
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

D
ecem
b
er
19,
2018

P
rof.
A
lan
G
u
th

Q
U
IZ
3
S
O
L
U
T
IO
N
S

Q
u
iz
D
a
te
:
D
e
c
e
m
b
e
r
5
,
2
0
1
8

R
e
fo
r
m
a
tte
d
to
R
e
m
o
v
e
B
la
n
k
P
a
g
e
s

P
le
a
se
a
n
sw
e
r
a
ll
q
u
e
stio
n
s
in
th
is
sta
p
le
d
b
o
o
k
le
t.

P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(20
poin
ts)

(a)
(5
poin
ts)
W
h
ich
o
n
e
of
th
e
follow
in
g
statem
en
ts
ab
ou
t
C
M
B
is
N
O
T
correct?

(i)
T
h
e
d
ip
ole
d
istortion
is
a
sim
p
le
D
op
p
ler
sh
ift,
cau
sed
b
y
th
e
n
et
m
otion
of
th
e

ob
serv
er
relativ
e
to
a
fram
e
o
f
referen
ce
in
w
h
ich
th
e
C
M
B
is
isotrop
ic.

(ii)
A
fter
th
e
d
ip
ole
d
istortion
of
th
e
C
M
B
is
su
b
tracted
aw
ay,th
e
m
ean
tem
p
eratu
re

av
era
g
in
g
ov
er
th
e
sk
y
is
<
T
>
=
2.725K
.

(iii)
A
fter
th
e
d
ip
ole
d
istortion
o
f
th
e
C
M
B
is
su
b
tracted
aw
ay,
th
e
tem
p
eratu
re
of

th
e
C
M
B
varies
b
y
0.3
m
icroK
elv
in
across
th
e
sk
y.

(iv
)
T
h
e
p
h
oton
s
of
th
e
C
M
B
h
ave
m
ostly
b
een
travelin
g
on
straigh
t
lin
es
sin
ce
th
ey

w
ere
last
scattered
at
t
�

370
;000
y
r,
at
a
lo
cation
called
th
e
su
rface
of
last

scatterin
g.

[C
om
m
en
t:
T
he
actu
al
variation
is
abo
u
t
3
0
m
icroK
elvin
,
or
m
aybe
a
few
tim
es
that

m
u
ch.
R
yden
qu
otes
the
C
O
B
E
root
m
ean
squ
are
fraction
al
variation
of
the
C
M
B

tem
pera
tu
re
as

*�
ÆTT �
2 +
1
=
2

=
1
:1
�

1
0
�

5

as
E
q.
(8.8)
(2n
d
E
dition
),
w
hich
gives
a
valu
e
of
abou
t
30
m
icroK
elvin
,
given
that

T
�

3
K
.
In
L
ectu
re
N
otes
2
w
e
qu
oted
a
valu
e
of
4
:14
�

10
�

5
com
pu
ted
from
P
lan
ck

data.
T
h
e
root
m
ean
squ
are

u
ctu
ation
s
in
crease
w
ith
better
an
gu
lar
resolu
tion
,

becau
se

u
ctu
ation
s
w
ith
sm
all
an
gu
lar
w
avelen
gths
a
re
n
ot
seen
u
n
less
the
resolu
tion

is
high.

8
.2
8
6
Q
U
IZ
3
S
O
L
U
T
IO
N
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,
F
A
L
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(b
)
(5
poin
ts)
T
h
e
n
on
u
n
iform
ities
in
th
e
cosm
ic
m
icrow
ave
b
a
ck
gro
u
n
d
allow
u
s
to

m
easu
re
th
e
rip
p
les
in
th
e
m
a
ss
d
en
sity
of
th
e
u
n
iv
erse
a
t
th
e
tim
e
w
h
en
th
e
p
la
sm
a

com
b
in
ed
to
form
n
eu
tra
l
a
to
m
s,
ab
o
u
t
300,0
00
-
400
,00
0
y
ears
after
th
e
b
ig
b
an
g.

T
h
ese
rip
p
les
are
cru
cia
l
for
u
n
d
erstan
d
in
g
w
h
a
t
h
ap
p
en
ed
la
ter,
sin
ce
th
ey
a
re
th
e

seed
s
w
h
ich
led
to
th
e
com
p
licated
tap
estry
of
galax
ies,
clu
sters
of
ga
lax
ies,
an
d

void
s.
W
h
ich
o
f
th
e
follow
in
g
sen
ten
ces
d
escrib
es
h
ow
th
ese
rip
p
les
are
created
in

th
e
con
tex
t
of
in

ation
ary
m
o
d
els:

(i)
M
agn
etic
m
on
op
oles
ca
n
form
ran
d
om
ly
d
u
rin
g
th
e
gran
d
u
n
i�
ed
th
eory
p
h
ase

tran
sition
,
resu
ltin
g
in
n
o
n
u
n
iform
ities
in
th
e
m
ass
d
en
sity.

