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Review from the previous lecture

Metric for the Closed 3D Space

Varying  : ds = Rd 

Varying � or �: ds2 = R2 sin2  (d�2 + sin2 � d�2)

If the variations are orthogonal to each other, then

ds2 = R2
�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
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Review from the previous lecture

Implications of General Relativity

ds2 = R2
�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
, where R is radius of curvature.

According to GR, matter causes space to curve. So R, the curvature radius,
should be determined by the matter.

From the metric, or from the picture of a sphere of radius R in a 4D
Euclidean embedding space, it is clear that R determines the size of the
space. But a(t), the scale factor, also determines the size of the space. So
they must be proportional.

But R is in meters, a(t) in meters/notch. So dimensional consistency =)
R / a(t)=

p
k, since [k] = notch�2.

In fact,

R2(t) =
a2(t)

k
:

(I do not know any way to explain why the proportionality constant is 1,
except by using the full equations of GR.)
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Review from the previous lecture

ds2 = R2
�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
, where R is radius of curvature.

In fact,

R2(t) =
a2(t)

k
:

So,

ds2 =
a2(t)

k

�
d 2 + sin2  

�
d�2 + sin2 � d�2

��
:

It is common to introduce a new radial variable r � sin =
p
k, so

dr = cos d =
p
k =

p
1� kr2 d =

p
k : In terms of r,

ds2 = a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��
:

This is the spatial part of the Robertson-Walker metric.
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Review from the previous lecture

Open Universes

For k > 0 (closed universe),

ds2 = a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��

describes a homogeneous isotropic universe.

For k < 0 (open universe),

ds2 = a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��

still describes a homogeneous isotropic universe.

Properties are very di�erent. The closed universe reaches its equator at
r = 1=

p
k, which is a �nite distance from the origin,

a(t)

Z
1=
p
k

0

drp
1� kr2

=
�a(t)

2
p
k
:

The total volume is �nite. For the open universe, r has no limit, and the
volume is in�nite.
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From Space to Spacetime

In special relativity,

s2AB � (xA � xB)2 + (yA � yB)2 + (zA � zB)2 � c2 (tA � tB)2 :

s2AB is Lorentz-invariant | it has the same value for all inertial reference frames.

Meaning of s2AB:

If positive, it is the distance2 between the two events in the inertial frame
in which they are simultaneous. (Spacelike.)

If negative, then s2AB = �c2��2, where �� is the time interval between
the two events in the inertial frame in which they occur at the same
place. (Timelike.)

If zero, it implies that a light pulse could travel from the earlier to the later
event. (Lightlike.)

If you are interested, Lecture Notes 5 has an appendix which derives the
Lorentz transformation from time dilation, Lorentz contraction, and the
relativity of simultaneity, and shows that s2AB is invariant.
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Infinitesimal Separations and the Metric

Following Gauss, we focus on the distance between in�nitesimally separated
points. So

s2AB � (xA � xB)2 + (yA � yB)2 + (zA � zB)2 � c2 (tA � tB)2

is replaced by

ds2 = dx2 + dy2 + dz2 � c2 dt2 ;

which is called the Minkowski metric.

The interpretation is the same as before: ds2 > 0 =) distance2 in
frame where events are simultaneous; ds2 < 0 =) ds2 = �c2 d�2,
where d� = time di�erence in frame where events are at same place; ds2 =
0 =) light can travel from one event to the other.

This will be our springboard to metric used in general relativity.
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Coordinates in Curves Spaces

In Newtonian physics or special relativity, coordinates have a direct
physical meaning: they directly measure distances or time intervals.

In curves spaces, there is generally no way to construct coordinates that
are directly connected to distances.

For example, on the surface of the Earth we measure East-West position
by longitude, but the distance for a longitude distance of 1 degree depends
on the latitude.

Bottom line: in general relativity (or in any curved space), coordinates are
just arbitrary markers, with any set of coordinates in principle as good as
any other.

Distances are determined from the coordinates, using the metric.

If one changes from one coordinate system to another, one changes the
metric so that distances remain unchanged.
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General Relativity: the Equivalence Principle
and Free-Falling Observers

Consider a person holding a rock inside an elevator, initially at rest. The
person feels the force of gravity pulling down on the rock, and the force of
gravity pressing his feet against the oor.

Now imagine that the elevator cable is cut, so the elevator falls | we
assume that there is no friction or air resistance. The elevator, person,
and rock all accelerate together. The person no longer feels his feet pressed
to the oor; if he lets go of the rock, it oats. The e�ects of gravity have
disappeared.

The Equivalence Principle says that the disappearance of gravity is precise:
as long as the elevator is small enough so that the gravitational �eld is
uniform, then there is absolutely no way that the person in the free-falling
elevator can detect the gravitational �eld of the Earth.

Alan Guth

Massachusetts Institute of Technology

8.286 Class 11, October 17, 2022 {8{



General Relativity: the Equivalence Principle
and Free-Falling Observers

Consider a person holding a rock inside an elevator, initially at rest. The
person feels the force of gravity pulling down on the rock, and the force of
gravity pressing his feet against the oor.

Now imagine that the elevator cable is cut, so the elevator falls | we
assume that there is no friction or air resistance. The elevator, person,
and rock all accelerate together. The person no longer feels his feet pressed
to the oor; if he lets go of the rock, it oats. The e�ects of gravity have
disappeared.

The Equivalence Principle says that the disappearance of gravity is precise:
as long as the elevator is small enough so that the gravitational �eld is
uniform, then there is absolutely no way that the person in the free-falling
elevator can detect the gravitational �eld of the Earth.

