
Y
o
u
r
N
a
m

e

M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

D
ecem
b
er
24,
2022

P
rof.
A
lan
G
u
th

Q
U
IZ
3
S
O
L
U
T
IO
N
S

Q
u
iz
D
a
te
:
D
e
c
e
m
b
e
r
7
,
2
0
2
2

P
lea
se
a
n
sw
er
all
q
u
estion
s
in
th
is
stap
led
b
o
ok
let.

A
sk
if
y
ou
n
eed
ex
tra
p
ages,
b
u
t
w
e
ex
p
ect
th
at
y
ou
w
ill
n
ot.

C
losed
b
o
ok
,
n
o
calcu
lators,
n
o
in
tern
et.

F
orm
u
la
S
h
eet
w
ill
b
e
h
an
d
ed
ou
t
sep
arately.

W
e
in
ten
d
to
scan
th
e
q
u
izzes,
so
p
lease
w
rite
in
sid
e
th
e
m
argin
s,

an
d
if
you
u
se
a
p
en
cil,
w
rite
d
ark
ly.
T
h
an
k
s!

P
r
o
b
le
m

M

a
x
im

u
m

S
c
o
r
e

1

2
0

2

2
0

3

3
0

4

3
0

T
O
T
A
L

1
0
0
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.
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P
R
O
B
L
E
M

1
:
D
ID

Y
O
U

D
O

T
H
E
R
E
A
D
IN
G
?
(20
poin
ts)

(a)
(2
poin
ts)
A
t
th
e
tim
e
of
recom
b
in
atio
n
,
th
e
tem
p
eratu
re
is

(i)
ab
ove
th
e
p
roton
an
d
electron
m
asses

(ii)
b
elow
th
e
p
roton
m
ass
b
u
t
ab
ove
th
e
electron
m
a
ss

(iii)
b
elow
th
e
p
roton
an
d
electron
m
asses

C
om
m
en
t:
T
h
e
tem
p
eratu
re
of
recom
b
in
a
tion
w
as
estim
ated
in
L
ectu
re
N
o
tes
6
as

ab
ou
t
4,000
K
,
an
d
w
as
ca
lcu
la
ted
b
y
R
y
d
en
after
E
q
.
(8.37)
a
s
T
re
c
=
372
0
K
.
R
y
d
en

giv
es
th
e
eq
u
ivalen
t
en
erg
y
in
E
q
.
(8.37)
as
k
T
re
c
=
0
:3
24
eV
,
w
h
ich
is
far
b
elow
th
e

p
roton
m
ass
(m
p c
2
=
938
M
eV
)
o
r
th
e
electron
m
ass
(m
e c
2
=
0
:511
M
eV
).

(b
)
(2
poin
ts)
A
t
th
e
tim
e
of
reco
m
b
in
a
tion
,
th
e
u
n
iv
erse
is

(i)
m
atter-d
om
in
ated

(ii)
rad
iation
-d
om
in
ated

(iii)
vacu
u
m
-en
ergy
d
o
m
in
ated

C
om
m
en
t:
In
T
ab
le
8.1
(p
.
157
)
R
y
d
en
giv
es
th
e
tim
e
of
reco
m
b
in
a
tion
a
s
25
0,0
00

years,
an
d
th
e
tim
e
of
m
atter-rad
ia
tion
eq
u
ality
as
5
0,000
y
ea
rs.
(F
or
co
m
p
leten
ess,

w
e
m
en
tion
th
at
th
e
sa
m
e
tab
le
g
ives
th
e
tim
e
of
p
h
oton
d
eco
u
p
lin
g
as
37
0,0
00

years.)
In
T
ab
le
5.2
(p
.
9
6),
R
y
d
en
g
iv
es
th
e
tim
e
o
f
m
atter-la
m
b
d
a
eq
u
ality
(i.e.,

th
e
eq
u
ality
o
f
m
atter
an
d
vacu
u
m
en
ergy
)
as
10.2
G
y
r.
S
o
th
e
tim
e
of
reco
m
b
in
atio
n

is
u
n
am
b
igu
ou
sly
in
th
e
m
a
tter-d
o
m
in
ated
era.

(c)
(2
poin
ts)
T
h
e
reaction
th
at
p
ro
d
u
ces
th
e
m
o
st
d
eu
teriu
m
in
th
e
early
u
n
iv
erse
is

(i)
p
roton
-p
roton
fu
sion
(p
+
p!
D
+
m
ay
b
e
oth
er
elem
en
ts)

(ii)
p
roton
-n
eu
tron
fu
sio
n
(p
+
n
!
D
+
m
ay
b
e
oth
er
elem
en
ts)

(iii)
n
eu
tron
-n
eu
tron
fu
sion
(n
+
n
!
D
+
m
ay
b
e
o
th
er
elem
en
ts)

C
om
m
en
t:
T
h
is
is
d
iscu
ssed
b
y
R
y
d
en
on
p
p
.
17
2{173
.
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(d
)
(2
poin
ts)
F
or
th
e
m
icro
can
on
ical
en
sem
b
le
(d
escrib
in
g
a
n
isolated
sy
stem
in
th
er-

m
al
eq
u
ilib
riu
m
),
th
e
p
rob
ab
ility
th
at
th
e
sy
stem
is
in
a
state
i
w
ith
en
ergy
E
i
is

p
ro
p
o
rtio
n
a
l
to

(i)


b
a
th (E
to
t �
E
i ),
w
h
ere
E
to
t
is
th
e
en
ergy
of
th
e
h
eat
b
ath
an
d
th
e
sm
all
sy
stem

an
d


b
a
th
is
th
e
d
en
sity
of
states
o
f
th
e
b
ath

(ii)
ex
p
(�
E
i =
k
T
)

(iii)
1
=M

if
E
<
E
i
<
E
+
ÆE
,
w
h
ere
M

is
th
e
total
n
u
m
b
er
of
states
in
th
is
en
ergy

ran
ge

C
om
m
en
t:
T
h
is
w
a
s
E
q
.
(1
)
in
N
otes
on
T
herm
al
E
qu
ilibriu
m
.

(e)
(2
poin
ts)
In
th
e
early
u
n
iv
erse,
tw
o
im
p
ortan
t
reaction
s
o
ccu
rred
:
d
eu
teriu
m
p
ro-

d
u
ction
an
d
h
y
d
rogen
p
ro
d
u
ction
from
p
roton
-electron
recom
b
in
ation
.
H
ow
d
o
th
e

b
in
d
in
g
en
ergies
of
d
eu
teriu
m
an
d
h
y
d
rogen
com
p
are?

