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8
.2
8
6
C
la
s
s
1
3

O
c
to
b
e
r
2
4
,
2
0
2
2

I
N
T
R
O
D
U
C
T
I
O
N
T
O

N
O
N
-
E
U
C
L
I
D
E
A
N
S
P
A
C
E
S
,

P
A
R
T
5

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

G
e
o
d
e
sics
in
G
e
ne
ra
l
R
e
la
tivity

A
g
eo
d
esic
is
a
p
a
th
co
n
n
ectin
g
tw
o
p
o
in
ts
in
sp
a
cetim
e,
w
ith
th
e

p
ro
p
erty
th
a
t
th
e
len
g
th
o
f
th
e
cu
rv
e
is
sta
tio
n
a
ry
w
ith
resp
ect

to
sm
a
ll
ch
a
n
g
es
in
th
e
p
a
th
.
It
ca
n
b
e
a
m
a
x
im
u
m
,
m
in
im
u
m
,

o
r
sa
d
d
le
p
o
in
t.

In
a
cu
rv
ed
sp
a
cetim
e,
a
g
eo
d
esic
is
th
e
clo
sest
th
in
g
to
a
stra
ig
h
t

lin
e
th
a
t
ex
ists.

In
g
en
era
l
rela
tiv
ity,
if
n
o
fo
rces
a
ct
o
n
a
p
a
rticle
o
th
er
th
a
n

g
ra
v
ity,
th
e
p
a
rticle
tra
v
els
o
n
a
g
eo
d
esic.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

G
e
o
d
e
sics
in
T
w
o
S
p
a
tia
l
D
im
e
nsio
ns

M
etric:

d
s
2

=
g
x
x d
x
2

+
g
x
y d
x
d
y
+
g
y
x d
y
d
x
+
g
y
y d
y
2

:

L
et
x
1�
x
,
x
2�
y,
so
x
i
is
eith
er,
a
s
i
=
1
or
2
.

d
s
2

=

2
Xi

=

1

2
Xj

=

1

g
ij (x
`)
d
x
id
x
j

=
g
ij (x
`)
d
x
id
x
j
:

E
in
stein
su
m
m
ation
con
ven
tion
:
rep
eated
in
d
ices
w
ith
in
on
e
term
are
su
m
m
ed

ov
er
co
ord
in
ate
in
d
ices
(1
an
d
2),
u
n
less
oth
erw
ise
sp
eci�
ed
.

T
h
e
su
m
is
a
lw
ay
s
over
on
e
u
p
p
er
in
d
ex
an
d
on
e
low
er,
b
u
t
w
e
w
ill
n
ot
d
iscu
ss

w
h
y
som
e
in
d
ices
are
w
ritten
as
u
p
p
er
an
d
som
e
as
low
er.

g
ij �x
` �
in
d
icates
th
at
g
ij

is
a
fu
n
ction
of
all
th
e
com
p
on
en
ts
of
x
`.
I.e.,
w
h
en

x
`

o
ccu
rs
as
an
argu
m
en
t
of
a
fu
n
ction
,
it
is
sh
orth
an
d
for
(x
1;x
2).
B
y

con
trast,
d
x
i
d
en
otes
th
e
i'th
com
p
on
en
t
of
d
x
,
m
ean
in
g
d
x
1

if
i
=
1
,
o
r

d
x
2

if
i
=
2
.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

T
h
e
L
e
ng
th
o
f
P
a
th

C
on
sid
er
a
p
ath
from
A
to
B
.

P
ath
d
escrip
tion
:
x
i(�
),
w
h
ere
�
is
p
aram
eter
ru
n
n
in
g
from
0
to
�
f .

x
i(0)
=
x
iA
;

x
i(�

f )
=
x
iB

:

B
etw
een
�
an
d
�
+
d
�
,

d
x
i
=
d
x
i

d
�
d
�
;

so

d
s
2

=
g
ij (
x
`)
d
x
i
d
x
j
=
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
2

;

an
d
th
en

d
s
= r
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
;

an
d

S
[x
i(�
)]
= Z

�
f

0

r
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
:

{
3
{



A
lan
G
u
th
,
In
trod
u
ctio
n
to
N
o
n
-E
u
clid
ea
n
S
pa
ces,
P
a
rt
5
,
8.286
C
lass
13,
O
ctob
er
24,
2022,
p
.
2.

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

V
a
ry
ing
th
e
P
a
th

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
;

w
h
ere

w
i(0)
=
0
;

w
i(�

f
)
=
0
:

G
eo
d
esic
con
d
ition
:

d
S �~x
i(�
) �

d
�

�����
�
=

0

=
0

for
all
w
i(�
)
.

{
4
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
:

S �~x
i(�
) �
= Z

�
f

0

r
g
ij �~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�
d
�
:

D
e�
n
e

A
(�
;�
)
=
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�

;

so
w
e
can
w
rite

S �~x
i(�
) �
= Z

�
f

0

p
A
(�
;�
)
d
�
:

U
sin
g
ch
ain
ru
le,

d
f �x
(�
);y(�
) �

d
�

=
@
f
(x
;y
)

@
x

d
x
(�
)

d
�

+
@
f
(x
;y
)

@
y

d
y(�
)

d
�

=
@
f
(x
`)

@
x
i

d
x
i

d
�
;

dd
�
g
ij �~x
`(�
) � ����

�
=

0

= �
@
g
ij

@
~x
k

@
~x
k

@
� �
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �
@
~x
k

@
� ����
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �w
k
;

{
5
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
:

A
(�
;�
)
=
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�

:

U
sin
g
ch
ain
ru
le,
d
f �x
(�
);y(�
) �

d
�

=
@
f
(x
;y)

@
x

d
x
(�
)

d
�

+
@
f
(x
;y)

@
y

d
y(�
)

d
�

,

dd
�
g
ij �
~x
`(�
) � ����

�
=

0

= �
@
g
ij

@
~x
k

@
~x
k

@
� �
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �
@
~x
k

@
� ����
�
=

0

=
@
g
ij

@
x
k �x
`(�
) �w
k
:

F
u
rth
erm
ore,

dd
� �

d
~x
i

d
� �
=

dd
� �

d
x
i(�
)

d
�

+
�
d
w
i(�
)

d
�

�
=
d
w
i(�
)

d
�

:

A
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n
G
u
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M
a
s
s
a
c
h
u
s
e
tts
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titu
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f
T
e
c
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n
o
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y

8
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6
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3
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{
6
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

S �~x
i(�
) �
= Z

�
f

0

p
A
(�
;�
)
d
�
;

w
h
ere

A
(�
;�
)
=
g
ij �
~x
`(�
) �
d
~x
i

d
�

d
~x
j

d
�

;

w
ith

dd
�
g
ij �~x
`(�
) � ����

�
=

0

=
@
g
ij

@
x
k �x
`(�
) �w
k

;

dd
� �

d
~x
i

d
� �
=
d
w
i(�
)

d
�

:

T
h
en

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+

+
g
ij
d
w
i

d
�

d
x
j

d
�
+
g
ij
d
x
i

d
�

d
w
j

d
� �
d
�
;

w
h
ere
th
e
m
etric
g
ij
is
to
b
e
eva
lu
ated
at
x
`(�
).

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
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R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+

+
g
ij
d
w
i

d
�

d
x
j

d
�
+
g
ij
d
x
i

d
�

d
w
j

d
� �
d
�
:

M
a
n
ip
u
la
tin
g
\d
u
m
m
y
"
ind
ice
s:

in
th
ird
term
,
rep
lace
i!
j
an
d
j
!
i,
a
n
d

recall
th
at
g
ij
=
g
j
i .
T
h
en
2n
d
&
3rd
term
are
eq
u
al:

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij
d
w
i

d
�

d
x
j

d
� �
d
�
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
8
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

R
ep
eatin
g,

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij d
w
i

d
�

d
x
j

d
� �
d
�
:

I
nte
gra
tion
b
y
Pa
rts:

In
tegral
d
ep
en
d
s
on
b
o
th
w
k

an
d
d
w
i=d
�
.

C
an

elim
in
ate
d
w
i=d
�
b
y
in
tegratin
g
b
y
p
arts:

Z
�
f

0

�
1
p

A
g
ij
d
x
j

d
� �

d
w
i

d
�
d
�
= Z

�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
�
w
i �
d
�

� Z
�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
� �
w
id
�
:

B
u
t

Z
�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
�
w
i �
d
�
= �
1
p

A
g
ij
d
x
j

d
�
w
i � ����

�
=

�
f

�
=

0

=
0
;

sin
ce
w
i(�
)
van
ish
es
at
�
=
0
an
d
�
=
�
f .

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
9
{

R
e
v
ie
w
fro
m

th
e
p
re
v
io
u
s
le
c
tu
re

d
S �~x
`(�
) �

d
�

�����
�
=

0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij
d
w
i

d
�

d
x
j

d
� �
d
�
:

d
S

d
� ����
�
=

0

=
12 Z
�
f

0

�
1
p

A
@
g
ij

@
x
k

d
x
i

d
�

d
x
j

d
�
w
k�
2
dd

� �
1
p

A
g
ij
d
x
j

d
� �
w
i �
d
�
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
0
{

d
S

d
� ����
�
=

0

=
12 Z
�
f

0

�
1
p

A
@
g
ij

@
x
k

d
x
i

d
�

d
x
j

d
�
w
k�
2
dd

� �
1
p

A
g
ij
d
x
j

d
� �
w
i �
d
�
:

C
om
p
lication
:
on
e
term
is
p
rop
ortion
al
to
w
k,
an
d
th
e
oth
er
is
p
ro
p
ortion
al

to
w
i.
B
u
t
w
ith
m
ore
in
d
ex
ju
gglin
g
,
w
e
can
�
x
th
at.
In
1st
term

rep
lace

i!
j;j!
k
;k!
i:

d
S

d
� ����
�
=

0

= Z
�
f

0

�
1

2 p
A

@
g
j
k

@
x
i

d
x
j

d
�

d
x
k

d
�
�
dd

� �
1
p

A
g
ij
d
x
j

d
� ��
w
i(�
)
d
�
:

T
o
van
ish
fo
r
a
ll
w
i(
�
)
w
h
ich
van
ish
at
�
=
0
an
d
�
=
�
f
,
th
e
q
u
an
tity
in
cu
rly

b
rackets
m
u
st
van
ish
.
If
n
ot,
th
en
su
p
p
ose
th
atfg
i
>
0
for
som
e
i
=
i
0

an
d
for
som
e
�
=
�
0 .
B
y
con
tin
u
ity,fg
i
0

>
0
in
som
e
n
eigh
b
orh
o
o
d
of
�
0 .

C
h
o
ose
w
i
0(�
)
to
b
e
p
ositive
in
th
is
n
eigh
b
orh
o
o
d
,
a
n
d
zero
every
w
h
ere

else,
w
ith
w
j(�
)�
0
for
j6=
i
0 ,
an
d
on
e
h
as
a
con
trad
ictio
n
.

S
o

dd
� �

1
p

A
g
ij
d
x
j

d
� �
=

1
2 p
A

@
g
j
k

@
x
i

d
x
j

d
�

d
x
k

d
�

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
1
{
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R
ep
eatin
g,

dd
� �

1
p

A
g
ij
d
x
j

d
� �
=

1
2 p
A

@
g
j
k

@
x
i

d
x
j

d
�

d
x
k

d
�

:

T
h
is
is
c
o
m
p
lic
a
t
e
d
,
sin
ce
A
is
com
p
licated
.

S
im
p
lify
b
y
ch
o
ice
of
pa
ra
m
e
te
riza
tion:

T
h
is
resu
lt
is
valid
for
an
y
p
aram
e-

terization
.
W
e
d
on
't
n
eed
th
at!
W
e
can
ch
o
ose
�
to
b
e
th
e
p
ath
len
gth
.

S
in
ce

d
s
= r
g
ij �x
`(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
=
p

A
d
�
;

w
e
see
th
at
d
�
=
d
s
im
p
lies

A
=
1

(for
�
=
p
ath
len
gth
).

T
h
en

dd
s �
g
ij
d
x
j

d
s �
=
12
@
g
j
k

@
x
i

d
x
j

d
s

d
x
k

d
s
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
2
{

A
lte
rna
tive
F
o
rm
o
f
G
e
o
d
e
sic
E
qua
tio
n

M
ost
b
o
ok
s
w
rite
th
e
geo
d
esic
eq
u
a
tion
d
i�
eren
tly,
as

d
2x
i

d
s
2

=
�
�
ij

k
d
x
j

d
s

d
x
k

d
s
;

w
h
ere

�
ij

k

=
12

g
i`
(@
j g
`
k
+
@
k g
`
j �
@
` g
j
k )

a
n
d
g
i`

is
th
e
m
atrix
in
verse
of
g
ij .
T
h
e
q
u
an
tity
�
ij

k

is
called
th
e
aÆ
n
e

con
n
ection
.

If
you
are
in
terested
,
see
th
e
lectu
re
n
otes.
If
y
ou
are
n
ot
in
terested
,
yo
u
can

sk
ip
th
is.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
3
{

B
L
A
C
K
H
O
L
E
S
(F
un!)

T
h
e
S
ch
w
a
rz
sch
ild
M
e
tric:

F
or
an
y
sp
h
erically
sy
m
m
etric
d
istrib
u
tion
of
m
ass,
ou
tsid
e
th
e
m
ass
th
e
m
etric

is
given
b
y
th
e
S
ch
w
arzsch
ild
m
etric,

d
s
2

=
�
c
2d
�
2

=
� �
1�
2
G
M

rc
2 �
c
2d
t
2

+ �
1�
2
G
M

rc
2 �

�

1
d
r
2

+
r
2(d
�
2

+
sin
2

�
d
�
2)
;

w
h
ere
M

is
th
e
total
m
ass,
G
is
N
ew
ton
's
grav
itation
al
con
stan
t,
c
is
th
e

sp
eed
o
f
ligh
t,
a
n
d
�
an
d
�
h
ave
th
e
u
su
al
p
olar-an
gle
ran
ges.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
4
{

S
ch
w
a
rz
sch
ild
H
o
riz
o
n

d
s
2

=
�
c
2d
�
2

=
� �
1�
2
G
M

rc
2 �
c
2d
t
2

+ �
1�
2
G
M

rc
2 �

�

1

d
r
2

+
r
2(d
�
2

+
sin
2

�
d
�
2)
:

T
h
e
m
etric
is
sin
gu
lar
a
t

r
=
R
S �
2
G
M

c
2

;

w
h
ere
th
e
co
eÆ
cien
t
of
c
2d
t
2

van
ish
es,
a
n
d
th
e
co
eÆ
cien
t
of
d
r
2

is
in
�
n
ite.

S
u
rp
risin
gly,
th
is
sin
gu
la
rity
is
n
ot
real
|

it
is
a
co
ord
in
ate
artifact.
T
h
ere
are

oth
er
co
ord
in
ate
sy
stem
s
w
h
ere
th
e
m
etric
is
sm
o
oth
at
R
S
.

B
u
t
R
S

is
a
h
o
r
iz
o
n
:
If
yo
u
fa
ll
p
ast
th
e
h
o
rizon
,
th
ere
is
n
o
retu
rn
,
ev
en
if

you
are
p
h
oton
.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
5
{
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5.

S
ch
w
a
rz
sch
ild
R
a
d
ius
o
f
th
e
S
un

R
S
;
�

=
2
G
M

c
2

=
2�
6
:673�
1
0
�

1
1

m
3-k
g
�

1-s
�

2�
1
:989�
10
3
0

k
g

(2
:998�
10
8

m
-s
�

1)
2

=
2
:95
k
m
:

If
th
e
S
u
n
w
ere
com
p
ressed
to
th
is
rad
iu
s,
it
w
ou
ld
b
ecom
e
a
b
lack
h
o
le.

S
in
ce
th
e
S
u
n
is
m
u
ch
larger
th
an
R
S
,
an
d
th
e
S
ch
w
arzsch
ild
m
etric
is
on
ly

valid
ou
tsid
e
th
e
m
atter,
th
ere
is
n
o
S
ch
w
arzsch
ild
h
orizon
in
th
e
S
u
n
.

A
t
th
e
cen
ter
of
ou
r
galax
y
is
a
su
p
erm
assiv
e
b
lack
h
ole,
w
ith
M

=
4
:1�

10
6

M
�

.
T
h
is
giv
es
R
S

=
1
:2�
10
1
0

m
eters�
1/4
of
rad
iu
s
of
orb
it
of

M
ercu
ry�
17
tim
es
rad
iu
s
of
S
u
n
.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
6
{

R
a
d
ia
l
G
e
o
d
e
sics
in
th
e
S
ch
w
a
rz
sch
ild
M
e
tric

d
s
2

=
�
c
2d
�
2

=
� �
1�
2
G
M

rc
2 �
c
2d
t
2

+ �
1�
2
G
M

rc
2 �

�

1

d
r
2

+
r
2(d
�
2

+
sin
2

�
d
�
2)
:

C
on
sid
er
a
p
article
released
from
rest
at
r
=
r
0 .

r
is
a
\rad
ial
co
ord
in
ate,"
b
u
t
n
ot
th
e
rad
iu
s,
sin
ce
it
is
n
ot
th
e
d
ista
n
ce
fro
m

som
e
cen
ter.
If
r
is
varied
b
y
d
r,
th
e
d
ista
n
ce
traveled
is
n
ot
d
r,
b
u
t

d
r= p
1�
2
G
M
=
rc
2.
r
ca
n
b
e
called
th
e
\
circu
m
feren
tialrad
iu
s,"
sin
ce
th
e

term
r
2(d
�
2

+
sin
2

�
d
�
2)
in
th
e
m
etric
im
p
lies
th
at
th
e
circu
m
feren
ce
of
a

circle
ab
ou
t
th
e
origin
is
2
�
r.

B
y
sy
m
m
etry,
th
e
p
article
w
ill
fall
straigh
t
d
ow
n
,
w
ith
n
o
ch
an
ge
in
�
or
�
.

S
p
h
erical
sy
m
m
etry
im
p
lies
th
at
all
d
irection
s
in
�
an
d
�
are
eq
u
ivalen
t,

so
an
y
m
otion
in
�{
�
sp
ace
w
ou
ld
v
iolate
th
is
sy
m
m
etry.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
7
{

P
a
rticle
T
ra
je
cto
rie
s
in
S
p
a
ce
tim
e

P
article
tra
jectories
are
tim
elike,
so
w
e
u
se
p
rop
er
tim
e
�
to
p
aram
eterize
th
em
,

w
h
ere
d
s
2�
�
c
2d
�
2.
T
h
is
im
p
lies
th
at
A
=
�
c
2,
in
stead
of
A
=
1,
b
u
t
as

lon
g
as
A
is
con
stan
t,
it
d
rop
s
ou
t
of
th
e
geo
d
esic
eq
u
ation
.

B
y
trad
ition
,
th
e
sp
acetim
e
in
d
ices
in
gen
eral
relativ
ity
are
d
en
oted
b
y
G
reek

letters
su
ch
as
�
,
�
,
�
,
�
,
an
d
are
su
m
m
ed
from
0
to
3,
w
h
ere
x
0�
t.

T
h
e
geo
d
esic
eq
u
ation

dd
s �
g
ij d
x
j

d
s �
=
12
@
g
j
k

@
x
i

d
x
j

d
s

d
x
k

d
s

is
th
en
rew
ritten
as

dd
� �
g
�
�

d
x
�

d
� �
=
12
@
g
�
�

@
x
�

d
x
�

d
�

d
x
�

d
�

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
1
8
{

R
a
d
ia
l
T
ra
je
cto
ry
E
qua
tio
ns

O
n
ly
d
r=d
�
a
n
d
d
t=d
�
are
n
o
n
zero.
B
u
t
th
ey
are
rela
ted
b
y
th
e
m
etric:

c
2d
�
2

= �
1�
2
G
M

rc
2 �
c
2

d
t
2� �
1�
2
G
M

rc
2 �

�

1

d
r
2

im
p
lies
th
at

c
2

= �
1�
2
G
M

rc
2 �
c
2 �
d
t

d
� �

2� �
1�
2
G
M

rc
2 �

�

1 �
d
r

d
� �

2

:

T
h
en
,
lo
ok
in
g
at
th
e
�
=
r
geo
d
esic
eq
u
ation
,

dd
� �
g
�
�

d
x
�

d
� �
=
12
@
g
�
�

@
x
�

d
x
�

d
�

d
x
�

d
�

im
p
lies
th
at

dd
� �
g
r
r
d
r

d
� �
=
12

@
r g
r
r �
d
r

d
� �

2

+
12

@
r g
tt �
d
t

d
� �

2

;

w
h
ere

g
r
r
= �
1�
2
G
M

rc
2 �

�

1

;

g
tt
=
�
c
2 �
1�
2
G
M

rc
2 �
:

{
1
9
{
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6.

R
ep
eatin
g,c

2

= �
1�
2
G
M

rc
2 �
c
2 �
d
t

d
� �

2� �
1�
2
G
M

rc
2 �

�

1 �
d
r

d
� �

2

:

dd
� �
g
r
r
d
r

d
� �
=
12

@
r g
r
r �
d
r

d
� �

2

+
12

@
r g
tt �
d
t

d
� �

2

;

w
h
ere

g
r
r
= �
1�
2
G
M

rc
2 �

�

1

;

g
tt
=
�
c
2 �
1�
2
G
M

rc
2 �
:

E
x
p
an
d

dd
� �
g
r
r
d
r

d
� �

w
ith
th
e
p
ro
d
u
ct
ru
le,
rep
lace
(d
t=d
�
)
2

u
sin
g
th
e
eq
u
ation
ab
ov
e,
an
d
sim
p
lify.

R
esu
lt:

d
2r

d
�
2

=
�
G
Mr

2

;

w
h
ich
lo
ok
s
ju
st
lik
e
N
ew
ton
,
b
u
t
it
is
n
ot
really
th
e
sam
e.
H
ere
�
is
th
e
p
rop
er

tim
e
as
m
easu
red
b
y
th
e
in
fallin
g
ob
ject,
an
d
r
is
n
ot
th
e
rad
ial
d
istan
ce.

{
2
0
{

S
o
lving
th
e
E
qua
tio
n

d
2r

d
�
2

=
�
G
Mr

2

:

L
ike
N
ew
ton
's
eq
u
ation
,
m
u
ltip
ly
b
y
d
r=d
�
,
an
d
it
can
th
en
b
e
w
ritten
as

dd
� (

12 �
d
r

d
� �

2�
G
Mr )

=
0
:

Q
u
an
tity
in
cu
rly
b
rackets
is
con
serv
ed
.
In
itial
valu
e
(on
release
from
rest
at

r
0 )
is�
G
M
=
r
0 ,
so
it
alw
ay
s
h
as
th
is
valu
e.
T
h
en

d
r

d
�
=
� s
2
G
M �
1r �
1r

0 �
=
� s
2
G
M
(r
0 �
r)

rr
0

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
1
{

R
ep
eatin
g,

d
r

d
�
=
� s
2
G
M �
1r
�
1r

0 �
=
� s
2
G
M
(r
0 �
r)

rr
0

:

B
rin
g
all
r-d
ep
en
d
en
t
factors
to
on
e
sid
e,
an
d
b
rin
g
d
�
to
th
e
oth
er
sid
e,
an
d

in
tegrate:�

(r
f
)
=
� Z

r
f

r
0

d
r r
rr
0

2
G
M
(r
0 �
r)

= r
r
0

2
G
M (
r
0

tan
�

1  s
r
0 �
r
f

r
f

!
+ q
r
f
(r
0 �
r
f
) )
;

w
h
ere
tan
�

1�
arctan
.