Alan Guth

Massachusetts Institute of Technology

8.286 Class 11, October 17, 2022 {8{



General Relativity: the Equivalence Principle
and Free-Falling Observers

Consider a person holding a rock inside an elevator, initially at rest. The
person feels the force of gravity pulling down on the rock, and the force of
gravity pressing his feet against the oor.

Now imagine that the elevator cable is cut, so the elevator falls | we
assume that there is no friction or air resistance. The elevator, person,
and rock all accelerate together. The person no longer feels his feet pressed
to the oor; if he lets go of the rock, it oats. The e�ects of gravity have
disappeared.

The Equivalence Principle says that the disappearance of gravity is precise:
as long as the elevator is small enough so that the gravitational �eld is
uniform, then there is absolutely no way that the person in the free-falling
elevator can detect the gravitational �eld of the Earth.

Alan Guth

Massachusetts Institute of Technology

8.286 Class 11, October 17, 2022 {8{



General Relativity: the Equivalence Principle
and Free-Falling Observers

Consider a person holding a rock inside an elevator, initially at rest. The
person feels the force of gravity pulling down on the rock, and the force of
gravity pressing his feet against the oor.

Now imagine that the elevator cable is cut, so the elevator falls | we
assume that there is no friction or air resistance. The elevator, person,
and rock all accelerate together. The person no longer feels his feet pressed
to the oor; if he lets go of the rock, it oats. The e�ects of gravity have
disappeared.

The Equivalence Principle says that the disappearance of gravity is precise:
as long as the elevator is small enough so that the gravitational �eld is
uniform, then there is absolutely no way that the person in the free-falling
elevator can detect the gravitational �eld of the Earth.

Alan Guth

Massachusetts Institute of Technology

8.286 Class 11, October 17, 2022 {8{



General Relativity: the Equivalence Principle
and Free-Falling Observers

Consider a person holding a rock inside an elevator, initially at rest. The
person feels the force of gravity pulling down on the rock, and the force of
gravity pressing his feet against the oor.

Now imagine that the elevator cable is cut, so the elevator falls | we
assume that there is no friction or air resistance. The elevator, person,
and rock all accelerate together. The person no longer feels his feet pressed
to the oor; if he lets go of the rock, it oats. The e�ects of gravity have
disappeared.

The Equivalence Principle says that the disappearance of gravity is precise:
as long as the elevator is small enough so that the gravitational �eld is
uniform, then there is absolutely no way that the person in the free-falling
elevator can detect the gravitational �eld of the Earth.

Alan Guth

Massachusetts Institute of Technology

8.286 Class 11, October 17, 2022 {8{



The Equivalence Principle says that the disappearance of gravity is precise:
as long as the elevator is small enough so that the gravitational �eld is
uniform, then there is absolutely no way that the person in the free-falling
elevator can detect the gravitational �eld of the Earth.

The person in the elevator is called a free-falling observer, and the local
coordinate system that he would construct in his immediate vicinity is
called a free-falling coordinate system. The metric for the free-falling
coordinates, in the immediate vicinity of the person, is described by the
Minkowski metric. It is called locally Minkowskian.

We mentioned earlier that any quadratic metric for space (i.e., a positive
de�nite metric) is locally Euclidean. If the metric is negative for one
direction, then it is always locally Minkowskian.

Not as simple as it sounds! If you calculate the bending of a light beam by
gravity taking into account only the acceleration of the elevator, you will
get only half the GR answer. The correct free-falling coordinate system is
not just an accelerating version of a Euclidean coordinate system, but also
takes into account the bending of space caused by gravity (in GR).
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Adding Time to the
Robertson{Walker Metric

ds2 = �c2 dt2 + a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��
:

Why does dt2 term look like it does:

The coeÆcient of dt2 term must be independent of position, due to
homogeneity.

Terms such as dtdr or dtd� cannot appear, due to isotropy. That is, a
term dtdr would behave di�erently for dr > 0 and dr < 0, creating an
asymmetry between the +r and -r directions.

The coeÆcient must be negative, to match the sign in Minkowski space for
a locally free-falling coordinate system.
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Adding Time to the
Robertson{Walker Metric

ds2 = �c2 dt2 + a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��
:

Meaning:

If ds2 > 0, it is the square of the spatial separation measured by a local
free-falling observer for whom the two events happen at the same time.

If ds2 < 0, it is �c2 times the square of the time separation measured by
a local free-falling observer for whom the two events happen at the same
location.

If ds2 = 0, then the two events can be joined by a light pulse.
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Summary: Metrics of Interest

Minkowski Metric: (Special relativity)

ds2 = �c2dt2 + dx2 + dy2 + dz2

= �c2dt2 + dr2 + r2(d�2 + sin2 � d�2) :

Robertson{Walker Metric:

ds2 = �c2 dt2 + a2(t)

�
dr2

1� kr2 + r2
�
d�2 + sin2 � d�2

��
:

Meaning: If ds2 > 0, ds is distance in freely falling frame in which events

are simultaneous. If ds2 < 0, ds2 = �c2d�2, where d� is time interval in freely
falling frame in which events occur at same point. If ds2 = 0, events are lightlike
separated.
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Geodesics in General Relativity

A geodesic is a path connecting two points in spacetime, with the

property that the length of the curve is stationary with respect

to small changes in the path. It can be a maximum, minimum,

or saddle point.

In a curved spacetime, a geodesic is the closest thing to a straight

line that exists.

In general relativity, if no forces act on a particle other than

gravity, the particle travels on a geodesic.
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