(i)
th
e
b
in
d
in
g
en
ergy
of
d
eu
teriu
m
is
larger

(ii)
th
e
b
in
d
in
g
en
ergies
of
d
eu
teriu
m
an
d
h
y
d
rogen
are
(alm
ost)
ex
actly
th
e
sam
e

(iii)
th
e
b
in
d
in
g
en
ergy
of
h
y
d
rogen
is
larger

C
om
m
en
t:
O
n
p
.
153,
R
y
d
en
giv
es
th
e
b
in
d
in
g
en
erg
y
o
f
h
y
d
rogen
as
13.6
eV
,
an
d

on
p
.
174
sh
e
giv
es
th
e
b
in
d
in
g
en
ergy
of
d
eu
teriu
m
as
2.22
M
eV
.
S
o
th
e
b
in
d
in
g

en
ergy
of
d
eu
teriu
m
is
ab
ou
t
163,000
tim
es
larger.

(f)
(2
poin
ts)
T
h
e
u
n
iv
erse
ca
n
b
e
a
p
p
rox
im
ated
as

(i)
h
om
ogen
eou
s
an
d
isotrop
ic
at
all
scales

(ii)
h
om
ogen
eou
s
an
d
isotrop
ic
on
sm
all
scales
( <�
1
0
0
M
p
c)

(iii)
h
om
ogen
eou
s
a
n
d
isotrop
ic
on
large
scales
( >�
100
M
p
c)

(iv
)
in
h
om
ogen
eou
s
an
d
an
isotrop
ic
a
t
all
scales

C
om
m
en
t:
see
th
e
�
rst
sen
ten
ce
of
R
y
d
en
's
C
h
ap
er
1
1
.
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(g)
(2
poin
ts)
In
ord
er
to
a
n
a
ly
ze
th
e
ion
iza
tion
an
d
recom
b
in
atio
n
of
h
y
d
rogen
as
a

fu
n
ction
of
tem
p
eratu
re
in
th
e
early
u
n
iv
erse,
w
e
stu
d
ied
th
e
ratio
of
th
e
n
u
m
b
er

d
en
sity
of
h
y
d
rogen
ato
m
s
n
H

to
th
e
p
ro
d
u
ct
of
th
e
n
u
m
b
er
d
en
sities
of
th
e
free

elem
en
ts
th
at
react
to
crea
te
th
em
:
p
roton
s,
w
ith
n
u
m
b
er
d
en
sity
n
p ,
a
n
d
electro
n
s,

w
ith
n
u
m
b
er
d
en
sity
n
e .
F
o
r
2
p
oin
ts
cred
it,
you
can
E
IT
H
E
R
sta
te
th
e
n
a
m
e
th
a
t

is
given
to
th
e
eq
u
ation
th
a
t
d
escrib
es
th
is
ratio,
or
y
ou
ca
n
w
rite
th
e
eq
u
a
tion
.
(If

you
try
to
w
rite
th
e
eq
u
ation
,
b
e
su
re
to
n
otice
th
e
releva
n
t
form
u
las
on
th
e
fo
rm
u
la

sh
eet.)

T
h
is
is
th
e
S
aha
equ
ation
,
a
s
giv
en
b
y
R
y
d
en
as
E
q
.
(8.29)
on
p
.
1
53:

n
H

n
p n
e
= �
m
e k
T

2
�
�h
2 �

�
3
=
2

ex
p �
Qk

T �
;

w
h
ere
Q
=
(m
p
+
m
e �
m
H
)c
2.

(h
)
(2
poin
ts)
G
rav
ity
ten
d
s
to
m
a
ke
sm
alld
en
sity
p
ertu
rb
atio
n
s
grow
rap
id
ly
w
ith
tim
e.

W
h
at
keep
s
sm
all
d
en
sity
p
ertu
rb
ation
s
fro
m

creatin
g
in
stab
ilities
in
th
e
m
atter

d
en
sity
a
n
d
lead
in
g
to
collap
se?
(F
or
ex
a
m
p
le,
w
h
a
t
stop
s
th
e
air
in
th
is
ro
o
m
from

u
n
d
ergoin
g
grav
itation
a
l
collap
se.)

It
is
pressu
re
th
at
op
p
oses
grav
itation
a
l
collap
se,
as
R
y
d
en
d
iscu
sses
in
S
ec.
11
.2,

T
he
J
ean
s
L
en
gth.

(i)
(2
poin
ts)
O
n
ce
th
e
p
h
o
ton
s
are
d
ecou
p
led
,
th
e
p
h
oto
n
s
an
d
b
ary
on
s
fo
rm
tw
o
sep
a-

rate
gases,in
stead
of
a
sin
g
le
p
h
oton
-b
a
ry
on


u
id
.
T
h
e
sp
eed
o
f
sou
n
d
in
th
e
b
a
ry
o
n
ic

gas
is
[larger
th
an
/
eq
u
a
l
to
/
sm
a
ller
th
a
n
]

C
irc
le
o
n
e

th
e
sp
eed
of
sou
n
d
in
th
e
p
h
oton
ga
s.

C
om
m
en
t:
O
n
p
.
212,
R
y
d
en
ex
p
lain
s
th
a
t
th
e
sou
n
d
sp
eed
b
efo
re
d
ecou
p
in
g
w
as

c= p
3,
w
h
ile
after
d
ecou
p
lin
g
it
p
lu
m
m
ets
to
5
k
ilom
eter
p
er
secon
d
.

(j)
(2
poin
ts)
B
ary
on
acou
stic
oscillation
s
a
re
d
u
e
to
th
e
in
tera
ction
of
b
a
ry
on
s
w
ith

(i)
p
h
oton
s

(ii)
d
ark
m
atter

(iii)
n
eu
trin
os

T
h
is
is
d
iscu
ssed
b
y
R
y
d
en
at
th
e
b
eg
in
n
in
g
of
S
ec.
11.6,
B
aryon
A
cou
stic
O
scilla
-

tion
s.
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P
R
O
B
L
E
M

2
:

S
H
O
R
T

A
N
S
W

E
R

Q
U
E
S
T
IO
N
S
:

G
R
A
N
D

U
N
IF
IE
D

T
H
E
O
R
IE
S
,
M
A
G
N
E
T
IC

M
O
N
O
P
O
L
E
S
,

A
N
D

IN
F
L
A
T
IO
N

(20

poin
ts)

(a)
(2
poin
ts)
A
q
u
a
rk
is
sp
eci�
ed
b
y
its


avor
[u
(p
),
d
(ow
n
),
c(h
arm
ed
),
s(tran
ge),

t(op
),
b
(ottom
)],
its
sp
in
[u
p
or
d
ow
n
,
alon
g
an
y
ch
osen
z
ax
is],
w
h
eth
er
it
is
a
q
u
ark

o
r
a
n
tiq
u
ark
,
an
d
its
color.

T

o
r
F
.

