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Non-Euclidean Geometry:
The Surface of a Sphere

x2 + y2 + z2 = R2 :

Alan Guth

Massachusetts Institute of Technology

8.286 Class 10, October 12, 2022 {12{



Polar Coordinates:

x = R sin � cos�

y = R sin � sin�

z = R cos � ;
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Varying �:

ds = Rd�
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Varying �:

ds = R sin � d�
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Varying � and �

Varying �: ds = Rd�

Varying �: ds = R sin � d�

ds2 = R2
�
d�2 + sin2 � d�2

�
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A Closed Three-Dimensional Space

x2 + y2 + z2 + w2 = R2

x = R sin sin � cos�

y = R sin sin � sin�

z = R sin cos �

w = R cos ;

ds = Rd 
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Metric for the Closed 3D Space

Varying  : ds = Rd 

Varying � or �: ds2 = R2 sin2  (d�2 + sin2 � d�2)

If the variations are orthogonal to each other, then

ds2 = R2
�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
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Proof of Orthogonality of Variations

Let d~r = displacement of point when  is changed to  + d .

Let d~r� = displacement of point when � is changed to � + d�.

d~r� has no w-component =) d~r �d~r� = d~r
(3)
 �d~r

(3)
� , where

(3) denotes the projection into the x-y-z subspace.

d~r
(3)
 is radial; d~r

(3)
� is tangential

=) d~r
(3)
 � d~r

(3)
� = 0
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Implications of General Relativity

ds2 = R2
�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
, where R is radius of curvature.

According to GR, matter causes space to curve. So R, the curvature radius,
should be determined by the matter.

From the metric, or from the picture of a sphere of radius R in a 4D
Euclidean embedding space, it is clear that R determines the size of the
space. But a(t), the scale factor, also determines the size of the space. So
they must be proportional.

But R is in meters, a(t) in meters/notch. So dimensional consistency =)
R / a(t)=

p
k, since [k] = notch�2.

In fact,

R2(t) =
a2(t)

k
:

(I do not know any way to explain why the proportionality constant is 1,
except by using the full equations of GR.)
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ds2 = R2
�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
, where R is radius of curvature.

In fact,

R2(t) =
a2(t)

k
:

So,

ds2 =
a2(t)

k

�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
:

It is common to introduce a new radial variable r � sin =
p
k, so

dr = cos d =
p
k =

p
1� kr2 d =

p
k : In terms of r,

ds2 = a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��
:

This is the spatial part of the Robertson-Walker metric.
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Open Universes

For k > 0 (closed universe),

ds2 = a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��

describes a homogeneous isotropic universe.

For k < 0 (open universe),

ds2 = a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��

still describes a homogeneous isotropic universe.

Properties are very di�erent. The closed universe reaches its equator at
r = 1=

p
k, which is a �nite distance from the origin,

a(t)

Z
1=
p
k

0

drp
1� kr2

=
�a(t)

2
p
k
:

The total volume is �nite. For the open universe, r has no limit, and the
volume is in�nite.
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