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8.286 Class 13
October 24, 2022

INTRODUCTION TO
NON-EUCLIDEAN SPACES,
PART 5

Review from the previous lecture _

Geodesics in General Relativity _

A geodesic is a path connecting two points in spacetime, with the
property that the length of the curve is stationary with respect
to small changes in the path. It can be a maximum, minimum,
or saddle point.

In a curved spacetime, a geodesic is the closest thing to a straight
line that exists.

In general relativity, if no forces act on a particle other than
gravity, the particle travels on a geodesic.
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Review from the previous lecture _

Geodesics in Two Spatial Dimensions

Metric:
ds? = Qeemaw + guydody + g, dydx + ,QS\%\M .

Let 2 = &, % = y, so 4 is either, as ¢ = 1 or 2.

2 2
ds? = MU MU 9i; ?O dzt da’

i=1 j=1
= gi, (a%) dw* da? .

Einstein summation convention: repeated indices within one term are summed
over coordinate indices (1 and 2), unless otherwise specified.

The sum is always over one upper index and one lower, but we will not discuss
why some indices are written as upper and some as lower.

gij ?@ indicates that g;; is a function of all the components of zt. Te., when
x* occurs as an argument of a function, it is shorthand for (#!,2%). By
contrast, do* denotes the i’th component of dz, meaning dz' if ¢ = 1, or
do? if i = 2.

ll>....m..=.
- - =nmmno_...mo=m_..m».....oo:oo_:.o_o& |M|
8.286 Class 13, Octoher 24, 2022

Review from the previous lecture _

The Length of Path _

Consider a path from A to B.

Path description: #*()), where A is parameter running from 0 to As.

£'(0) = &'y, () = 2% .
Between A and A + dA, .
. dat
dz' = —dA
T
SO )
P dz* dz?
£ i £
QMM = QQAH VQH dz’ = Gi5 A.H. Ayvv ﬂﬂ&yw 9
and then
dzt do?
de = o af00) G 5 .
and

Af 2 da?
s = [ aaee0)
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Review from the previous lecture

Varying the Path _

Review from the previous lecture _

TR
#(A)
0 Define ;
z( . dz® dz’
AR @) = g5 (2°ON) 9
zaA SO we can write \
. ¥
. S[EN] = A\ a)d .
Z'(A) = 2'(A) + aw' (X)) , 0
where . . Using chain rule,
\E@AOVHOQ \E@A\/\L”O ;
Geodesic condition: df ?AQY SQVV _ 0f(2,y) dz(a) T 0f(z,y) dy(e) _ m\?ﬁ @
da oz da oy da ozt do ’
ds ngi =0 for all w'(\) d ‘s dg.; 0" 39, o \ ik 39i; , 4 ol
o PR _ iy Y _ 7 vy _ 7
L) =[] -fmeo) | -2
—4— 5
Review from the previous lecture Review from the previous lecture
. A
. . . S|z (N)| = AN a)dA
d&t da) where .
AN ) = gi; (FON) - — - y di* d#’
i ) dx dx AN @) = g4 Aaﬁ»vv I
d .
Using chain rule, \?AQY SQVV = Of(,y) dz(e) + 0f(z,9) %\AQVQ with
da Ox da 0y da g 9 0 Jae dwi (V)
. i z' w'
L L @) =St () =
bm. () _ [ 5 _ 99 (') 93" _ 99 (z4(\) w* C a=0 0% o
da”” - ok da | _, Oz da |, ,_, OzF i
Then
ds [#4(N)] 11 0g;; rda' da?
Furth _— == —_— Yok ——
urthermore, dor . 2/, 7A(N,0) ﬁmaw YU dx
4 () 4 fart ) _awty s )
&.Q &.vf &.Q &.vf &.vf &.vf QG n_v, n_v, QG n_v, n_v, )
where the metric g;; is to be evaluated at x(}).
—7-
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Review from the previous lecture

ds T&Ci 1 [N 1 ﬁ 09i; dz* da’
—_k = = — ————— w
da o 2 Jo /A()0) dx dx

n Q\E.mab n ma@.méb m»
Y x ax Ty T :

_;ozmv:_oi_‘_m “dummy” indices: _ in third term, replace ¢ — 5 and 5 — ¢, and
recall that g;; = g;;. Then 2nd & 3rd term are equal:

Review from the previous lecture _

Repeating,

dS V]| 1 \: | [0y pdotde ) duwtdat)
do 2)o JAN0) LdzF - dx dx T TN dA .