(b
)
(2
poin
ts)
A
n
y
isolated
sy
stem
o
f
q
u
ark
s
m
u
st
b
e
a
color
sin
glet.
A
sin
gle
red
q
u
ark

is
an
ex
am
p
le
of
a
color
sin
glet,
sin
ce
it
h
as
on
ly
on
e
color.

T

or
F
.

C
om
m
en
t:
A
s
d
iscu
ssed
in
C
lass
23,
11/28/22,
th
e
sim
p
lest
color
sin
glets
|

an
d

th
e
on
ly
on
es
k
n
ow
n
to
ex
ist
in
n
atu
re
|

are
3-q
u
ark
states
(b
ary
on
s),
w
ith
eq
u
al

p
arts
of
red
,
b
lu
e,
an
d
green
,
an
d
q
u
ark
-an
tiq
u
ark
states
(m
eson
s),
w
ith
eq
u
al
p
arts

of
each
color
an
d
its
an
ticolor.
A
sin
glet
state
is
o
n
e
th
at
is
in
varian
t
u
n
d
er
S
U
(3)

gau
ge
tran
sform
ation
s.

(c)
(3
poin
ts)
W
rite
th
e
d
e�
n
ition
of
th
e
grou
p
S
U
(3).
A
ssu
m
e
th
at
th
e
read
er
d
o
es
n
ot

k
n
ow
th
e
m
ean
in
g
of
\u
n
itary
"
or
\sp
ecial",
b
u
t
th
at
th
ey
d
o
k
n
ow
th
e
stan
d
ard

m
ath
em
atical
n
otation
of
m
atrix
m
u
ltip
lication
A
B
,
m
a
trix
in
version
A
�
1,
m
atrix

tra
n
sp
o
se
A
T
,
m
atrix
ad
join
t
A
y,
etc.

S
U
(3)
is
th
e
grou
p
of
3�
3
com
p
lex
m
atrices
U
w
h
ich
a
re
\sp
ecial,"
m
ean
in
g
th
at

d
et
U
=
1,
an
d
also
\u
n
itary,"
m
ean
in
g
th
at
U
yU
=
1.
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In
electrom
agn
etism
,
th
e
electric
an
d
m
agn
etic
�
eld
s
~E
an
d
~B
can
b
e
w
ritten
in
term
s

of
th
e
scalar
an
d
vector
p
oten
tia
ls
�
an
d
~A
a
s

~E
=
�
~r
��
@
~A

@
t
;

~B
=
~r
�
~A
:

F
or
an
y
fu
n
ction
�
(~x
;t),
on
e
ca
n
d
e�
n
e
a
gau
g
e
tra
n
sform
ation
on
�
an
d
~A
b
y

�
0(~x
;t)
=
�
(~x
;t)�
@
�
(~x
;t)

@
t

;

~A
0(~x
;t)
=
~A
(~x
;t)
+
~r
�
(~x
;t)
:

(d
)
(2
poin
ts)
If
~E
0(~x
;t)
an
d
~B
0(~x
;t)
a
re
th
e
n
ew
electric
a
n
d
m
ag
n
etic
�
eld
s,
calcu
lated

from
�
0(~x
;t)
an
d
~A
0(~x
;t),
h
ow
are
th
ey
related
to
th
e
origin
al
~E
(~x
;t)
an
d
~B
(~x
;t)?

[If
y
ou
k
n
ow
th
e
an
sw
er,
y
o
u
ca
n
w
rite
it
w
ith
ou
t
an
y
d
erivatio
n
.]

~E
0(~x
;t)
=
~E
(~x
;t)
+
~r
@
�@

t
�
@@

t
~r
�
=

~E
(~x
;t)
;

~B
0(~x
;t)
=
~B
(~x
;t)
+
~r
�
~r
�
=

~B
(~x
;t)
:

(e)
(3
poin
ts)
C
on
sid
er
th
e
lin
e
in
tegral

W

= I
P

~A
(~x
;t)�
d
~x
;

w
h
ere
P
is
a
closed
lo
o
p
in
(th
ree-d
im
en
sion
al)
sp
ace.
If
~A
(~x
;t)
is
rep
la
ced
b
y
its

gau
ge
tran
sform

~A
0(~x
;t),
h
ow
is
th
e
resu
ltin
g
W
0
related
to
th
e
orig
in
a
l
W
?
[H
ere

you
sh
ou
ld
sh
ow
a
sh
ort
d
erivation
.]

W
0� I

P

~A
0(~x
;t)�
d
~x

= I
P

~A
(~x
;t)�d
~x
+ I

P

~r
�
�
d
~x

= I
P

~A
(~x
;t)�d
~x
=

W

;

sin
ce
th
e
lin
e
in
tegral
of
a
g
rad
ien
t
arou
n
d
a
closed
lo
op
alw
ay
s
va
n
ish
es.
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(f)
(2
poin
ts)
T
h
e
S
U
(5)
gran
d
u
n
i�
ed
th
eory
relies
on
th
e
fact
th
at
th
e
gau
ge

grou
p
of
th
e
stan
d
ard
m
o
d
el,
S
U
(3)�
S
U
(2)�
U
(1),
is
a
su
b
grou
p
of
S
U
(5).

Is

S
U
(3)�
S
U
(2)�
U
(1)
also
a
su
b
grou
p
of
S
U
(6)?

Y
e
s
or
N
o
.

C
om
m
en
t:
S
U
(5)
is
clearly
a
su
b
grou
p
o
f
S
U
(6).
T
o
see
th
is,
n
ote
th
at
an
S
U
(6)
m
a-

trix
U
(6
)
corresp
on
d
in
g
to
an
elem
en
t
V
(5
)
of
an
S
U
(5)
su
b
grou
p
can
b
e
con
stru
cted

ex
p
licitly
as

U
(6
)

ij

= 8><>:
V
(5
)

ij

if
i,
j2
f1
;2
;3
;4
;5g

1

if
i
=
j
=
6

0

oth
erw
ise,

or
m
ore
p
ictorially
a
s

If
S
U
(3)�
S
U
(2)�
U
(1)
is
a
su
b
grou
p
o
f
S
U
(5),
an
d
S
U
(5)
is
a
su
b
grou
p
of
S
U
(6),
it

fo
llow
s
th
at
S
U
(3)�
S
U
(2)�
U
(1
)
is
a
su
b
g
ro
u
p
o
f
S
U
(6
).

(g)
(2
poin
ts)
In


ation
ex
p
lain
s
th
e
h
om
ogen
eity
o
f
th
e
u
n
iverse
b
y
m
o
d
ify
in
g
th
e
n
a-

tu
re
of
th
e
in
itial
sin
gu
larity,
so
th
e
u
n
iv
erse
is
created
in
a
h
om
ogen
eou
s
state.

T

or
F
.

