8.286 Class 20
November 16, 2022

THE
COSMOLOGICAL CONSTANT



‘ Announcements I

v¢ Office hours, Friday at 1:00 pm, Room 4-144. T’ll be taking
over Marianne’s office hour this Friday.
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Review from the previous lecture

A Brief History of the Cosmological Constant

¢ In 1917, Einstein applied his new GR to the universe, and discovered that
a static universe would collapse.

¢ Convinced that the universe was static, Einstein introduced the cosmolog-
ical constant A into his field equations — the equations that describe how
matter affects the metric — to create a gravitational repulsion to oppose
the collapse.

¢ From a modern point of view, A represents a vacuum enerqy density uyac,
with

5 Act
Uvac — PvacC =
87G

because u.,. appears in the field equations exactly as a vacuum energy
density would. To Einstein, however, it was simply a new term in the field
equations. Before quantum theory, the vacuum was viewed as completely
empty, so it was inconceivable that it could have a nonzero energy density.
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Review from the previous lecture

»¢ Once the expansion of the universe was discovered by Hubble in 1929,
Einstein abandoned A as being no longer needed or wanted.

¢ In 1998, however, two (large) groups of astronomers, both using measure-
ments of Type la supernovae at redshifts z < 1, discovered evidence that
the expansion of the universe is currently accelerating. At the time, it was

shocking! Science magazine proclaimed it (correctly!) as the “Breakthough
of the Year”.

¢ In 2011 the Nobel Prize in Physics was awarded to Saul Permutter, Brian
Schmidt, and Adam Riess for this discovery. In 2015 the Breakthrough
Prize in Fundamental Physics was awarded to these three, and also the
two entire teams.
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Vacuum Energy and the Cosmological Constant:
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Recall that

, a
p=—3- (p+%) :
a C

where the overdot indicates a time derivative. So

Act
pvac =0 —  Pvac — _pvacc2 — .
8mG




Defining | p = pp + pvac |and | p = p,, + Pvac, | the Friedmann equations become:

where an overdot () is a derivative with respect to t (cosmic time).
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Defining | p = pp + pvac |and | p = p,, + Pvac, | the Friedmann equations become:

where an overdot () is a derivative with respect to t (cosmic time). At late
times, p, o< 1/a® or 1/a*, pyac = constant, so if a(t) keeps growing, then pyac
dominates. Then

a(t) oc eflvact

3
H —He = ?ﬂ-Gpva,c .
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Age of the Universe with A I

The first order Friedmann equation

can be rewritten as

. 2 2

a 87 kc
[_] — _G( Pm + Prad +pvac) - T 5

a 3 N~ S a

> a31(t) a41(t)
. 2 2
a Qm 0 Qrad 0 kc
_ — H2 ” 9 Qvac . :
[ a ] 0 ( 7 i x i ) a?

where x = a(t)/a(ty) .

and where we used




a

3

. 2
Qm Qra
[g] — Hg ( 0 + 270 + Qvac) T

i

where x = a(t)/a(ty) .

Define

So
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e\ 2
H2
— (z) — =0 (Qm,ow + Qrad,o T QV&Can4 + Qk70w2> )

w4

At present time, a/a = Hy and = = 1, so the sum of the Q’s must equal 1.
Thus, 2% ¢ can be evaluated from

Qk,O =1- Qm,O — Qrad,O — QV&C,O .

Observationally, (1 ¢ is consistent with zero, but we can still allow for it in our
final formula for the age:

to

xdx

1 1
; F0 /O \/(2777,,051j + Qrad,O + Qvac,0w4 + Qk,0x2 |
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Numerical Integration with Mathematica |

Reference: N. Aghanim et al. (Planck Collaboration), “Planck 2018 results, VI:
Cosmological parameters,” Table 2, Column 6, arXiv:1807.06209.

IN: t0[HO_,QQmO0_,Qrad0_,Qvac0_,Qk0_| := (1/HO) *
NIntegrate[x/Sqrt[Q2m0 x + Qrad0 + Qvac0 x* + Qk0 x?], {x,0,1}]

IN: PlanckHO := Quantity[67.66,"km /sec/Mpc"]

IN: Planck2m0 := 0.3111

IN: Planck{2vac0O := 0.6889

IN: Qrad0 := 4.15 x 1073 hy? = 9.07 x 10~°

IN: UnitConvert|[tO[PlanckHO, PlanckQmO0 — Qrad0/2, Qrad0, PlanckQvacO —
Qrad0/2 ,0], "Years"]

OUT: 1.3796 x 10'? years

The Planck paper gives 13.787 £ 0.020 Gyr. The difference is about 9 million
years, 0.06%, or 0.45 o.
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Look-Back Time I

Question: If we observe a distant galaxy at redshift z, how long has it been
since the light left the galaxy? The answer is called the look-back time.

