
s
co
m
pared
to
n
eu
tron
s.
W
ein
berg
also

explain
s
that
m
ost
of
th
e
n
eu
tron
s
presen
t
at
th
is
tim
e
im
m
dia
tely
co
m
bin
ed
w
ith

proton
s
to
form
h
eliu
m
,
w
hich
cau
ses
the
ratio
to
be
n
early
co
n
stan
t
u
n
til
tod
ay.
If

you
did
n
ot
rem
em
ber
W
ein
berg's
n
u
m
bers,
th
e
statem
en
t
th
at
th
e
fra
ctio
n
by
w
eigh
t

of
prim
ordial
heliu
m

is
26%

shou
ld
a
llow
you
to
determ
in
e
the
n
eu
tron
to
proton

ratio,
provided
that
you
rem
em
ber
tha
t
th
e
heliu
m
n
u
cleu
s
con
sists
of
2
pro
ton
s
an
d

tw
o
n
eu
tron
s,
that
the
m
a
ss
o
f
th
e
proton
an
d
n
eu
tron
a
re
abo
u
t
equ
a
l,
a
n
d
that
th
e

rem
ain
in
g
74%
of
the
m
a
tter
is
essen
tially
h
yd
rogen
,
w
ith
n
o
n
eu
tron
s.
T
hu
s
heliu
m

is
very
n
early
h
alf
proto
n
s
an
d
half
n
eu
tron
s
by
w
eigh
t,
so
th
e
n
eu
tron
s
m
u
st
be

abou
t
1
3%
of
the
m
atter
in
the
u
n
iverse.
(N
ote
that
w
e
are
ta
lkin
g
a
bou
t
fra
ctio
n
s
of

the
total
\
baryon
ic"
m
atter,
w
h
ich
does
n
ot
in
clu
de
th
e
da
rk
m
atter.)
(ii)
is
clearly

false,
becau
se
the
tem
pera
tu
re
of
n
eu
trin
os
becom
es
low
er
th
an
that
of
p
ho
ton
s.
(iii)

is
clearly
false,
becau
se
m
o
st
atom
s
heavier
tha
n
heliu
m

w
ere
m
a
de
m
u
ch
later
in

the
h
istory
of
the
u
n
iverse,
in
the
in
teriors
of
stars.
(v)
is
false
becau
se
pro
to
n
s

did
n
ot
decou
ple
from

pho
to
n
s
u
n
til
abou
t
350
,00
0
years,
a
n
d
it
ha
ppen
ed
beca
u
se

the
plasm
a
of
proton
s
an
d
electron
s
com
bin
ed
to
fo
rm
n
eu
tra
l
hydrogen
.
(vi)
is
false

becau
se
m
ost
of
the
heliu
m
in
the
u
n
iverse
today
is
p
rim
o
rdial.
R
yd
en
poin
ts
o
u
t,

for
exam
ple,
that
the
a
bu
n
da
n
ce
of
h
eliu
m

in
the
S
u
n's
atm
osphere
is
o
n
ly
abou
t

28%
.
W
ein
berg
states,
n
ear
the
en
d
of
C
h
apter
5,
th
at
\
the
20
-3
0
percen
t
h
eliu
m

abu
n
dan
ce
cou
ld
n
ot
have
been
created
recen
tly
w
itho
u
t
liberatin
g
en
o
rm
ou
s
a
m
o
u
n
ts

of
radiation
that
w
e
do
n
o
t
observe."
]

(c)
(4
poin
ts)
T
h
e
cosm
ic
m
icrow
av
e
b
a
ck
g
rou
n
d
rad
iatio
n
w
a
s
�
rst
d
iscovered
b
y
P
en
-

zias
an
d
W
ilson
in
1
96
4.
H
ow
ever,
accord
in
g
to
C
h
ap
ter
6
of
T
he
F
irst
T
hree

M
in
u
tes,
a
team
at
th
e
M
IT
R
ad
ia
tion
L
ab
ora
to
ry
led
b
y
R
ob
ert
D
icke
w
a
s
a
b
le
to

set
an
u
p
p
er
lim
it
on
a
n
y
isotrop
ic
ex
traterrestrial
rad
iatio
n
b
ack
grou
n
d
,
sh
ow
in
g
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th
at
th
e
eq
u
ivalen
t
tem
p
eratu
re
w
as
less
th
an
20
ÆK
a
t
w
avelen
gth
s
of
1.00,
1.25,

a
n
d
1
.5
0
cen
tim
eters.
T
h
is
m
easu
rem
en
t
w
as
m
ad
e
in
th
e

(i)
1920s

(ii)
1930s

(iii)
1
9
4
0
s

(iv
)
1950s

(v
)
1
960s

(d
)
(5
poin
ts)
A
free
n
eu
tron
can
rad
ioactiv
ely
d
ecay
in
to
a
p
roton
,
p
lu
s
tw
o
oth
er

p
a
rticles.
W
h
at
are
th
ese
p
articles?
G
ive
th
e
ch
arge,
b
ary
o
n
n
u
m
b
er,
an
d
lep
ton

n
u
m
b
er
fo
r
ea
ch
of
th
ese
p
articles,
v
erify
in
g
th
a
t
ea
ch
o
f
th
ese
q
u
an
tities
is
con
serv
ed

in
th
is
p
ro
cess.

A
n
sw
er:

T
h
e
n
eu
tron
d
ecay
s
th
rou
gh
th
e
reaction

n
!
p
+
e
�

+
��
e
:

T
h
e
q
u
an
tu
m
n
u
m
b
ers
of
th
ese
p
articles
can
b
e
d
escrib
ed
b
y
th
e
follow
in
g
tab
le:

P
article

C
h
arge

B
ary
on

N
u
m
b
er

L
ep
ton

N
u
m
b
er

N
eu
tron
(n
)

0

1

0

P
roton
(p)

+
e

1

0

E
lectron
(e
�

)

-e

0

1

A
n
ti-electron
-n
eu
trin
o
(��
e )

0

0

-1

T
h
u
s,
th
e
total
ch
arge
of
th
e
�
n
al
state
is
zero,
th
e
total
b
ary
on
n
u
m
b
er
is
1,
an
d
th
e

total
lep
ton
n
u
m
b
er
is
zero,
in
all
cases
m
atch
in
g
th
e
in
itial
valu
e
of
th
ese
q
u
an
tities.

(e)
(6
poin
ts)
In
C
h
ap
ter
8
of
R
y
d
en
's
In
trodu
ction
to
C
osm
ology,
sh
e
d
iscu
sses
th
ree

w
ay
s
to
m
easu
re
th
e
d
ark
m
atter
in
clu
sters.
G
iv
e
a
b
rief,
q
u
alitativ
e
d
escrip
tion
of

T
W
O
of
th
em
.
(If
y
o
u
g
ive
th
ree
d
escrip
tion
s,
on
ly
th
e
�
rst
tw
o
w
ill
b
e
g
rad
ed
!)

A
n
sw
er:
Y
ou
shou
ld
have
given
tw
o
of
the
follow
in
g
three
item
s.

