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8
.2
8
6
C
la
s
s
1
2

O
c
to
b
e
r
1
9
,
2
0
2
2

I
N
T
R
O
D
U
C
T
I
O
N
T
O

N
O
N
-
E
U
C
L
I
D
E
A
N
S
P
A
C
E
S
,

P
A
R
T
4

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

S
um
m
a
ry
:
M
e
trics
o
f
I
nte
re
st

M
inkow
ski
M
e
tric:
(S
p
ecial
rela
tiv
ity
)

d
s
2

=
�
c
2d
t
2

+
d
x
2

+
d
y
2

+
d
z
2

=
�
c
2d
t
2

+
d
r
2

+
r
2(d
�
2

+
sin
2

�
d
�
2)
:

R
ob
e
rtson{W
a
lke
r
M
e
tric:

d
s
2

=
�
c
2

d
t
2

+
a
2(t) �
d
r
2

1�
k
r
2

+
r
2 �d
�
2

+
sin
2

�
d
�
2 � �
:

M
e
a
ning:
If
d
s
2

>
0,
d
s
is
d
istan
ce
in
freely
fallin
g
fram
e
in
w
h
ich
even
ts

are
sim
u
ltan
eou
s.
If
d
s
2

<
0,
d
s
2

=
�
c
2d
�
2,
w
h
ere
d
�
is
tim
e
in
terva
l
in
freely

fallin
g
fram
e
in
w
h
ich
even
ts
o
ccu
r
a
t
sam
e
p
oin
t.
If
d
s
2

=
0,
even
ts
are
ligh
tlike

sep
arated
.

{
1
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

G
e
o
d
e
sics
in
G
e
ne
ra
l
R
e
la
tivity

A
g
eo
d
esic
is
a
p
a
th
co
n
n
ectin
g
tw
o
p
o
in
ts
in
sp
a
cetim
e,
w
ith
th
e

p
ro
p
erty
th
a
t
th
e
len
g
th
o
f
th
e
cu
rv
e
is
sta
tio
n
a
ry
w
ith
resp
ect

to
sm
a
ll
ch
a
n
g
es
in
th
e
p
a
th
.
It
ca
n
b
e
a
m
a
x
im
u
m
,
m
in
im
u
m
,

o
r
sa
d
d
le
p
o
in
t.

In
a
cu
rv
ed
sp
a
cetim
e,
a
g
eo
d
esic
is
th
e
clo
sest
th
in
g
to
a
stra
ig
h
t

lin
e
th
a
t
ex
ists.

In
g
en
era
l
rela
tiv
ity,
if
n
o
fo
rces
a
ct
o
n
a
p
a
rticle
o
th
er
th
a
n

g
ra
v
ity,
th
e
p
a
rticle
tra
v
els
o
n
a
g
eo
d
esic.
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M
a
s
s
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c
h
u
s
e
tts
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s
titu
te
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e
c
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n
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g
y
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r
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9
,
2
0
2
2

{
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G
e
o
d
e
sics
in
T
w
o
S
p
a
tia
l
D
im
e
nsio
ns

M
etric:

d
s
2

=
g
x
x
d
x
2

+
g
x
y d
x
d
y
+
g
y
x
d
y
d
x
+
g
y
y d
y
2

:

L
et
x
1�
x
,
x
2�
y,
so
x
i
is
eith
er,
a
s
i
=
1
o
r
2.

d
s
2

=

2
Xi

=

1

2
Xj

=

1

g
ij (x
`)
d
x
id
x
j

=
g
ij (x
`)
d
x
id
x
j
:

E
in
stein
su
m
m
ation
con
ven
tion
:
rep
eated
in
d
ices
w
ith
in
on
e
term
are
su
m
m
ed

over
co
ord
in
ate
in
d
ices
(1
a
n
d
2),
u
n
less
o
th
erw
ise
sp
eci�
ed
.

T
h
e
su
m
is
alw
ay
s
ov
er
o
n
e
u
p
p
er
in
d
ex
an
d
on
e
low
er,
b
u
t
w
e
w
ill
n
ot
d
iscu
ss

w
h
y
som
e
in
d
ices
are
w
ritten
as
u
p
p
er
an
d
som
e
as
low
er.

g
ij �x
` �
in
d
icates
th
at
g
ij

is
a
fu
n
ctio
n
of
all
th
e
com
p
on
en
ts
o
f
x
`.
I.e.,
w
h
en

x
`

o
ccu
rs
as
an
argu
m
en
t
of
a
fu
n
ction
,
it
is
sh
orth
an
d
for
(x
1;x
2).
B
y

con
trast,
d
x
i
d
en
otes
th
e
i'th
co
m
p
on
en
t
o
f
d
x
,
m
ean
in
g
d
x
1

if
i
=
1
,
or

d
x
2

if
i
=
2.
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T
h
e
L
e
ng
th
o
f
P
a
th

C
on
sid
er
a
p
ath
from
A
to
B
.