To answer, recall that we wrote ty as an integral over x = a(t)/a(ty). We can
change variables to

which gives

1 dz

to = — .
0 H, /0 (1 -+ z)\/Qmﬁ(l + 2)3 + Qra,d,O(]- + 2)4 + Qva,c,O + Qk,g(l + 2)2
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1 /OO dz
C Ho o (14 2)y/ QoL+ 2)% + Qraa oL+ 2)* + Quaco + Dol +2)2

to

The integral over any interval of z gives the corresponding time interval, so the
look-back time is just the integral from 0 to z:

tlook—back(z) —
1 /Z dz'
HO 0 (]- =+ Z/)\/Qm,O(]- + Z/)g + Qrad,O(]- + Z/)4 + QV&C,O + Qk,O(]- + Z/)2 |
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Age of a Flat Universe with
A and Matter Only

If Q29 = Qr = 0, then it is possible to carry out the integral for the age
analytically:

if Qo> 1, Qyac <0

S T if Q771,0 =1, Qyac =0

2 tanh ! \/1 — (U
X 3I_IO \/1 — Qm,g

if Qo <1, Quac >0 .
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The Age Problem with
Only Nonrelativistic Matter

H (Kilometers per Second per Million Light-Years)
15 20 25 30

I‘IIII‘IIII‘III

H (Kilometers per Second per Megaparsec)

~13-



Age of a Flat Universe with
A and Matter Only
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Ryden Benchmark and Planck 2018 Best Fit

Parameters Ryden Planck 2018
Benchmark Best Fit
Hy 68 67.7 £ 0.4 km-s—'-Mpc™!
Baryonic matter (2 0.048 0.0490 +£ 0.0007*
Dark matter Q4. 0.262 0.261 £+ 0.004*
Total matter €2,, 0.31 0.311 + 0.006
Vacuum energy 2yac 0.69 0.689 £ 0.006
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Controversy in Parameters: "Hubble Tension” I

v¢ From the CMB, the best number is from
Planck 2018: Hy = 67.36 & 0.54 km sec™! Mpc™!
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Controversy in Parameters: "Hubble Tension” I

v¢ From the CMB, the best number is from
Planck 2018: Hy = 67.36 & 0.54 km sec™! Mpc™!
¢ From standard candles and Cepheid variables,

SHOES (Supernovae, HO, for the Equation of State of dark energy,
group led by Adam Riess): Hy = 73.04 &= 1.04 km sec™! Mpc~1.
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Controversy in Parameters: "Hubble Tension” I

v¢ From the CMB, the best number is from
Planck 2018: Hy = 67.36 & 0.54 km sec™! Mpc™!
¢ From standard candles and Cepheid variables,

SHOES (Supernovae, HO, for the Equation of State of dark energy,
group led by Adam Riess): Hy = 73.04 &= 1.04 km sec™! Mpc~1.

¢ The difference is about 4.85 ¢. If the discrepancy is random and the normal
probability distribution applies, the probability of such a large deviation is
about 1 in 800,000.
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Controversy in Parameters: "Hubble Tension”

v¢ From the CMB, the best number is from
Planck 2018: Hy = 67.36 & 0.54 km sec™! Mpc™!
¢ From standard candles and Cepheid variables,

SHOES (Supernovae, HO, for the Equation of State of dark energy,
group led by Adam Riess): Hy = 73.04 &= 1.04 km sec™! Mpc~1.

¢ The difference is about 4.85 ¢. If the discrepancy is random and the normal
probability distribution applies, the probability of such a large deviation is
about 1 in 800,000.

¢ From the “tip of the red giant branch”,
Wendy Freedman’s group: Hy = 69.8 £ 0.6(stat) 4= 1.6(sys) km sec™!
Mpc~!

References: Planck Collaboration, Astron. & Astrophys. 641, A6 (2020) [arXiv:1807.06209v4],
Table 2, Col. 6
A. Riess et al., Astrophys. J. 934, L7 (2022) [arXiv:2112.04510].
W. Freedman, Astrophys. J. 919, 16 (2021) [arXiv:2106.15656].
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The Hubble Diagram:
Radiation Flux vs. Redshift

If we live in a universe like we have described, what do we expect to find if
we measure the energy flux from a “standard candle” as a function of its

redshift?

Consider closed universe:
ds* = —c* dt* + a*(t) { di
1 — kr?
We will be interested in tracing radial trajectories, so we can simplify the
radial metric by a change of variables

+7° (df” + sin” d¢2)} .

sin ) = VT .

Then

de:\/Edr Vk dr

costp  \1—Fkr2’
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dr?
1 — kr?

dzb:\/Edr— Vk dr

cost)  1—kr2’

ds* = —c* dt* + a*(t) { + 77 (d§? + sin® 6 d¢2)} .

and the metric simplifies to

ds* = —c* dt* + a*(t) {d¢2 + sin” @ <d92 + sin” 6 d¢2>} )

where

at)

vk

Note: v is in fact the same angle @) that we used in our construction of the
closed-universe metric: it is the angle from the w-axis.

a(t)
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Geometry of Flux Calculation I

ds* = —c* dt’ + a*(t) {dy? + sin 1 (df” + sin® 6 do°) |

Radiation

Detector,
Area= A

The fraction of the photons hitting the sphere that hit the detector is just the
ratio of the areas:

, area of detector A
fraction = =

area of sphere  47a2(ty)sin® ¥p

—19-



This slide was not shown on 11/16/22, but I include it here to complete the logic. We will talk about this calculation on Monday.

¢ The power hitting the sphere is less than the power P emitted by the source
by two factors of (1+ zg), where zg is the redshift of the source: one factor
due to redshift of each photon, and one factor due to the redshift of the

rate of arrival of photons.

P A
1+ 2z5)? 4ma2(ty) sin® ¥p

Preceived — (

FhJ_X J = Preceived/A-
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