C
om
m
en
t:
In


ation
ex
p
lain
s
th
e
h
om
ogen
eity
o
f
th
e
u
n
iverse
b
y
in
sertin
g
a
p
erio
d

of
colossal
ex
p
an
sion
in
to
th
e
scen
ario
of
th
e
early
u
n
iv
erse,
so
th
at
th
e
p
resen
tly
ob
-

serv
ed
u
n
iv
erse
can
ev
olve
fro
m
a
tin
y
region
in
w
h
ich
th
ere
h
ad
b
een
su
Æ
cien
t
tim
e

for
u
n
iform
ity
to
h
av
e
b
een
estab
lish
ed
b
y
stan
d
ard
th
erm
al
eq
u
ilib
riu
m
p
ro
cesses.

In


ation
in
n
o
w
ay
a�
ects
th
e
in
itial
sin
gu
larity,
if
th
ere
w
as
an
in
itial
sin
gu
larity.

(h
)
(2
poin
ts)
In


ation
p
rop
oses
th
at
th
e
early
u
n
iv
erse
w
en
t
th
rou
gh
a
p
erio
d
of
n
early

ex
p
on
en
tial
ex
p
an
sion
d
riv
en
b
y
th
e
rep
u
lsiv
e
grav
ity
cau
sed
b
y
a
m
aterial
w
ith
a

n
egativ
e
p
ressu
re.

T

or
F
.

(i)
(2
poin
ts)
In
in


ation
ary
m
o
d
els,
th
e
en
orm
ou
s
ex
p
an
sion
ten
d
s
to
sm
o
oth
ou
t
an
y

n
on
u
n
iform
ities
th
at
m
ay
h
ave
b
een
p
resen
t
b
efore
in


ation
.
N
on
eth
eless,
th
ere

rem
ain
fain
t
rip
p
les
in
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
,
b
ecau
se
th
ere
w
a
s
n
o
t

en
ou
gh
in


ation
to
sm
o
oth
th
e
u
n
iv
erse
com
p
letely.

T

or
F
.

C
om
m
en
t:
T
h
e
fain
t
rip
p
les
in
th
e
cosm
ic
m
icrow
av
e
b
a
ck
grou
n
d
are
b
elieved
to
h
ave

b
een
cau
sed
b
y
q
u
a
n
tu
m


u
ctu
ation
s
in
th
e
in


aton
�
eld
as
in


ation
w
as
en
d
in
g.

T
h
u
s
th
ese


u
ctu
ation
s
w
ou
ld
b
e
p
resen
t
n
o
m
atter
h
ow
m
u
ch
in


ation
to
ok
p
lace.

8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
8

P
R
O
B
L
E
M

3
:
T
H
E

F
R
E
E
Z
E
-O
U
T

O
F

A

F
IC
T
IT
IO
U
S
P
A
R
T
IC
L
E

X

(3
0

poin
ts)

T
he
follow
in
g
problem

w
as
P
roblem
3
of
Q
u
iz
3,
20
16,
a
n
d
P
roblem

1
0
of
the
R
eview

P
roblem
s
for
Q
u
iz
3,
2022.

S
u
p
p
ose
th
at,
in
ad
d
itio
n
to
th
e
p
articles
th
a
t
are
k
n
ow
n
to
ex
ist,
th
ere
a
lso
ex
isted
a

fam
ily
o
f
th
ree
sp
in
-1
p
articles,
X
+
,
X
�
,
an
d
X
0,
a
ll
w
ith
m
asses
0.5
11
M
eV
/c
2,
ex
actly

th
e
sam
e
as
th
e
electron
.
T
h
e
X
�

is
th
e
a
n
tip
article
of
th
e
X
+
,
an
d
th
e
X
0
is
its
ow
n

an
tip
article.
S
in
ce
th
e
X
's
are
sp
in
-1
p
articles
w
ith
n
on
zero
m
ass,
each
p
article
h
a
s
th
ree

sp
in
states.

T
h
e
X
's
d
o
n
ot
in
tera
ct
w
ith
n
eu
trin
os
an
y
m
o
re
stro
n
gly
th
an
th
e
electron
s
an
d

p
ositron
s
d
o,
so
w
h
en
th
e
X
's
freeze
ou
t,
all
o
f
th
eir
en
ergy
a
n
d
en
trop
y
are
giv
en
to
th
e

p
h
oton
s,
ju
st
lik
e
th
e
electron
-p
ositron
p
airs.

(a)
(5
poin
ts)
In
th
erm
aleq
u
ilib
riu
m
w
h
en
k
T
�
0
:51
1
M
eV
/
c
2,
w
h
a
t
is
th
e
to
tal
en
erg
y

d
en
sity
o
f
th
e
X
+
,
X
�
,
a
n
d
X
0
p
a
rticles?

(b
)
(5
poin
ts)
In
th
erm
al
eq
u
ilib
riu
m

w
h
en
k
T

�
0
:511
M
eV
/c
2,
w
h
at
is
th
e
total

n
u
m
b
er
d
en
sity
of
th
e
X
+
,
X
�
,
an
d
X
0
p
articles?

(c)
(15
poin
ts)
T
h
e
X
p
articles
an
d
th
e
electron
-p
ositron
p
a
irs
freeze
o
u
t
of
th
e
th
erm
al

eq
u
ilib
riu
m
rad
iation
at
th
e
sam
e
tim
e,
as
k
T
d
ecreases
from
valu
es
th
at
are
la
rg
e

com
p
ared
to
0.511
M
eV
/
c
2

to
va
lu
es
th
at
a
re
sm
all
co
m
p
a
red
to
it.
If
th
e
X
's,

electron
-p
ositron
p
airs,
p
h
o
to
n
s,
an
d
n
eu
trin
os
w
ere
all
in
th
erm
aleq
u
ilib
riu
m
b
efore

th
is
freeze-ou
t,
w
h
at
w
ill
b
e
th
e
ratio
T
� =
T


,
th
e
ratio
of
th
e
n
eu
trin
o
tem
p
era
tu
re

to
th
e
p
h
oton
tem
p
eratu
re,
after
th
e
freeze-ou
t?

(d
)
(5
poin
ts)
If
th
e
m
ass
of
th
e
X
's
w
as,
for
ex
am
p
le,
0
.100
M
eV
/
c
2,
so
th
at
th
e
electro
n
-

p
ositron
p
airs
froze
ou
t
�
rst,
a
n
d
th
en
th
e
X
's
fro
ze
ou
t,
w
ou
ld
th
e
�
n
a
l
ratio
T
� =
T



b
e
h
igh
er,
low
er,
or
th
e
sa
m
e
a
s
th
e
a
n
sw
er
to
p
art
(c)?
E
x
p
la
in
y
o
u
r
a
n
sw
er
in
a

sen
ten
ce
or
tw
o.

