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PROBLEM SET 2 SOLUTIONS

Problem 1: Complex scalar fields

L = (∂µφ
∗) (∂µφ) −m2φ∗φ (1.1)

(a) Treat φ and φ∗ “as if they were independent,” which is done by defining

∂

∂φ
≡ 1

2

(
∂

∂ Reφ
− i ∂

∂ Imφ

)
and

∂

∂φ∗
≡ 1

2

(
∂

∂ Reφ
+ i

∂

∂ Imφ

)
, (1.2)

with analogous definitions for ∂/∂(∂0φ) and ∂/∂(∂0φ∗). The conjugate momenta
are

π =
∂L

∂(∂0φ)
= ∂0φ∗ and π∗ =

∂L

∂(∂0φ∗)
= ∂0φ . (1.3)

And the canonical commutation relations are thus

[φ(	x, t), ∂0φ∗(	y, t)] = iδ(3)(	x− 	y)
[φ∗(	x, t), ∂0φ(	y, t)] = iδ(3)(	x− 	y)
others = 0 .

(1.4)

And the Hamiltonian is

H =
∫
d3x

(
π∂0φ+ π∗∂0φ∗ − L

)
=
∫
d3x

(
ππ∗ + π∗π −

(
ππ∗ − 	∇φ∗ · 	∇φ−m2φ∗φ

))

=
∫
d3x

(
π∗π + 	∇φ∗ · 	∇φ+m2φ∗φ

)
.

(1.5)

Heisenberg EOM: ∂0φ(x) = −i[φ(x), H]. From the commutation relations, one
can calculate that −i[φ(x), H] = π∗(x), and therefore ∂0φ(x) = π∗(x). Now let us
do the same with π∗.

∂2
0φ(x) =∂0π∗(x) = −i[π∗(x), H]

= − i
∫
d3y

[
π∗(x),

(
	∇φ∗(y) · 	∇φ(y) +m2φ∗(y)φ(y)

)]
=∇2φ(x) −m2φ(x) ,

(1.6)
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by using the canonical commutation relations and integrating by part. We see that
Eq. (1.6) implies the Klein-Gordon equation for φ

∂µ∂
µφ+m2φ = 0 . (1.7)

(b) We know from the equations of motion (1.7) that φ and

φ(x) =
∫

d3p

(2π)3
1√
2E�p

(
a�pe

−ip·x + b†�pe
ip·x
)

φ∗(x) =
∫

d3p

(2π)3
1√
2E�p

(
b�pe

−ip·x + a†�pe
ip·x
)
.

(1.8)

Now φ is not real, so a�p and b�p are independent; the choice of using the names a�p

and b†�p for the operators in the expansion of φ(x) can be justified by working out
their commutation relations from Eq. (1.4). Indeed one finds:

[a�p, a
†
�q] = (2π)3δ(3)(	p− 	q)

[b�p, b
†
�q] = (2π)3δ(3)(	p− 	q)

others = 0 .

(1.9)

This shows that a†�q and b†�q are creation operators, and we have thus two kinds of
particles: the one created by a†�q and the one created by b†�q. Using Eq. (1.8), we can
express the Hamiltonian in terms of a, a†, b and b†:

H =
∫
d3x

d3p

(2π)3
d3q

(2π)3

(
1
2

√
E�pE�q(a�pe

−ip·x − b†�peip·x)(a†�qe
iq·x − b�qe−iq·x)+

+
1

2
√
E�pE�q

(	p · 	q)(b�pe−ip·x − a†�peip·x)(b†�qe
iq·x − a�qe

−iq·x)+

+
m2

2
√
E�pE�q

(b�pe−ip·x + a†�pe
ip·x)(b†�qe

iq·x + a�qe
−iq·x)

)
.

(1.10)
Since Ḣ = 0, we can evaluate Eq. (1.10) at t = 0; we then use

∫
d3xei

�k·�x =
(2π)3δ(3)(	k), and integrate over d3q to get

H =
∫

d3p

(2π)3

(
E�p

2
(a�pa

†
�p − a�pb−�p − b†�pa†−�p + b†�pb�p)+

+
	p2

2E�p
(b�pb

†
�p + b�pa−�p + a†�pb

†
−�p + a†�pa�p)+

+
m2

2E�p
(b�pb

†
�p + b�pa−�p + a†�pb

†
−�p + a†�pa�p)

)
.

(1.11)
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But p2 +m2 = E2
�p . thus

H =
∫

d2p

(2π)3
E�p

(
a†�pa�p + b†�pb�p +

1
2

[a�p, a
†
�p] +

1
2

[b�p, b
†
�p]
)
. (1.12)

The last two terms correspond to the zero-point energy and can be discarded.
Note, by the way, that we would have gotten the same answer if we had evalu-
ated Eq. (1.10) at an arbitrary time: the surviving terms were time-independent,
and the terms that cancelled would have still cancelled if the time-dependence was
included.

(c) Again, since Q is conserved, we can evaluate it at t = 0:

Q =
i

2

∫
d3x(φ∗π∗ − πφ) =

i

2

∫
d3x

d3p

(2π)3
d3q

(2π)3
1

2
√
E�pE�q

×

×
(
−iE�q(b−�p + a†�p)(a�q − b†−�q)ei�x·(�p−�q) − iE�p(−b−�p + a†�p)(a�q + b†−�q)ei�x·(�p−�q)

)

=
1
2

∫
d3p

(2π)3
(
a†�pa�p − b†�pb�p − [b�p, b

†
�p]
)
,

(1.13)
where we have made the substitution 	p→ −	p and 	q → −	q in some of the terms to
factorize the oscillating part. We discard the last term (infinite zero point contri-
bution), and write

Q =
1
2

∫
d3p

(2π)3
(
a†�pa�p − b†�pb�p

)
. (1.14)

We have then
[Q, a†�p] =

1
2
a†�p , [Q, b†�p] = −1

2
b†�p , (1.15)

which means that the particle created by a†�p has charge +1
2
, whereas the particle

created by b†�p has charge −1
2 .

