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8.286 Class 12
October 19, 2022

INTRODUCTION TO
NON-EUCLIDEAN SPACES,
PART 4

Review from the previous lecture _

Summary: Metrics of Interest

_ Minkowski Metric: _ (Special relativity)

ds? = —2dt? +da? + %\M +dz?

= —2dt? + dr? + r%(d6?% 4 sin? 9 d¢?) .

| Robertson-Walker Metric: |

d 2
ds? = —c® dt? + a2(2) ﬁ% + 12 (462 + sin? m&i :
— kr
E If ds? > 0, ds is distance in freely falling frame in which events
are simultaneous. If ds? < 0, ds? = —c?dr?, where dr is time interval in freely

falling frame in which events occur at same point. If ds? = 0, events are lightlike
separated.
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Review from the previous lecture

Geodesics in General Relativity _

A geodesic is a path connecting two points in spacetime, with the
property that the length of the curve is stationary with respect
to small changes in the path. It can be a maximum, minimum,
or saddle point.

In a curved spacetime, a geodesic is the closest thing to a straight
line that exists.

In general relativity, if no forces act on a particle other than
gravity, the particle travels on a geodesic.
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Geodesics in Two Spatial Dimensions

Metric:
ds? = Qeemaw + gy dody + g, dyde + ,QS\%\M .

Let 2 = x, v%2 = y, so &' is either, as ¢t = 1 or 2.

2 2
ds? = MU MU 9i; ?O dzt da’

i=1 j=1
= gl t eI
= ¢;; (%) dz" da? .
Einstein summation convention: repeated indices within one term are summed
over coordinate indices (1 and 2), unless otherwise specified.

The sum is always over one upper index and one lower, but we will not discuss
why some indices are written as upper and some as lower.

gij Aa@ indicates that g;; is a function of all the components of zf. Te., when
x* occurs as an argument of a function, it is shorthand for (#!,4?). By
contrast, dz® denotes the i’th component of dz, meaning do' if i = 1, or
do? if 1 = 2.
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The Length of Path _