1)
V
irial
theo
rem
:
T
he
virial
theo
rem
relates
the
total
kin
etic
en
ergy
of
a
steady-

state
clu
ster
to
is
gravitation
al
poten
tial
en
ergy.
S
in
ce
the
kin
etic
en
ergy
is

p
roportion
a
l
to
the
m
ass
M

of
the
clu
ster,
w
hile
the
poten
tial
en
ergy
is
propor-

tio
n
a
l
to
M
2,
the
relation
w
ill
hold
for
on
ly
on
e
valu
e
of
M
.
B
y
m
easu
rin
g
the

velocity
d
ispersion
(roo
t
m
ean
squ
are
o
f
the
radial
galaxy
velocities
relative
to

the
m
ean
radial
velocity)
an
d
the
size
of
the
clu
ster,
the
m
ass
can
be
in
ferred.
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2)
H
ot,
x-ray
em
ittin
g
gases:
B
y
m
easu
rin
g
the
x-rays
em
itted
by
the
clu
ster,
it
is

possible
to
m
odel
th
e
den
sity,
tem
peratu
re,
a
n
d
com
po
sitio
n
o
f
th
e
ho
t
ga
s
w
ith
in

the
clu
ster
(in
traclu
ster
ga
s).
B
y
assu
m
in
g
tha
t
the
ga
s
is
in
h
ydro
static
equ
i-

libriu
m
|

i.e.,
by
assu
m
in
g
th
at
the
p
ressu
re
gradien
ts
ba
la
n
ce
the
gravitatio
n
al

forces
|

on
e
can
in
fer
the
gravitation
al
�
eld
,
a
n
d
hen
ce
the
total
m
ass.

3)
G
ravitation
al
len
sin
g:
If
on
e
can
�
n
d
a
ga
la
xy
behin
d
the
clu
ster,
so
that
the

im
age
o
f
the
galaxy
is
gravitatio
n
a
lly
len
sed
,
th
en
the
m
ass
of
the
galaxy
ca
n
be

in
ferred
by
the
degree
to
w
hich
the
galaxy
is
len
sed
.

|

E
n
d
o
f
P
ro
b
le
m

1
.
|
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P
R
O
B
L
E
M

2
:

E
V
O
L
U
T
IO
N

O
F

A

F
R
IE
D
M
A
N
N
{
R
O
B
E
R
T
S
O
N
{

W
A
L
K
E
R

U
N
IV
E
R
S
E
(2
0
poin
ts)

(a)
(10
poin
ts)
T
h
e
ev
olu
tion
of
a
h
om
ogen
eou
s
isotrop
ic
m
o
d
elof
th
e
u
n
iv
erse,
k
n
ow
n
as

a
F
ried
m
an
n
{R
ob
ertson
-W
alker
(F
R
W
)
u
n
iv
erse,
can
b
e
d
escrib
ed
b
y
th
e
follow
in
g

eq
u
ation
s:

�
_aa �
2

=
8
�3

G
��
k
c
2

a
2

;

(2.1)

�a
=
�
4
�3

G �
�
+
3
pc

2 �
a
;

(2.2)

an
d

_�
=
�
3
_aa �

�
+

pc
2 �
:

(2.3)

T
h
ese
eq
u
ation
s
are
n
ot
in
d
ep
en
d
en
t,
b
u
t
a
n
y
tw
o
can
in
fact
b
e
u
sed
to
d
eriv
e
th
e

th
ird
.
F
or
ex
am
p
le,
in
P
rob
lem
S
et
6,
y
ou
w
ere
ask
ed
to
u
se
E
q
s.
(2.1)
an
d
(2.3)
to

d
erive
E
q
.
(2.2).
H
ere
y
ou
are
ask
ed
to
sh
ow
th
at
E
q
s.
(2.1)
an
d
(2.2)
can
b
e
u
sed

to
d
eriv
e
E
q
.
(2.3).

A
n
sw
er:

W
e
can
rew
rite
E
q
.
(2.1)
a
s

_a
2
=
8
�3

G
�
a
2�
k
c
2
;

w
h
ich
can
th
en
b
e
d
i�
eren
tiated
to
giv
e

2
_a�a
=
16
�3

G
�
a
_a
+
8
�3

G
_�a
2
:

T
h
e
ab
ov
e
eq
u
a
tio
n
ca
n
b
e
so
lved
for
_�,
g
iv
in
g

_�
=
�
2
_aa

�
+

3
4
�
G

�a
_a

a
2

:

T
h
en
if
E
q
.
(2.2)
is
u
sed
to
rep
lace
�a
,
on
e
�
n
d
s

_�
=
�
2
_aa

��
_aa �

�
+
3
pc

2 �

=
�
3
_aa �

�
+

pc
2 �
:
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(b
)
(6
poin
ts)
If
th
e
u
n
iv
erse
w
ere

at,
ex
p
an
d
in
g,
an
d
�
lled
w
ith
a
m
aterial
fo
r
w
h
ich

p
=
�
�
c
2
;

(2
.4)

w
h
at
w
ou
ld
b
e
th
e
form
o
f
th
e
sca
le
factor
a
(t)?

A
n
sw
er:

If
p
=
�
�
c
2,
th
en
E
q
.
(2.3
)
im
p
lies
th
at

_�
=
�
3
_aa �

�
+

pc
2 �
=
0
;

so
�
is
a
con
stan
t.
T
h
en
,
sin
ce
k
=
0
fo
r
a

at
u
n
iv
erse,
E
q
.
(2.1
)
im
p
lies

�
_aa �
2

=
8
�3

G
�
=
co
n
st
;

so

_a
=
� r
8
�3

G
�
a
:

O
n
ly
th
e
p
ositive
o
p
tion
d
escrib
es
an
ex
p
an
d
in
g
u
n
iv
erse,
so

_a
= r
8
�3

G
�
a

=)

a
(t)
=
b
e p

8
�

3

G
�
t
;

w
h
ere
b
is
an
arb
itrary
co
n
stan
t.

(c)
(4
poin
ts)
In
th
e
u
n
iv
erse
d
escrib
ed
in
p
art
(b
),
su
p
p
o
se
th
at,
at
t
=
0,
m
y
frien
d

B
ob
em
its
a
p
h
oton
in
m
y
d
irectio
n
.
S
h
ow
th
a
t
if
B
ob
is
m
ore
th
an
a
certain
d
istan
ce

aw
ay
from
m
e
at
th
e
tim
e
of
em
ission
,
t
=
0,
th
en
th
e
p
h
oton
w
ill
n
ev
er
reach
m
e.

W
h
at
is
th
is
d
istan
ce?