(d)

L = ∂µφ
∗ · ∂µφ−m2φ∗ · φ , φ =

(
φ1

φ2

)
. (1.16)

L is manifestly invariant under φ → gφ for any g ∈ SU(2). An element of SU(2)
can be written g = exp

(− i
2
σiεi

)
, where the σi (i = 1, 2, 3) are the Pauli matrices

(defined in page xx of Peskin & Schroeder), and the εi are real parameters. For g
close to the identity, εi � 1 and we can expand: g = 1 − i

2σ
iεi + O(ε2).

If now we define (δφ)i
a ≡ − i

2 (σi)abφb, we find three currents

J iµ =
∂L

∂ (∂µφa)
(δφ)i

a + h.c. = − i
2
(
∂µφ∗a(σi)abφb − φ∗a(σi)ab∂

µφb

)
, (1.17)
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where h.c. stands for the hermitian conjugate. And the corresponding conserved
charges are thus

Qi =
∫
d3xJ0 =

i

2

∫
d3x

(
φ∗a(σi)abπ

∗
b − πa(σi)abφb

)
. (1.18)

Let us now calculate the commutator

[Qi, Qj] = − 1
4

∫
d3xd3y

(
[φ∗a(σi)abπ

∗
b , φ

∗
c(σj)cdπ

∗
d] + [πa(σi)abφb , πc(σj)cdφd]

)
= − 1

4

∫
d3xd3y

(
φ∗a(σi)ab[π∗b , φ

∗
c(σj)cdπ

∗
d] + (σi)ab[φ∗a , φ

∗
c(σj)cdπ

∗
d ]π∗b

) − h.c.

= − 1
4

∫
d3x

(
(−i)φ∗a(σi)ab(σj)bdπ

∗
d + iφ∗c(σj)cd(σi)dbπ

∗
b

) − h.c.

= − 1
4

∫
d3x

(
(−i)φ∗a[σi, σj]abπ

∗
b + iπa[σi, σj]abφb

)
= − 1

4

∫
d3x2iεijk(−i) (φ∗a(σk)abπ

∗
b − πa(σk)abφb

)
=iεijkQk .

(1.19)
In the second line, we used that [A , B]† = −[A† , B†], and in the fifth line we used
[σi, σj] = 2iεijkσk. Looking at the result, we see that the charges Qi generate an
SU(2) algebra.

Note that we still have the U(1) symmetry φa → eiθφa, which was studied in
(c). Together with SU(2), it forms a total symmetry group SU(2) × U(1) = U(2).

In general, the conserved charges generate an algebra isomorphic to the Lie
algebra of the symmetry group: For N complex scalars,

L = ∂µφ
∗ · ∂µφ−m2φ∗ · φ , φ =



φ1
...
φ2


 , (1.20)

is invariant under φ → gφ, where g ∈ SU(N). And we have N2 − 1 charges
Qi , i = 1, . . . , N2 − 1, such that [Qi, Qj] = if ijkQk. And the f ijk are the structure
constants of SU(N).

As for the missing currents, we can see where they come from if we re-express
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the Lagrangian as:

L =
∑

a

[
(∂µφ

∗
a)(∂µφ) −m2φ∗φ

]

=
∑

a

[
(∂µRe φa)2 + (∂µIm φa)2 −m2(Re φa)2 −m2(Im φa)2

]

=
∑

a

[
(∂µΦ)T (∂µΦ) −m2ΦT Φ

]
,

(1.21)

where

Φ =




Re Φ1

Im Φ1
...

Re Φn

Im Φn


 (1.22)

is a vector in a 2N–dimensional Euclidean space. The Lagrangian is clearly invariant
if Φ′T Φ′ ≡ (OΦ)T (OΦ) = ΦTOTOΦ = ΦT Φ, i.e. OTO = I (identity), which is
fulfilled by any orthogonal 2N–dimensional matrix. The theory therefore has a
more general O(2N) symmetry, and if we let γi be its independent generators, the
Noether current will be

jµi ∝ ∂L

∂(∂µΦ)
γiΦ = (∂µΦ)T γiΦ , (1.23)

with an associated charge

Qi =
∫
d3x (∂0Φ)TγiΦ =

∫
d3x ΠTγiΦ . (1.24)

The number of conserved charges is equal to the number of independent generators
of O(2N), which is N(2N−1). We can see this works for N = 2, where the number
of generators is indeed 6.

