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8
.2
8
6
L
e
c
tu
r
e
6

S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

T
H
E
D
Y
N
A
M
I
C
S
O
F

N
E
W
T
O
N
I
A
N
C
O
S
M
O
L
O
G
Y
,

P
A
R
T
2

(C
orrected
9/25/20:
on
p
p
.
9{11,
H

w
as
ch
an
ged
to
H
i )

A
nno
unce
m
e
nts

P
rob
lem
S
et
3
is
d
u
e
th
is
F
rid
ay
at
5
p
m
E
D
T
.

Q
u
iz
1
w
ill
take
p
lace
a
w
eek
from
W
ed
n
esd
ay,
on
9/30/2020.

F
u
ll
d
etails
ab
o
u
t
th
e
q
u
iz
are
on
th
e
class
w
eb
site,
an
d
are

on
th
e
R
e
v
ie
w

P
ro
b
le
m
s
fo
r
Q
u
iz
1
.

O
n
e
p
rob
lem

on
th
e

q
u
iz
w
ill
b
e
taken
verb
atim
,
or
at
least
alm
ost
verb
atim
,
from

th
e
p
rob
lem
sets
or
from
th
e
starred
p
rob
lem
s
on
th
e
R
e
v
ie
w

P
ro
b
le
m
s.

R
ev
iew
session
for
th
e
q
u
iz,
b
y
B
ru
n
o
S
ch
eih
in
g:
S
u
n
d
ay,

9/27/2020,
at
1:00
p
m
E
D
T
.
S
am
e
Z
o
om
ID
as
ou
r
classes.

W
ill
b
e
record
ed
.

A
la
n
G
u
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M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
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g
y

8
.2
8
6
L
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c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
1
{

M
a
th
e
m
a
tica
l
M
o
d
e
l
o
f
a

U
nifo
rm
ly
E
x
p
a
nd
ing
U
nive
rse

D
esired
p
rop
erties:
h
om
ogen
eity,
iso
tro
p
y,
an
d
H
u
b
b
le's
law
.

T
h
e
m
o
d
el
sh
ou
ld
b
e
�
n
ite,
to
avoid
th
e
con
d
ition
al
con
vergen
ce
p
rob
lem
s

d
iscu
ssed
last
tim
e.
A
t
th
e
en
d
w
e
w
ill
take
th
e
lim
it
as
th
e
size
ap
p
roach
es

in
�
n
ity.

N
ew
ton
ian
d
y
n
am
ics:
w
e
ch
o
ose
th
e
in
itial
con
d
ition
s,
an
d
th
en
N
ew
ton
's

law
s
of
m
otion
w
ill
d
eterm
in
e
h
ow
it
w
ill
evolve.

T
o
im
p
ose
isotrop
y,
w
e
m
o
d
el
th
e
in
itial
state
as
a
solid
sp
h
ere,
of
som
e

rad
iu
s
R
m

a
x
;i .

T
o
im
p
ose
h
om
ogen
eity,
w
e
take
th
e
in
itial
m
ass
d
en
sity
to
b
e
con
stan
t,

�
i .
T
h
e
m
atter
is
treated
as
a
gas,
th
at
can
th
in
as
th
e
u
n
iv
erse
ex
p
an
d
s.

T
h
in
k
of
a
gas
of
very
low
sp
eed
p
articles,
so
th
e
p
ressu
re
is
n
egligib
le.

W
e
ta
ke
th
e
in
itial
velo
cities
accord
in
g
to
H
u
b
b
le's
law
,
w
ith
som
e
in
itial

ex
p
an
sion
rate
H
i
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E
x
p
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nd
ing
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rse

t
i
�
tim
e
of
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itial
p
ictu
re

R
m

a
x
;i
�
in
itial
m
ax
im
u
m
rad
iu
s

�
i
�
in
itial
m
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~v
i
=
H
i ~r
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D
e
scrip
tio
n
o
f
E
vo
lutio
n

A
s
th
e
m
o
d
el
u
n
iv
erse
ev
olves,
th
e
sp
h
erical
sy
m
m
etry
w
ill
b
e
p
reserv
ed
:

each
gas
p
article
w
ill
con
tin
u
e
on
a
rad
ial
tra
jectory,
sin
ce
th
ere
are
n
o

forces
th
at
m
igh
t
p
u
ll
it
tan
gen
tially.