A
n
sw
er:

T
h
e
m
etric
for
th
is
u
n
iv
erse
is

d
s
2
=
�
c
2
d
t
2
+
b
2e
2
H
t
d
~x
2
;

w
h
ere

H
= r
8
�3

G
�
:

L
igh
t
p
u
lses
travelw
ith
d
s
2
=
0
,
so
th
e
co
ord
in
ate
sp
eed
of
ligh
t,
for
a
p
u
lse
trav
elin
g

alon
g
th
e
x
ax
is,
is
giv
en
b
y

d
xd

t
=

c
be
H
t
:
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S
o
th
e
co
o
rd
in
ate
d
istan
ce
th
at
th
e
p
u
lse
w
ill
travel
b
etw
een
tim
e
0
an
d
som
e
arb
i-

trary
tim
e
t
is
g
iv
en
b
y

`
c
o
o
rd (t)
= Z

t
0

d
xd

t
(t
0)
d
t
0

=
cb Z
t

0

e
�

H
t
0d

t
0

=

cbH �1�
e
�

H
t �
:

T
h
erefore,
ev
en
if
w
e
let
t!
1
,
th
e
co
ord
in
ate
d
istan
ce
traveled
b
y
th
e
ligh
t
p
u
lse

w
ill
alw
ay
s
b
e
less
th
an
c=
(bH
).
S
in
ce
I
am
station
ary
in
th
e
com
ov
in
g
co
ord
in
ates,

if
th
e
in
itial
co
ord
in
ate
d
istan
ce
b
etw
een
B
ob
an
d
m
e
w
as
m
ore
th
an
c=(bH
),
th
e

ligh
t
p
u
lse
w
ill
n
ev
er
reach
m
e.
S
in
ce
th
e
in
itial
tim
e
w
as
t
=
0,
w
ith
a
(0)
=
b,

th
e
lig
h
t
p
u
lse
w
ill
n
ev
er
reach
m
e
if
th
e
in
itia
l
p
h
y
sical

d
istan
ce
b
etw
een
B
ob
an
d
m
e
w
as
m
ore
th
an
cH
�

1,

w
h
ich
is
called
th
e
H
u
b
b
le
len
gth
.

[C
om
m
en
t:
m
an
y
stu
den
ts
tried
to
u
se
the
form
u
las
that
w
e
have
learn
ed
for
the

horizon
distan
ce,
bu
t
that
is
n
ot
the
sam
e
thin
g.
T
he
horizon
distan
ce
is
th
e
presen
t

p
roper
distan
ce
to
the
m
ost
distan
t
objects
from
w
hich
light
has
had
tim
e
to
reach
u
s,

sin
ce
t
=
0
.
T
his
is
often
called
th
e
\
particle
horizon
,"
an
d
clearly
it
is
determ
in
ed

solely
by
the
history
of
the
u
n
iverse,
u
p
to
the
presen
t.
T
h
e
cu
rren
t
qu
estion
con
cern
s

w
hether
a
photon
em
itted
a
t
the
p
resen
t
tim
e
by
B
ob
w
illever
reach
m
e.
T
his
qu
estion

is
determ
in
ed
solely
by
the
fu
tu
re
evolu
tion
of
the
u
n
iverse,
an
d
is
a
com
pletely

di�
eren
t
qu
estion
fro
m
th
e
particle
horizon
issu
e.
It
is
a
lso
called
a
horizon
,
how
ever.

T
he
distan
ce
beyon
d
w
hich
light
w
ill
n
ever
reach
m
e
is
called
the
\
even
t
horizon
."
]
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E
n
d
o
f
P
ro
b
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.
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P
R
O
B
L
E
M

3
:
E
V
O
L
U
T
IO
N
O
F
A
N
O
P
E
N
,
M
A
T
T
E
R
-D
O
M
IN
A
T
E
D
U
N
I-

V
E
R
S
E
(35
poin
ts)

T
he
follow
in
g
problem
w
as
P
roblem
2
on
P
roblem
S
et
4.

T
h
e
eq
u
ation
s
d
escrib
in
g
th
e
ev
olu
tion
of
an
op
en
,
m
a
tter-d
om
in
a
ted
u
n
iverse
w
ere

given
in
L
ectu
re
N
otes
4
as

ct
=
�
(sin
h
��
�)

an
d

ap�
=
�
(cosh
��
1)
;

w
h
ere
�
is
a
con
stan
t
w
ith
u
n
its
of
len
gth
.
T
h
e
follow
in
g
m
ath
em
a
tica
l
id
en
tities,
w
h
ich

y
ou
sh
ou
ld
k
n
ow
,
m
ay
also
p
rove
u
sefu
l
on
p
arts
(e)
an
d
(f):

sin
h
�
=
e
��
e
�

�

2

;

cosh
�
=
e
�
+
e
�

�

2

e
�
=
1
+

�1!
+
�
2

2
!
+
�
3

3
!
+
:::
:

(a)
(5
poin
ts)
F
in
d
th
e
H
u
b
b
le
ex
p
an
sion
ra
te
H

as
a
fu
n
ction
o
f
�
an
d
�.

A
n
sw
er:

U
sin
g
th
e
ch
ain
ru
le,
th
e
stan
d
ard
form
u
la
for
th
e
H
u
b
b
le
ex
p
a
n
sion
ra
te
can
b
e

rew
ritten
as

H
(�)
=
1a
d
a

d
�

d
�

d
t
:

T
h
e
p
aram
etric
eq
u
ation
s
for
a
a
n
d
t
for
an
o
p
en
,
m
atter-d
o
m
in
a
ted
u
n
iverse
are

given
b
y

ct
=
�
(sin
h
��
�)

ap�
=
�
(co
sh
��
1)
:

R
ecall
th
at
th
e
h
y
p
erb
olic
trigo
n
o
m
etric
fu
n
ction
s
are
d
i�
eren
tia
ted
a
s

dd
�
sin
h
�
=
co
sh
�
;

dd
�
cosh
�
=
sin
h
�
:

S
o,
d
i�
eren
tiatin
g
th
e
p
a
ram
etric
eq
u
a
tion
s,

d
a

d
�
=
� p
k
sin
h
�
;

d
t

d
�
=
�c

(cosh
��
1)
=

1
d
�=d
t
:
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T
h
en

H
(�)
= �

1

p
�
�
(cosh
��
1) ��� p
�
sin
h
� � �
c

�
(cosh
��
1) �

=

c
sin
h
�

�
(co
sh
��
1)
2

:

(b
)
(5
po
in
ts)
F
in
d
th
e
m
ass
d
en
sity
�
as
a
fu
n
ction
of
�
an
d
�.

A
n
sw
er:

T
h
is
p
rob
lem
can
b
e
attacked
b
y
at
least
th
ree
d
i�
eren
t
m
eth
o
d
s.
W
h
ile
y
o
u
w
ere

ex
p
ected
to
u
se
o
n
ly
on
e,
w
e
w
ill
sh
ow
all
th
ree.