Problem 2: Lorentz transformations and Noether’s theorem for scalar
fields (continued)

The scalar field can be expanded in creation and annihilation operators as

φ(x) =
∫

d3p

(2π)3
1√
2Ep

{
a(	p)e−ip·x + a†(	p)eip·x

}
. (2.1)
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We will need only the expressions for t = 0, so we can simplify a bit by writing

φ(	x, 0) =
∫

d3p

(2π)3
1√
2Ep

{
a(	p)ei�p ·�x + a†(	p)e−i�p ·�x}

=
∫

d3p

(2π)3
1√
2Ep

ei�p ·�x {a(	p) + a†(−	p)
}
,

(2.2)

The first spatial derivative is then

∂jφ(	x, 0) = i
∫

d3p

(2π)3
pj√
2Ep

ei�p ·�x {a(	p) + a†(−	p)
}
. (2.3)

To find the first time derivative we have to start with Eq. (2.1) and then set t = 0
after differentiation:

∂0φ(	x, 0) = −i
∫

d3p

(2π)3

√
Ep

2
ei�p ·�x {a(	p) − a†(−	p)

}
. (2.4)

The conserved quantity is the spatial integral of the time-component of the
conserved current, or

Mλσ ≡
∫

d3x j0λσ . (2.5)

I will separately treat the jk and 0k components of this tensor. For the jk compo-
nents, one can define

J i =
1
2
εijkM

jk, (2.6)

where εijk is the totally antisymmetric tensor with ε123 = 1, so

M ij = εijkJ
k . (2.7)

Here I am treating 	J as a vector in a Euclidean 3-space, so there is no need to
distinguish between upper and lower indices. Using the expression for the conserved
current jµλσ , one has

J i = εijk

∫
d3xxjT 0k , (2.8)

where
T 0k = −∂0φ∂kφ . (2.9)

There is a potential ordering problem here, since we derived Noether’s theorem
classically, but the two factors in Eq. (2.9) do not commute as operators. The
commutator is certainly a c-number, however, so at worst it might produce an
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infinite constant, like the zero-point energy we found when we computed the energy
density of the vacuum. In this case, however, we are computing a vector quantity 	J ,
so rotational symmetry guarantees that the vacuum expectation value must vanish.
If we want to see explicitly why the commutator of the two factors in Eq. (2.9)
cannot contribute, we can write the commutator explicitly as

[∂0φ(	x, 0) , ∂kφ(	x, 0)] =
∂

∂xk

[
φ̇(	y, 0) , φ(	x, 0)

]∣∣∣
�y=�x

= −i ∂

∂xk
δ3(	x− 	y)

∣∣∣∣
�y=�x

.

(2.10)
When this quantity is inserted into the integral of Eq. (2.8), the differential operator
∂/∂xk is integrated by parts to give ∂xj/∂xk = δjk, which then vanishes when
contracted with εijk.

In the course of evaluating the expansion of Mλσ in terms of creation and
annihilation operators, we will find many occasions when c-number terms will arise
from the commutation of a and a†. It is customary and useful to write these
expressions in “normal-ordered” form, which means that the annihilation operators
are written to the right of the creation operators, so that the vacuum expectation
value of the operator expression is always zero. The normal ordering does not
necessarily affect the value of the expression, since the c-numbers that arise from the
commutators can be kept. The final expression is then the sum of a normal-ordered
operator expression and a c-number, where the c-number can then be identified
with the vacuum expectation value. Thus we can write

Mλσ = Mλσ
normal ordered +

〈
0
∣∣Mλσ

∣∣ 0〉 . (2.11)

If the c-number contribution
〈
0
∣∣Mλσ

∣∣ 0〉 is kept, it would be found to contain
a number of ill-defined expressions, an example of which is

∫
d3p	p δ3(0). While

standard mathematics would say that such an expression is undefined, we can argue
physically that it must vanish by rotational invariance — there is no preferred
direction in which it could point. Since M00 ≡ 0, all the quantities involved will
have one or two spatial indices; thus, if the theory is to be rotationally invariant,
all the contributions to

〈
0
∣∣Mλσ

∣∣ 0〉 must sum to zero. One way to be precise about
this is to formulate the theory on a finite-sized cubic lattice, and then take the
limit as the lattice size approaches infinity and the lattice spacing approaches zero.
Although the lattice does not have full rotational symmetry, it is symmetric under
rotations by 90◦ about any axis, and that is enough to prove that the vacuum
expectation value of any vector or antisymmetric tensor quantity must vanish. For
the rest of this calculation we will freely normal order the operators without keeping
track of the c-number contributions, relying on the fact that rotational invariance
will require that the sum of the c-number contributions must vanish.
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Using Eqs. (2.3), (2.4), and (2.9) to evaluate Eq. (2.8), one has

J i = −1
2
εijk

∫
d3xxj

∫
d3p

(2π)3

∫
d3q

(2π)3

√
Ep

Eq
qkei(�p+�q )·�x

× {a(	p) − a†(−	p)
}{
a(	q ) + a†(−	q )

}
.

(2.12)

The integral over 	x can then be carried out by using

∫
d3xxj ei(�p+�q )·�x = −i ∂

∂pj

∫
d3xei(�p+�q )·�x = −(2π)3i

∂

∂pj
δ3 (	p + 	q ) . (2.13)

Inserting (2.13) into (2.12), one uses the fact that the derivative of a delta function
is defined by integration by parts. After integrating ∂/∂pj by parts, the expression
becomes

J i = − i
2
εijk

∫
d3p d3q

(2π)3
δ3 (	p + 	q )

∂

∂pj

[√
Ep

Eq
qk
{
a(	p) − a†(−	p)

}{
a(	q ) + a†(−	q )

}]
.

