MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Physics Department

8.323: Relativistic Quantum Field Theory I

Prof. Alan Guth May 20, 2008

PROBLEM SET 9 SOLUTIONS

Problem 1: The Dirac representation of the Lorentz group (10 pOi’I’LtS)T

(a) By definition,
(") = 29", (1.1)
and

Z’ v Z v
= 10" =50 b (1.2)

where we adopt the convention that {},, denotes antisymmetrization. Hence,

SHY

v log 1 v {on o v
(5", 8%7] = =217 ="y e (1.3)
Now rewrite the commutation relation (1.1) as
VM ==ty 4 2970 (1.4)

So we can interchange two gamma matrices by changing the sign, and adding
2¢g°*, where o and p are the indices on the two gamma matrices that were
interchanged. So, in the second term on the right-hand side of Eq. (1.3), we
can bring the 7 factor to the right by two interchanges:
Py TAy fue = PRy + 2970y — 297 P f e -
1.5
= {y"7""7 + 497"y e
where in the second line we used the antisymmetrization in p and v to collect

the last two terms. Using the same technique to bring «” through the factors
of v* and v on the right-hand side of Eq. (1.5), we have

Py TAy fee = APy + AgTHYPY + AgPHy T f e
= {77 + 49" (VM =) e (1.6)
= {y*y"vPy7 + 16igp”SW}5Z .
Using this result to replace the second term in Eq. (1.3), one has immediately

(57,5771 =~ (- 16ig” 5"} W)
= {4ig”p5“”}5g , .
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which is the same commutation relation as for the generators of the Lorentz
group.

(b) ,
7
", 5771 = Sy
i (o} o g o
=5 ("7 "7 =P =Py
=i (9" — g7"") 9
=1(g70%, —g°"o" )"
= (I

Problem 2: Explicit tranformation matrices (10 poz’mﬁsﬂL

A Lorentz transformation is generated in the four-vector representation by
(") =i (0% - 05%) (2.1)

or equivalently
()75 =i (9" 85— g 3}) - (2.2)

If we want to use matrix notation to suppress the o and (3 indices, then we must use
the form (2.2), so that the sum over repeated indices is always performed with one
index raised and the other lowered. Thus, the generator for boosts in the z-direction
is given by

0 001
o3_.[0 0 0 O
TP =i 000 ol (2.3)
1 0 00
and a boost transformation matrix is given by
Bs(n) = e~
0 001
e 0000
Pl 0 0 0 0
1000 (2.4)
coshn 0 0 sinhn
_ 0 10 0
o 0 0 1 0
sinhn 0 0 coshnp
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Applying B3(n) to the momentum four-vector of a particle at rest, p* = (m, 0,0, 0),
gives
p* = (mcoshn,0,0,msinhn) , (2.5)

so the velocity v is related to n by

p  msinhn
== —
E  mcoshn

= tanh7n . (2.6)
We can check that the rapidity is additive, as it should be. Relativistic velocities

add as
V1 + V2
ot — s 2.7
Utos 1+ v v ( )

so replacing v; by tanhn; gives

tanh 7y + tanh e
1+ tanhn; tanhns

tanhnior = = tanh(nl + 772) ) (28)

as desired.

We want to find the corresponding matrix in the chiral representation, Bs(n) =
e~ 5" Use

§% =[]
, , (2.9)
_iffo 1 0 of 0 o'\[0 1
(o) (2 D) (% D)0 0]
i (=0t 0
(7 »)
Thus,
1.0 0 0
03
mi= 13
0 0 0 —1
, (2.10)
ez 0 0 0
0o ez 0 0
"l 0o 0 ez 0
0 0 0 e
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Clearly our answer implies that Bs(n1)B3(n2) = Bs(m +n2), as desired. To express
e£37 in terms of p® and F, note that Eq. (2.5) implies that

E =mecoshn , p> =msinhn , (2.11)
0
1 E 3
€2 = y/coshn + sinhn = +p
mn (2.12)
1 E-p3
e~ 2" = 4/coshn —sinhn = P
m
Similarly, for Rg(f) = e~105"
SY =[5, 57
4[ ’ ]
1 0 o 0 ol
=3l o) 0], 213
Ez]k O’k 0
2 ( 0 0k> ’
e 00 0
—io512 0 ex 0 0
_ _ ) 9.14
= R3(f) =e 0 0 -2 0 (2.14)
0 0 0 7

Problem 3: Wigner rotations and the transformation of helicity (15

points )T

(a) In the vector representation, the Lorentz matrix B, (n) is:

0 2 0 O
_ —mB)K' _ —in(B)J°" _ . i 0 0 0
B.(n(B)) =e =e = exp mn(B) 00 0 0
0 0 0 O
(3.1)
coshn(B) sinhn(8) 0 O
_ | sinhn(B) coshn(3) 0 0
- 0 0 10
0 0 0 1
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In a similar fashion,

00 0 ¢
B(nfp)) = =10 = exp {m o oo o
7 0 0 0
(3.2)
coshn(p) 0 0 sinhn(p)
B 0 10 0
o 0 0 1 0
sinhn(p) 0 0 coshn(p)
A", = Ba(n(8'))B=(n(p))
coshn(B) coshn(p) sinhn(B) 0 coshn(B)sinhn(p)
sinhn(8) coshn(p) coshn(B) 0 sinhn(F)sinhn(p) (3.3)
0 0 1 0 T
sinh n(p) 0 0 coshn(p)
p=msinhn(p), [ =tanhn(s) . (3.4)