(i)
O
n
e
w
ay
to
�
n
d
�
is
to
u
se

H
2
=
8
�3

G
��
k
c
2

a
2

:

T
h
is
is
u
su
ally
th
e
safest
m
eth
o
d
to
�
n
d
�
for
a
cosm
ological
m
o
d
el,
sin
ce
th
e

a
b
ove
eq
u
ation
is
on
e
of
th
e
gen
eralF
ried
m
an
n
eq
u
ation
s.
T
h
e
eq
u
ation
req
u
ires

th
at
th
e
u
n
iverse
b
e
h
om
ogen
eou
s
an
d
isotrop
ic,
b
u
t
it
is
valid
for
an
y
form
o
f

m
atter.
B
y
con
trast,
th
e
tw
o
oth
er
m
eth
o
d
s
th
at
w
ill
b
e
sh
ow
n
b
elow
are
valid

on
ly
for
\
m
atter-d
om
in
ated
"
u
n
iv
erses
(i.e.,
u
n
iv
erses
th
at
are
d
om
in
ated
b
y

n
on
relativ
istic
m
atter,
for
w
h
ich
th
e
p
ressu
re
is
a
lw
ay
s
n
egligib
le).
O
n
e
can

rew
rite
th
is
eq
u
ation
as

8
�3

G
�
=
H
2
+
k
c
2

a
2

:

R
ecallin
g
th
at
w
e
d
escrib
ed
op
en
u
n
iv
erses
b
y
u
sin
g
�
�
�
k
,
th
is
can
b
e
rew
rit-

ten
as

8
�3

G
�
=
H
2�
�
c
2

a
2

:

R
ep
lacin
g
H

b
y
th
e
a
n
sw
er
in
p
art
(a)
an
d
a
b
y
its
p
aram
etric
eq
u
ation
,
on
e

�
n
d
s

8
�3

G
�
=

c
2
sin
h
2
�

�
2(cosh
��
1)
4 �

�
c
2

�
2�
(cosh
��
1)
2

=

c
2

�
2(cosh
��
1)
4 �sin
h
2
��
(co
sh
��
1)
2 �
:

N
ow
m
ak
e
u
se
of
th
e
h
y
p
ertrigon
om
etric
id
en
tity

cosh
2
��
sin
h
2
�
=
1

8
.2
8
6
Q
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,
F
A
L
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2
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0

to
sim
p
lify
:sin

h
2
��
(cosh
��
1)
2
=
sin
h
2
��
co
sh
2
�
+
2
cosh
��
1

=
2(cosh
��
1
)
;

so

8
�3

G
�
=

2
c
2

�
2(cosh
��
1
)
3

:

D
iv
id
in
g
b
o
th
sid
es
o
f
th
e
eq
u
a
tion
b
y
(8
�
=3
)G
,
o
n
e
�
n
d
s

�
=

3
c
2

4
�
G
�
2(co
sh
��
1)
3

:

(ii)
U
se
th
e
d
e�
n
ition
of
�
,

�
�
4
�3
G
�
~a
3

c
2

;

from
E
q
.
(4.17)
of
L
ectu
re
N
o
tes
4,
w
ith
E
q
.
(4.39),

~a
(t)�
a
(t)
p

�
:

O
n
e
can
th
en
solve
for
�
,
�
n
d
in
g�

=

34
�

�
�
3
=
2c
2

G
a
3

:

B
y
su
b
stitu
tin
g
for
a
(�)
b
y
u
sin
g
th
e
p
aram
etric
eq
u
atio
n
,
on
e
�
n
d
s
th
e
�
n
a
l

resu
lt:

�
=

34
�

�
�
3
=
2c
2

G

1

�
3�
3
=
2(cosh
��
1
)
3

=

3
c
2

4
�
G
�
2(cosh
��
1
)
3

:

(iii)
�
can
also
b
e
fou
n
d
from
�a
=
�
(4
�
=3)G
�
a
,
a
s
lon
g
as
w
e
k
n
ow
th
at
th
e
u
n
iverse

is
m
atter-d
om
in
ated
.
(B
e
carefu
l,
h
ow
ever,
ab
ou
t
a
p
p
ly
in
g
th
is
fo
rm
u
la
in
o
th
er

situ
ation
s:
if
th
e
p
ressu
re
can
n
ot
b
e
n
eglected
,
th
en
th
is
eq
u
atio
n
h
as
to
b
e

m
o
d
i�
ed
.)
T
o
evalu
ate
�a
,
a
gain
u
se
th
e
ch
a
in
ru
le.
S
tartin
g
w
ith
_a,

_a
=
d
a

d
�

d
�

d
t
=
� p
�
sin
h
�

c

�
(cosh
��
1
)
=
c p
�
sin
h
�

co
sh
��
1
:
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T
h
en

�a
=
d
_a

d
�

d
�

d
t
=

dd
� �

c p
�
sin
h
�

cosh
��
1 �

c

�
(co
sh
��
1)

=

c
2 p
�

�
(cosh
��
1) �

cosh
�

cosh
��
1 �

sin
h
2
�

(cosh
��
1)
2 �

=

c
2 p
�

�
(cosh
��
1)
3 �cosh
�(cosh
��
1)�
sin
h
2
� �

=

c
2 p
�

�
(cosh
��
1)
3
(1�
cosh
�)
=
�

c
2 p
�

�
(cosh
��
1)
2

:

S
o

�a
=
�
4
�3

G
�
a

=)

�

c
2 p
�

�
(cosh
��
1)
2

=
�
4
�3

G
�
� p
�
(cosh
��
1)
;

an
d

�
=

3
c
2

4
�
G
�
2(cosh
��
1)
3

:

(c)
(5
po
in
ts)
F
in
d
th
e
m
ass
d
en
sity
p
aram
eter


a
s
a
fu
n
ction
of
�
an
d
�.

A
n
sw
er:

T
h
e
critical
m
ass
d
en
sity
satis�
es
th
e
cosm
ological
ev
olu
tion
eq
u
ation
s
for
k
=
0,
so

H
2
=
8
�3

G
�
c
:

T
h
en



�
��

c
=
8
�
G
�

3
H
2

:

N
ow
rep
la
ce
H

b
y
th
e
an
sw
er
to
p
art
(a),
an
d
�
b
y
th
e
an
sw
er
to
p
art
(b
):



=
8
�
G3 �
34

�

c
2

G
�
2(co
sh
��
1)
3 ��
�
2(cosh
��
1)
4

c
2
sin
h
2
�

�

=
2
cosh
��
1

sin
h
2
�

=
2
cosh
��
1

cosh
2
��
1

=
2

cosh
��
1

(co
sh
�
+
1
)(cosh
��
1)
=

2

cosh
�
+
1
:

8
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T
h
e
an
sw
er
can
b
e
w
ritten
ev
en
m
ore
com
p
actly,
if
o
n
e
w
ish
es,
b
y
u
sin
g
a
fu
rth
er

h
y
p
ertrigon
om
etric
id
en
tity
:



=

2

cosh
�
+
1
=

1

cosh
2
12
�
=
sech
2
12

�
:

(d
)
(6
poin
ts)
F
in
d
th
e
p
h
y
sica
l
valu
e
o
f
th
e
h
orizon
d
ista
n
ce,
`
p
;h
o
riz
o
n ,
as
a
fu
n
ctio
n
of

�
an
d
�.