(2.14)
When ∂/∂pj acts on

√
Ep it produces a term proportional to pj , but pjqk van-

ishes when the delta function is used and the antisymmetry of εijk is taken into
account. So the only terms that survive arise from the derivatives of the creation
and annihilation operators:

J i =
i

2
εijk

∫
d3p

(2π)3
pk

{
∂a(	p)
∂pj

− ∂a
†(−	p)
∂pj

}{
a(−	p) + a†(	p)

}
. (2.15)

By expanding the product of the two expressions in curly brackets, we will get four
terms. To discuss them one at a time, I will label them as J i

±±, where the first
subscript indicates whether the first factor is a creation (+) or annihilation (−)
operator, and the second subscript indicates whether the second factor is a creation
or annihilation operator. Then

J i
−− =

i

2
εijk

∫
d3p

(2π)3
pk ∂a(	p)

∂pj
a(−	p) . (2.16)

It is helpful at this point to remember that we are expressing a conserved
quantity, so we can check for consistency by putting in the time dependence that
would be seen in the Heisenberg picture:

eiHta(±	p)e−iHt = a(±	p)e−iEpt . (2.17)
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Thus J i−− is proportional to e−2iEpt. Its time dependence will be of the form

J i
−− = [c1 + c2t]e−2iEpt , (2.18)

where the c2t term arises when the derivative with respect to pj in Eq. (2.16) acts
on the time dependence of a(	p)e−iEpt. By contrast, J i

++ ∝ e2iEpt, while J i
+− and

J i
−+ will have no exponential time dependence. If this sum is to be constant, J i

−−
and J i

++ must both vanish. To see how this happens explicitly, change variables of
integration in Eq. (2.16) by substituting 	q = −	p . Of course pk becomes −qk, and

∂a(	p)
∂pj

=
∂q�

∂pj

∂a(−	q )
∂q�

= −δ�j
∂a(−	q )
∂q�

= −∂a(−	q )
∂qj

. (2.19)

So

J i
−− =

i

2
εijk

∫
d3q

(2π)3
qk
∂a(−	q )
∂qj

a(	q ) . (2.20)

Now if one integrates by parts, recognizing that the annihilation operators commute
with each other and that the term proportional to ∂qk/∂qj = δkj vanishes due to the
antisymmetry of εijk, one finds an expression that is equal to the negative of the one
that we started with, except that 	p has been replaced by 	q . Thus the expression
must vanish. The argument that J i

++ = 0 is completely analogous.

Eq. (2.17) implies that J i
+− is time-independent, so presumably it makes a

nontrivial contribution to the conserved angular momentum. From Eq. (2.15) one
extracts

J i
+− = − i

2
εijk

∫
d3p

(2π)3
pk ∂a

†(−	p)
∂pj

a(−	p) . (2.21)

This term could be left as it is, but it can be made to look a little simpler by making
the following changes:

(1) Change variables of integration by 	p → −	p , so the arguments of the creation
and annihilation operators become simply 	p . This results in two canceling sign
changes, since pk and ∂a†(−	p)/∂pj (see Eq. (2.19)) change sign.

(2) Integrate by parts, so the derivative acts on the annihilation operator. Again
there is a term proportional to δkj which vanishes when contracted with εijk.
This step results in a change of sign.

(3) Interchange j and k in the integrand, just to restore alphabetical order. This
results in a change of sign, canceling the change in step (2).

The result is

J i
+− = − i

2
εijk

∫
d3p

(2π)3
pja†(	p)

∂a(	p)
∂pk

. (2.22)
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Finally we look back at Eq. (2.15) and extract

J i
−+ =

i

2
εijk

∫
d3p

(2π)3
pk ∂a(	p)
∂pj

a†(	p) . (2.23)

Following the earlier discussion about normal ordering, we can interchange the order
of the creation operator and the derivative of the annihilation operator. If we then
also interchange j and k in the integrand, resulting in a change of sign, and the final
result is identical to the expression for J i

+−. The final answer is then twice J i
+−, or

J i = −iεijk

∫
d3p

(2π)3
pja†(	p)

∂a(	p)
∂pk

. (2.24)

It is worth checking that Eq. (2.24) agrees with our recollections of nonrela-
tivistic quantum mechanics in situations where the momenta are nonrelativistic.
Recall that [

a(	p) , a†(	q )
]

= (2π)3δ3(	p − 	q ) , (2.25)

so one can construct normalized nonrelativistic momentum eigenstates by

|	pNR〉 =
1

(2π)3/2
a†(	p) |0〉 , (2.26)

with
〈	qNR |	pNR 〉 = δ3(	q − 	p) . (2.27)

For a one-particle nonrelativistic state |ψ〉, one can make contact with conventional
quantum theory by defining

ψ(	p) ≡ 〈	pNR |ψ 〉 . (2.28)

One can then see that

〈0 |a(	p)|ψ〉 = (2π)3/2 〈	pNR |ψ 〉 = (2π)3/2ψ(	p) , (2.29)

and that for two nonrelativistic one-particle states |ψ1〉 and |ψ2〉,〈
ψ2

∣∣a†(	p ′)a(	p)
∣∣ψ1

〉
= (2π)3ψ∗

2(	p ′)ψ1(	p) . (2.30)

Using Eq. (2.30) with Eq. (2.24), one has

〈
ψ2

∣∣J i
∣∣ψ1

〉
= −iεijk

∫
d3pψ∗

2(	p) pj ∂

∂pk
ψ1(	p) . (2.31)
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Remembering that the position operator in momentum space can be written as

	r = i∇�p , (2.32)

one can rewrite Eq. (2.31) as

〈
ψ2

∣∣∣	J ∣∣∣ψ1

〉
=
∫

d3pψ∗
2(	p)	r × 	p ψ1(	p) , (2.33)

which is exactly what we expect for an angular momentum operator.