A
n
sw
e
r
s:

(a)
(5
poin
ts)
T
h
e
form
u
la
sh
eet
tells
u
s
th
at
th
e
en
ergy
d
en
sity
of
b
la
ck
-b
o
d
y
rad
iatio
n

is

u
=
g
�
2

30
(k
T
)
4

(�h
c)
3

;

(S
3.1
)

w
h
ere

g� �
1
p
er
sp
in
state
fo
r
b
oson
s
(in
teger
sp
in
)

7/8
p
er
sp
in
sta
te
fo
r
ferm
ion
s
(h
alf-in
teger
sp
in
)
.

(S
3.2
)



8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
9

S
in
ce
th
e
X

is
sp
in
-1,
an
d
1
is
an
in
teger,
th
e
X

p
articles
are
b
oson
s
an
d
g
=
1
p
er

sp
in
state.
T
h
ere
are
3
sp
ecies,
X
+
,
X
�
,
a
n
d
X
0,
an
d
each
sp
ecies
w
e
are
told
h
as

th
ree
sp
in
states,
so
th
ere
are
a
total
of
9
sp
in
states,
so
g
=
9.
T
h
u
s,

u
=
9
�
2

30
(k
T
)
4

(�h
c)
3

:

(S
3.3)

A
ltern
ativ
ely,
o
n
e
cou
ld
cou
n
t
th
e
X
+

an
d
X
�

as
on
e
sp
ecies
w
ith
a
d
istin
ct

p
article
an
d
an
tip
article,
so
g
X
+
X
�

is
given
b
y

g
X
+
X
�

=

1
|{z}

F
e
rm
io
n

fa
c
to
r

�
1

|{z}
S
p
e
c
ie
s �

2
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

3
|{z}

S
p
in
sta
te
s

=

6
:

(S
3.4)

T
h
e
X
0
is
its
ow
n
an
tip
article,
w
h
ich
m
ean
s
th
at
th
e
p
article/an
tip
article
factor
is

on
e,
so

g
X
0

=

1
|{z}

F
e
rm
io
n

fa
c
to
r

�
1

|{z}
S
p
e
c
ie
s �

1
|{z}

P
a
rtic
le
=

a
n
tip
a
rtic
le �

3
|{z}

S
p
in
sta
te
s

=

3
;

(S
3.5)

so
th
e
total
g
for
X
+
,
X
�
,
a
n
d
X
0
is
again
eq
u
al
to
9.

(b
)
(5
poin
ts)
T
h
e
form
u
la
sh
eet
tells
u
s
th
at
th
e
n
u
m
b
er
d
en
sity
o
f
p
articles
in
b
lack
-

b
o
d
y
ra
d
ia
tio
n
is

n
=
g
�
�
(3)

�
2

(k
T
)
3

(�h
c)
3

;

(S
3.6)

w
h
ere

g
�� �
1
p
er
sp
in
state
for
b
o
son
s

3/4
p
er
sp
in
state
for
ferm
ion
s
.

(S
3.7)

F
or
b
oson
s
g
�
=
g
,
so
g
�

for
th
e
X
p
a
rticles
is
9
.
T
h
en

n
X

=
9
�
(3)

�
2

(k
T
)
3

(�h
c)
3

:

(S
3.8)

(c)
(1
5
poin
ts)
W
e
a
re
told
th
at,
w
h
en
th
e
X
p
articles
freeze
ou
t,
all
of
th
eir
en
ergy
an
d

en
trop
y
is
g
iven
to
th
e
p
h
oton
s.
W
e
u
se
en
tro
p
y
rath
er
th
an
en
ergy
to
d
eterm
in
e

8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
0

th
e
�
n
al
tem
p
eratu
re
of
th
e
p
h
o
to
n
s,
b
eca
u
se
th
e
en
trop
y
in
a
com
ov
in
g
vo
lu
m
e
is

sim
p
ly
con
served
,
w
h
ile
th
e
en
ergy
d
en
sity
va
ries
a
s

_�
=
�
3
_aa �

�
+

pc
2 �
:

(S
3.9)

T
h
u
s,
to
track
th
e
en
erg
y,
w
e
n
eed
to
k
n
ow
ex
actly
h
ow
p
b
eh
aves,
a
n
d
th
e
b
eh
av
io
r

of
p
d
u
rin
g
freeze-ou
t
is
com
p
licated
,
an
d
w
e
h
av
e
n
ot
ca
lcu
lated
it
in
th
is
cou
rse.

T
h
e
form
u
la
sh
eet
tells
u
s
th
at
th
e
en
trop
y
d
en
sity
of
a
con
stitu
en
t
of
b
lack
-b
o
d
y

rad
iation
is
given
b
y

s
=
g
2
�
2

45

k
4T
3

(�h
c)
3

:

(S
3.1
0)

(A
t
th
is
p
oin
t
I
w
ill
d
ep
a
rt
from
th
e
solu
tion
giv
en
in
th
e
R
ev
iew
P
ro
b
lem
s
for
Q
u
iz

3,
u
sin
g
an
ap
p
roach
th
a
t
seem
s
sim
p
ler,
b
u
t
th
e
solu
tion
in
th
e
R
ev
iew
P
rob
lem
s

is
also
correct.)

T
h
e
q
u
an
tity
s
is
th
e
en
trop
y
p
er
p
h
y
sica
l
vo
lu
m
e,
so
th
e
en
tro
p
y
p
er
coordin
a
te

volu
m
e
is
given
b
y

S
=
a
3s
:

(S
3.1
1)

T
h
e
con
servation
of
en
trop
y
m
ean
s
th
at
th
e
total
en
tro
p
y
in
a
co
ord
in
a
te
vo
lu
m
e

is
con
served
,
an
d
th
at
im
p
lies
th
a
t
th
e
en
trop
y
p
er
co
ord
in
ate
v
olu
m
e
is
co
n
served
.