A
n
sw
er:

T
h
e
b
asic
form
u
la
th
at
d
eterm
in
es
th
e
p
h
y
sical
valu
e
o
f
th
e
h
orizon
d
istan
ce
is
giv
en

b
y
E
q
.
(4.7)
of
th
e
lectu
re
n
otes:

`
p
;h
o
riz
o
n (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

:

T
h
e
com
p
lication
h
ere
is
th
a
t
a
is
giv
en
as
a
fu
n
ction
o
f
�,
ra
th
er
th
an
t.
T
h
e

p
rob
lem
is
h
an
d
led
,
h
ow
ever,
b
y
a
sim
p
le
ch
an
ge
of
in
tegration
va
riab
les.
O
n
e
can

ch
an
ge
th
e
in
tegral
over
t
0

to
an
in
tegra
l
over
�
0,
p
rov
id
ed
th
a
t
o
n
e
rep
la
ces

d
t
0!
d
t
0

d
�
0 d
�
0

=
�c

(co
sh
�
0�
1
)d
�
0

:

O
n
e
m
u
st
also
re-ex
p
ress
th
e
lim
its
o
f
in
teg
ration
in
term
s
of
�.
S
o

`
p
;h
o
riz
o
n (t)
=
a ��(t) � Z

�
(t)

0

c
a
(�
0)
d
t
0

d
�
0 d
�
0

=
� p
� �
co
sh
�(t)�
1 � Z

�
(t)

0

c

� p
�
(cosh
�
0�
1
)

�c
(cosh
�
0�
1
)
d
�
0

:

=
� �
cosh
�(t)�
1 � Z

�
(t)

0

d
�
0

=

�
�(t) �
cosh
�(t)�
1 �
:

(e)
(7
poin
ts)
F
or
v
ery
sm
all
va
lu
es
of
t,
it
is
p
ossib
le
to
u
se
th
e
�
rst
n
o
n
zero
term
o
f
a

p
ow
er-series
ex
p
an
sion
to
ex
p
ress
�
as
a
fu
n
ctio
n
o
f
t,
an
d
th
en
a
a
s
a
fu
n
ction
o
f
t.

G
ive
th
e
ex
p
ression
for
a
(t)
in
th
is
ap
p
rox
im
ation
.
T
h
e
ap
p
rox
im
a
tion
w
ill
b
e
va
lid

for
t�
t
�.
E
stim
ate
th
e
valu
e
of
t
�.

A
n
sw
er:

T
h
e
key
to
th
is
p
rob
lem
is
th
e
u
se
of
p
ow
er
series
ex
p
an
sion
s.
W
h
en
th
is
p
rob
lem

ap
p
eared
as
a
q
u
iz
p
rob
lem
in
1
992
,
I
w
a
s
ra
th
er
su
rp
rised
to
�
n
d
th
a
t
m
an
y
o
f
th
e

stu
d
en
ts
seem
ed
v
ery
in
ex
p
erien
ced
in
th
is
tech
n
iq
u
e.
It
is
a
v
ery
u
sefu
l
m
eth
o
d
of
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a
p
p
rox
im
ation
,
so
I
stron
gly
u
rge
y
ou
to
learn
it
if
y
ou
d
on
't
k
n
ow
it
alread
y.
In

gen
eral,
an
y
su
Æ
cien
tly
sm
o
oth
fu
n
ction
f
(x
)
can
b
e
ex
p
an
d
ed
ab
ou
t
th
e
p
oin
t
x
0

b
y
th
e
series

f
(x
)
=
f
(x
0 )
+
11! f
0(x

0 )(x�
x
0 )
+

12! f
0
0(x

0 )(x�
x
0 )
2

+

13! f
0
0
0(x

0 )(x�
x
0 )
3
+
:::
;

w
h
ere
th
e
p
rim
e
is
u
sed
to
d
en
ote
a
d
eriva
tive.
In
p
articu
lar,
th
e
ex
p
on
en
tial,
sin
h
,

an
d
cosh
fu
n
ction
s
can
b
e
ex
p
an
d
ed
ab
ou
t
�
=
0
b
y
th
e
form
u
las

e
�
=
1
+

�1
!
+
�
2

2
!
+
�
3

3
!
+
:::

sin
h
�
=
�
+
�
3

3
!
+
�
5

5!
+
�
5

7!
:::

cosh
�
=
1
+
�
2

2
!
+
�
4

4!
+
�
6

6!
+
:::
:

F
or
th
is
p
rob
lem
,
w
e
ex
p
an
d
th
e
p
aram
etric
eq
u
ation
s
for
a
(�)
an
d
t(�),
keep
in
g
th
e

�
rst
n
on
va
n
ish
in
g
term
in
th
e
p
ow
er
series
ex
p
an
sion
s:

t
=
�c

(sin
h
��
�)
=
�c �
�
3

3
!
+
::: �

a
=
� p
�
(cosh
��
1)
=
� p
� �
�
2

2!
+
::: �
:

T
h
e
�
rst
ex
p
ression
can
b
e
solv
ed
fo
r
�,
giv
in
g

�� �
6
ct

� �
1
=
3

;

w
h
ich
ca
n
b
e
su
b
stitu
ted
in
to
th
e
secon
d
ex
p
ression
to
giv
e

a�
12

� p
� �
6
ct

� �
2
=
3

:

T
h
e
p
ow
er
series
ex
p
a
n
sio
n
s
fo
r
th
e
sin
h
a
n
d
co
sh
a
re
valid
w
h
en
ev
er
th
e
term
s
left

ou
t
a
re
m
u
ch
sm
aller
th
an
th
e
last
term
k
ep
t,
w
h
ich
h
ap
p
en
s
w
h
en
�
�
1.
G
iven

th
e
a
b
ove
relation
b
etw
een
�
an
d
t,
th
is
con
d
ition
is
eq
u
ivalen
t
to

t�
�6

c
:

8
.2
8
6
Q
U
IZ
2
S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
1
4

T
h
u
s,

t
��
�6

c
;
or
t
��
�c

:

S
in
ce
th
ere
is
n
o
p
recise
m
ean
in
g
to
th
e
statem
en
t
th
at
an
ap
p
rox
im
ation
is
valid
,

th
ere
is
n
o
p
recise
valu
e
fo
r
t
�.

(f)
(7
poin
ts)
E
ven
th
ou
gh
th
ese
eq
u
ation
s
d
escrib
e
an
o
p
en
u
n
iv
erse,
on
e
still
�
n
d
s
th
a
t



ap
p
roach
es
on
e
for
v
ery
early
tim
es.
F
o
r
t�
t
�

(w
h
ere
t
�

is
d
e�
n
ed
in
p
art
(e)),

th
e
q
u
an
tity
1�


b
eh
aves
as
a
p
ow
er
o
f
t.
F
in
d
th
e
ex
p
ressio
n
for
1�


in
th
is

ap
p
rox
im
ation
.