Going back to Eq. (2.5), we will now express M0k in terms of creation and
annihilation operators. Using

jµλσ = xλTµσ − xσTµλ (2.34)

from part (b), Eq. (2.5) implies that

M0k ≡ Kk =
∫

d3x j00k =
∫

d3x
[
T 0kt−H	x] . (2.35)

The first term is easy, since t factors out of the integral, which then becomes the
integral for the total momentum. Using T 0k = −∂0φ∂kφ, Eqs. (2.3) and (2.4) can
be used to show that

P k ≡
∫

d3xT 0k

= −1
2

∫
d3x

∫
d3p

(2π)3
d3q

(2π)3

√
Ep

Eq
qkei(�p+�q )·�x

× {a(	p) − a†(−	p)
}{
a(	q ) + a†(−	q )

}
=

1
2

∫
d3p

(2π)3
pk
{
a(	p) − a†(−	p)

}{
a(−	p) + a†(	p)

}
.

(2.36)

When the two factors on the right are expanded, the terms in either two annihilation
operators or two creation operators lead to integrals which become the negative of
their original form under a change of variable 	p → −	p , so these integrals vanish.
We are left with

P k =
1
2

∫
d3p

(2π)3
pk
{
a(	p)a†(	p) − a†(−	p)a(−	p)

}
. (2.37)

The second term can be rewritten by a change of integration variable 	p → −	p ,
which makes it equal to the first term up to ordering. (Note that the sign change
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pk → −pk cancels the explicit minus sign in the equation.) The normal-ordering
prescription allows us to change the order, so the two terms are equal. We therefore
obtain

P k =
∫

d3p

(2π)3
pka†(	p)a(	p) , (2.38)

as we would expect. When acting on a basis state a†(	p1) a†(	p2) . . . a†(	pn) |0〉, the
integral in Eq. (2.38) adds up the momenta of each of the particles.

Returning to the second term ofM0k, as seen in Eq. (2.35), we begin by naming
it Gk, so

	G ≡
∫

d3x	xH =
∫

d3x	xT 00

=
1
2

∫
d3x	x

[
φ̇2 +

(
	∇φ
)2

+m2φ2

]
,

(2.39)

where
M0k = Kk = 	P t− 	G . (2.40)

Using again the expansions of the scalar field from Eqs. (2.2)–(2.4) one has

Gk =
1
4

∫
d3xxk

∫
d3p

(2π)3
d3q

(2π)3
1√
EpEq

ei(�p+�q )·�x

× {−EpEq

[
a(	p) − a†(−	p)

] [
a(	q ) − a†(−	q )

]
+
(
m2 − 	p · 	q) [a(	p) + a†(−	p)

] [
a(	q ) + a†(−	q )

]}
.

(2.41)

Now use∫
d3xxkei(�p+�q )·�x = −i ∂

∂pk

∫
d3x ei(�p+�q )·�x = −(2π)3i

∂

∂pk
δ3(	p + 	q ) . (2.42)

Inserting this expression into Eq. (2.41) and then integrating by parts, the resulting
expression can be conveniently divided into three pieces, Gk = Gk

(1) +Gk
(2) +Gk

(3),
depending on where the derivative acts:

Gk
(1) =

i

4

∫
d3p

(2π)3
d3q

(2π)3
∂

∂pk

(
1√
EpEq

)
(2π)3δ3(	p + 	q )

× {−EpEq

[
a(	p) − a†(−	p)

] [
a(	q ) − a†(−	q )

]
+
(
m2 − 	p · 	q) [a(	p) + a†(−	p)

] [
a(	q ) + a†(−	q )

]}
, (2.43)
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Gk
(2) =

i

4

∫
d3p

(2π)3
d3q

(2π)3
1√
EpEq

(2π)3δ3(	p + 	q )

×
{
−∂Ep

∂pk
Eq

[
a(	p) − a†(−	p)

] [
a(	q ) − a†(−	q )

]

−qk [a(	p) + a†(−	p)
] [
a(	q ) + a†(−	q )

]}
, (2.44)

and

Gk
(3) =

i

4

∫
d3p

(2π)3
d3q

(2π)3
1√
EpEq

(2π)3δ3(	p + 	q )

×
{
−EpEq

[
∂a(	p)
∂pk

− ∂a
†(−	p)
∂pk

] [
a(	q ) − a†(−	q )

]

+
(
m2 − 	p · 	q) [∂a(	p)

∂pk
+
∂a†(−	p)
∂pk

] [
a(	q ) + a†(−	q )

]}
, (2.45)

Recalling that ∂Ep/∂p
k = pk/Ep, one can simplify Gk

(1) as follows:

Gk
(1) = − i

8

∫
d3p

(2π)3
pk

E3
p

{−E2
p

[
a(	p) − a†(−	p)

] [
a(−	p) − a†(	p)

]
+ E2

p

[
a(	p) + a†(−	p)

] [
a(−	p) + a†(	p)

]}
= − i

4

∫
d3p

(2π)3
pk

Ep

[
a†(	p)a(	p) + a†(−	p)a(−	p)

]
,

(2.46)

where we have used the normal-ordering prescription to re-order the first term. By
a change of integration variable 	p → −	p , the second term becomes the negative of
the first term, and the result vanishes: Gk

(1) = 0.

