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P
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R
T
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I
sa
a
c
N
e
w
to
n
to
R
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a
rd
B
e
ntle
y
,
L
e
tte
r
1

N
e
w
to
n
o
n
th
e
I
nfinite
U
nive
rse

A
s
to
you
r
�
rst
q
u
ery,
it
seem
s
to
m
e
th
a
t
if
th
e
m
atter
of
ou
r
su
n
an
d
p
lan
ets

an
d
all
th
e
m
atter
of
th
e
u
n
iverse
w
ere
ev
en
ly
scattered
th
rou
gh
ou
t
all
th
e

h
eaven
s,
an
d
ev
ery
p
article
h
ad
an
in
n
ate
grav
ity
tow
ard
all
th
e
rest,
an
d
th
e

w
h
ole
sp
ace
th
rou
gh
ou
t
w
h
ich
th
is
m
atter
w
as
scattered
w
a
s
b
u
t
�
n
ite,
th
e

m
atter
on
th
e
ou
tsid
e
of
th
is
sp
ace
w
ou
ld
,
b
y
its
g
rav
ity,
ten
d
tow
ard
all
th
e

m
atter
on
th
e
in
sid
e
an
d
,
b
y
con
seq
u
en
ce,
fall
d
ow
n
in
to
th
e
m
id
d
le
of
th
e

w
h
ole
sp
ace
an
d
th
ere
com
p
ose
on
e
great
sp
h
erical
m
a
ss.
B
u
t
if
th
e
m
atter
w
a
s

even
ly
d
isp
osed
th
rou
gh
o
u
t
an
in
�
n
ite
sp
a
ce,
it
cou
ld
n
ever
con
ven
e
in
to
on
e

m
ass;
b
u
t
som
e
of
it
w
ou
ld
co
n
v
en
e
in
to
on
e
m
ass
a
n
d
som
e
in
to
an
oth
er,
so
as

to
m
ak
e
an
in
�
n
ite
n
u
m
b
er
of
great
m
asses,
scattered
at
great
d
istan
ces
from

on
e
to
an
oth
er
th
rou
gh
o
u
t
all
th
at
in
�
n
ite
sp
ace.
A
n
d
th
u
s
m
igh
t
th
e
su
n
a
n
d

�
x
ed
stars
b
e
form
ed
,
su
p
p
o
sin
g
th
e
m
atter
w
ere
o
f
a
lu
cid
n
atu
re.
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B
u
t
h
ow
th
e
m
atter
sh
ou
ld
d
iv
id
e
itself
in
to
tw
o
sorts,
an
d
th
at
p
art
of
it
w
h
ich

is
to
com
p
ose
a
sh
in
in
g
b
o
d
y
sh
ou
ld
fall
d
ow
n
in
to
on
e
m
ass
an
d
m
ak
e
a
su
n

an
d
th
e
rest
w
h
ich
is
�
t
to
com
p
ose
an
op
aq
u
e
b
o
d
y
sh
ou
ld
coalesce,
n
ot
in
to

on
e
great
b
o
d
y,
like
th
e
sh
in
in
g
m
atter,
b
u
t
in
to
m
an
y
little
on
es;
or
if
th
e
su
n

at
�
rst
w
ere
an
op
aq
u
e
b
o
d
y
like
th
e
p
lan
ets
or
th
e
p
lan
ets
lu
cid
b
o
d
ies
lik
e

th
e
su
n
,
h
ow
h
e
alon
e
sh
ou
ld
b
e
ch
an
ged
in
to
a
sh
in
in
g
b
o
d
y
w
h
ilst
all
th
ey

con
tin
u
e
op
aq
u
e,
or
all
th
ey
b
e
ch
an
ged
in
to
op
aq
u
e
on
es
w
h
ilst
h
e
rem
ain
s

u
n
ch
an
ged
,
I
d
o
n
ot
th
in
k
ex
p
licab
le
b
y
m
ere
n
atu
ral
cau
ses,
b
u
t
am
forced
to

ascrib
e
it
to
th
e
cou
n
sel
an
d
con
trivan
ce
of
a
volu
n
tary
A
gen
t.
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N
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n
I
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s