A
n
sw
er:

F
rom
p
art
(c),
th
e
ex
p
ression
for


is
giv
en
b
y



=

2

co
sh
�
+
1
:

S
o,

1�


=
1�

2

cosh
�
+
1
=
cosh
��
1

cosh
�
+
1
:

E
x
p
an
d
in
g
n
u
m
erator
a
n
d
d
en
om
in
ator
in
p
ow
er
series,

1�


�

�
2

2
!
+
�
4

4
!
+
:::

2
+
�
2

2
!
+
:::
:

K
eep
in
g
on
ly
th
e
lead
in
g
term
s,1�



�

�
2

22
=
14

�
2
;

so

1�


�
14 �
6
ct

� �
2
=
3

:

T
h
is
resu
lt
sh
ow
s
th
at
th
e
d
ev
ia
tion
o
f


from
1
is
am
p
li�
ed
w
ith
tim
e.
T
h
is
fact

lead
s
to
a
con
u
n
d
ru
m
called
th
e
\
atn
ess
p
ro
b
lem
",
w
h
ich
w
ill
b
e
d
iscu
ssed
la
ter
in

th
e
cou
rse.

A
com
m
on
m
istak
e
(very
m
in
or)
w
a
s
to
k
eep
ex
tra
term
s,
esp
ecia
lly
in
th
e
d
en
om
-

in
ator.
K
eep
in
g
ex
tra
term
s
allow
s
a
h
igh
er
d
egree
o
f
accu
ra
cy,
so
th
ere
is
n
oth
in
g

w
ron
g
w
ith
it.
H
ow
ever,
on
e
sh
o
u
ld
alw
ay
s
b
e
su
re
to
k
eep
a
ll
term
s
o
f
a
given
ord
er,



8
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8
6
Q
U
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2
S
O
L
U
T
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N
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,
F
A
L
L
2
0
1
8

p
.
1
5

sin
ce
keep
in
g
on
ly
a
su
b
set
of
term
s
m
ay
o
r
m
ay
n
ot
in
crease
th
e
accu
racy.
In
th
is

case,
an
ex
tra
term
in
th
e
d
en
om
in
ator
can
b
e
rew
ritten
as
a
term
in
th
e
n
u
m
erator:

�
2

2
!

2
+
�
2

2
!

=
14

�
2

1
+
�
2

4

=
14

�
2 �
1�
�
24

+
::: �

=
14

�
2�
116

�
4
+
:::
;

w
h
ere
I
u
sed
th
e
ex
p
an
sion1

1
+
x
=
1�
x
+
x
2�
x
3
+
x
4
+
:::
:

T
h
u
s,
th
e
ex
tra
term
in
th
e
d
en
om
in
ator
is
eq
u
iva
len
t
to
a
term
in
th
e
n
u
m
erator

o
f
o
rd
er
�
4,
b
u
t
oth
er
term
s
p
rop
ortion
al
to
�
4

h
av
e
b
een
d
rop
p
ed
.
S
o,
it
is
n
ot

w
orth
w
h
ile
to
keep
th
e
2n
d
term
in
th
e
ex
p
an
sion
of
th
e
d
en
om
in
ator.

|

E
n
d
o
f
P
ro
b
le
m

3
.
|

8
.2
8
6
Q
U
IZ
2
S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
1
6

P
R
O
B
L
E
M

4
:
R
A
D
IA
L
G
E
O
D
E
S
IC
S
IN
A
C
L
O
S
E
D
U
N
IV
E
R
S
E
(20
poin
ts)

A
s
sh
ow
n
in
th
e
form
u
la
sh
eets,
w
e
can
d
escrib
e
a
closed
u
n
iv
erse
b
y
ch
o
osin
g
k
=
1,

an
d
th
en
u
sin
g
co
ord
in
ates
(t;r;�;�
),
w
ith
m
etric

d
s
2�
�
c
2
d
�
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
;

(4.1
)

o
r
b
y
u
sin
g
co
ord
in
ates
(t; 
;�;�
),
w
ith
m
etric

d
s
2�
�
c
2
d
�
2�
�
c
2
d
t
2
+
a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
:

(4
.2)

T
h
e
con
n
ection
b
etw
een
th
e
tw
o
co
o
rd
in
ate
sy
stem
s
is
giv
en
b
y

r
=
sin
 
:

(4.3
)

T
h
e
gen
eral
sp
acetim
e
g
eo
d
esic
eq
u
atio
n
can
b
e
w
ritten
a
s

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�

:

(4.4
)

(a)
(7
poin
ts)
U
sin
g
th
e
co
o
rd
in
ates
(t; 
;�;�
)
an
d
th
e
m
etric
of
E
q
.
(4.2
),
com
p
u
te

ex
p
licitly
th
e
geo
d
esic
eq
u
atio
n
for
�
=
 
.
B
y
\
com
p
u
te
ex
p
licitly
"
,
I
m
ean
th
a
t

g
�
�
sh
ou
ld
b
e
rep
laced
b
y
th
e
releva
n
t
ex
p
ression
s
from
E
q
.
(4.2
),
an
d
th
at
th
e
su
m
s

over
in
d
ices
sh
ou
ld
b
e
w
ritten
ou
t,
in
clu
d
in
g
on
ly
th
e
n
on
zero
term
s.

A
n
sw
er:

S
in
ce
th
e
m
etric
is
d
iag
o
n
a
l,
on
ly
�
=
 
co
n
trib
u
tes
to
th
e
su
m
ov
er
�
.
S
im
ila
rly

�
m
u
st
eq
u
al
�
,
a
n
d
th
e
o
n
ly
n
on
zero
valu
es
o
f
@
 
g
�
�

are
w
h
en
�
=
�
=
�
an
d

�
=
�
=
�
.
S
o
E
q
.
(4.4)
b
ecom
es

dd
� �
g
 
 
d
 

d
� �
=
12 "
@
g
�
�

@
 �

d
�

d
� �

2
+
@
g
�
�

@
 �

d
�

d
� �

2 #
:

U
sin
g
g
 
 

=
a
2(t),
g
�
�

=
a
2(t)
sin
2
 
,
a
n
d
g
�
�

=
a
2(t)
sin
2
 
sin
2
�,
th
e
eq
u
a
tion

b
ecom
es

dd
� �
a
2(t) d
 

d
� �
=
a
2(t)
sin
 
co
s
 "�
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
:

(4.5)
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p
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Y
o
u
w
ere
n
o
t
a
sked
to
ex
p
an
d
th
e
left-h
an
d
-sid
e,
b
u
t
som
e
of
y
ou
d
id
.
If
y
ou
d
o

ex
p
an
d
th
e
left-h
an
d
sid
e,
it
is
im
p
ortan
t
to
rem
em
b
er
th
at
a
(t)
d
ep
en
d
s
on
t
an
d
t

d
ep
en
d
s
on
�
,
so
th
e
eq
u
ation
b
ecom
es

a
2(t)
d
2 

d
�
2

+
2
a
_a
d
t

d
�

d
 

d
�
=
a
2(t)
sin
 
cos
 "�
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
;

o
r

d
2 

d
�
2
+
2 �
_aa �
d
t

d
�

d
 

d
�
=
sin
 
cos
 "�
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
:

(b
)
(7
poin
ts)
U
sin
g
in
stead
th
e
co
ord
in
ates
(t;r;�;�
),
com
p
u
te
ex
p
licitly
th
e
geo
d
esic

eq
u
ation
for
�
=
r.