P
ath
d
escrip
tion
:
x
i(�
),
w
h
ere
�
is
p
aram
eter
ru
n
n
in
g
from
0
to
�
f
.

x
i(0)
=
x
iA
;

x
i(�

f
)
=
x
iB

:

B
etw
een
�
an
d
�
+
d
�
,

d
x
i
=
d
x
i

d
�
d
�
;

so

d
s
2

=
g
ij (
x
`)
d
x
i
d
x
j
=
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
2

;

an
d
th
en

d
s
= r
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
;

an
d

S
[x
i(�
)]
= Z

�
f

0

r
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
:

{
4
{

V
a
ry
ing
th
e
P
a
th

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
;

w
h
ere

w
i(0)
=
0
;

w
i(�

f )
=
0
:

G
eo
d
esic
con
d
ition
:

d
S �~x
i(�
) �

d
�

�����
�
=

0

=
0

for
a
ll
w
i(�
)
.

{
5
{

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
:

S �~x
i(�
) �
= Z

�
f

0

r
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�
d
�
:

D
e�
n
e

A
(�
;�
)
=
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�

;

so
w
e
can
w
rite

S �~x
i(�
) �
= Z

�
f

0

p
A
(�
;�
)
d
�
:

U
sin
g
ch
ain
ru
le,

d
f �x
(�
);y(�
) �

d
�

=
@
f
(x
;y
)

@
x

d
x
(�
)

d
�

+
@
f
(x
;y)

@
y

d
y(�
)

d
�

=
@
f
(x
`)

@
x
i

d
x
i

d
�
;

dd
�
g
ij �
~x
`(�
) � ����

�
=

0

= �
@
g
ij

@
~x
k

@
~x
k

@
� �
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �
@
~x
k

@
� ����
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �w
k
;

{
6
{

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
:

A
(�
;�
)
=
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�

:

U
sin
g
ch
ain
ru
le,
d
f �x
(�
);y(�
) �

d
�

=
@
f
(x
;y)

@
x

d
x
(�
)

d
�

+
@
f
(x
;y)

@
y

d
y(�
)

d
�

,

dd
�
g
ij �~x
`(�
) � ����

�
=

0

= �
@
g
ij

@
~x
k

@
~x
k

@
� �
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �
@
~x
k

@
� ����
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �w
k
:

F
u
rth
erm
ore,

dd
� �

d
~x
i

d
� �
=

dd
� �

d
x
i(�
)

d
�

+
�
d
w
i(�
)

d
�

�
=
d
w
i(�
)

d
�

:
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S �~x
i(�
) �
= Z

�
f

0

p
A
(�
;�
)
d
�
;

w
h
ere

A
(�
;�
)
=
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�

;

w
ith

dd
�
g
ij �
~x
`(�
) � ����

�
=

0

=
@
g
ij

@
x
k �x
`(�
) �w
k

;

dd
� �

d
~x
i

d
� �
=
d
w
i(�
)

d
�

:

T
h
en

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+

+
g
ij
d
w
i

d
�

d
x
j

d
�
+
g
ij
d
x
i

d
�

d
w
j

d
� �
d
�
;

w
h
ere
th
e
m
etric
g
ij
is
to
b
e
evalu
ated
at
x
`(�
).

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
2
,
O
c
to
b
e
r
1
9
,
2
0
2
2

{
8
{

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+

+
g
ij
d
w
i

d
�

d
x
j

d
�
+
g
ij
d
x
i

d
�

d
w
j

d
� �
d
�
:

M
a
nipula
ting
\d
um
m
y
"
in
d
ice
s:

in
th
ird
term
,
rep
lace
i!
j
an
d
j
!
i,
an
d

recall
th
at
g
ij
=
g
j
i .
T
h
en
2
n
d
&
3rd
term
are
eq
u
al:

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij d
w
i

d
�

d
x
j

d
� �
d
�
:

A
la
n
G
u
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M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
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g
y

8
.2
8
6
C
la
s
s
1
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,
O
c
to
b
e
r
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9
,
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2

{
9
{

R
ep
eatin
g,

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij
d
w
i

d
�

d
x
j

d
� �
d
�
:

I
n
te
g
ra
tio
n
b
y
P
a
rts:

In
tegral
d
ep
en
d
s
on
b
oth
w
k

a
n
d
d
w
i=d
�
.