B
u
t
you
argu
e,
in
th
e
n
ex
t
p
aragrap
h
of
y
ou
r
letter,
th
at
every
p
article
of

m
atter
in
an
in
�
n
ite
sp
ace
h
as
a
n
in
�
n
ite
q
u
an
tity
o
f
m
atter
on
all
sid
es,
an
d
,

b
y
con
seq
u
en
ce,
an
in
�
n
ite
attra
ction
every
w
ay,
an
d
th
erefore
m
u
st
rest
in

eq
u
ilib
rio,
b
ecau
se
all
in
�
n
ites
are
eq
u
al.
Y
et
you
su
sp
ect
a
p
aralogism
in
th
is

argu
m
en
t;
an
d
I
con
ceiv
e
th
e
p
ara
logism
lies
in
th
e
p
osition
,
th
at
all
in
�
n
ites

are
eq
u
al.
T
h
e
gen
erality
of
m
an
k
in
d
con
sid
er
in
�
n
ites
n
o
oth
er
w
ay
s
th
an

in
d
e�
n
itely
;
an
d
in
th
is
sen
se
th
ey
say
all
in
�
n
ites
a
re
eq
u
al;
th
ou
gh
th
ey
w
ou
ld

sp
eak
m
ore
tru
ly
if
th
ey
sh
ou
ld
say,
th
ey
are
n
eith
er
eq
u
al
n
or
u
n
eq
u
al,
n
or
h
av
e

an
y
certain
d
i�
eren
ce
o
r
p
rop
ortion
on
e
to
an
oth
er.
In
th
is
sen
se,
th
erefo
re,

n
o
con
clu
sion
s
can
b
e
d
raw
n
from
th
em

ab
ou
t
th
e
eq
u
ality,
p
rop
ortion
s,
o
r

d
i�
eren
ces
of
th
in
gs;
an
d
th
ey
th
at
attem
p
t
to
d
o
it
u
su
ally
fallin
to
p
aralogism
s.
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S
o,
w
h
en
m
en
argu
e
again
st
th
e
in
�
n
ite
d
iv
isib
ility
of
m
agn
itu
d
e,
b
y
say
in
g,

th
at
if
an
in
ch
m
ay
b
e
d
iv
id
ed
in
to
an
in
�
n
ite
n
u
m
b
er
of
p
arts,
th
e
su
m
of

th
ose
p
arts
w
ill
b
e
an
in
ch
;
an
d
if
a
fo
ot
m
ay
b
e
d
iv
id
ed
in
to
an
in
�
n
ite
n
u
m
b
er

of
p
arts,
th
e
su
m
of
th
ose
p
arts
m
u
st
b
e
a
fo
ot;
an
d
th
erefore,
sin
ce
a
ll
in
�
n
ites

are
eq
u
al,
th
ose
su
m
s
m
u
st
b
e
eq
u
al,
th
at
is,
an
in
ch
eq
u
al
to
a
fo
ot.
T
h
e

falsen
ess
of
th
e
con
clu
sion
sh
ew
s
an
error
in
th
e
p
rem
ises
;
an
d
th
e
error
lies
in

th
e
p
osition
,
th
at
all
in
�
n
ites
are
eq
u
al.
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�
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ra
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th
e
G
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F
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:
th
e
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is
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a
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con
vergen
t,
b
u
t
on
ly

co
n
d
itio
n
a
lly
co
n
vergen
t.

D
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ab
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an
d
con
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al
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b
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b
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4.

B
ut
W
h
a
t
A
b
o
ut
S
y
m
m
e
try
?

N
ew
to
n
a
rg
u
ed
th
a
t
th
ere
co
u
ld
b
e
n
o
a
cceleration
,
b
ecau
se

th
ere
is
n
o
p
referred
d
irectio
n
fo
r
it
to
p
o
in
t.

C
o
m
p
lica
tio
n
:
a
ccelera
tio
n
is
m
ea
su
red
relative
to
a
n
in
ertial

fra
m
e,
w
h
ich
N
ew
to
n
d
e�
n
ed
a
s
th
e
fra
m
e
of
th
e
\�
x
ed
stars".

