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Equivalent Statements of the 5th Postulate

(a) “If a straight line intersects one of two parallels (i.e, lines which do not
intersect however far they are extended), it will intersect the other also.”
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Equivalent Statements of the 5th Postulate

(b) “There is one and only one line that passes through any given point and is
parallel to a given line.”

Alan Guth

Massachusetts Institute of Technology

8.286 Lecture 10, October 15, 2018 –8–

Equivalent Statements of the 5th Postulate

(c) “Given any figure there exists a figure, similar to it, of any size.”
(Two polygons are similar if their corresponding angles are equal, and their
corresponding sides are proportional.)
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Equivalent Statements of the 5th Postulate

(d) “There is a triangle in which the sum of the three angles is equal to two
right angles (i.e., 180◦).”
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Giovanni Geralamo Saccheri (1667{1733)

In 1733, Saccheri, a Jesuit priest,
published Euclides ab omni naevo
vindicatus (Euclid Freed of Every
Flaw).

The book was a study of what ge-
ometry would be like if the 5th
postulate were false.

He hoped to find an inconsistency, but
failed.
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Carl Friedrich Gauss (1777{1855)

German mathematician and physicist.

Born as the son of a poor working-class
parents. His mother was illiterate and
never even recorded the date of his birth.

His students included Richard Dedekind,
Bernhard Riemann, Peter Gustav Leje-
une Dirichlet, Gustav Kirchhoff, and
August Ferinand Möbius.
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J�anos Bolyai (1802{1860)

Hungarian mathematician and army officer.
Son of Farkas Bolyai, a teacher of mathematics,

physics, and chemistry at the Calvinist
College in Marosvásárhely, Hungary.

Attended Marosvásárhely College and later
studied military engineering at the
Academy of Engineering at Vienna, be-
cause that is what his family could afford.

Served 11 years in the army engineering corps;
during this time he developed his non-
Euclidean geometry, which was published
as an appendix to a book written by his
father.

Retired from the army at age 31 due to poor
health, and died in relative poverty at age
57, from pneumonia.
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Nikolai Ivanovich Lobachevsky (1792{1856)

Russian mathematician and college teacher.
Born in Russia from Polish parents; father was

a clerk in a land-surveying office, but died
when Nikolai was only seven.

Moved to Kazan, attending Kazan Gymna-
sium and later was given a scholarship to
Kazan University. He remained at Kazan
University on the faculty.

Work on non-Euclidean geometry published
in the Kazan Messenger in 1829, but
was rejected for publication by the St.
Petersburg Academy of Sciences.

He was “asked to retire” at age 54, and died 10
years later in poor health and in poverty.
His work was never appreciated during his
lifetime.
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Non-Euclidean Geometry:

The Surface of a Sphere

x2 + y2 + z2 = R2 .
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Polar Coordinates:

x = R sin θ cosφ

y = R sin θ sinφ
z = R cos θ ,
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Varying θ:

ds = Rdθ
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Varying φ:

ds = R sin θ dφ
Alan Guth
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Varying θ and φ

Varying θ: ds = Rdθ

Varying φ: ds = R sin θ dφ

ds2 = R2
(
dθ2 + sin2 θ dφ2

)
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A Closed Three-Dimensional Space

x2 + y2 + z2 + w2 = R2

x = R sinψ sin θ cosφ

y = R sinψ sin θ sinφ

z = R sinψ cos θ

w = R cosψ ,

ds = Rdψ
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Metric for the Closed 3D Space

Varying ψ: ds = Rdψ

Varying θ or φ: ds2 = R2 sin2 ψ(dθ2 + sin2 θ dφ2)

If the variations are orthogonal to each other, then

ds2 = R2
[
dψ2 + sin2 ψ

(
dθ2 + sin2 θ dφ2

)]
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Proof of Orthogonality of Variations

Let d�rψ = displacement of point when ψ is changed to ψ + dψ.

Let d�rθ = displacement of point when θ is changed to θ + dθ.

d�rθ has no w-component =⇒ d�rψ ·d�rθ = d�r
(3)
ψ ·d�r(3)θ , where

(3) denotes the projection into the x-y-z subspace.

d�r
(3)
ψ is radial; d�r(3)θ is tangential

=⇒ d�r
(3)
ψ · d�r(3)θ = 0
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Implications of General Relativity

ds2 = R2
[
dψ2 + sin2 ψ

(
dθ2 + sin2 θ dφ2

)]
, where R is radius

of curvature.

According to GR, matter causes space to curve.

R cannot be arbitrary. Instead, R2(t) =
a2(t)
k

.

Finally,

ds2 = a2(t)
{

dr2

1− kr2
+ r2

(
dθ2 + sin2 θ dφ2

)}
,

where r =
sinψ√
k
. Called the Robertson-Walker metric.
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