S
p
h
erical
sy
m
m
etry

=
)

all
p
articles
th
at
start
at
th
e
sam
e
in
itial

rad
iu
s
w
ill
b
eh
ave
th
e
sam
e
w
ay.
S
o,
a
p
article
th
at
b
egin
s
at
rad
iu
s
r
i
w
ill

b
e
fou
n
d
at
a
later
tim
e
t
at
som
e
rad
iu
s

r
=
r(r
i ;t)
:

O
u
r
goal
is
to
�
gu
re
ou
t
w
h
at
d
eterm
in
es
r(r
i ;t)

T
h
e
on
ly
relevan
t
force
is
grav
ity.
G
rav
ity
an
d
electrom
agn
etism
are
th
e

on
ly
(k
n
ow
n
)
lon
g-ran
ge
forces.
T
h
e
u
n
iv
erse
ap
p
ears
to
b
e
electrically

n
eu
tral,
so
lon
g-ran
ge
electric
forces
are
n
ot
p
resen
t.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
4
{

R
e
m
ind
e
r:
th
e
G
ra
vita
tio
na
l
F
ie
ld

o
f
a
S
h
e
ll
o
f
M
a
tte
r

F
or
p
oin
ts
ou
tsid
e
th
e
sh
ell,
th
e
grav
itation
al
force
is
th
e
sam
e
as
if
th
e

total
m
ass
of
th
e
sh
ell
w
ere
con
cen
trated
a
t
th
e
cen
ter.

F
or
p
oin
ts
in
sid
e
th
e
sh
ell,
th
e
grav
itation
al
�
eld
is
z
e
r
o
.

N
ew
ton
�
gu
red
th
is
o
u
t
b
y
in
teg
ration
.
F
or
u
s,
G
a
u
ss's
law
m
akes
it

ob
v
iou
s.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
5
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S
h
e
ll
C
ro
ssing
s?

C
a
n
sh
ells
cro
ss?
I.e.,
ca
n
tw
o
sh
ells
th
a
t
sta
rt
at
d
i�
eren
t
r
i

ev
er

cro
ss
ea
ch
o
th
er?

T
h
e
a
n
sw
er
is
n
o
,
b
u
t
w
e
d
o
n
't
k
n
ow
th
a
t
w
h
en
w
e
start.

B
u
t
w
e
d
o
k
n
ow
th
a
t
H
u
b
b
le's
law
im
p
lies
th
at
an
y
tw
o
sh
ells
a
re

in
itia
lly
m
ov
in
g
a
p
a
rt.
T
h
erefo
re
th
ere
m
u
st
b
e
at
least
som
e

in
terva
l
b
efo
re
a
n
y
sh
ell
cro
ssin
g
s
ca
n
h
a
p
p
en
.

W
e
w
ill
w
rite
eq
u
a
tio
n
s
th
a
t
a
re
va
lid
a
ssu
m
in
g
n
o
sh
ell
crossin
gs.

T
h
ese
eq
u
a
tio
n
s
w
ill
b
e
va
lid
u
n
til
a
n
y
p
o
ssib
le
sh
ell
crossin
g.

If
th
ere
w
a
s
a
sh
ell
cro
ssin
g
,
th
ese
eq
u
a
tio
n
s
w
ou
ld
h
ave
to
sh
ow

tw
o
sh
ells
b
eco
m
in
g
a
rb
itra
rily
clo
se.