B
u
t
if
th
e
u
n
iv
erse
co
lla
p
ses,
th
en
th
ere
a
re
n
o
�
x
ed
stars.

In
th
e
a
b
sen
ce
o
f
a
n
in
ertia
l
fra
m
e,
a
ll
acceleration
s,
lik
e

v
elo
cities,
a
re
rela
tive.

W
h
en
all
a
ccelera
tio
n
s
a
re
rela
tive,
a
n
y
o
b
server
can
con
sid
er

h
erself
to
b
e
n
o
n
-a
ccelera
tin
g
.
S
h
e
w
o
u
ld
th
en
see
all
oth
er

o
b
jects
a
ccelera
tin
g
ra
d
ia
lly
tow
a
rd
h
erself.
L
ike
th
e
v
elo
cities

o
f
H
u
b
b
le
ex
p
a
n
sio
n
,
th
is
p
ictu
re
lo
o
k
s
lik
e
it
h
as
a
u
n
iq
u
e

cen
ter,
b
u
t
rea
lly
it
is
h
o
m
o
g
en
o
u
s.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
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c
h
n
o
lo
g
y
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L
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c
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re
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S
e
p
te
m
b
e
r
2
1
,
2
0
2
2

{
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{

M
a
th
e
m
a
tica
l
M
o
d
e
l
o
f
a

U
nifo
rm
ly
E
x
p
a
nd
ing
U
nive
rse

D
esired
p
rop
erties:
h
om
ogen
eity,
isotrop
y,
an
d
H
u
b
b
le's
law
.

T
h
e
m
o
d
el
sh
ou
ld
b
e
�
n
ite,
to
avoid
th
e
con
d
itio
n
al
con
vergen
ce
p
rob
lem
s

d
iscu
ssed
last
tim
e.
A
t
th
e
en
d
w
e
w
ill
take
th
e
lim
it
as
th
e
size
ap
p
roach
es

in
�
n
ity.

N
ew
ton
ian
d
y
n
am
ics:
w
e
ch
o
ose
th
e
in
itia
l
con
d
ition
s,
an
d
th
en
N
ew
ton
's

law
s
of
m
otion
w
ill
d
eterm
in
e
h
ow
it
w
ill
evo
lve.

T
o
im
p
ose
isotrop
y,
w
e
m
o
d
el
th
e
in
itial
state
as
a
solid
sp
h
ere,
of
som
e

rad
iu
s
R
m

a
x
;i .

T
o
im
p
ose
h
om
ogen
eity,
w
e
take
th
e
in
itial
m
ass
d
en
sity
to
b
e
con
stan
t,

�
i .
T
h
e
m
atter
is
treated
as
a
d
u
st,
th
a
t
ca
n
th
in
as
th
e
u
n
iverse
ex
p
an
d
s.

B
y
d
u
st,
w
e
m
ean
a
sy
stem
of
very
sm
all
closely
sp
aced
p
articles,
th
at
can

b
e
treated
a
s
a
con
tin
u
o
u
s


u
id
,
w
ith
n
egligib
le
p
ressu
re.

W
e
tak
e
th
e
in
itial
velo
cities
accord
in
g
to
H
u
b
b
le's
law
,
w
ith
som
e
in
itial

ex
p
an
sion
rate
H
i
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d
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D
e
scrip
tio
n
o
f
E
vo
lutio
n

A
s
th
e
m
o
d
el
u
n
iv
erse
ev
olves,
th
e
sp
h
erical
sy
m
m
etry
w
ill
b
e
p
reserv
ed
:

each
gas
p
article
w
ill
con
tin
u
e
on
a
rad
ial
tra
jectory,
sin
ce
th
ere
are
n
o

forces
th
at
m
igh
t
p
u
ll
it
tan
gen
tially.