In
th
is
situ
ation
,
w
e
a
re
told
th
en
w
h
en
th
e
e
+
e
�

p
airs
an
d
th
e
X
's
freeze
ou
t,
all

of
th
eir
en
trop
y
is
given
to
th
e
p
h
oton
s,
a
n
d
n
o
n
e
to
th
e
n
eu
trin
o
s.
If
w
e
u
se
th
e

su
b
scrip
ts
1
to
d
en
ote
tim
es
b
efore
th
is
freeze-ou
t
b
egin
s,
a
n
d
2
to
d
en
ote
tim
es
a
fter

th
e
freeze-ou
t
is
com
p
lete,
w
e
can
con
clu
d
e
th
at

S


;2
=
S


;1
+
S
e
+
e
�

;1
+
S
X
;1
;

S
�
;2
=
S
�
;1
;

(S
3.12)

w
h
ere
S
X

refers
to
th
e
to
ta
l
en
trop
y
d
en
sity
o
f
X
+
,
X
�
,
an
d
X
0.
It
follow
s
th
at

th
e
ratios
of
th
e
left-h
an
d
sid
es
m
u
st
eq
u
al
th
e
ratios
of
th
e
rig
h
t-h
a
n
d
sid
es:

S


;2

S
�
;2
=
S


;1
+
S
e
+
e
�

;1
+
S
X
;1

S
�
;1

:

(S
3
.13
)

B
u
t
each
S
=
a
3s
is
p
ro
p
ortion
al
to
th
e
va
lu
e
of
g
T
3
for
th
e
relevan
t
p
article,
w
ith

all
o
th
er
factors
b
ein
g
p
a
rticle-in
d
ep
en
d
en
t.
F
u
rth
erm
ore,
b
efore
th
e
freeze-ou
ts,
all

th
ese
p
articles
w
ere
at
th
e
sam
e
tem
p
eratu
re.
T
h
u
s,
th
e
ab
ov
e
eq
u
a
tion
im
p
lies
th
at

g


T
3
;2

g
�
T
3�;2

=
g


+
g
e
+
e
�

+
g
X

g
�

;

(S
3.14)



8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
1

w
h
ich
ca
n
b
e
so
lved
for
th
e
tem
p
eratu
re
ratio
to
giv
e

T
�
;2

T


;2
= �
g



g


+
g
e
+
e
�

+
g
X �

1
=
3

:

(S
3.15)

B
u
t
g



=
2
an
d
g
e
+

e
�

=
7
=2
,
w
h
ich
can
b
e
calcu
lated
or
tak
en
from
th
e
form
u
la

sh
eet,
so

T
�
;2

T


;2
= �
2

2
+
72
+
9 �

1
=
3

=

�
429 �
1
=
3

:

(S
3.16)

(d
)
(5
poin
ts)
T
h
e
a
n
sw
er
w
ou
ld
b
e
th
e
sam
e,
sin
ce
it
w
as
com
p
letely
d
eterm
in
ed
b
y
th
e

con
servation
eq
u
ation
(S
3.12)
in
th
e
ab
ove
an
sw
er.
R
egard
less
of
th
e
o
rd
er
in
w
h
ich

th
e
freeze-ou
ts
o
ccu
rred
,
th
e
total
en
tro
p
y
from
th
e
e
+
e
�

p
airs
an
d
th
e
X
's
w
ou
ld

u
ltim
ately
b
e
giv
en
to
th
e
p
h
oton
s,
so
th
e
am
ou
n
t
o
f
h
eatin
g
of
th
e
p
h
oton
s
w
ou
ld

b
e
th
e
sam
e.

8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
2

P
R
O
B
L
E
M

4
:
S
IZ
E

O
F

T
H
E

H
O
R
IZ
O
N

O
N

T
H
E

S
U
R
F
A
C
E

O
F

L
A
S
T

S
C
A
T
T
E
R
IN
G

(3
0
po
in
ts)

In
lectu
re
w
e
d
iscu
ssed
an
ap
p
rox
im
ate
calcu
latio
n
of
th
e
h
o
rizo
n
p
rob
lem

as
it

relates
to
th
e
cosm
ic
m
icrow
ave
b
ack
g
rou
n
d
,
cru
d
ely
estim
atin
g
th
at
th
e
ra
d
iu
s
o
f
th
e

su
rface
of
last
scatterin
g
w
a
s
a
b
ou
t
23
tim
es
larger
th
an
th
e
h
orizo
n
d
ista
n
ce
at
th
e
tim
e

of
last
scatterin
g
(w
h
ich
is
also
called
th
e
tim
e
of
d
ecou
p
lin
g).
H
ere
yo
u
are
ask
ed
to

w
rite
th
e
eq
u
ation
s
th
at
d
eterm
in
e
th
is
n
u
m
b
er
accu
rately,
tak
in
g
in
to
a
cco
u
n
t
all
th
e

k
n
ow
n
con
trib
u
tion
s
to
th
e
en
ergy
d
en
sity
of
th
e
u
n
iverse.

Y
ou
sh
ou
ld
assu
m
e
th
at
th
e
u
n
iv
erse
is


at,
an
d
th
a
t
y
ou
are
giv
en
th
e
p
resen
t
valu
es

of
th
e
con
trib
u
tion
s
to


of
th
e
k
n
ow
n
co
m
p
o
n
en
ts:


v
a
c;0
for
vacu
u
m
en
erg
y,


m
;0
for

n
on
relativ
istic
m
atter
(d
ark
m
a
tter
an
d
b
ary
on
s),
an
d


ra
d
;0
for
rad
iation
,
w
ith



v
a
c
;0
+


m
;0
+


ra
d
;0
=
1
:

(P
4
.1)

Y
ou
are
also
given
th
e
p
resen
t
valu
e
H
0
of
th
e
H
u
b
b
le
ex
p
an
sion
ra
te,
th
e
red
sh
ift
z
ls

of
th
e
su
rface
of
last
scatterin
g,
an
d
of
co
u
rse
th
e
sp
eed
o
f
lig
h
t
c.
F
ollow
in
g
R
y
d
en
's

con
ven
tion
s,
you
sh
ou
ld
take
a
(t
0 )�
1
.

(a)
(15
poin
ts)
W
h
at
is
th
e
co
o
rd
in
ate
ra
d
iu
s
`
ls;c
of
th
e
su
rface
o
f
la
st
scatterin
g?
Y
ou
r

an
sw
er
sh
ou
ld
take
th
e
fo
rm
o
f
a
d
e�
n
ite
in
tegral,
w
ith
ex
p
licit
lim
its
of
in
tegration
.

(N
ote
th
at
th
e
fu
n
ction
a
(t)
is
n
ot
giv
en
,
so
it
sh
ou
ld
n
o
t
ap
p
ea
r
in
you
r
�
n
ala
n
sw
er.)

(b
)
(10
poin
ts)
W
h
at
is
th
e
co
o
rd
in
ate
size
h
ls;c
of
th
e
h
o
rizo
n
d
ista
n
ce
a
t
th
e
tim
e
o
f

last
scatterin
g?
Y
ou
r
a
n
sw
er
sh
ou
ld
again
tak
e
th
e
form
of
a
n
in
tegral,
as
in
p
art

(a).