W
e
w
ill
�
n
d
,
h
ow
ev
er,
th
a
t
th
e
eq
u
a
tio
n
s
im
p
ly
u
n
iform
ex
p
an
sion
,

so
n
o
sh
ell
cro
ssin
g
s
ever
h
a
p
p
en
in
th
is
sy
stem
.
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E
qua
tio
ns
o
f
M
o
tio
n

N
ew
ton
ian
grav
ity
o
f
a
sh
ell:

In
sid
e:
~g
=
0.

O
u
tsid
e:
S
am
e
as
p
o
in
t
m
ass
at
cen
ter,
w
ith
sam
e
M
.

r(r
i ;t)
�
rad
iu
s
at
t
of
sh
ell
in
itially
at
r
i .

L
et
M
(r
i )
�
m
ass
in
sid
e
r
i -sh
ell
=
4
�3

r
3i �

i
at
all
tim
es.

P
ressu
re?

W
h
en
a
gas
w
ith
p
ressu
re
p
>

0
ex
p
an
d
s,
it
p
u
sh
es
on
its

su
rrou
n
d
in
gs
an
d
lo
ses
en
ergy.
R
elativ
istically,
en
ergy
=
m
ass
(tim
es
c
2).

B
y
assu
m
in
g
th
at
M
(r
i )
is
con
stan
t,
w
e
are
assu
m
in
g
th
a
t
p
'
0.
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n
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u
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E
q
u
a
tio
n
s:

F
or
p
articles
a
t
rad
iu
s
r,

~g
=
�
G
M
(r
i )

r
2

^r
;

w
h
ere

M
(r
i )
=
4
�3

r
3i �

i
:

S
in
ce
~g
is
th
e
acceleration
,

�r
=
�
G
M
(r
i )

r
2

=
�
4
�3
G
r
3i �

i

r
2

;
w
h
ere
r
�
r(r
i ;t);

w
h
ere
an
ov
erd
ot
in
d
icates
a
d
erivativ
e
w
ith
resp
ect
to
t.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
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o
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T
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c
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g
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�r
=
�
G
M
(r
i )

r
2

=
�
4
�3
G
r
3i �

i

r
2

;
w
h
ere
r
�
r(r
i ;t);

F
or
a
secon
d
ord
er
eq
u
ation
lik
e
th
is,
th
e
solu
tion
is
u
n
iq
u
ely
d
eterm
in
ed

if
th
e
in
itial
valu
e
o
f
r
an
d
_r
are
sp
eci�
ed
:

r(r
i ;t
i )
=
r
i
;

an
d
,
b
y
th
e
H
u
b
b
le
law
in
itial
con
d
ition
~v
i
=
H
i ~r
i
;

_r(r
i ;t
i )
=
H
i r
i
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
9
{

M
ira
culo
us
S
ca
ling
R
e
la
tio
ns

�r
=
�
4
�3
G
r
3i �

i

r
2

;

r(r
i ;t
i )
=
r
i
;

_r(r
i ;t
i )
=
H
i r
i
:

S
u
p
p
ose
w
e
d
e�
n
e

u
(r
i ;t)
�
r(r
i ;t)

r
i

:

T
h
en

�u
=

�rr
i
=
�
4
�3
G
�
i

u
2

:

T
h
ere
is
n
o
r
i -d
ep
en
d
en
ce.
T
h
is
\m
iracle"
d
ep
en
d
ed
on
grav
ity
b
ein
g
a

1
=
r
2

force.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
1
0
{

�r
=
�
4
�3
G
r
3i �

i

r
2

;

r(r
i ;t
i )
=
r
i
;

_r(r
i ;t
i )
=
H
i r
i
:

u
(r
i ;t)
�
r(r
i ;t)

r
i

=
)

�u
=
�
4
�3
G
�
i

u
2

:

W
h
at
ab
ou
t
th
e
in
itial
con
d
itio
n
s
for
u
(r
i ;t)?