(ii)
C
osm
ic
strin
gs,
w
h
ich
are
lin
elik
e
top
olog
ical
d
efects,
ca
n
fo
rm
ra
n
d
om
ly
d
u
rin
g

th
e
gran
d
u
n
i�
ed
th
eory
p
h
ase
tran
sition
,
resu
ltin
g
in
n
on
u
n
iform
ities
in
th
e

m
ass
d
en
sity.

(iii)
T
h
ey
are
gen
erated
b
y
q
u
an
tu
m

u
ctu
atio
n
s
d
u
rin
g
in

a
tion
.

(iv
)
S
in
ce
th
e
early
u
n
iv
erse
w
as
v
ery
h
o
t,
th
ere
w
ere
la
rge
th
erm
al

u
ctu
a
tion
s

w
h
ich
u
ltim
ately
ev
o
lv
ed
in
to
th
e
rip
p
les
in
th
e
m
a
ss
d
en
sity.

(c)
(5
poin
ts)
In
C
h
ap
ter
8
of
T
he
F
irst
T
h
ree
M
in
u
tes,
S
tev
en
W
ein
b
erg
d
escrib
es

th
e
fu
tu
re
of
th
e
u
n
iv
erse
(assu
m
in
g,
as
w
a
s
th
ou
gh
t
th
en
to
b
e
th
e
case,
th
a
t
th
e

cosm
ological
con
stan
t
is
zero
).
O
n
e
p
ossib
ility
th
at
h
e
d
iscu
sses
is
th
at
th
e
co
sm
ic

m
atter
d
en
sity
cou
ld
b
e
g
reater
th
an
th
e
critica
l
d
en
sity.
A
ssu
m
in
g
th
at
w
e
live
in

su
ch
a
u
n
iverse,
w
h
ich
o
f
th
e
follow
in
g
statem
en
ts
is
N
O
T
tru
e?

(i)
T
h
e
u
n
iv
erse
is
�
n
ite
a
n
d
its
ex
p
an
sion
w
ill
ev
en
tu
ally
cease,
g
iv
in
g
w
ay
to
a
n

acceleratin
g
con
tra
ction
.

(ii)
T
h
ree
m
in
u
tes
after
th
e
tem
p
eratu
re
reach
es
a
th
o
u
san
d
m
illio
n
d
egrees
(10
9
K
),

th
e
law
s
of
p
h
y
sics
g
u
a
ran
tee
th
at
th
e
u
n
iv
erse
w
ill
cru
n
ch
,
an
d
tim
e
w
ill
stop
.

(iii)
D
u
rin
g
at
least
th
e
early
p
a
rt
o
f
th
e
con
tractin
g
p
h
ase,
w
e
w
ill
b
e
a
b
le
to
ob
serv
e

b
oth
red
sh
ifts
an
d
b
lu
esh
ifts.

(iv
)
W
h
en
th
e
u
n
iv
erse
h
as
recon
tracted
to
o
n
e-h
u
n
d
red
th
its
p
resen
t
size,
th
e
rad
i-

ation
b
ack
grou
n
d
w
ill
b
egin
to
d
om
in
ate
th
e
sk
y,
w
ith
a
tem
p
eratu
re
o
f
ab
ou
t

300
K
.

[C
om
m
en
t:
W
ein
berg
is
very
clea
r
n
o
specu
latio
n
s
a
bo
u
t
the
en
d
o
f
the
u
n
iverse
are

gu
aran
teed
to
be
tru
e:
\
D
oes
tim
e
really
ha
ve
to
sto
p
som
e
three
m
in
u
tes
after
the

tem
peratu
re
reaches
a
thou
san
d
m
illion
degrees?
O
bviou
sly,
w
e
can
n
ot
be
su
re.
A
ll

the
u
n
certain
ties
that
w
e
m
et
in
the
precedin
g
chap
ter,
in
tryin
g
to
explore
th
e
�
rst

hu
n
dredth
of
a
secon
d,
w
ill
retu
rn
to
perplex
u
s
a
s
w
e
look
in
to
the
la
st
h
u
n
d
redth
of

a
secon
d."
]
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(d
)
(5
poin
ts)
W
h
ich
o
f
th
e
follow
in
g
d
escrib
es
th
e
S
ach
s-W
olfe
e�
ect?

(i)
P
h
oton
s
from

u
id
w
h
ich
h
a
d
a
v
elo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t
ap
p
ear

red
d
er
b
ecau
se
of
th
e
D
op
p
ler
e�
ect.

(ii)
P
h
oton
s
from

u
id
w
h
ich
h
a
d
a
v
elo
city
tow
ard
u
s
alon
g
th
e
lin
e
of
sigh
t
ap
p
ear

b
lu
er
b
eca
u
se
o
f
th
e
D
o
p
p
ler
e�
ect.