A
n
sw
er:

A
gain
th
e
eq
u
ation
sim
p
li�
es
sign
i�
can
tly,
sin
ce
g
�
�
is
d
iagon
al.
O
n
th
e
righ
t-h
an
d

sid
e,
on
ly
3
o
f
th
e
4
p
ossib
le
valu
es
of
�
=
�
con
trib
u
te,
as
@
r g
tt
=
0.
S
o,

dd
� �
g
r
r
d
r

d
� �
=
12 "
@
g
r
r

@
r �

d
r

d
� �

2
+
@
g
�
�

@
r �

d
�

d
� �

2
+
@
g
�
�

@
r �

d
�

d
� �

2 #
:

N
ow
w
e
u
se

g
r
r
=

a
2(t)

1�
r
2

;
g
�
�
=
a
2(t)r
2
;
g
�
�
=
a
2(t)r
2
sin
2
�
;

w
h
ich
allow
s
u
s
to
rew
rite
th
e
eq
u
ation
as

dd
� �

a
2(t)

1�
r
2
d
r

d
� �
=
12 "
2
ra
2(t)

(1�
r
2)
2 �
d
r

d
� �

2
+
2
ra
2(t) �
d
�

d
� �

2

+
2
ra
2(t)
sin
2
� �
d
�

d
� �

2 #
;

o
r

dd
� �

a
2(t)

1�
r
2
d
r

d
� �
=
ra
2(t) "
1

(1�
r
2)
2 �
d
r

d
� �

2
+ �
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
:(4.6)

8
.2
8
6
Q
U
IZ
2
S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
1
8

A
gain
you
w
ere
n
ot
ask
ed
to
ex
p
a
n
d
th
e
left-h
an
d
sid
e,
b
u
t
if
th
e
left-h
a
n
d
sid
e
is

ex
p
an
d
ed
,
on
e
m
u
st
rem
em
b
er
th
a
t
a
(t)
a
n
d
r
b
o
th
d
ep
en
d
o
n
�
.
S
o

a
2(t)

1�
r
2
d
2r

d
�
2
+

2
ra
2(t)

(1�
r
2)
2 �
d
r

d
� �

2
+

2
a
_a

1�
r
2
d
t

d
�

d
r

d
�

=
ra
2(t) "
1

(1�
r
2)
2 �
d
r

d
� �

2
+ �
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
:

R
earran
gin
g
term
s,
th
e
eq
u
atio
n
can
b
e
sim
p
li�
ed
to

d
2r

d
�
2
+
2 �
_aa �
d
t

d
�

d
r

d
�

=
r (�

1

(1�
r
2) �
d
r

d
� �

2
+
(1�
r
2) "�
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #)
:

(c)
(6
poin
ts)
A
re
th
e
resu
lts
from

p
arts
(a)
a
n
d
(b
)
b
o
th
va
lid
,
o
r
is
on
e
va
lid
an
d

th
e
o
th
er
n
ot?
If
y
ou
b
eliev
e
th
at
th
ey
are
b
o
th
valid
,
u
se
E
q
.
(4.3)
to
sh
ow
th
at

th
ey
are
eq
u
ivalen
t.
If
y
ou
b
elieve
th
at
on
ly
on
e
is
valid
,
state
w
h
ich
on
e
is
va
lid
,

an
d
ex
p
lain
w
h
y
th
e
oth
er
is
n
ot.
(4
p
oin
ts
w
ill
b
e
giv
en
for
sh
ow
in
g
th
e
co
rrect

u
n
d
erstan
d
in
g
of
th
is
p
rob
lem
,
w
ith
2
p
oin
ts
allo
cated
to
com
p
letin
g
th
e
a
lgeb
ra

n
eed
ed
to
d
em
on
strate
y
o
u
r
an
sw
er.)

A
n
sw
er:

B
oth
an
sw
ers
are
valid
,
sin
ce
th
ey
are
b
oth
correct
form
s
of
th
e
geo
d
esic
eq
u
a
tion
,

in
d
i�
eren
t
co
o
rd
in
ate
sy
stem
s.
T
o
see
th
at
th
ey
are
eq
u
iva
len
t,
w
e
ca
n
sta
rt
w
ith

th
e
eq
u
ation
for
r,
E
q
.
(4.6),
an
d
su
b
stitu
te

r
=
sin
 

=)

d
r

d
�
=
cos
 
d
 

d
�

=)

1
1�
r
2
d
r

d
�
=

1
cos
 

d
 

d
�
:

S
o
E
q
.
(4.6)
b
ecom
es

dd
� �

a
2(t)

cos
 

d
 d

t �
=
a
2
sin
 "
1

co
s
2
 �

d
 

d
� �

2
+ �
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
:

P
artially
ex
p
an
d
in
g
th
e
left-h
an
d
sid
e,

1
cos
 

dd
� �
a
2(t)
d
 d

t �
+

a
2

cos
2
 
sin
 �
d
 

d
� �

2

=
a
2
sin
 "
1

cos
2
 �

d
 

d
� �

2
+ �
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
:



8
.2
8
6
Q
U
IZ
2
S
O
L
U
T
IO
N
S
,
F
A
L
L
2
0
1
8

p
.
1
9

T
h
e
term
s
p
rop
ortion
al
to
(d
 
=d
�
)
2
can
b
e
seen
to
can
cel,
an
d
th
en
m
u
ltip
lication

of
th
e
eq
u
ation
b
y
cos
 
giv
es

dd
� �
a
2(t)
d
 

d
� �
=
a
2(t)
sin
 
cos
 "�
d
�

d
� �

2
+
sin
2
� �
d
�

d
� �

2 #
;

w
h
ich
is
id
en
tical
to
E
q
.
(4.5).|

E
n
d
o
f
P
ro
b
le
m

4
.
|

8
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U
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p
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2
0

P
r
o
b
le
m

M

a
x
im

u
m

S
c
o
r
e

I
n
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1

2
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2

2
0
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3
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2
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T
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1
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M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

Q
u
iz
D
ate:
N
ovem
b
er
5,
2018

P
rof.
A
lan
G
u
th

Q
U
IZ
2
F
O
R
M
U
L
A

S
H
E
E
T

D
O
P
P
L
E
R

S
H
IF
T
(F
o
r
m
o
tio
n
a
lo
n
g
a
lin
e
):

z
=
v
=
u

(n
on
relativ
istic,
sou
rce
m
ov
in
g)

z
=

v
=
u

1�
v
=
u

(n
on
relativ
istic,
ob
serv
er
m
ov
in
g)

z
= s
1
+
�

1�
�
�
1

(sp
ecial
relativ
ity,
w
ith
�
=
v
=
c)

C
O
S
M
O
L
O
G
IC
A
L
R
E
D
S
H
IF
T
:

1
+
z�
�
o
b
se
rv
e
d

�
e
m
itte
d

=
a
(t
o
b
se
rv
e
d )

a
(t
e
m
itte
d )

S
P
E
C
IA
L
R
E
L
A
T
IV
IT
Y
:

T
im
e
D
ilation
F
actor:


�

1

p
1�
�
2

;

�
�
v
=
c

L
oren
tz-F
itzgerald
C
on
traction
F
actor:



R
elativ
ity
of
S
im
u
ltan
eity
:

T
railin
g
clo
ck
read
s
later
b
y
an
a
m
ou
n
t
�
`
0 =
c
.