_H:._.nmg.zo: by _..voq.._.m"_ Integral depends on both w*® and dw'/dX. Can

eliminate dw’/dX by integrating by parts:
MT 1 de?] dw AMAaT1l o de?
—¢i;,——| —=—dA = — | —=g;; ——w'| dA
\o Tﬁ: QL X \o ax %\M? I i

Ma T 1 dad]
- — | —=g;;,— | w' dX .
\o &TN,Q:L

~ A 8
SN 1 L fOgs adetdel | dutdal)
do o ZJo VAN Lo dx an dx dx But
- \3 d ﬁ 1 dad _ % ﬁ 1 da _ A=As .
o dx |vatiax VAT |2,
since \E@A»v vanishes at A = 0 and A = A;.
L [ g L [ -
Review from the previous lecture
ds |H\3 1 dgi; da'da? o4 [ 1 de']
da|,_,2J, \VAdzk ax ax © ~“ax [vatiax]"® .

Complication: one term is proportional to w®, and the other is proportional
to w'. But with more index juggling, we can fix that. In 1st term replace

dS [#¢()] 1 \: 1 Ogiy pda do? | dw'de ) i =g, = ki
= — w % = .
do - 2 Jo A(X,0) oxk dx dh Yo qxn dXx dX ds _ \5 1 0g;r da? dz” d 1 . dz? @C,v )
- dal,_o  Jo \2v/A 0zt dx ax _ax |[Vafan ][ " .
To vanish for all w*(A) which vanish at A = 0 and A = A;, the quantity in curly
brackets must vanish. If not, then suppose that {}; > 0 for some i = ig
as 1 1 By Aot da’ . d 1 Ao @. and for momﬁ A= Ag. By .Q.ES«E?%. { T.o. > 0 in some neighborhood of Ag.
e == Ny ——w" —2— | —=g;; | w pdX. Choose w'°(A) to be positive in this neighborhood, and zero everywhere
dafj,—g 2 Jo VA 9z dA dA dx [VA™Y dA else, with w? (A) = 0 for j # 49, and one has a contradiction.
So
d 1 de?] 1 dg;y, dz? dz*
x| VAT | T 9v/A 9t dx dx
T s -10- i = e -




Repeating,
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d 1 de?| 1 dg,p ds? daz®
x| Va% AN | T 9/ 92 dx dx

This is complicated, since A is complicated.

Simplify by choice of parameterization: _ This result is valid for any parame-

terization. We don’t need that! We can choose A to be the path length.
Since

ds = 1/ gi; (x¢(N)) Mﬂ % dx = VAd)
we see that dA = ds implies
A=1 (for A = path length).
Then
d dz’ 10y, da’ daz®
ds Td ﬂg T 202° ds ds
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Alternative Form of Geodesic Equation

Most books write the geodesic equation differently, as

where

. 1 .
= m,ei (059ex + Ongey — Org;x)

and ¢*¢ is the matrix inverse of gi;- The quantity H,w.w is called the affine
connection.

If you are interested, see the lecture notes. If you are not interested, you can
skip this.

HEE  Aan Guth
- - Institute of

8.286 Class 13, October 24, 2022

-13-

BLACK HOLES (Funl) _

The Schwarzschild Metric: _

For any spherically symmetric distribution of mass, outside the mass the metric
is given by the Schwarzschild metric,

rc? rc?

2GM 2GM\ !
mmwﬂlnwmﬂMHIAHl C VQM&M._'AHI C v dr?