(iii)
P
h
oton
s
travelin
g
tow
ard
u
s
from
th
e
su
rface
of
last
scatterin
g
ap
p
ear
red
d
er

b
ecau
se
of
a
b
sorp
tion
in
th
e
in
tergalactic
m
ed
iu
m
.

(iv
)
P
h
o
to
n
s
trav
elin
g
tow
ard
u
s
from

th
e
su
rface
of
last
scatterin
g
ap
p
ear
b
lu
er

b
ecau
se
of
a
b
sorp
tion
in
th
e
in
tergalactic
m
ed
iu
m
.

(v
)
P
h
oton
s
from
overd
en
se
region
s
at
th
e
su
rface
of
last
scatterin
g
ap
p
ear
red
d
er

b
ecau
se
th
ey
m
u
st
clim
b
ou
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

(v
i)
P
h
oton
s
from
ov
erd
en
se
region
s
at
th
e
su
rface
of
last
scatterin
g
ap
p
ear
b
lu
er

b
ecau
se
th
ey
m
u
st
clim
b
ou
t
of
th
e
grav
itation
al
p
oten
tial
w
ell.

[C
om
m
en
t:
R
yden
d
iscu
sses
the
S
achs-W
olfe
e�
ect
on
pp.
161{162
(2n
d
E
dition
).

|

E
n
d
o
f
P
ro
b
le
m

1
.
|
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P
R
O
B
L
E
M

2
:
T
IM
E
E
V
O
L
U
T
IO
N

O
F
A

U
N
IV
E
R
S
E
IN
C
L
U
D
IN
G

A

H
Y
-

P
O
T
H
E
T
IC
A
L
K
IN
D

O
F
M
A
T
T
E
R

(30
poin
ts)

S
u
p
p
ose
th
at
a

at
u
n
iverse
in
clu
d
es
n
on
rela
tiv
istic
m
atter,
rad
ia
tion
,
an
d
a
lso
m
y
s-

ticiu
m
,
w
h
ere
th
e
m
ass
d
en
sity
of
m
y
sticiu
m
b
eh
aves
a
s

�
m
y
st
/

1
a
5(t)

as
th
e
u
n
iverse
ex
p
an
d
s.
In
th
is
p
ro
b
lem
w
e
w
ill
d
e�
n
e

x
(t)
�

a
(t)

a
(t
0 )
;

w
h
ere
t
0

is
th
e
p
resen
t
tim
e.
F
or
th
e
follow
in
g
q
u
estion
s,
y
ou
n
eed
n
ot
evalu
a
te
an
y

of
th
e
in
tegrals
th
at
m
igh
t
arise,
b
u
t
th
ey
m
u
st
b
e
in
tegrals
of
ex
p
licit
fu
n
ction
s
w
ith

ex
p
licit
lim
its
o
f
in
tegratio
n
;
rem
em
b
er
th
a
t
a
(t)
is
n
ot
g
iv
en
.
Y
ou
m
ay
ex
p
ress
you
r

an
sw
ers
in
term
s
of
th
e
p
resen
t
valu
e
of
th
e
H
u
b
b
le
ex
p
an
sion
rate,
H
0 ,
an
d
th
e
variou
s

con
trib
u
tion
s
to
th
e
p
resen
t
valu
e
of


:


m
;0 ,


ra
d
;0 ,
a
n
d


m
y
st;0 .

(a)
(7
poin
ts)
W
rite
an
ex
p
ression
for
th
e
H
u
b
b
le
ex
p
a
n
sio
n
rate
H
(x
).

(b
)
(7
poin
ts)
W
rite
an
ex
p
ression
for
th
e
cu
rren
t
age
o
f
th
e
u
n
iverse.

(c)
(3
poin
ts)
W
rite
an
ex
p
ression
for
th
e
tim
e
t(x
)
in
term
s
of
th
e
va
lu
e
of
x
.

(d
)
(3
poin
ts)
W
rite
an
ex
p
ression
for
th
e
to
tal
m
ass
d
en
sity
�
(x
)
a
s
a
fu
n
ctio
n
o
f
x
.

(e)
(10
poin
ts)
W
rite
an
ex
p
ression
for
p
resen
t
va
lu
e
of
th
e
p
h
y
sical
h
o
rizo
n
d
istan
ce,

`
p
;h
o
r (t
0 ).

(a)
S
in
ce
th
e
u
n
iv
erse
is

a
t,
th
e
�
rst
F
ried
m
an
n
eq
u
ation
b
ecom
es

H
2
=
8
�3

G
�
;

b
u
t
th
en
w
e
can
w
rite
�
as

H
2
=
8
�3

G (
�
m
;0 �
a
(t
0 )

a
(t) �

3
+
�
ra
d
;0 �
a
(t
0 )

a
(t) �

4
+
�
m
y
st;0 �
a
(t
0 )

a
(t) �

5 )
:

N
ow
u
se

�
c
;0
=
3
H
20

8
�
G

an
d


�

��
c
;
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so

H
2
=

H
20

�
c
;0 (
�
m
;0 �
a
(t
0 )

a
(t) �

3
+
�
ra
d
;0 �
a
(t
0 )

a
(t) �

4
+
�
m
y
st;0 �
a
(t
0 )

a
(t) �

5 )

=
H
20 �


m
;0

x
3

+


ra
d
;0

x
4

+


m
y
st;0

x
5 �
:

F
in
ally,

H
(x
)
=
H
0

x
2 r


m
;0 x
+


ra
d
;0
+


m
y
st;0

x

:

(b
)
T
o
�
n
d
th
e
cu
rren
t
ag
e
t
0 ,
w
e
start
w
ith

H
=

_aa
=

_xx

=
)

d
xd

t
=
x
H

=
)

d
t
=

d
x

x
H

:

S
o
t
0
can
b
e
fou
n
d
b
y
in
tegratin
g
ov
er
th
e
ran
ge
of
x
,
from
0
to
1:

t
0
= Z

1
0

d
x

x
H
(x
)

=

1H
0 Z

1
0

x
d
x

q


m
;0 x
+


ra
d
;0
+


m
y
s
t
;0

x

:

(c)
T
o
�
n
d
th
e
tim
e
t
corresp
on
d
in
g
to
som
e
valu
e
of
x
oth
er
th
an
1,
on
e
sim
p
ly
in
tegrates

d
t
from
x
0

=
0
to
x
0

=
x
:

t(x
)
= Z

x
0

d
x
0

x
0H
(x
0)

=

1H
0 Z

x
0

x
0d
x
0

q


m
;0 x
0

+


ra
d
;0
+


m
y
s
t
;
0

x
0

:

(d
)
F
rom
th
e
�
rst
F
ried
m
an
n
eq
u
ation
,

H
2
=
8
�3

G
�

=
)

�
=

3
8
�
G
H
2(x
)
:

8
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G
iven
th
e
an
sw
er
in
p
a
rt
(a),
th
is
b
ecom
es

�
(x
)
=

3
8
�
G

H
20

x
4 �


m
;0 x
+


ra
d
;0
+


m
y
st;0

x

�
:

(e)
T
h
e
gen
eral
form
u
la
for
th
e
p
h
y
sica
l
h
orizo
n
d
istan
ce
is
g
iv
en
on
th
e
form
u
la
sh
eet:

`
p
;h
o
r (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

:

H
ere
w
e
are
n
ot
g
iven
th
e
fu
n
ction
a
(t),
b
u
t
w
e
can
ch
a
n
g
e
th
e
variab
le
of
in
teg
ra
tion

to
in
tegrate
over
x
:

d
t
0

=
d
t
0

d
a
d
a
=
1_a

d
a
=
1a
a_a

d
a
=

d
a

a
H
(x
)
:

S
o

`
p
;h
o
r (t
0 )
=
a
(t
0 ) Z

a
(t
0
)

0

c
d
a

a
2H
(a
)

= Z
1

0

c
d
x

x
2H
(x
)

=

cH
0 Z

1
0

d
x

q


m
;0 x
+


ra
d
;0
+


m
y
s
t
;0

x

:
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P
R
O
B
L
E
M

3
:
P
R
O
P
E
R
T
IE
S
O
F
B
L
A
C
K
-B
O
D
Y

R
A
D
IA
T
IO
N

(25
poin
ts)

T
h
e
fo
llo
w
in
g
p
ro
blem
w
a
s
P
roblem
6
o
f
the
R
eview
P
roblem
s
for
Q
u
iz
3.

In
an
sw
erin
g
th
e
follow
in
g
q
u
estion
s,
rem
em
b
er
th
a
t
you
can
refer
to
th
e
form
u
las
on

th
e
fo
rm
u
la
sh
eets,
circu
lated
sep
arately.
S
in
ce
you
w
ere
n
ot
ask
ed
to
b
rin
g
calcu
lators,

yo
u
m
ay
leave
y
ou
r
an
sw
ers
in
th
e
form
of
algeb
raic
ex
p
ression
s,
su
ch
a
s
�
3
2= p
5
�
(3).

(a)
(5
poin
ts)
F
or
th
e
b
lack
-b
o
d
y
rad
iation
(also
called
th
erm
al
rad
iation
)
of
p
h
oton
s
at

tem
p
eratu
re
T
,
w
h
a
t
is
th
e
average
en
ergy
p
er
p
h
oton
?

(b
)
(5
poin
ts)
F
or
th
e
sam
e
rad
iation
,
w
h
at
is
th
e
avera
g
e
en
trop
y
p
er
p
h
oton
?

(c)
(5
poin
ts)
N
ow
con
sid
er
th
e
b
lack
-b
o
d
y
rad
iation
of
a
m
assless
b
oson
w
h
ich
h
as
sp
in

zero,
so
th
ere
is
on
ly
on
e
sp
in
state.
W
ou
ld
th
e
average
en
ergy
p
er
p
article
an
d

en
trop
y
p
er
p
article
b
e
d
i�
eren
t
from
th
e
an
sw
ers
y
o
u
g
ave
in
p
arts
(a)
an
d
(b
)?
If

so
,
h
ow
w
ou
ld
th
ey
ch
an
ge?

(d
)
(5
poin
ts)
N
ow
con
sid
er
th
e
b
lack
-b
o
d
y
rad
iation
of
electron
n
eu
trin
os
at
tem
p
era-

tu
re
T
.
T
h
ese
p
articles
are
ferm
ion
s
w
ith
sp
in
1/2,
an
d
w
e
w
ill
assu
m
e
th
at
th
ey

are
m
assless
an
d
h
ave
o
n
ly
on
e
p
ossib
le
sp
in
state.
W
h
at
is
th
e
av
erage
en
ergy
p
er

p
article
for
th
is
case?

(e)
(5
poin
ts)
W
h
a
t
is
th
e
avera
g
e
en
tro
p
y
p
er
p
article
for
th
e
b
lack
-b
o
d
y
rad
iation
o
f

n
eu
trin
os,
as
d
escrib
ed
in
p
art
(d
)?

S
o
lu
tio
n
:

(a)
T
h
e
average
en
ergy
p
er
p
h
oton
is
fou
n
d
b
y
d
iv
id
in
g
th
e
en
ergy
d
en
sity
b
y
th
e
n
u
m
b
er

d
en
sity.
T
h
e
p
h
oton
is
a
b
oson
w
ith
tw
o
sp
in
states,
so
g
=
g
�

=
2.
U
sin
g
th
e

form
u
las
on
th
e
fron
t
of
th
e
ex
am
,

E
=

g
�
2

30
(k
T
)
4

(�h
c)
3

g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

�
4

3
0
�
(3)
k
T
:

Y
ou
w
ere
n
ot
ex
p
ected
to
evalu
ate
th
is
n
u
m
erically,
b
u
t
it
is
in
terestin
g
to
k
n
ow
th
at

E
=
2
:701
k
T
:

N
ote
th
at
th
e
average
en
ergy
p
er
p
h
oton
is
sign
i�
can
tly
m
ore
th
an
k
T
,
w
h
ich
is
o
ften

u
sed
as
a
rou
gh
estim
ate.
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(b
)
T
h
e
m
eth
o
d
is
th
e
sam
e
a
s
ab
ove,
ex
cep
t
th
is
tim
e
w
e
u
se
th
e
form
u
la
fo
r
th
e
en
trop
y

d
en
sity
:

S
=

g
2
�
2

45

k
4T
3

(�h
c)
3

g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

2
�
4

45
�
(3)
k
:

N
u
m
erically,
th
is
gives
3
:602
k
,
w
h
ere
k
is
th
e
B
oltzm
an
n
con
stan
t.

(c)
In
th
is
case
w
e
w
ou
ld
h
av
e
g
=

g
�

=

1
.
T
h
e
av
erage
en
erg
y
p
er
p
article
an
d

th
e
average
en
trop
y
p
article
d
ep
en
d
s
o
n
ly
o
n
th
e
ratio
g
=
g
�,
so
th
ere
w
ou
ld
b
e

n
o
d
i�
eren
ce
from
th
e
a
n
sw
ers
given
in
p
arts
(a
)
an
d
(b
).

(d
)
F
or
a
ferm
ion
,
g
is
7/8
tim
es
th
e
n
u
m
b
er
of
sp
in
states,
an
d
g
�

is
3
/4
tim
es
th
e

n
u
m
b
er
o
f
sp
in
states.
S
o
th
e
averag
e
en
erg
y
p
er
p
a
rticle
is

E
=

g
�
2

30
(k
T
)
4

(�h
c)
3

g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

78
�
2

30
(k
T
)
4

(�h
c)
3

34
�
(3
)

�
2

(k
T
)
3

(�h
c)
3

=

7
�
4

180
�
(3
)
k
T
:

N
u
m
erically,
E
=
3
:1514
k
T
.

W
arn
in
g:
th
e
M
ath
em
a
ticia
n
G
en
eral
h
as
d
eterm
in
ed

th
at
th
e
m
em
orization
of
th
is
n
u
m
b
er
m
ay
a
d
versely

a�
ect
y
ou
r
a
b
ility
to
rem
em
b
er
th
e
va
lu
e
of
�
.

If
on
e
takes
in
to
accou
n
t
b
oth
n
eu
trin
o
s
an
d
an
tin
eu
trin
os,
th
e
av
era
ge
en
ergy
p
er

p
article
is
u
n
a�
ected
|

th
e
en
ergy
d
en
sity
a
n
d
th
e
total
n
u
m
b
er
d
en
sity
a
re
b
o
th

d
ou
b
led
,
b
u
t
th
eir
ratio
is
u
n
ch
an
ged
.
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N
ote
th
at
th
e
en
ergy
p
er
p
article
is
h
igh
er
for
ferm
ion
s
th
an
it
is
for
b
oson
s.
T
h
is

resu
lt
can
b
e
u
n
d
ersto
o
d
as
a
n
atu
ral
con
seq
u
en
ce
of
th
e
fact
th
at
ferm
ion
s
m
u
st

ob
ey
th
e
ex
clu
sion
p
rin
cip
le,
w
h
ile
b
oson
s
d
o
n
ot.
L
a
rge
n
u
m
b
ers
of
b
oson
s
can

th
erefore
collect
in
th
e
low
est
en
ergy
lev
els.
In
ferm
ion
sy
stem
s,
on
th
e
oth
er
h
an
d
,

th
e
low
-ly
in
g
levels
can
accom
m
o
d
ate
a
t
m
ost
on
e
p
article,
an
d
th
en
ad
d
ition
al

p
articles
a
re
forced
to
h
igh
er
en
ergy
lev
els.

(e)
T
h
e
valu
es
of
g
an
d
g
�

are
again
7/8
an
d
3/4
resp
ectiv
ely,
so

S
=

g
2
�
2

45

k
4T
3

(�h
c)
3

g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

78
2
�
2

45

k
4T
3

(�h
c)
3

34
�
(3)

�
2

(k
T
)
3

(�h
c)
3

=

7
�
4

135
�
(3)
k
:

N
u
m
erically,
th
is
giv
es
S
=
4
:2
0
2
k
.
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.
1
0

P
R
O
B
L
E
M

4
:
T
H
E
C
O
N
S
E
Q
U
E
N
C
E
S
O
F
A
N

A
L
T
-P
H
O
T
O
N

(2
5
poin
ts)

S
u
p
p
ose
th
at,
in
ad
d
itio
n
to
th
e
p
articles
th
at
a
re
k
n
ow
n
to
ex
ist,
th
ere
a
lso
ex
isted

an
alt-p
h
oton
,
w
h
ich
h
as
ex
a
ctly
th
e
p
ro
p
erties
of
a
p
h
oton
:
it
is
m
a
ssless,
h
as
tw
o
sp
in

states
(or
p
olarization
states),
a
n
d
h
a
s
th
e
sam
e
in
teraction
s
w
ith
o
th
er
p
articles
th
a
t

p
h
oton
s
d
o.
L
ike
p
h
oton
s,
it
is
its
ow
n
an
tip
article.

(a)
(5
poin
ts)
In
th
erm
al
eq
u
ilib
riu
m
at
tem
p
eratu
re
T
,
w
h
at
is
th
e
to
tal
en
erg
y
d
en
sity

of
alt-p
h
oton
s?

(b
)
(5
poin
ts)
In
th
erm
al
eq
u
ilib
riu
m
at
tem
p
eratu
re
T
,
w
h
a
t
is
th
e
n
u
m
b
er
d
en
sity
o
f

alt-p
h
oton
s?

(c)
(10
poin
ts)
In
th
is
situ
a
tio
n
,
w
h
at
w
o
u
ld
b
e
th
e
tem
p
eratu
re
ra
tios
T
�
=
T


an
d

T
�
=
T
a
lt
to
d
ay
?

(d
)
(5
poin
ts)
W
ou
ld
th
e
ex
isten
ce
o
f
th
is
p
article
in
crease
or
d
ecrease
th
e
a
b
u
n
d
an
ce
o
f

h
eliu
m
,
or
w
ou
ld
it
h
av
e
n
o
e�
ect?

S
o
lu
tio
n
:

(a)
T
h
e
en
ergy
d
en
sity
w
ill
b
e
th
e
sam
e
as
for
p
h
o
to
n
s,
sin
ce
th
ere
is
n
o
d
i�
eren
ce.
T
h
e

gen
eral
form
u
la
is

u
=
g
�
2

30
(k
T
)
4

(�h
c)
3

;

as
given
on
th
e
form
u
la
sh
eets,
an
d
g
=
2
fo
r
alt-p
h
oton
s
(or
p
h
o
ton
s),
sin
ce
th
ere

are
tw
o
p
olarization
sta
tes,
an
d
th
e
p
articles
are
b
o
so
n
s.
S
o

u
a
lt
=
�
2

1
5

(k
T
)
4

(�h
c)
3

:

(4.1)

(b
)
F
or
th
e
n
u
m
b
er
d
en
sity,
th
e
g
en
eral
form
u
la
is

n
=
g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

;

w
h
ere
g
�

=
2
sin
ce
again
th
e
a
lt-p
h
o
ton
s
a
re
b
o
son
s
w
ith
tw
o
p
olarizatio
n
states.
S
o

n
a
lt
=
2
�
(3
)

�
2

(k
T
)
3

(�h
c)
3

:

(4.2)
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(c)
A
s
in
th
e
actu
al
scen
ario,
th
e
ev
en
t
th
at
cau
ses
a
tem
p
eratu
re
d
i�
eren
ce
is
th
e

d
isap
p
earan
ce
of
th
e
electron
-p
ositron
p
airs
from
th
e
th
erm
aleq
u
ilib
riu
m
m
ix
,
w
h
ich

o
ccu
rs
as
k
T
ch
an
ges
from
valu
es
large
com
p
ared
to
m
e c
2
=
0
:511
M
eV
to
valu
es

th
at
are
sm
all
com
p
ared
to
it.
T
h
e
k
ey
p
oin
t
is
th
at
th
is
d
isap
p
earan
ce
o
ccu
rs
after

th
e
n
eu
trin
os
h
ave
d
ecou
p
led
from
th
e
oth
er
p
articles,
so
all
of
th
e
en
trop
y
from
th
e

electron
-p
ositron
p
airs
is
giv
en
to
th
e
p
h
oton
s,
an
d
n
on
e
is
giv
en
to
th
e
n
eu
trin
os.

In
th
is
case
th
e
en
trop
y
is
g
iven
to
b
o
th
th
e
p
h
oton
s
an
d
th
e
alt-p
h
oton
s.

T
h
e
g
en
eral
form
u
la
for
en
trop
y
d
en
sity
is
o
n
th
e
form
u
la
sh
eet,
an
d
it
can
b
e

rew
ritten
as

s
=
A
g
T
3
;

(4.3)

w
h
ere

A
=
2
�
2

4
5

k
4

(�h
c)
3

:

(4.4)

T
h
e
valu
e
o
f
A
w
ill
in
fact
n
ot
b
e
n
eed
ed
for
th
is
p
rob
lem
.

S
in
ce
th
e
n
eu
trin
os
h
ave
d
ecou
p
led
b
y
th
e
tim
e
th
e
e
+
e
�

p
airs
d
isap
p
ear,
th
e
en
trop
y

of
n
eu
trin
os
an
d
th
e
en
tro
p
y
o
f
every
th
in
g
else
w
ill
b
e
sep
arately
con
serv
ed
.
E
n
trop
y

con
servation
m
ean
s
th
at
th
e
en
trop
y
p
er
co
m
ov
in
g
volu
m
e
d
o
es
n
ot
ch
an
ge.
D
u
rin
g

th
e
p
erio
d
b
efore
e
+
e
�

freeze-ou
t,
g
is
con
stan
t,
so
th
e
con
stan
cy
of
en
trop
y
p
er

co
m
ov
in
g
v
olu
m
e
im
p
lies
th
at

S
=
sV
p
h
y
s
=
g
T
3A
V
p
h
y
s
=
g
a
3T
3A
V
c
o
o
rd
;

(4.5)

so
S
=
V
c
o
o
rd
=
con
st
im
p
lies
th
at
a
3T
3
is
con
stan
t,
an
d
so
a
T
is
con
stan
t.
H
ere
T

is
th
e
com
m
on
tem
p
eratu
re
of
p
h
oton
s,
alt-p
h
oton
s,
electron
s
an
d
p
ositron
s,
an
d

n
eu
trin
os,
all
of
w
h
ich
w
ere
in
th
erm
al
eq
u
ilib
riu
m
d
u
rin
g
th
is
p
erio
d
.
S
in
ce
a
T
is

con
stan
t
d
u
rin
g
th
is
p
erio
d
,
w
e
can
giv
e
th
e
con
stan
t
a
n
am
e,

a
T
=
[a
T
]b
e
fo
re
:

(4.6)

F
or
th
e
n
eu
trin
os,
th
e
form
u
la
sh
eet
tells
u
s
th
at

g
�
=

78
|{z}

F
e
rm
io
n

fa
c
to
r

�

3
| {z}

3
sp
e
c
ie
s

�
e
;�
�

;�
�

�

2
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le

�

1
|{z}

S
p
in
sta
te
s

=

214
;

(4.7)

w
h
ile

g
e
+

e
�

=

78
|{z}

F
e
rm
io
n

fa
c
to
r

�

1
|{z}

S
p
e
c
ie
s

�

2
| {z}

P
a
rtic
le
=

a
n
tip
a
rtic
le

�

2
| {z}

S
p
in
sta
te
s

=

72
:

(4.8)
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T
h
u
s

g
e
lse
=
g

+
g
a
lt
+
g
e
+

e
�

=
2
+
2
+
72

=
1
52

:

(4.9
)

T
h
u
s
b
efore
th
e
e
+
e
�

freezeou
t,
th
e
tw
o
con
serv
ed
q
u
a
n
tities
w
ere

S
�

V
c
o
o
rd

=
A
g
�
[a
T
] 3b
e
fo
re
;

S
e
lse

V
c
o
o
rd

=
A
g
e
lse [a
T
] 3b
e
fo
re
:

(4.1
0)

A
fter
e
+
e
�

freezeou
t,
th
e
tem
p
eratu
re
of
th
e
n
eu
trin
os
T
�

w
ill
n
o
lon
ger
b
e
th
e

sam
e
as
th
e
tem
p
eratu
re
T


of
th
e
p
h
oton
s
a
n
d
a
lt-p
h
oton
s,
a
n
d
o
f
cou
rse
e
+
e
�

p
airs
w
ill
n
o
lon
ger
b
e
p
resen
t.
B
u
t
T


a
n
d
T
a
lt
w
ill
b
e
eq
u
a
l
to
ea
ch
oth
er,
sin
ce

th
ey
h
ave
th
e
sam
e
in
tera
ction
s;
w
e
k
n
ow
th
at
th
e
in
teractio
n
s
of
th
e
p
h
oto
n
s
k
eep

th
em
in
th
erm
al
eq
u
ilib
riu
m
u
n
til
t
d
e
c
o
u
p
lin
g
�

38
0
;000
y
ears,
so
b
o
th
th
e
p
h
o
ton
s

an
d
th
e
alt-p
h
oton
s
w
ill
rem
ain
in
th
erm
al
eq
u
ilib
riu
m

u
n
til
lon
g
after
th
e
era
o
f

e
+
e
�

freezeou
t,
w
h
ich
is
of
ord
er
1{
10
seco
n
d
s.
T
h
u
s
th
e
tw
o
con
served
q
u
an
tities

w
ill
b
e

S
�

V
c
o
o
rd

=
A
g
� [a
T
�
] 3a
fte
r
;

S
e
lse

V
c
o
o
rd

=
A
(g

+
g
a
lt
)[a
T

] 3a
fte
r
:

(4.1
1)

B
y
eq
u
atin
g
th
e
valu
es
of
S
� =
V
c
o
o
rd
b
efore
an
d
a
fter,
w
e
see
th
at

[a
T
�
]a
fte
r
=
[a
T
]b
e
fo
re
;

(4.1
2)

an
d
th
en
b
y
eq
u
atin
g
th
e
va
lu
es
of
S
e
lse =
V
c
o
o
rd
b
efo
re
an
d
after,
w
e
see
th
a
t

[a
T

]a
fte
r
= �
g
e
lse

g

+
g
a
lt �

1
=
3

[a
T
]b
e
fo
re
= �
g
e
lse

g

+
g
a
lt �

1
=
3

[a
T
� ]a
fte
r
;

(4
.13
)

w
h
ere
w
e
u
sed
E
q
.
(4.12
)
in
th
e
la
st
step
.
It
follow
s
th
at

�
T
�

T
 �
a
fte
r
= �
g

+
g
a
lt

g
e
lse

�
1
=
3

= �
2
+
2

1
52 �

1
=
3

=

�
815 �
1
=
3

:

(4.1
4)

(d
)
It
w
ou
ld
in
crease
th
e
a
b
u
n
d
an
ce
of
h
eliu
m
.
T
h
e
m
ain
e�
ect
of
th
e
a
lt-p
h
oton
w
o
u
ld

b
e
to
in
crease
th
e
ex
p
a
n
sion
rate
of
th
e
u
n
iv
erse,
w
h
ich
in
tu
rn
w
o
u
ld
ca
u
se
th
e

n
eu
trin
os
to
d
ecou
p
le
earlier
fro
m
th
e
th
erm
al
eq
u
ilib
riu
m
m
ix
,
w
h
ich
in
tu
rn
w
o
u
ld

m
ean
th
at
th
e
ratio
n
n
=
n
p ,
th
e
ratio
of
n
eu
tro
n
s
to
p
roton
s,
w
o
u
ld
b
ecom
e
frozen

at
a
larger
valu
e.
T
h
e
in
creased
ex
p
an
sion
rate
w
ou
ld
also
m
ean
less
tim
e
availa
b
le

for
free
n
eu
tron
d
ecay,
w
h
ich
fu
rth
er
in
creases
th
e
n
u
m
b
er
of
n
eu
tro
n
s
th
at
rem
a
in

w
h
en
th
e
tem
p
eratu
re
falls
low
en
o
u
gh
for
h
eliu
m
form
ation
to
com
p
lete.
E
ssen
tia
lly

all
th
e
n
eu
tron
s
b
ecom
e
b
o
u
n
d
in
to
h
eliu
m
,
so
m
ore
n
eu
tron
s
im
p
lies
m
ore
h
eliu
m
.
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