C
an

elim
in
ate
d
w
i=d
�
b
y
in
tegratin
g
b
y
p
arts:

Z
�
f

0

�
1
p

A
g
ij
d
x
j

d
� �

d
w
i

d
�
d
�
= Z

�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
�
w
i �
d
�

� Z
�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
� �
w
id
�
:

B
u
t

Z
�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
�
w
i �
d
�
= �
1
p

A
g
ij
d
x
j

d
�
w
i � ����
�
=

�
f

�
=

0

=
0
;

sin
ce
w
i(�
)
van
ish
es
at
�
=
0
an
d
�
=
�
f
.
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u
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d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij d
w
i

d
�

d
x
j

d
� �
d
�
:

d
S

d
� ����
�
=

0

=
12 Z
�
f

0

�
1
p

A
@
g
ij

@
x
k

d
x
i

d
�

d
x
j

d
�
w
k�
2
dd

� �
1
p

A
g
ij
d
x
j

d
� �
w
i �
d
�
:

A
la
n
G
u
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M
a
s
s
a
c
h
u
s
e
t
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s
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o
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T
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d
S

d
� ����
�
=

0

=
12 Z
�
f

0

�
1
p

A
@
g
ij

@
x
k

d
x
i

d
�

d
x
j

d
�
w
k�
2
dd

� �
1
p

A
g
ij
d
x
j

d
� �
w
i �
d
�
:

C
om
p
lication
:
on
e
term
is
p
rop
ortion
al
to
w
k,
an
d
th
e
oth
er
is
p
rop
ortion
al

to
w
i.
B
u
t
w
ith
m
ore
in
d
ex
ju
gglin
g,
w
e
can
�
x
th
at.
In
1st
term
rep
lace

i!
j;j!
k
;k
!
i:

d
S

d
� ����
�
=

0

= Z
�
f

0

�
1

2 p
A

@
g
j
k

@
x
i

d
x
j

d
�

d
x
k

d
�
�
dd

� �
1
p

A
g
ij
d
x
j

d
� ��
w
i(�
)
d
�
:

T
o
van
ish
fo
r
a
ll
w
i(
�
)
w
h
ich
van
ish
at
�
=
0
an
d
�
=
�
f
,
th
e
q
u
an
tity
in
cu
rly

b
rackets
m
u
st
van
ish
.
If
n
ot,
th
en
su
p
p
ose
th
atfg
i
>
0
for
som
e
i
=
i
0

an
d
for
som
e
�
=
�
0 .
B
y
con
tin
u
ity,fg
i
0

>
0
in
som
e
n
eigh
b
orh
o
o
d
of
�
0 .

C
h
o
ose
w
i
0(�
)
to
b
e
p
ositiv
e
in
th
is
n
eigh
b
orh
o
o
d
,
an
d
zero
ev
ery
w
h
ere

else,
w
ith
w
j(�
)�
0
for
j6=
i
0 ,
an
d
on
e
h
as
a
con
trad
iction
.

S
o

dd
� �

1
p

A
g
ij
d
x
j

d
� �
=

1
2 p
A

@
g
j
k

@
x
i

d
x
j

d
�

d
x
k

d
�

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
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o
f
T
e
c
h
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o
lo
g
y

8
.2
8
6
C
la
s
s
1
2
,
O
c
to
b
e
r
1
9
,
2
0
2
2

{
1
2
{

R
ep
eatin
g,

dd
� �

1
p

A
g
ij
d
x
j

d
� �
=

1
2 p
A

@
g
j
k

@
x
i

d
x
j

d
�

d
x
k

d
�

:

T
h
is
is
c
o
m
p
lic
a
te
d
,
sin
ce
A
is
com
p
licated
.

S
im
plify
b
y
ch
oice
of
pa
ra
m
e
te
riza
tion:

T
h
is
resu
lt
is
valid
for
an
y
p
aram
e-

terization
.
W
e
d
on
't
n
eed
th
at!
W
e
can
ch
o
ose
�
to
b
e
th
e
p
ath
len
gth
.

S
in
ce

d
s
= r
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
=
p

A
d
�
;

w
e
see
th
at
d
�
=
d
s
im
p
lies

A
=
1

(for
�
=
p
ath
len
gth
).

T
h
en

dd
s �
g
ij
d
x
j

d
s �
=
12
@
g
j
k

@
x
i

d
x
j

d
s

d
x
k

d
s
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
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8
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