(c)
(5
poin
ts)
If
tw
o
p
oin
ts
on
th
e
su
rfa
ce
of
last
scatterin
g
w
ere
sep
arated
from
each

oth
er
b
y
a
h
orizon
d
ista
n
ce
at
th
e
tim
e
of
last
sca
tterin
g
,
w
h
at
w
ill
b
e
th
e
an
gu
lar

sep
aration
b
etw
een
th
ese
tw
o
p
o
in
ts
as
seen
on
E
arth
to
d
ay
?
Y
o
u
m
ay
u
se
sm
a
ll

an
gle
ap
p
rox
im
ation
s.
Y
ou
r
an
sw
er
ca
n
in
clu
d
e
an
y
o
f
th
e
giv
en
variab
les,
an
d
also

th
e
an
sw
ers
`
ls;c
an
d
h
ls;c
to
th
e
p
rev
io
u
s
tw
o
p
arts,
w
h
eth
er
or
n
ot
y
o
u
a
n
sw
ered

th
ose
p
arts.

A
n
sw
e
r
s:

(a)
If
w
e
let
t
ls

d
en
ote
th
e
tim
e
at
w
h
ich
th
e
C
M
B
p
h
oton
s
left
th
e
su
rface
o
f
la
st

scatterin
g,
th
en
th
e
co
ord
in
ate
d
istan
ce
from
th
e
su
rfa
ce
o
f
last
scatterin
g
to
u
s
is

giv
en
b
y

`
ls;c
= Z

t
0

t
ls

c
d
t

a
(t)
;

(S
4
.1)

sin
ce
c=
a
(t)
is
th
e
co
ord
in
a
te
sp
eed
of
ligh
t.
T
h
is
can
n
ot
b
e
ou
r
�
n
a
lan
sw
er,h
ow
ev
er,

sin
ce
w
e
d
on
't
k
n
ow
a
(t)
o
r
t
ls .
H
ow
ev
er,
w
e
ca
n
�
n
d
a
(t
ls ),
sin
ce

1
+
z
ls
=
a
(t
0 )

a
(t
ls )

=)

a
(t
ls )
=

1
1
+
z
ls
;

(S
4
.2)



8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
3

w
h
ere
z
ls
is
given
.
W
e
ca
n
m
a
ke
u
se
o
f
th
is
b
y
ch
an
gin
g
th
e
variab
le
of
in
tegration

in
E
q
.
(S
4.1)
to
a
.
T
o
carry
ou
t
th
is
ch
an
ge
of
variab
le
w
e
n
eed
to
k
n
ow
_a�
d
a
=
d
t,

w
h
ich
can
b
e
fou
n
d
from
th
e
�
rst
ord
er
F
ried
m
an
n
eq
u
ation
.
U
sin
g



�
��

c
;
an
d
�
c �
3
H
2

8
�
G

;

(S
4.3)

w
e
ca
n
w
rite

H
2
= 8>:
_aa 9>;
2

=
8
�3

G
�
(t)
:

(S
4.4)

H
ere
H
(t)
is
th
e
H
u
b
b
le
ex
p
an
sion
rate
an
d
�
(t)
is
th
e
total
m
ass
d
en
sity.
T
h
e

m
ass
d
en
sity
o
f
th
e
u
n
iv
erse
h
as
3
com
p
o
n
en
ts:
vacu
u
m

m
ass
d
en
sity
�
v
a
c
w
h
ich

is
in
d
ep
en
d
en
t
of
tim
e,
m
atter
d
en
sity
�
m
(t)
w
h
ich
falls
o�
as
1
=
a
3,
an
d
rad
iation

d
en
sity
�
ra
d (t)
w
h
ich
falls
o�
as
1
=
a
4.
T
h
u
s

8>:
_aa 9>;
2

=
8
�3

G
[�
v
a
c
+
�
m
(t)
+
�
ra
d (t)]

=

H
20

�
c
;0 h�
v
a
c
+
�
m
;0

a
3

+
�
ra
d
;0

a
4 i

=
H
20 �


v
a
c
+


m
;0

a
3

+


ra
d
;0

a
4 �
:

(S
4.5)

T
h
u
s,
th
e
co
ord
in
ate
d
istan
ce
b
etw
een
u
s
an
d
th
e
su
rface
o
f
last
scatterin
g
is
th
en

`
ls;c
= Z

t
0

t
l
s

c
d
t

a
(t)
= Z

t
0

t
ls

c
a
_a
d
t

a
2
_a

= Z
1

a
(t
ls )

c
d
a

H
a
2

=

cH
0 Z

1
a
(t
l
s )

d
a

a
2 q


r
a
d
;0

a
4

+


m

;0

a
3

+


v
a
c;0

=

cH
0 Z

1
a
(t
l
s )

d
a

p


ra
d
;0
+


m
;0
a
+


v
a
c
;0
a
4

;

(S
4.6)

w
h
ere
a
(t
ls )
is
giv
en
in
E
q
.
(S
4.2).

A
ltern
ativ
ely,
o
n
e
ca
n
u
se
z
as
th
e
variab
le
o
f
in
tegration
,
w
h
ere

a
=

1
1
+
z

=)

d
a
=
�
d
z

(1
+
z)
2

;

(S
4.7)

8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
4

w
h
ich
lead
s
to

`
ls;c
=

cH
0 Z

z
ls

0

d
z

p


ra
d
;0 (1
+
z)
4
+


m
;0 (1
+
z
)
3
+


v
a
c;0

:

(S
4
.8)

N
ote
th
at
th
e
m
in
u
s
sign
in
E
q
.
(S
4.7
)
im
p
lies
th
at
th
e
lim
its
o
f
in
tegratio
n
of

E
q
.(S
4.8)
a
re
rev
ersed
rela
tiv
e
to
E
q
.
(S
4.6).
T
h
e
low
er
lim
it
in
E
q
.
(S
4
.6),
a
=
a
(t
ls ),

corresp
on
d
s
to
th
e
u
p
p
er
lim
it,
z
=

z
ls ,
in
E
q
.
(S
4.8),
w
h
ile
th
e
u
p
p
er
lim
it
in

E
q
.
(S
4.6),
a
=
1,
corresp
on
d
s
to
th
e
low
er
lim
it
in
E
q
.
(S
4.8),
z
=
0
.

(b
)
h
ls;c
is
th
e
total
co
ord
in
ate
d
istan
ce
th
a
t
ligh
t
cou
ld
h
ave
trav
eled
b
etw
een
t
=
0
an
d

t
=
t
ls ,
so
th
e
an
sw
er
is
th
e
sam
e
as
in
p
art
(a),
ex
cep
t
for
th
e
lim
its
o
f
in
tegratio
n
.