S
p
h
erical
sy
m
m
etry

=
)

all
p
articles
th
at
start
at
th
e
sam
e
in
itial

rad
iu
s
w
ill
b
eh
ave
th
e
sam
e
w
ay.
S
o,
a
p
article
th
at
b
egin
s
at
rad
iu
s
r
i
w
ill

b
e
fou
n
d
at
a
later
tim
e
t
at
som
e
rad
iu
s

r
=
r(r
i ;t)
:

O
u
r
goal
is
to
�
gu
re
ou
t
w
h
at
d
eterm
in
es
r(r
i ;t)

T
h
e
on
ly
relevan
t
force
is
grav
ity.
G
rav
ity
an
d
electrom
agn
etism
are
th
e

on
ly
(k
n
ow
n
)
lon
g-ran
ge
forces.
T
h
e
u
n
iv
erse
ap
p
ears
to
b
e
electrically

n
eu
tral,
so
lon
g-ran
ge
electric
forces
are
n
ot
p
resen
t.
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G
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M
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s
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h
u
s
e
tts
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titu
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f
T
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n
o
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g
y
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6
L
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tu
re
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S
e
p
te
m
b
e
r
2
1
,
2
0
2
2

{
1
6
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R
e
m
ind
e
r:
th
e
G
ra
vita
tio
na
l
F
ie
ld

o
f
a
S
h
e
ll
o
f
M
a
tte
r

F
or
p
oin
ts
ou
tsid
e
th
e
sh
ell,
th
e
grav
itation
al
force
is
th
e
sam
e
as
if
th
e

total
m
ass
of
th
e
sh
ell
w
ere
con
cen
trated
a
t
th
e
cen
ter.

F
or
p
oin
ts
in
sid
e
th
e
sh
ell,
th
e
grav
itation
al
�
eld
is
z
e
r
o

.

N
ew
ton
�
gu
red
th
is
o
u
t
b
y
in
teg
ration
.
F
or
u
s,
G
a
u
ss's
law
m
akes
it

ob
v
iou
s.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
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S
h
e
ll
C
ro
ssing
s?

C
a
n
sh
ells
cro
ss?
I.e.,
ca
n
tw
o
sh
ells
th
a
t
sta
rt
at
d
i�
eren
t
r
i

ev
er

cro
ss
ea
ch
o
th
er?

T
h
e
a
n
sw
er
is
n
o
,
b
u
t
w
e
d
o
n
't
k
n
ow
th
a
t
w
h
en
w
e
start.

B
u
t
w
e
d
o
k
n
ow
th
a
t
H
u
b
b
le's
law
im
p
lies
th
at
an
y
tw
o
sh
ells
a
re

in
itia
lly
m
ov
in
g
a
p
a
rt.
T
h
erefo
re
th
ere
m
u
st
b
e
at
least
som
e

in
terva
l
b
efo
re
a
n
y
sh
ell
cro
ssin
g
s
ca
n
h
a
p
p
en
.

W
e
w
ill
w
rite
eq
u
a
tio
n
s
th
a
t
a
re
va
lid
a
ssu
m
in
g
n
o
sh
ell
crossin
gs.

T
h
ese
eq
u
a
tio
n
s
w
ill
b
e
va
lid
u
n
til
a
n
y
p
o
ssib
le
sh
ell
crossin
g.

If
th
ere
w
a
s
a
sh
ell
cro
ssin
g
,
th
ese
eq
u
a
tio
n
s
w
ou
ld
h
ave
to
sh
ow

tw
o
sh
ells
b
eco
m
in
g
a
rb
itra
rily
clo
se.

W
e
w
ill
�
n
d
,
h
ow
ev
er,
th
a
t
th
e
eq
u
a
tio
n
s
im
p
ly
u
n
iform
ex
p
an
sion
,

so
n
o
sh
ell
cro
ssin
g
s
ever
h
a
p
p
en
in
th
is
sy
stem
.
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E
qua
tio
ns
o
f
M
o
tio
n

N
ew
ton
ian
grav
ity
o
f
a
sh
ell:

In
sid
e:
~g
=
0.

O
u
tsid
e:
S
am
e
as
p
o
in
t
m
ass
at
cen
ter,
w
ith
sam
e
M
.

r(r
i ;t)
�

rad
iu
s
at
t
of
sh
ell
in
itially
at
r
i .

L
et
M
(r
i )
�

m
ass
in
sid
e
r
i -sh
ell
=
4
�3

r
3i �

i
at
all
tim
es.