One finds a similar behavior for Gk
(2):

Gk
(2) =

i

4

∫
d3p

(2π)3
1
Ep

{−pk
[
a(	p) − a†(−	p)

] [
a(−	p) − a†(	p)

]
+ pk

[
a(	p) + a†(−	p)

] [
a(−	p) + a†(	p)

]}
=
i

2

∫
d3p

(2π)3
pk

Ep

[
a†(	p)a(	p) + a†(−	p)a(−	p)

]
= 0 .

(2.47)
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Finally, the answer must be given entirely by Gk
(3). Starting from Eq. (2.45),

Gk = Gk
(3) =

i

4

∫
d3p

(2π)3
Ep

{
−
[
∂a(	p)
∂pk

− ∂a
†(−	p)
∂pk

] [
a(−	p) − a†(	p)

]

+
[
∂a(	p)
∂pk

+
∂a†(−	p)
∂pk

] [
a(−	p) + a†(	p)

]}

=
i

2

∫
d3p

(2π)3
Ep

[
∂a(	p)
∂pk

a†(	p) +
∂a†(−	p)
∂pk

a(−	p)
]

=
i

2

∫
d3p

(2π)3
Ep

[
a†(	p)

∂a(	p)
∂pk

− ∂a
†(	p)
∂pk

a(	p)
]
,

(2.48)

where we have used the normal-ordering prescription in the last step.

Pulling together the results of Eqs. (2.38), (2.40), and (2.48), one has

M0k =
∫

d3p

(2π)3

{
tpka†(	p) a(	p) − iEp

2

[
a†(	p)

∂a(	p)
∂pk

− ∂a
†(	p)
∂pk

a(	p)
]}

.

(2.49)

It is useful to check that when the full Heisenberg time-dependence of the
operators is included, this operator is actually conserved. Using Eq. (2.17), one has

M0k(t) =
∫

d3p

(2π)3

{
tpka†(	p) a(	p)

− iEp

2

[
a†(	p)eiEpt ∂

∂pk

(
a(	p)e−iEpt

)− ∂

∂pk

(
a†(	p)eiEpt

)
a(	p)e−iEpt

]}
.

(2.50)
Using ∂Ep/∂p

k = pk/Ep, the terms proportional to t cancel, leaving only the man-
ifestly time-independent expression

M0k(t) = − i
2

∫
d3p

(2π)3

[
a†(	p)

∂a(	p)
∂pk

− ∂a
†(	p)
∂pk

a(	p)
]
. (2.51)

Problem 3: Lorentz transformations and Noether’s theorem for the elec-
tromagetic potential Aµ(x)

(a) We begin by stating Noether’s theorem for the case of multiple fields:
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The generic symmetry transformation for Noether’s theorem can be
written as

φk(x) −→ φ′k(x) = φk(x) + αb∆bφk(x) , (3.1)

where the αb represent a set of infinitesimal parameters. Here ∆bφk(x)
is a complicated notation for a single quantity that represents the change
in φk(x) induced by the transformation b. (Note: in lecture I used the
symbol ∆b,kφ(x) for this quantity, but I think the notation that I am
using here is clearer. Remember, however, that ∆bφk(x) can depend not
only on φk, but on all of the fields and any derivativates of them.) If this
transformation causes the Lagrangian density L to change by nothing
more than the addition of a total derivative,

L (x) −→ L
′(x) = L (x) + αb∂µ J

µ
b (x) , (3.2)

then we say that the Lagrangian possesses a symmetry, and the current
αbjµb , where

jµb (x) ≡ ∂L

∂ (∂µφk)
∆bφk − Jµ

b , (3.3)

is conserved:
∂µ

[
αbjµb

]
= 0 . (3.4)

If the αb are linearly independent, then the jµb currents are individually
conserved:

∂µj
µ
b = 0 , for each b. (3.5)

For this problem we replace φk by Aν and αb by Σλσ. The transformation
properties of Aν(x) were stated on the problem set as Eq. (7), but I will restate
them here, making for convenience a different choice of when to write indices as
upper or lower:

A′
ν(x) = Aν(x) + Σλσ {xσ ∂λAν(x) − ηνλAσ(x)} . (3.6)

To match Eq. (3.1), we rewrite this as

A′
ν(x) = Aν(x) + Σλσ∆λσAν(x) , (3.7)

where
∆λσAν(x) = xσ ∂λAν(x) − ηνλAσ(x) . (3.8)

The Lagrangian is a Lorentz scalar, so the only change it experiences in the trans-
formation comes from the change of the argument:

L
′(x) = L (x) + Σλσxσ∂λL (x) = L (x) + Σλσ∂µ J

µ
λσ , (3.9)
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where
J

µ
λσ = xσδ

µ
λ L (x) . (3.10)

You can work out the transformation of L by using the transformation (3.6) di-
rectly, and you should get the same answer. From L = −1

4Fµν F
µν , one has

∂L

∂(∂µAν)
= −Fµν , (3.11)

so Noether’s theorem guarantees that the following current (from Eqs. (3.3) and
(3.4)) is conserved:

αbjµb = Σλσ

{
∂L

∂(∂µAν)
∆λσAν − Jµ

λσ

}

= Σλσ
{−Fµν [xσ ∂λAν − ηνλAσ] − xσ δ

µ
λ L

}
.