S
o

h
ls;c
=

cH
0 Z

a
(t
l
s )

0

d
a

p


ra
d
;0
+


m
;0
a
+


v
a
c;0
a
4

:

(S
4
.9)

If
on
e
p
refers
to
u
se
z
as
th
e
in
tegration
varia
b
le,
th
is
w
ou
ld
b
e
w
ritten
a
s

`
ls;c
=

cH
0 Z

1
z
ls

d
z

p


ra
d
;0 (1
+
z)
4
+


m
;0 (1
+
z)
3
+


v
a
c;0

:

(S
4.1
0)

(c)
S
in
ce
th
e
com
ov
in
g
d
iag
ram
d
escrib
es
a


a
t
(E
u
clid
ean
)
sp
a
ce,
th
e
an
gle
su
b
ten
d
ed

b
y
a
len
gth
h
ls;c
at
a
d
ista
n
ce
`
ls;c
is,
in
sm
all
an
gle
ap
p
rox
im
a
tion
,
g
iv
en
sim
p
ly
b
y

th
e
ratio

�
=
h
ls;c

`
ls;c

:

(S
4.1
1)

Y
ou
w
ere
of
cou
rse
n
ot
ask
ed
to
eva
lu
ate
th
ese
q
u
a
n
tities
n
u
m
erically,
b
u
t
y
ou
m
igh
t

b
e
in
terested
in
th
e
an
sw
ers.
S
o
m
e
of
th
e
an
sw
ers
w
ere
alrea
d
y
giv
en
in
L
ectu
re
N
otes



8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
5

8.
W
e
u
se
th
e
P
lan
ck
2018
p
aram
eters*

H
0
=
67
:3
6
k
m
s
�
1
M
p
c
�
1



m
;0
=
0
:3153



v
a
c;0
=
0
:6847

z
ls
=
10
89
:9
2
;

(S
4.12)

an
d


ra
d
;0
given
b
y



ra
d
;0
= "
2
+
2
14 �
41

1 �
4
=
3 #
�
2

30
(k
T
0 )
4

�h
3c
5

�
8
�
G

3
H
20

;

(S
4.13)

[S
ee
E
q
.
(6.65)
of
L
ectu
re
N
otes
6
an
d
E
q
.
(3.33)
of
L
ectu
re
N
otes
3]
w
ithy

T
0
=
2
:72548
K
:

(S
4.14)

E
q
.
(S
4.13)
th
en
g
iv
es



ra
d
;0
=
9
:1
6
3�
10
�
5
:

(S
4.15)

O
n
e
th
en
�
n
d
s
th
at
th
e
com
ov
in
g
d
istan
ce
(i.e.,
th
e
co
ord
in
ate
d
istan
ce
w
ith
a
(t
0 )�
1)

to
th
e
su
rface
of
last
scatterin
g
is

`
ls;c
=
4
5
:23�
10
9
lig
h
t-y
ears
;

(S
4.16)

an
d
th
at
th
e
com
ov
in
g
h
orizon
d
istan
ce
at
th
e
tim
e
of
last
scatterin
g
is

h
ls;c
=
0
:9
1
5
0�
10
9
ligh
t-y
ears:

(S
4.17)

T
h
e
su
m
of
th
ese
tw
o
n
u
m
b
ers
is
th
e
cu
rren
t
h
orizon
d
istan
ce,

`
p
;h
o
riz
o
n (t
0 )
=
4
6
:1
5�
10
9
ligh
t-y
ears
:

(S
4.18)

O
n
e
�
n
d
s
th
at
th
e
h
orizon
p
rob
lem
for
th
e
C
M
B
is
actu
ally
w
orse
th
an
th
e
v
ery
cru
d
e

calcu
lation
th
at
w
e
d
id
in
cla
ss,
b
y
ab
ou
t
a
factor
of
2
.
In
class
w
e
fou
n
d
th
at
th
e
rad
iu
s

of
th
e
su
rface
of
last
scatterin
g
w
as
ab
ou
t
23
h
orizon
d
istan
ces,
w
h
ile
th
ese
n
u
m
b
ers
tell

*
P
lan
ck
C
ollab
o
ration
,
N
.
A
gh
an
im

et
al.,
\P
lan
ck
2018
resu
lts,
V
I:
C
osm
ological

p
aram
eters,"
A
stron
.
&
A
strop
h
y
s.
641,
A
6
(2020),
arX
iv
:1807.06209v
4
[astro-p
h
.C
O
],

a
b
stra
ct
a
n
d
co
lu
m
n
5
of
T
ab
les
1
or
2.

y
D
.J
.
F
ix
sen
,
\T
h
e
T
em
p
eratu
re
of
th
e
C
osm
ic
M
icrow
ave
B
ack
grou
n
d
,"
A
strop
h
y
s.

J
.
707,
9
16{920
(2009),
arX
iv
:0911.1955v
2
[astro-p
h
.C
O
].

8
.2
8
6
Q
U
IZ
3
,
F
A
L
L
2
0
2
2

p
.
1
6

u
s
th
at
th
e
rad
iu
s
of
th
e
su
rfa
ce
of
last
scatterin
g
w
as
ab
ou
t
4
9.4
3
h
orizon
d
ista
n
ces.

T
h
u
s,
tw
o
p
oin
ts
on
th
e
C
M
B
sk
y
sep
ara
ted
b
y

��
1

4
9
:4
3
rad
ian�
1
:159
Æ

(S
4
.19
)

w
ere
1
h
orizon
d
istan
ce
a
p
a
rt
on
th
e
su
rface
of
last
sca
tterin
g,
at
th
e
tim
e
of
d
eco
u
p
lin
g.

If
on
e
treats
th
e
q
u
oted
u
n
certain
ties
in
th
e
va
riou
s
q
u
an
tities
as
b
ein
g
in
d
ep
en
d
en
t,
th
e

�
n
al
resu
lt
can
b
e
w
ritten
as

�
=
1
:15
9
Æ�
0
:006
Æ

:

(S
4.2
0)

T
h
u
s,C
M
B
p
h
oton
s
th
at
w
e
receive
from
p
oin
ts
sep
arated
b
y
slig
h
tly
m
ore
th
a
t
1.16
Æ

w
ere
last
scattered
from
p
oin
ts
th
at
w
ere
sep
ara
ted
b
y
m
ore
th
a
n
a
h
o
rizo
n
d
ista
n
ce,
so

n
eith
er
p
oin
t
cou
ld
h
ave
receiv
ed
a
sign
a
l
from
th
e
oth
er.
T
h
ey
cou
ld
,
h
ow
ever,
h
av
e

b
oth
received
a
sign
al
from
so
m
e
p
oin
t
in
b
etw
een
th
e
tw
o.
F
o
r
2
p
oin
ts
on
th
e
C
M
B

sk
y
sep
arated
b
y
sligh
tly
m
o
re
th
a
n
tw
ice
th
is
an
gle,
i.e.,
slig
h
tly
m
ore
th
a
n
2.3
2
Æ,
th
en

th
e
tw
o
p
oin
ts
of
last
scatterin
g
cou
ld
n
ot
h
ave
even
h
a
d
an
y
com
m
o
n
in


u
en
ces.