P
ressu
re?

W
h
en
a
gas
w
ith
p
ressu
re
p
>

0
ex
p
an
d
s,
it
p
u
sh
es
on
its

su
rrou
n
d
in
gs
an
d
lo
ses
en
ergy.
R
elativ
istically,
en
ergy
=
m
ass
(tim
es
c
2).

B
y
assu
m
in
g
th
at
M
(r
i )
is
con
stan
t,
w
e
are
assu
m
in
g
th
a
t
p
'

0.
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A
lan
G
u
th
,
T
h
e
D
y
n
a
m
ics
o
f
N
ew
to
n
ia
n
C
o
sm
o
lo
gy
,
P
a
rt
1
8.286
L
ectu
re
5,
S
ep
tem
b
er
21,
2022,
p
.
6.

E
q
u
a
tio
n
s:

F
or
p
articles
a
t
rad
iu
s
r,

~g
=
�

G
M
(r
i )

r
2

^r
;

w
h
ere

M
(r
i )
=
4
�3

r
3i �

i
:

S
in
ce
~g
is
th
e
acceleration
,

�r
=
�

G
M
(r
i )

r
2

=
�

4
�3
G
r
3i �

i

r
2

;
w
h
ere
r
�

r(r
i ;t);

w
h
ere
an
ov
erd
ot
in
d
icates
a
d
erivativ
e
w
ith
resp
ect
to
t.
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b
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�r
=
�

G
M
(r
i )

r
2

=
�

4
�3
G
r
3i �

i

r
2

;
w
h
ere
r
�

r(r
i ;t);

F
or
a
secon
d
ord
er
eq
u
ation
lik
e
th
is,
th
e
solu
tion
is
u
n
iq
u
ely
d
eterm
in
ed

if
th
e
in
itial
valu
e
o
f
r
an
d
_r
are
sp
eci�
ed
:

r(r
i ;t
i )
=
r
i
;

an
d
,
b
y
th
e
H
u
b
b
le
law
in
itial
con
d
ition
~v
i
=
H
i ~r
i
;

_r(r
i ;t
i )
=
H
i r
i
:
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S
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b
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,
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{
2
1
{

M
ira
culo
us
S
ca
ling
R
e
la
tio
ns

�r
=
�

4
�3
G
r
3i �

i

r
2

;

r(r
i ;t
i )
=
r
i
;

_r(r
i ;t
i )
=
H
i r
i
:

S
u
p
p
ose
w
e
d
e�
n
e

u
(r
i ;t)
�

r(r
i ;t)

r
i

:

T
h
en

�u
=

�rr
i
=
�

4
�3
G
�
i

u
2

:

T
h
ere
is
n
o
r
i -d
ep
en
d
en
ce.
T
h
is
\m
iracle"
d
ep
en
d
ed
on
grav
ity
b
ein
g
a

1
=
r
2

force.
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�r
=
�

4
�3
G
r
3i �

i

r
2

;

r(r
i ;t
i )
=
r
i
;

_r(r
i ;t
i )
=
H
i r
i
:

u
(r
i ;t)
�

r(r
i ;t)

r
i

=
)

�u
=
�

4
�3
G
�
i

u
2

:

W
h
at
ab
ou
t
th
e
in
itial
con
d
itio
n
s
for
u
(r
i ;t)?

u
(r
i ;t
i )
=
r(r
i ;t
i )

r
i

=
1
;

_u(r
i ;t
i )
=

_r(r
i ;t
i )

r
i

=
H
i
:

S
in
ce
th
e
d
i�
eren
tial
eq
u
atio
n
an
d
th
e
in
tia
l
co
n
d
ition
s
d
eterm
in
e
u
(r
i ;t),
it

d
o
es
n
ot
d
ep
en
d
on
r
i .
W
e
ca
n
ren
am
e
it

u
(r
i ;t)
�

a
(t)
;

so

r(r
i ;t)
=
a
(t)
r
i
:

T
h
is
d
escrib
es
u
n
iform
ex
p
an
sion
b
y
a
scale
factor
a
(t).
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