+ r?(d6? 4 sin? 0 d¢?) |

where M is the total mass, G is Newton’s gravitational constant, ¢ is the
speed of light, and 6 and ¢ have the usual polar-angle ranges.
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Schwarzschild Horizon

rc? rc?

=i
ds? = —?dr%2 = — AH = MQNSV 2 + AH = MQNSV dr?

+r?(d6? + sin? 9 d¢?) .

The metric is singular at

2GM
ﬁ”mm‘” QM ’

C

where the coefficient of ¢?d¢? vanishes, and the coefficient of dr? is infinite.
Surprisingly, this singularity is not real — it is a coordinate artifact. There are

other coordinate systems where the metric is smooth at Rg.

you are photon.
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But Rg is a horizon: If you fall past the horizon, there is no return, even if
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Schwarzschild Radius of the Sun

2GM
Rso

) QM

 2x 6.673 x 1071 m3-kg™'s=2 x 1.989 x 10° kg
(2.998 x 108 m-s—1)?

2.95 km .

v¢ If the Sun were compressed to this radius, it would become a black hole.
Since the Sun is much larger than Rg, and the Schwarzschild metric is only
valid outside the matter, there is no Schwarzschild horizon in the Sun.

v¢ At the center of our galaxy is a supermassive black hole, with M = 4.1 x
10° Mo. This gives Rs = 1.2 x 101° meters & 1/4 of radius of orbit of
Mercury ~ 17 times radius of Sun.
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_ Radial Geodesics in the Schwarzschild Metric

rc2 rc2

2GM 2GM\ "
mmwﬂlnwmﬂMHIAHl C VQM&M._'AHI C v dr?

+r?(d6? + sin? 9 d¢?) .

Consider a particle released from rest at r = rg.

r is a “radial coordinate,” but not the radius, since it is not the distance from
some center. If r is varied by dr, the distance traveled is not dr, but
dr/+/1 —2GM /rc®. r can be called the “circumferential radius,” since the
term rZ(d6?% + sin? 6 d¢?) in the metric implies that the circumference of a
circle about the origin is 27r.

By symmetry, the particle will fall straight down, with no change in 6 or ¢.
Spherical symmetry implies that all directions in 6 and ¢ are equivalent,
so any motion in 6—¢ space would violate this symmetry.
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Particle Trajectories in Spacetime

Particle trajectories are timelike, so we use proper time 7 to parameterize them,
where ds? = —c?d72. This implies that A = —¢?, instead of A = 1, but as
long as A is constant, it drops out of the geodesic equation.

By tradition, the spacetime indices in general relativity are denoted by Greek

letters such as p, v, A, o, and are summed from 0 to 3, where 20 =

The geodesic equation

mﬁh?lﬁﬁ
ds 9ij ds | ~ 2 9z ds ds

is then rewritten as

d da¥]  10gx, dz* dz°
dr

ar |9 ar | T 290 dr dr -
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Radial Trajectory Equations

Only dr/dr and dt/dr are nonzero. But they are related by the metric:

2GM 2GM\ "
nw&ﬂwHAHl ¢ VQM&MIAHI ¢ v dr?

rc? rc?

implies that

2G M )’ 2GMN\H (dr)?
cA=(1- G A=) —(1- & ar
rc? dr rc? dr
Then, looking at the y = r geodesic equation,
d dz” 19gx, daz? dz®
Guv =

dr dr | 29z dr dr

implies that
d [ dr] _1, dr M+J dt\?
dr Grr dr - 2 rrr dr 2 r et dr 1

2GMN\ " 2GM
Grr = AH - v ) gt = |QM AH - v

rc2 rc2

where

-19-
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Repeating,
2 =i 2
2 HIMQNS 2 ﬁ B HIMQNS &
rc? dr rc? dr
d ar] 1 ar\* 1 de\”
1r TE mg = Mmfei AMV + Mmfez AMV
2G M\ 2G M
Qﬁﬁ”AH| Mv ) ,Q:”|QMAH| Mv
rc rc
d dr
dr P e dr

with the product rule, replace (dt/dr)? using the equation above, and simplify.
Result:

where

Expand

Solving the Equation

d?r GM

dr? r2

Like Newton'’s equation, multiply by dr/dr, and it can then be written as

d HA%VM GM
13l - =0.