E
n
ergy
-M
om
en
tu
m
F
ou
r-V
ecto
r:

p
�
= �
Ec

;~p �
;
~p
=

m
0 ~v
;
E
=

m
0 c
2
= q
(m
0 c
2)
2
+
j~pj 2
c
2
;

p
2�
j~pj 2� �p
0 �
2

=
j~pj 2�
E
2

c
2

=
�
(m
0 c)
2

:

8
.2
8
6
Q
U
IZ
2
F
O
R
M
U
L
A
S
H
E
E
T
,
F
A
L
L
2
0
1
8

p
.
2

K
IN
E
M
A
T
IC
S
O
F
A
H
O
M
O
G
E
N
E
O
U
S
L
Y

E
X
P
A
N
D
IN
G

U
N
I-

V
E
R
S
E
:

H
u
b
b
le's
L
aw
:
v
=
H
r
,

w
h
ere
v
=

recessio
n
v
elo
city
of
a
d
istan
t
ob
ject,
H

=

H
u
b
b
le

ex
p
an
sion
rate,
a
n
d
r
=
d
ista
n
ce
to
th
e
d
istan
t
ob
ject.

P
resen
t
V
alu
e
of
H
u
b
b
le
E
x
p
an
sion
R
ate
(P
lan
ck
20
1
8):

H
0
=
67
:66�
0
:42
k
m
-s
�

1-M
p
c
�

1

S
cale
F
actor:
`
p (t)
=
a
(t)`
c
;

w
h
ere
`
p (t)
is
th
e
p
h
y
sical
d
istan
ce
b
etw
een
a
n
y
tw
o
ob
jects,
a
(t)

is
th
e
scale
facto
r,
an
d
`
c
is
th
e
co
ord
in
ate
d
istan
ce
b
etw
een
th
e

ob
jects,
also
called
th
e
com
ov
in
g
d
istan
ce.

H
u
b
b
le
E
x
p
an
sion
R
ate:
H
(t)
=

1
a
(t)

d
a
(t)

d
t

.

L
igh
t
R
ay
s
in
C
o
m
ov
in
g
C
o
ord
in
ates:
L
ig
h
t
ray
s
travel
in
stra
ig
h
t

lin
es
w
ith
p
h
y
sica
l
sp
eed
c
relativ
e
to
a
n
y
o
b
server.
In
C
artesian

co
ord
in
ates,
co
o
rd
in
ate
sp
eed
d
xd

t
=

c
a
(t)
.
In
g
en
eral,
d
s
2

=

g
�
� d
x
�
d
x
�
=
0
:

H
orizon
D
istan
ce:

`
p
;h
o
riz
o
n (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

= �
3
ct

(
a
t,
m
atter-d
om
in
a
ted
),

2
ct

(
a
t,
rad
iation
-d
om
in
ated
).

C
O
S
M
O
L
O
G
IC
A
L
E
V
O
L
U
T
IO
N
:

H
2
= �
_aa �
2

=
8
�3

G
��
k
c
2

a
2

;

�a
=
�
4
�3

G �
�
+
3
pc

2 �
a
;

�
m
(t)
=
a
3(t

i )

a
3(t)
�
m
(t
i )
(m
a
tter);

�
r (t)
=
a
4(t

i )

a
4(t)
�
r (t
i )
(rad
iatio
n
):

_�
=
�
3
_aa �

�
+

pc
2 �
;


�
�
=
�
c
;
w
h
ere
�
c
=
3
H
2

8
�
G

:



8
.2
8
6
Q
U
IZ
2
F
O
R
M
U
L
A
S
H
E
E
T
,
F
A
L
L
2
0
1
8

p
.
3

E
V
O
L
U
T
IO
N

O
F
A

M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
:

F
la
t
(k
=
0
):

a
(t)/
t
2
=
3



=
1
:

C
losed
(k
>
0):

ct
=
�
(��
sin
�)
;

apk
=
�
(1�
cos
�)
;



=

2

1
+
cos
�
>
1
;

w
h
ere
�
�
4
�3
G
�

c
2 �
apk �
3

:

O
p
en
(k
<
0
):

ct
=
�
(sin
h
��
�)
;

ap�
=
�
(cosh
��
1)
;



=

2

1
+
cosh
�
<
1
;

w
h
ere
�
�
4
�3
G
�

c
2 �
ap� �
3

;

��
�
k
>
0
:

M
IN
K
O
W
S
K
I
M
E
T
R
IC
(S
p
e
c
ia
l
R
e
la
tiv
ity
):

d
s
2�
�
c
2
d
�
2
=
�
c
2d
t
2
+
d
x
2
+
d
y
2
+
d
z
2
:

R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

M
E
T
R
IC
:

d
s
2�
�
c
2
d
�
2
=
�
c
2
d
t
2+
a
2(t) �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

A
ltern
ativ
ely,
for
k
>
0,
w
e
can
d
e�
n
e
r
=
sin
 
p

k
,
an
d
th
en

d
s
2�
�
c
2
d
�
2�
�
c
2
d
t
2
+
~a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

w
h
ere
~a
(t)
=
a
(t)= p
k
.
F
or
k
<
0
w
e
can
d
e�
n
e
r
=
sin
h
 

p�
k
,
an
d
th
en

d
s
2�
�
c
2
d
�
2
=
�
c
2
d
t
2+
~a
2(t) �
d
 
2
+
sin
h
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

w
h
ere
~a
(t)
=
a
(t)= p
�
k
.
N
o
te
th
a
t
~a
can
b
e
called
a
if
th
ere
is
n
o
n
eed

to
relate
it
to
th
e
a
(t)
th
at
a
p
p
ears
in
th
e
�
rst
eq
u
ation
ab
ove.

8
.2
8
6
Q
U
IZ
2
F
O
R
M
U
L
A
S
H
E
E
T
,
F
A
L
L
2
0
1
8

p
.
4

S
C
H
W
A
R
Z
S
C
H
IL
D

M
E
T
R
IC
:

d
s
2�
�
c
2d
�
2
=
� �
1�
2
G
M

rc
2 �
c
2d
t
2
+ �
1�
2
G
M

rc
2 �

�

1
d
r
2

+
r
2d
�
2
+
r
2
sin
2
�
d
�
2
;

G
E
O
D
E
S
IC
E
Q
U
A
T
IO
N
:

dd
s �
g
ij
d
x
j

d
s �
=
12

(@
i g
k
` )
d
x
k

d
s

d
x
`

d
s

or:

dd
� �
g
�
�
d
x
�

d
� �
=
12

(@
�
g
�
�
)
d
x
�

d
�

d
x
�

d
�


