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S
T
O
R
Y
O
F

T
H
E
U
N
I
V
E
R
S
E

E

=

m
c
2

T
H
E
m
ost
fam
ou
s
eq
u
ation
in
p
h
y
sics.
B
u
t
I
w
as
n
ot
ab
le
to
�
n
d
an
y

actu
al
su
rvey
s.

M
e
a
ning:
M
a
ss
a
nd
e
ne
rgy
a
re
e
q
u
iv
a
le
n
t.
T
h
ey
are
ju
st
tw
o

d
i�
eren
t
w
ay
s
of
ex
p
ressin
g
ex
actly
th
e
sa
m
e
th
in
g.
T
h
e
total
en
ergy
of

an
y
sy
stem
is
eq
u
a
l
to
th
e
total
m
ass
of
th
e
sy
stem
|

som
etim
es
called

th
e
relativ
istic
m
ass
|

tim
es
c
2,
th
e
sq
u
are
o
f
th
e
sp
eed
of
ligh
t.

O
n
e
can
im
agin
e
m
easu
rin
g
th
e
m
ass/en
ergy
of
an
ob
ject
in
eith
er

k
ilogram
s,
jou
les,
or
k
ilow
att-h
ou
rs,
w
ith

1
k
g
=
8
:9
87
6
�
1
0
1
6

jou
le
=
2
:497
�
10
1
0

k
W
-h
r.

A
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M
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s
s
a
c
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u
s
e
t
ts
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s
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T
e
c
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g
y

8
.2
8
6
C
la
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s
1
4
,
O
c
to
b
e
r
2
6
,
2
0
2
2

{
1
{

E

=

m
c
2

a
nd
th
e
W
o
rld
P
o
w
e
r
S
up
p
ly

T
h
e
total
am
ou
n
t
of
p
ow
er
p
ro
d
u
ced
in
th
e
w
orld
,
on
average,
is
ab
o
u
t

1
:8
9
�
10
1
0

k
W
,
accord
in
g
to
th
e
In
tern
ation
al
E
n
ergy
A
gen
cy
(2020).

T
h
is
am
ou
n
ts
to
ab
ou
t
2.5
k
W

p
er
p
erson
.

If
a
15
gallon
tan
k
of
gasolin
e
cou
ld
b
e
con
verted
e
n
tire
ly
in
to
u
sab
le
en
ergy,

it
w
ou
ld
p
ow
er
th
e
w
orld
for
2
12

d
ay
s.

H
ow
ever,
it
is
n
ot
so
easy
!
E
ven
w
ith
n
u
clear
p
ow
er,
w
h
en
a
u
ran
iu
m
-235

n
u
cleu
s
u
n
d
ergo
es
�
ssion
,
on
ly
ab
ou
t
0.09%

of
its
m
ass
is
con
verted
to

en
ergy.
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E

=

m
c
2

a
nd
P
a
rticle
M
a
sse
s

N
u
clear
an
d
p
article
p
h
y
sicists
ten
d
to
m
easu
re
th
e
m
ass
of
elem
en
tary

p
articles
in
en
ergy
u
n
its,
u
su
ally
u
sin
g
eith
er
M
eV
(10
6

eV
)
or
G
eV
(10
9

eV
)
as
th
e
u
n
it
of
en
erg
y,
w
h
ere

1
eV
=
1
electron
v
olt
=
1
:6
02
2
�
1
0
�

1
9

J,

an
d
th
en

1
G
eV
=
1
:7827
�
1
0
�

2
7
k
g
�
c
2

:

T
h
e
m
ass
of
a
p
roto
n
is
0.93
8
G
eV
/
c
2,
an
d
th
e
m
ass
of
a
n
electron
is
0
.511

M
eV
/
c
2.
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2.

E
ne
rg
y
a
nd
M
o
m
e
ntum
in
S
p
e
cia
l
R
e
la
tivity

W
e
h
ave
talked
ab
ou
t
th
e
k
in
em
atic
con
seq
u
en
ces
of
sp
ecialrelativ
ity
(tim
e

d
ilation
,
L
oren
tz
con
traction
,
an
d
th
e
relativ
ity
of
sim
u
ltan
eity
),
b
u
t
n
ow

w
e
n
eed
to
b
rin
g
in
th
e
d
y
n
am
ical
con
seq
u
en
ces,
in
volv
in
g
en
ergy
an
d

m
om
en
tu
m
.

In
sp
ecial
relativ
ity,
th
e
d
e�
n
ition
s
of
en
ergy
an
d
m
om
en
tu
m
are
d
i�
eren
t

from
th
ose
in
N
ew
ton
ian
m
ech
an
ics.

W
h
y
?
B
ecau
se
sp
ecial
relativ
ity
is
b
ased
on
th
e
p
rin
cip
le
th
at
th
e
law
s
of

p
h
y
sics
in
an
y
in
ertial
referen
ce
fram
e
are
th
e
sam
e,
an
d
fu
rth
erm
ore,
in

ord
er
for
th
e
sp
eed
of
ligh
t
b
e
th
e
sam
e
in
an
y
in
ertial
referen
ce
fram
e,th
ese

fram
es
can
n
ot
b
e
related
to
each
oth
er
as
in
N
ew
ton
ian
p
h
y
sics.
T
h
ey
m
u
st

in
stead
b
e
related
b
y
L
oren
tz
tran
sform
ation
s,w
h
ich
take
in
to
accou
n
t
th
e

k
in
em
atic
e�
ects
m
en
tion
ed
ab
ov
e.
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{

T
w
o
im
p
ortan
t
law
s
of
p
h
y
sics
are
th
e
con
serva
tion
of
en
ergy
an
d

m
om
en
tu
m
.

If
en
ergy
an
d
m
om
en
tu
m
kep
t
th
eir
N
ew
ton
ian
d
e�
n
ition
s,
th
en
,
if
th
ey

w
ere
con
served
in
on
e
fram
e,
th
ey
w
ou
ld
n
ot
b
e
con
serv
ed
in
oth
er
fra
m
es.

T
h
e
req
u
irem
en
t
th
at
th
e
con
servatio
n
eq
u
ation
s
h
old
in
all
fram
es
req
u
ires

th
e
stan
d
ard
sp
ecial
relativ
ity
d
e�
n
ition
s.
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E
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y
,
M
o
m
e
ntum
,
a
nd
th
e

E
ne
rg
y
-
M
o
m
e
ntum
F
o
ur-
V
e
cto
r

T
h
e
en
ergy
-m
om
en
tu
m

fou
r-v
ector
is
d
e�
n
ed
b
y
startin
g
w
ith
th
e
m
o-

m
en
tu
m

th
ree-v
ector
(p
1;p
2;p
3)
�

(p
x;p
y
;p
z),
an
d
ap
p
en
d
in
g
a
fou
rth

com
p
on
en
t

p
0
=
Ec

;

so
th
e
fou
r-v
ector
can
b
e
w
ritten
as

p
�
= �
Ec

;~p �
:

A
s
w
ith
th
e
th
ree-v
ector
m
om
en
tu
m
,
th
e
en
ergy
-m
om
en
tu
m
fou
r-v
ector

can
b
e
d
e�
n
ed
for
a
sy
stem
of
p
articles
as
th
e
su
m
of
th
e
v
ectors
for
th
e

in
d
iv
id
u
al
p
articles.
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T
h
e
4-vector
p
�
tran
sfo
rm
s,w
h
en
w
e
ch
an
ge
fram
es
o
f
referen
ce,acco
rd
in
g

to
th
e
L
oren
tz
tran
sform
a
tion
,
ex
actly
like
th
e
4
-vector
x
�
=
(ct;~x
).

F
u
rth
erm
ore,
th
e
to
tal
en
ergy
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m
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is
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fram
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ce.
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3.

R
e
la
tio
n
o
f
E
ne
rg
y
a
nd
M
o
m
e
ntum

to
R
e
st
M
a
ss
a
nd
V
e
lo
city

T
h
e
m
ass
of
a
p
article
in
its
ow
n
rest
fram
e
is
called
its
rest
m
ass,
w
h
ich
w
e

d
en
ote
b
y
m
0 .
A
t
v
elo
city
~v

~p
=


m
0 ~v
;

E
=


m
0 c
2
= q
(m
0 c
2)
2
+
j~p
j 2
c
2

;

w
h
ere
as
u
su
al


is
d
e�
n
ed
b
y


=

1

q
1
�
v
2

c
2

:
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L
o
re
ntz
I
nva
ria
nce
o
f
p
2

~p
=


m
0 ~v
;

E
=


m
0 c
2
= q
(m
0 c
2)
2
+
j~p
j 2
c
2

;

L
ike
th
e
L
oren
tz-in
varia
n
t
in
terval
th
at
w
e
d
iscu
ssed
as
d
s
2

=
�
c
2d
t
2
+
d
~x
2,

th
e
en
ergy
-m
om
en
tu
m
fou
r-vector
h
as
a
L
oren
tz-in
va
rian
t
sq
u
are:

p
2
�
j~p
j 2
� �p
0 �
2

=
j~pj 2
�
E
2

c
2

=
�
(m
0 c)
2

:

F
or
a
p
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at
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E
=
m
0 c
2

:
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E
ne
rg
y
E
x
ch
a
ng
e
in
a

S
im
p
le
C
h
e
m
ica
l
R
e
a
ctio
n

C
on
sid
er
th
e
reaction

p
+
e
�

�
!

H
+


:

A
ssu
m
in
g
th
at
th
e
p
roton
an
d
electron
b
egin
at
rest,
an
d
ign
orin
g
th
e
v
ery

sm
all
k
in
etic
en
ergy
of
th
e
h
y
d
rogen
atom

w
h
en
it
recoils
from

th
e
em
itted

p
h
oton
,
con
servation
o
f
en
ergy
im
p
lies
th
at

m
H

=
m
p
+
m
e
�
E


=
c
2

:

T
h
e
en
ergy
giv
en
o�
w
h
en
th
e
p
roton
an
d
electron
b
in
d
is
called
th
e
b
in
d
in
g

e
n
e
r
g
y
of
th
e
h
y
d
rogen
atom
.
It
is
13.6
eV
.
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R
e
la
tivistic
M
a
ss

S
in
ce
E
=
m
c
2,
w
e
can
d
e�
n
e
th
e
re
la
tiv
istic
m
a
ss
of
a
n
y
p
article
or
sy
stem

as
sim
p
ly

m
r
e
l
�
Ec

2

:

S
om
e
au
th
ors
avoid
u
sin
g
th
e
con
cep
t
of
relativ
istic
m
ass,
reserv
in
g
th
e

w
ord
\m
ass"
to
m
ean
rest
m
ass
m
0 .

R
elativ
istic
m
ass
is
certain
ly
a

red
u
n
d
an
t
con
cep
t,
sin
ce
an
y
th
in
g
th
at
can
b
e
d
escrib
ed
in
term
s
of
m
r
e
l

can
also
b
e
d
escrib
ed
in
term
s
of
E
.

F
or
cosm
ology
th
e
con
cep
t
of
relativ
istic
m
a
ss
w
ill
b
e
h
elp
fu
l,
sin
ce

relativ
istic
m
ass
is
th
e
sou
rce
of
grav
ity.
B
y
callin
g
E
=
c
2

a
m
a
ss,
w
e
are

in
d
icatin
g
ou
r
reco
gn
ition
th
at
it
is
th
e
sou
rce
of
grav
ity.
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4.

T
h
e
S
o
urce
o
f
G
ra
vity

in
G
e
ne
ra
l
R
e
la
tivity

T
h
is
is
b
e
y
o
n
d
th
e
le
v
e
l
o
f
w
h
a
t
w
e
n
e
e
d
,
b
u
t
for
th
ose
w
h
o
are
in
terested
,

I
m
en
tion
th
at
th
e
E
in
stein
�
eld
eq
u
ation
s
im
p
ly
th
at
th
e
sou
rce
of
grav
itation
al

�
eld
s
is
th
e
e
n
e
rg
y
-m
o
m
e
n
tu
m

te
n
so
r
T
�
�
,
w
h
ere
�
an
d
�
are
4-vector
in
d
ices

th
at
tak
e
on
valu
es
from
0
to
3.

T
0
0
=
u
=
en
ergy
d
en
sity,

T
0
i
=
T
i0
is
1c
tim
es
th
e


ow
of
en
ergy
in
th
e
i'th
d
irection
(i=
1,2,3)
an
d

is
also
c
tim
es
th
e
d
en
sity
of
th
e
i'th
com
p
on
en
t
of
m
om
en
tu
m
,

T
ij

=

T
j
i

is
th
e


ow

in
th
e
j'th
d
irection
of
th
e
i'th
com
p
on
en
t
of

m
om
en
tu
m
.
T
ij
is
often
d
iagon
al,
w
ith
T
ij
=
p
Æ
ij,
w
h
ere
p
is
th
e

p
ressu
re.

F
or
a
h
om
ogen
eou
s,
isotrop
ic
u
n
iv
erse
m
o
d
el,
on
ly
u
an
d
p
w
ill
serv
e
as
sou
rces

for
grav
ity.
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C
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s
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{

M
a
ss
o
f
R
a
d
ia
tio
n

E
lectrom
agn
etic
rad
iation
h
as
en
ergy.
T
h
e
en
ergy
d
en
sity
is
giv
en
b
y

u
=
12 �

�
0 ���
~E ���
2

+

1�
0 ���

~B ���
2 �

:

W
e
w
on
't
n
eed
th
is
eq
u
ation
,
b
u
t
w
e
n
eed
to
k
n
ow
th
at
electrom
agn
etic

rad
iation
h
a
s
an
en
erg
y
d
en
sity
u
.

E
n
ergy
d
en
sity
im
p
lies
a
(relativ
istic)
m
a
ss
d
en
sity

�
=
u
=
c
2

:

(R
e
la
tiv
istic
m
a
ss
is
d
e�
n
ed
to
b
e
th
e
en
erg
y
d
iv
id
ed
b
y
c
2.)
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la
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E
ne
rg
y
a
nd
M
o
m
e
ntum
o
f
P
h
o
to
ns

P
h
oton
s
h
ave
zero
rest
m
ass.

In
gen
eral,

p
2
=
j~p
j 2
�
E
2

c
2

=
�
(m
0 c)
2

;

b
u
t
for
p
h
oton
s,
m
0
=
0
,
so

j~p
j 2
�
E
2

c
2

=
0
;

o
r

E
=
cj~p
j
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts
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titu
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o
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T
e
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g
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la
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R
a
d
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tio
n
in
a
n
E
x
p
a
nd
ing
U
nive
rse

F
rom
th
e
en
d
of
in


a
tion
(m
ay
b
e
a
b
ou
t
10
�

3
5
secon
d
,
to
b
e
d
iscu
ssed
later)

u
n
til
stars
form
,
th
e
n
u
m
b
er
of
p
h
oton
s
is
alm
ost
ex
actly
co
n
serv
ed
.

T
h
erefore,

n


/

1
a
3(t)
:

B
u
t
th
e
freq
u
en
cy
of
each
p
h
o
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sh
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�
/

1
a
(t)
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
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s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
4
,
O
c
to
b
e
r
2
6
,
2
0
2
2

{
1
5
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5.

n


/

1
a
3(t)
;

�
/

1
a
(t)
:

B
u
t
accord
in
g
to
q
u
an
tu
m
m
ech
an
ics,
th
e
en
ergy
of
each
p
h
oton
is

E
=
h
�
;

so
th
e
en
ergy
of
each
p
h
oton
is
p
rop
ortion
al
to
1
=
a
(t).

F
in
ally,

n


/

1
a
3(t)
;
E


/

1
a
(t)

=
)

�


=
u



c
2

/

1
a
4(t)
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
4
,
O
c
to
b
e
r
2
6
,
2
0
2
2

{
1
6
{

T
h
e
R
a
d
ia
tio
n
D
o
m
ina
te
d
E
ra

R
ad
iation
en
ergy
d
en
sity
to
d
ay
(in
clu
d
in
g
p
h
o
ton
s
an
d
n
eu
trin
os):

u
r
=
7
:01
�
10
�

1
4
J/
m
3

;

�
r
=
u
r =
c
2
=
7
:80
�
10
�

3
4

g/cm
3

:

T
otal
m
ass
d
en
sity
to
d
ay,
�
0 ,
is
eq
u
al
to
w
ith
in
u
n
certain
ties
to
th
e
critical

d
en
sity,

�
c
=
3
H
20

8
�
G
=
1
:88
h
20

�
10
�

2
9

g/cm
3

;

w
h
ere

H
0
=
10
0
h
0
k
m
-s
�

1-M
p
c
�

1

;

h
0
�
0
:67

;

w
h
ich
gives
th
e
p
resen
t
valu
e
of


r
a
s


r
�
9
:2
�
10
�

5

.
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c
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la
s
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1
4
,
O
c
to
b
e
r
2
6
,
2
0
2
2

{
1
7
{

S
in
ce
�
r
/
1
=
a
4(t),
w
h
ile
�
m

/
1
=
a
3(t).

�
m

=
m
ass
d
en
sity
o
f
n
on
relativ
istic
m
atter,
b
ary
on
ic
m
atter
p
lu
s
d
ark
m
atter.

It
follow
s
th
at

�
r =
�
m

/
1
=
a
(t)
:

T
o
d
ay
�
m

�
0
:3
0
�
c ,
so
�
r =
�
m

�
9
:2
�
10
�

5=0
:30
�
3
:1
�
10
�

4.
T
h
u
s

�
r (t)

�
m
(t)
=
a
(t
0 )

a
(t)
�
3
:1
�
10
�

4

:

t
e
q

is
d
e�
n
ed
to
b
e
th
e
tim
e
of
m
atter-rad
iation
eq
u
ality.
T
h
u
s

�
r (t
e
q )

�
m
(t
e
q )
�
1
=

a
(t
0 )

a
(t
e
q )
�
3
:1
�
10
�

4

:

S
in
ce
a
(t
0 )=
a
(t
e
q )
=
1
+
z
e
q ,

z
e
q
=
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3
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�
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c
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b
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S
in
ce
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0 )=
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(t
e
q )
=
1
+
z
e
q ,

z
e
q
=

1

3
:1
�
10
�

4

�
1
�
3200
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T
im
e
o
f
m
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r
-r
a
d
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tio
n
e
q
u
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:

W
e
are
n
ot
read
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late
th
is
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ra
tely,
b
u
t
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n
ow
w
e
can
estim
ate

it
b
y
assu
m
in
g
th
at
b
etw
een
t
e
q

an
d
n
ow
,
a
(t)
/
t
2
=
3,
as
in
a
m
atter-

d
om
in
ated


at
u
n
iv
erse.
T
h
en

(t
e
q =
t
0 )
2
=
3
=
3
:1
�
10
�

4

;

so

t
e
q
=
5
:5
�
10
�

6
t
0
=
5
:5
�
10
�

6
�
13
:8
G
y
r
�
75
;000
years.

R
y
d
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(p
.
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giv
es
50,00
0
years,
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a
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6.

D
y
na
m
ics
o
f
th
e
R
a
d
ia
tio
n-
D
o
m
ina
te
d
E
ra

�
/

1a
3

=
)

_�
=
�
3
_aa

�
;

�(t)
/

1
a
4(t)
=
)

_�
=
�
4
_aa

�
:

_�
a
n
d
p
re
ssu
re
p
:
(P
rob
lem
1,
P
rob
lem
S
et
7)

d
U
=
�
p
d
V

=
)

d
Ud

t
=
�
p
d
Vd

t

=

dd
t �a

3�
c
2 �
=
�
p
dd

t (a
3)

=
)

_�
=
�
3
_aa �

�
+

pc
2 �
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
tts

In
s
titu
te
o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
4
,
O
c
to
b
e
r
2
6
,
2
0
2
2

{
2
0
{

F
ried
m
an
n
eq
u
ation
s:

8>:
_aa 9>;
2

=
8
�3

G
�
�
k
c
2

a
2

�
m
atter-d
om
in
ated

u
n
iverse

�

�a
=
�
4
�3

G
�
a
;

_�
=
�
3
_aa

�

A
n
y
tw
o
of
th
e
ab
ove
eq
u
ation
s
im
p
lies
th
e
th
ird
.
S
o
th
ey
b
ecom
e
in
con
sisten
t

if

_�
=
�
3
_aa �

�
+

pc
2 �
:

A
la
n
G
u
th

M
a
s
s
a
c
h
u
s
e
t
ts
In
s
titu
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o
f
T
e
c
h
n
o
lo
g
y

8
.2
8
6
C
la
s
s
1
4
,
O
c
to
b
e
r
2
6
,
2
0
2
2

{
2
1
{

8>:
_aa 9>;
2

=
8
�3

G
�
�
k
c
2

a
2

;

�a
=
�
4
�3

G
�
a
:

A
n
y
tw
o
of
th
e
ab
ove
eq
u
ation
s
im
p
lies
th
e
th
ird
.
S
o
th
ey
b
ecom
e
in
con
sisten
t

if

_�
=
�
3
_aa �

�
+

pc
2 �
:

S
o,
if
w
e
b
eliev
e
th
e
eq
u
ation
for
_�,
w
e
m
u
st
m
o
d
ify
on
e
of
th
e
tw
o
F
ried
m
an
n

eq
u
ation
s.
F
irst
ord
er
eq
u
ation
rep
resen
ts
con
servation
of
en
ergy
:
p
ressu
re

d
o
es
n
ot
b
elon
g!

(P
ressu
res
can
ch
an
ge
su
d
d
en
ly,
as
w
h
en
d
y
n
am
ite

ex
p
lo
d
es,
so
it
d
o
es
n
ot
m
ake
sen
se
to
h
ave
p
ressu
re
in
a
con
servation

eq
u
ation
.)
S
o
m
o
d
ify
th
e
2n
d
ord
er
eq
u
ation
,
d
eriv
in
g
it
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th
e
�
rst

ord
er
eq
u
ation
an
d
th
e
_�
eq
u
ation
:
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=
�
4
�3

G �
�
+
3
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2 �
a
:

{
2
2
{