(3.12)

Since Σλσ is antisymmetric, only the part of the quantity in curly brackets that is
antisymmetric in λ and σ has to be conserved. Changing an overall sign to match
the convention used in the problem set, we have derived the conservation of the
current

jµλσ =
{
xσ

[
Fµν ∂λAν + δµλ L

]− Fµ
λAσ

}− {λ↔ σ} . (3.13)

(b) Calculating the divergence of the current in Eq. (3.13),

∂µ j
µ

λσ =
{
Fσν ∂λA

ν + ησλ L + xσ

[
Fµν ∂λ∂µAν + ∂λL

]− Fµ
λ∂µAσ

}−{λ↔ σ} .
(3.14)

where we used the equations of motion, ∂µF
µν = 0. Note that the term in ησλ

vanishes when antisymmetrized. Looking at the sum of the first and last terms in
curly brackets,

{Fσν ∂λA
ν − Fµ

λ∂µAσ} − {λ↔ σ}
= {−Fλµ ∂σA

µ − Fµ
λ∂µAσ} − {λ↔ σ}

= {Fµ
λ ∂σAµ − Fµ

λ∂µAσ} − {λ↔ σ}
= {Fµ

λ Fσµ} − {λ↔ σ} = 0 ,

(3.15)

since Fµ
λ Fσµ is symmetric under λ ↔ σ. Finally, looking at the terms in square

brackets in Eq. (3.14),

Fµν ∂λ∂µAν + ∂λL

=
1
2
Fµν ∂λFµν + ∂λL

=
1
4
∂λ (FµνFµν) + ∂λL = 0 .

(3.16)
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Finally,

∂µ j
µ

λσ = 0 , (3.17)

as expected.

(c) Given the equations from the problem set,

̂µλσ = jµλσ + ∂κN
κµλσ (3.18)

and
Nκµλσ = xλ FµκAσ − xσ FµκAλ , (3.19)

we can begin by calculating the derivative needed in Eq. (3.18):

∂k

[
xλ FµκAσ − xσ FµκAλ

]
=
{
FµλAσ + xλ Fµκ ∂κA

σ
}− {λ↔ σ} , (3.20)

where I have used the equations of motion, ∂µF
µν = 0. Then using Eqs. (3.13) and

(3.18),
̂µλσ =

{
xσ

[
Fµν ∂λAν + δµλ L

]− Fµ
λAσ

+ Fµ
λAσ + xλ F

µκ ∂κAσ} − {λ↔ σ} .
(3.21)

The antisymmetry in λ and σ allows us to rewrite

xλ F
µκ ∂κAσ

as
−xσ F

µν ∂νAλ ,

so Eq. (3.21) simplifies to

̂µλσ =
{
xσ

[
Fµν Fλν + δµλ L

]}− {λ↔ σ} . (3.22)

From the solutions to Problem 1(b) of Problem Set 1, the symmetric energy-
momentum tensor for Aµ(x) is given by

T̂µν = Fµλ Fλ
ν − gµν L . (3.23)

So finally

̂µλσ = xλ T̂µσ − xσ T̂µλ , (3.24)

which matches the result for scalar fields found in Problem Set 1, Problem 4.
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Problem 4: Non-uniqueness of the harmonic oscillator quantization

(a) By definition:

x2 =
1
ω0

(a2 + a†2) . (4.1)

In the Heisenberg picture,

x2(t) =eiHtx2e
−iHt =

1
ω0

[
eiHtae−iHteiHtae−iHt + eiHta†e−iHteiHta†e−iHt

]
.

(4.2)
Now

[H, a] =
[
ω0

(
a†a+

1
2

)
, a

]

=ω0[a†a, a]

=ω0[a†, a]a

= − ω0a .

(4.3)

Therefore
Ha =a(H − ω0)

⇒ Hna =a(H − ω0)n

⇒ eiHta =
∑

n

1
n!

(it)nHna

=a
∑

n

1
n!

[i(H − ω0)t]n

=aei(H−ω0)t

⇒ eiHtae−iHt =ae−iω0t .

(4.4)

Similarly
eiHta†e−iHt = a†eiω0t . (4.5)

Thus x2(t) becomes

x2(t) =
1
ω0

[ae−iω0tae−i ω0t + a†eiω0ta†eiω0t]

=
1
ω0

[a2e−2iω0t + a†2e2iω0t] .
(4.6)
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Hence,
dx2

dt
=

1
ω0

2iω0[−a2e−2iω0t + a†2e2iω0t]

d2x2

dt2
=

1
ω0

(−4ω0)2[a2e−2iω0t + a†2e2iω0t]

= − (2ω0)2x2 ,

(4.7)

which has the desired form, with ω = 2ω0.

(b)

a2 =
(√

ω0

2
q +

i√
2ω0

p

)2

=
ω0

2
q2 +

i

2
(qp+ pq) − 1

2ω0
p2 .

⇒ a†2 =(a2)† =
ω0

2
q2 − i

2
(qp+ pq) − 1

2ω0
p2 .

(4.8)

So
x2 =

1
ω0

(a2 + a†2)

=
1
ω0

(
ω0q

2 − 1
ω0
p2
)

= q2 − p2

ω2
0

,

(4.9)

as desired. This same equation clearly holds in the Heisenberg picture as well:

x2(t) = q(t)2 − p(t)
2

ω2
0

. (4.10)

So
dx2(t)
dt

=2q(t)q̇(t) − 2
ω2

0

p(t)ṗ(t)

d2x2(t)
dt2

=2
[
q̇(t)2 + q(t)q̈(t) − 1

ω2
0

ṗ(t)2 − 1
ω2

0

p(t)p̈(t)
]
.

(4.11)

From the equations of motion:

q̇ =p

ṗ = − ω2
0q

q̈ =ṗ = −ω2
0q

p̈ = − ω2
0 q̇ = −ω2

0p .