Varying the Path _

Consider a path from A to B. .
Path description: a@.gf where X is parameter running from 0 to A;.
BN s o g _ E(A)
z'(0) =z, z'(Af) =% .
Between A and A + dA, . z(X)
o dat
dz® = —dA
w© dA | T
; ; dz® da?
Z £ 1 Jo_ £ =0 B 2 5
ds |Q£AH VQH dz |Q§A8 A\/vv dh dX dr”, &sﬁyvﬂasﬁyvn_vo;cgyv ,
and then where
daot da? w'(0) =0 w'(Af) =0
ds = /\ (A —dA, ’ f
,N:A ( vv dX dA Geodesic condition:
and
. 45 [# (V)] |
; s dxt dad =0 for all w*(X)
‘(A)] = (ot —dA.
Sa*(A)] \o /\Q:?A ) dr dX R -
—4— 5
() = asgv 4 Q\E@.A»v . . .
s = [ : « (5e() LA g, T
T = gi; (& — . 5 dz* di’
0 ) A ) =g (#0N) g -
d
Define s Using chain rule, iiwf y(@)) _ mxwﬁ y) mwgv o mxwﬁ y) mm_ﬁ@ﬁ
— (5 ar dr o T o y o
x:v:Qv 9ij Aa A\/vv dx dx
SO we can write d " dg;; 0FF 09; ok 09;
y o) = (3200 = G| = St
S[#(N)] = \ AN @) dA . @= a=0 «=0
0
Using chain rule,
Furthermore,
df(z(e),y(@)) 0f(x,y)de(a) = f(x,y) dy(a) df(zx’)da’ » . . .
da T Oz da + oy da  9z' da’ b mh - b dat(M) ._19%(c ) _ dw'(})
da \ dX da dA dA dA
d ~ 0 _ %,QG %&w _ %,QG Y %&w _ %,QG Y k
o) = |55 - et G = S,
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where P ds T&Ci 1 [ 1 ﬁmnd \Ama dz?
Tt dz _— == —_— —w
A ) = gy (V) o da | 2o JA(N0) LOaF T dA a
with n dw® da? n dzt dw? ar
5 : Yoy axn T AN T
d < Azxﬁyvv _ @,QG AH,NAVQV\E\A b n_h _ dw Av,v
da”" weo OxF ' da \ dA dA
_;ozmv:_oi_‘_m “dummy” indices: _ in third term, replace ¢ — 5 and 5 — ¢, and
recall that g;; = g;;. Then 2nd & 3rd term are equal:
Then
ds [#4(N)] I | dg:; 5 dat da? ,
_ = - —_— w'——+ ds T&Ci 1 [N 1 0g; dz® do? dw® dz?
da 2 Jo )\|\§o; ax X LW ] ‘ﬁ b 47 o |T>.
a=0 b} 1
. . da o 2 Jo +/A()0) dXx dx dx dA
. dw® dz? o dz* dw? )
Yo ax ax TN Tan
where the metric g;; is to be evaluated at z¢(\).
T B ~g- Mg ~9-
Repeating,
dsS [#4( Ay . j 8 oad
Tu ( 1 _ W\ 1 09i; \E\A&a dx n_vaQ:&\E &h ar
da - 2 Jo A(X,0) LdzF  dA dx dX dX
_H_‘_._.nmg:o: by voq.._.u"_ Integral depends on both w* and dw'/dA. Can ds [#(V)] _ w\i 1 ﬁmua Wk da' da? 4 2, dw? @Wa‘;
eliminate dw’/dX by integrating by parts: do = 2 Jo A(X,0) Ok dx dx VA N
MT 1 da?] dw Md 1 da?
—g;;— | =—=—dA = — | —=g;;——w'| dA
\o T\MSQL% \o QL,\MS%L
Ard ﬁ 1 %; : A
_ Sl ) [ ds 1 f 1 0g;; do® da’ d 1 dz? 3
Gi5 w'dA . huiad) ”l\, - g = \A|M||| tUan .
\o dx [vA™Y dA dal,_y 2Jo \VAozrax ax ¥ ~“ax V2 an |

But
A=As

”Oa

\5 d 1 d ] 1 da?
d (1 4 oo [, 4
, A VAT VAT

since \E@A»v vanishes at A = 0 and A = A;.

A=0
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& HW\I 1 mnﬁb@mhéwlwmw.mhé& dx
dal,_o 2Jo | VA0dz* dx dx ax | va%ax .

Complication: one term is proportional to 3
to w'. But with more index juggling, we

t—> 3, > kk—u

w”, and the other is proportional

can fix that. In 1st term replace

as| \5 1 dgjpdaids®  d 1 da? i) dA
dal g Jo \2v/A 02" dx dx  ax [vVal an] )" .
To vanish for all w’ (A) which vanish at A = 0 and A = Ay, the quantity in ncl%

brackets must vanish. If not, then suppose that {}; > 0 for some i = ig

and for some A = Ag. By 005:::39 {}:, > 0 in some neighborhood of Ag.
Choose w'®(\) to be positive in this neighborhood, and zero everywhere
else, with w?(X) = 0 for j # ip, and one has a contradiction

So

d L da] 1 Jgjeda? dat
| VAT AN | T 9/ 90 ax dx
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Repeating,

d L da?] 1 Jgjeda? dat
| VAT AN | T 9/ 9t dx dx

This is complicated, since A is complicated

Simplify by choice of parameterization: _ This result is valid for any parame-

terization. We don’t need that! We can choose A to be the path length
Since

dat da?
ds = ,QGA C,vv N dn —dA=VAdA,
we see that dA = ds implies

A=1 (for A = path length).
Then

d [ d#?] _ 1dg;x da? dz®
ds 9is ds | ~ 2 9z ds ds
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