C
on
clu
sion
:
ob
ject
w
ill
reach
r
=
0
in
a
�
n
ite
p
rop
er
tim
e
�
.

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
2
{

�
(r
f
)
= r
r
0

2
G
M (
r
0

tan
�

1  s
r
0 �
r
f

r
f

!
+ q
r
f
(r
0 �
r
f
) )
:

S
ettin
g
r
f

=
0
to
�
n
d
th
e
p
rop
er
tim
e
w
h
en
th
e
ob
ject
reach
es
r
=
0,

�
(0
)
= r
r
0

2
G
M �
r
0

tan
�

1(1
)
+
0 	

=

�2 r
r
30

2
G
M

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
3
{
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7.

F
a
lling
fro
m
th
e
S
ch
w
a
rz
sch
ild

H
o
riz
o
n
to
r

=

0

R
ecall,

�
(0)
=
�2 r
r
30

2
G
M

:

F
or
r
0

=
R
S
,

�
=
�
G
M

c
3

:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
4
{

F
or
r
0

=
R
S
,

�
=
�
G
M

c
3

:

F
or
th
e
S
u
n
,
th
is
gives

�
=
1
:55�
1
0
�

5

s:

F
or
th
e
b
lack
h
ole
in
th
e
cen
ter
o
f
ou
r
galax
y,

�
=
6
:34
s:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
5
{

N
ote
th
at
in
sid
e
th
e
b
lack
h
ole,

d
s
2

=
�
c
2d
�
2

=
� �
1�
2
G
M

rc
2 �
c
2d
t
2

+ �
1�
2
G
M

rc
2 �

�

1
d
r
2

+
r
2(d
�
2

+
sin
2

�
d
�
2)
;

b
u
t

�
1�
2
G
M

rc
2 �
<
0
;

w
h
ich
im
p
lies
th
at
t
is
sp
acelike,
an
d
r
is
tim
elike!
T
h
e
calcu
lation
th
at
w
e

ju
st
d
id
is
still
correct.
T
h
e
sin
gu
larity
at
r
=
0
can
n
ot
b
e
avoid
ed
for
th
e

sam
e
reason
th
at
w
e
can
n
ot
p
rev
en
t
ou
rselv
es
from
reach
in
g
tom
orrow
!

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
3
,
O
c
to
b
e
r
2
4
,
2
0
2
2

{
2
6
{

B
ut
C
o
o
rd
ina
te
T
im
e
t
is
D
iffe
re
nt!

d
r

d
�
=
� s
2
G
M �
1r �
1r

0 �
=
� s
2
G
M
(r
0 �
r)

rr
0

:

c
2

= �
1�
2
G
M

rc
2 �
c
2 �
d
t

d
� �

2� �
1�
2
G
M

rc
2 �

�

1 �
d
r

d
� �

2

:

d
r

d
t
=
d
r

d
�

d
�d

t
=
d
r=d
�

d
t=
d
�

=

d
r=
d
�

q
h
�

1(r)
+
c
�

2h
�

2(r) �
d
r

d
� �

2

;

w
h
ere
h
�

1(r)�
1
=
h
(r),
n
ot
th
e
in
verse
fu
n
ction
,
a
n
d

h
(r)�
1�
R
S

r

=
1�
2
G
M

rc
2

:

{
2
7
{
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8.

d
r

d
�
=
� s
2
G
M �
1r
�
1r

0 �
=
� s
2
G
M
(r
0 �
r)

rr
0

:

d
r

d
t
=

d
r=d
�

q
h
�

1(r)
+
c
�

2h
�

2(r) �
d
r

d
� �

2

;

w
h
ere

h
(r)�
1�
R
S

r

=
1�
2
G
M

rc
2

:

L
o
ok
at
b
eh
av
ior
n
ear
h
orizon
;
h
�

1(r)
b
low
s
u
p
:

h
�

1(r)
=

r

r�
R
S

�
R
S

r�
R
S

:

D
en
om
in
ator
of
d
r=d
t
is
d
om
in
ated
b
y
2n
d
term
,
w
h
ich
gives

d
r

d
t �
�
ch
(r)
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