u
(r
i ;t
i )
=
r(r
i ;t
i )

r
i

=
1
;

_u(r
i ;t
i )
=

_r(r
i ;t
i )

r
i

=
H
i
:

S
in
ce
th
e
d
i�
eren
tial
eq
u
atio
n
an
d
th
e
in
tia
l
co
n
d
ition
s
d
eterm
in
e
u
(r
i ;t),
it

d
o
es
n
ot
d
ep
en
d
on
r
i .
W
e
ca
n
ren
am
e
it

u
(r
i ;t)
�
a
(t)
;

so

r(r
i ;t)
=
a
(t)
r
i
:

T
h
is
d
escrib
es
u
n
iform
ex
p
an
sion
b
y
a
scale
factor
a
(t).

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y
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T
im
e
D
e
p
e
nd
e
nce
o
f
�
(
t)

W
e
k
n
ow
h
ow
th
e
m
ass
d
en
sity
d
ep
en
d
s
on
tim
e,
b
ecau
se
w
e
assu
m
ed
th
at

M
(r
i )
|

th
e
total
m
ass
con
tain
ed
in
sid
e
a
sh
ell
of
p
articles
w
h
ose
in
itial

rad
iu
s
w
as
r
i
|

d
o
es
n
ot
ch
an
ge
w
ith
tim
e.
T
h
e
rad
iu
s
of
th
e
sh
ell
at
tim
e

t
is
a
(t)r
i .
T
h
e
m
ass
d
en
sity
is
ju
st
th
e
m
ass
d
iv
id
ed
b
y
th
e
v
olu
m
e,

�(t)
=

M
(r
i )

4
�3

a
3(t)r
3i

=

4
�3

r
3i �

i

4
�3

a
3(t)r
3i

=

�
i

a
3(t)
:

S
o

�u
=
�
4
�3
G
�
i

u
2

=
)

�a
=
�
4
�3
G
�
i

a
2

:

=
)

�a
=
�
4
�3

G
�(t)
a
(t)
:

F
ried
m
an
n
eq
u
ation
.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
1
2
{

N
o
th
ing
D
e
p
e
nd
s
o
n
R
m

a

x

;i

A
n
ob
server
liv
in
g
in
th
is
m
o
d
el
u
n
iv
erse
w
ou
ld
see
u
n
iform
ex
p
an
sion
all

arou
n
d
h
erself,
an
d
w
ou
ld
on
ly
b
e
aw
are
of
th
e
b
ou
n
d
ary
at
R
m

a
x

if
sh
e

w
as
close
en
ou
gh
to
th
e
b
o
u
n
d
ary
to
see
it.

T
h
u
s,
w
e
can
take
th
e
lim
it
R
m

a
x
;i

!

1

w
ith
o
u
t
d
oin
g
a
n
y
th
in
g,
sin
ce

n
oth
in
g
of
in
terest
d
ep
en
d
s
on
R
m

a
x
;i .

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
1
3
{

A
C
o
nse
rva
tio
n
L
a
w

T
h
e
eq
u
a
tio
n
fo
r
�a
h
a
s
th
e
sa
m
e
fo
rm
a
s
an
eq
u
ation
for
th
e

m
o
tio
n
o
f
a
p
a
rticle
w
ith
a
tim
e-in
d
ep
en
d
en
t
p
oten
tial
en
ergy

fu
n
ctio
n
.
S
o
,
th
ere
is
a
co
n
serva
tio
n
law
:

�a
=
�

4
�3
G
�
i

a
2

=
)

_a �
�a
+
4
�3
G
�
i

a
2 �
=
0

=
)

d
Ed

t
=
0
;

w
h
ere

E
=
12

_a
2

�

4
�3
G
�
i

a

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
L
e
c
tu
re

6
,
S
e
p
te
m
b
e
r
2
3
,
2
0
2
0

{
1
4
{

S
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