dr dr r

Quantity in curly brackets is conserved. Initial value (on release from rest at
r9) is —GM [rg, so it always has this value. Then

d?r GM
&E = =2 (3 - o) = oy 2EH= )
dr r 1o rrg
which looks just like Newton, but it is not really the same. Here 7 is the proper
time as measured by the infalling object, and r is not the radial distance. 50 ———-l mpem -
Repeating,
d 1 1 2G M (rg —
Q|Q>”| MQ§A|||VH| E A vl o " —il ﬁo'ﬁ\ + A v
T r 1 7o ™(rs) =\ 3 ot ri(ro—ry

Bring all r-dependent factors to one side, and bring dr to the other side, and
integrate:

rTo

m(ry) = %; MQNS (ro—r)

ro olf
= rotan— ﬁ —-r
2GM | ° ,\ V y/rlro—rs)

where tan~! = arctan.

Conclusion: object will reach r = 0 in a finite proper time 7.

l I Alan Guth
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Setting r; = 0 to find the proper time when the object reaches r = 0,

7(0) T;o gwlgoov ._'OW

o
26 M

| =/
| 2VaoaM -

_-_I EE  Alan Guth
Institute of M w

8.286 Class 13, October 24, 2022




Alan Guth, Introduction to Non-FEuclidean Spaces, Part 5, 8.286 Class 13, October 24, 2022, p. 7.

Falling from the Schwarzschild
Horizonto r = 0

For rq = Rg,

Recall,
[ r3 For the Sun, this gives
lov = z o 0 8
2V 2GM _5
T=155x10""s.
For ro = R For the black hole in the center of our galaxy,
0 — 415,
o IO T=634s.
€
HEE Alan Guth HEE Alan Guth
NIT =g . NWIT = 25

Note that inside the black hole,

=i
ds? = —2dr? = — AH = MQNSV Adi® + AH = MQNSV dr?

rc? rc?

+ r2(d6% 4 sin? 0 d¢?) |

but

rc?

AleinAoa

which implies that ¢ is spacelike, and r is timelike! The calculation that we
just did is still correct. The singularity at r = 0 cannot be avoided for the
same reason that we cannot prevent ourselves from reaching tomorrow!
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But Coordinate Time t is Different!

dr MQNSAWIWVHI %.
dr r 1o rrg
2G M dt\? 2GMN\ " [dr\?
QM = 1-— Q QM _— — 1— Q |ﬁ
rc? dr rc? dr
dr  drdr dr/dr

dt ~ drdt  dt/dr
dr/dr

Vi) + e2he) (22)°
where A=1(r) = 1/h(r), not the inverse function, and

hry=1- 88— _ 2GM

r rc?

)

7=
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dr dr/dr
& 1) + b2 (2)°
where
izmTWuTwmws.

Look at behavior near horizon; h~1(r) blows up:

r Rs

Plr)= ———x —=2— .
Aﬁv ﬁlmm ﬁlmm

Denominator of dr/d¢ is dominated by 2nd term, which gives

dr _ r— Rg
M ~ |Q\~T>v = —C Am|,wv

HEE  Aan Guth
- - Massachusetts Institute of Technology M o
8.286 Class 13, Octoher 24, 2022 =

Repeating,
dr r— Rg
dt Rs
Rearranging,
ar=_fs_dr
¢ r— Rgs

We can find the time needed to fall from some r; near the horizon, to a smaller
r¢ which is nearer to the horizon:

t(r}) ~ Rs [0 A’ Bs, (ri=EBs
T @ r'— Rg c ry — Rg

T

Thus t diverges logarithmically as ry — Rg, so the object does not reach Rg
for any finite value of ¢.
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