(4.12)
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Hence:
d2x2(t)
dt2

=2
[
p2 + q(−ω2

0q) −
1
ω2

0

(−ω2
0q)

2 − 1
ω2

0

p(ω2
0p)
]

=2[2p2 − 2ω2
0q

2]

= − 4ω2
0 [q(t)2 − p(t)

2

ω2
0

= − 4ω2
0x(t)2 ,

(4.13)

which is the same equation as before.

(c) Let x3 ≡ a3 + (a†)3. As before,

x3(t) =eiHtx3e
−iHt

=(ae−iω0t)3 + (a†eiω0t)3

= a3e−3iω0t + a†3e3iω0t .

⇒ d2x3(t)
dt2

=(−3iω0)2a2e−3iω0t + (3iω0)2(a†)3e3iω0t

= − (3ω0)2(a3e−3iω0t + (a†)3e3iω0t)

= − (3ω0)2x3(t) ,

(4.14)

which has the desired form. Now let us find x3 in terms of p and q. Let us write
for brevity:

a =q̃ + ip̃, q̃ ≡
√
ω0

2
q, p̃ ≡ 1√

2ω0
p . (4.15)

Then
x3 = a3 + (a†)3 = (q̃ + ip̃)3 + (q̃ − ip̃)3 . (4.16)

Expanding we obtain

(q̃ + ip̃)3 =q̃3 + i(q̃2p̃+ q̃p̃q̃ + p̃q̃2) − (q̃p̃2 − p̃q̃p̃− p̃2q̃) − ip̃3 ,
(q̃ − ip̃)3 =q̃3 − i(q̃2p̃+ q̃p̃q̃ + p̃q̃2) − (q̃p̃2 − p̃q̃p̃− p̃2q̃) + ip̃3 . (4.17)

Thus
x3 =2q̃3 − 2(q̃p̃2 + p̃q̃p̃+ p̃2q̃) . (4.18)
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Now
p̃2q̃ =p̃2q̃ − p̃q̃p̃+ p̃q̃p̃

=p̃([p̃, q̃] + q̃p̃) ,

q̃p̃2 =q̃p̃2 − p̃q̃p̃+ p̃q̃p̃

=([q̃, p̃] + p̃q̃)p̃ .

(4.19)

Therefore
q̃p̃2 + p̃q̃p̃+ p̃2q̃ =3p̃q̃p̃+ p̃([p̃, q̃] + [q̃, p̃])

=3p̃q̃p̃ .
(4.20)

Finally
x3 =2q̃3 − 6p̃q̃p̃

=
ω

3/2
0√
2
q3 − 3√

2ω0
pqp .

(4.21)

(d) Since N is diagonal in the same basis in which the Hamiltonian is diagonal, it
follows that

[H , N ] = 0. (4.22)

It follows immediately that

zλ(t) =
1√
2ω0

[
eiHta(1 + λN)e−iHt + eiHt(1 + λN)a†e−iHt

]

=
1√
2ω0

[
eiHtae−iHteiHt(1 + λN)e−iHt + eiHt(1 + λN)e−iHteiHta†e−iHt

]

=
1√
2ω0

[
eiHtae−iHt(1 + λN) + (1 + λN)eiHta†e−iHt

]

=
1√
2ω0

[
a(1 + λN)e−iωt + (1 + λN)a†eiωt

]
,

(4.23)
Differentiating this expression,

d2zλ
dt2

= −ω2
0 zλ . (4.24)
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Problem 5: Space-time translations of ak

(a) We want to prove that

eABe−A = B + [A, B] +
1
2

[A, [A, B]] +
1
3!

[A, [A, [A, B]]] + ... (5.1)

For this, we first adopt a systematic definition of the terms that appear in the
above formula. Let

C(0)(A, B) ≡ B , (5.2)

and then define inductively the sequence C(n)(A, B), by

C(n)(A, B) ≡
[
A , C(n−1)(A, B)

]
. (5.3)

We then have to show that

eABe−A =
∞∑

n=0

1
n!
C(n)(A, B) . (5.4)

Now consider F (t) = etABe−tA, remembering that the quantity that we are
trying to express is F (1). We can try to write it as a power series in t by noting
that

dF
dt

= AetABe−tA − etABe−tAA

= etA [A , B] e−tA

= etA C(1)(A, B) e−tA .

(5.5)

Iterating, one can see that each derivative with respect to t will result in taking
the commutator of A with the middle of the three factors on the right, so in
general

dnF

dtn
= etA C(n)(A, B) e−tA . (5.6)

The Taylor series then gives

F (1) =
∞∑

n=0

1
n!

dnF

dtn

∣∣∣∣
t=0

=
∞∑

n=0

1
n!
C(n)(A, B) , (5.7)

which completes the proof.

(b) Let us use the following 4-momentum operator:

P̂µ =
∫

d3p

(2π)3
pµa†�pa�p , where p0 = E�p . (5.8)
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Now note that

[i(P̂ · x), a�k] = [i
∫

d3p

(2π)3
(p · x)a†�pa�p, a�k] = −i(k · x)a�k , (5.9)

and from this we see easily that

C(n)(i(P̂ · x), a�k) = (−i(k · x))na�k . (5.10)

And therefore

eiP̂ ·xa�ke
−iP̂ ·x =

∞∑
n=0

(−i(k · x))n

n!
a�k = e−ik·xa�k . (5.11)