The transformation By(n(5))B
(m,0,0,0) into:

»(n(p)) transforms a momentum vector

2L m?2
E’ m cosh () coshn(p) \/ %
/ i h h TTL
ch — A 8 sin ﬂ(ﬁ)OCOS n(p) = | /B + 2 . (35)
[4 . 0
A 0 sinh 7 (p)
If we define 6 as the angle between the z—axis and P,
sing — % _ sinh 77(3) cosh n(p) 7
ol \/cosh2 n(B) cosh? n(p) — 1
! sinh 7(p) (3.6)
cosf = L= = Y

P Jeosh? (B) cost n(p) — 1

(b) We must compute

By = R(p')B.(n(p")) , (3.7)
where
coshn(p’) 0 0 sinhn(p)
0 1 0 0
B.oN=| o o1 o : (38)
sinhn(p’) 0 0 coshn(p)
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and R(p’) is the matrix which rotates from £ to p':

1 0 0 0
4|0 cosf@ 0O sinf
0 —sinf 0 cosf
where
/ /2 2
tang=Pe o VPRI B (3.10)
P P V1-—p52
Thus
coshn(p) 0 0 sinh 7(p’)
B — sin@sinhn(p’) cos® 0 coshn(p’)sind
v 0 0 1 0 ’
cosfsinhn(p’) —sinf 0 cosfcoshn(p’) (3.11)
coshn(p’) —sinfsinhn(p’) 0 —cosfOsinhn(p’) .
1 0 cos 0 0 —sinf
Ba =
P 0 0 1 0
—sinhn(p’) sinfcoshn(p’) 0 cosfcoshn(p)
Therefore,
1 0 0 0
0 —2 (o —_—_Bm
Bm p
O Voo 0 Ui
where we used
tanh7(8) = 6,
p
h(p) = &
sinh7(p) =
p* + 3*m? (3.13)
sinh n(p’ ,
) =~ i
pPtm? B
tanf = .
P \1—p2

A counterclockwise rotation about the y-axis through an angle v is described

by the matrix
1 0 0 0
0 cosyy 0 sinvy
B =19 "0 1 0 |-
0 0

—sin cos Y

(3.14)
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which matches Ry provided that

p
COSlZJ = \/W
| i (3.15)
Slnw = —\/Tw .

Thus the Wigner rotation Ry is a clockwise rotation about the y-axis by an
angle sin~* (Bm//p? + 2m?2).

The Wigner rotation on the rest frame states of the spin—% particle (i.e. the
basis {|0,h = +4)} ) is then

vy == (Gt ) (3.16)

where,

N | =

1/2
p
/p% + B2m2 >

» 1/2 (3.17)

cos(14/2) = G +

DN | =

sin(1)/2) = <§ -

Asm — 0, cos®) — 1 and siny — 0, thus ¢ — 0, and Ry — I. Therefore
@ 1Y) = (0= 0, |URw)[p=0,%) = op + . (3.18)

Thus the helicity of a massless particle is Lorentz invariant.
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Problem 4: Useful tricks with Dirac matrices (10 points)T
Y&'\jﬂ}"z@ﬁw 3w b T
o VTV =207 %
VSN N A v Rl (R 8’&
o V=Y 6‘“ dadow ()
Rewide ¥ PP “-ng— ¥
CotNa& Lt ?,,. Qv and o«e’V Q\/‘.)

Now 379" = Y287 -3 Y)
ST S e e e
Siae BN e an,\"
R M SR I A ¥ AR QU
Voo & . ¥R T”
= (854G
SRR AR R L R N &
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Now e ¥ Y5 %
= Rgﬂfg*‘ég&sﬁc*(.gécgs—»biﬂwsg

\OQ/YLQ \,.OJuAS ‘\[a&)w\e\,\\*
'TCL\‘\L }J\-:\/:O g= 6 =\
ACR S 3% = A go %;\
-4 o= -\
A=Y
e /u=$:c> Y=6=\ 4(99:% B=-%
qu=6=0  y=g=\ gt C=Y
Teu

e
TP D o

\A\%&o% "\Lﬁo\\\l\éz =~ \63 2§°ﬁ‘*61 N
NS X 'Ras\v %> ’“(\roam\ AR

= T N \)3 cy\;;&b
o WY 20 oL D=0
W %&‘ GO AP QA
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Problem 5 (Extra Credit): Wigner’s Symmetry Representation Theorem
(10 points extra credit)§

(a) Since T is probability-preserving and

r) € T(thi) (5.1)
it follows that o
[(n (o) = [{tbr e )| = bke - (5.2)
But (¢, |10, ) is necessarily real and positive, so (¢, |1, ) = 1. For k # £,
[(@rld) =0 = (gldhe) =0, (5.3)
S0 o
(r [g) = One - (5.4)

Thus the |1Z)k) are orthonormal. To show that they are complete, suppose to the
contrary that there exists a state |U) with (¥ |¥) = 1 and (¢, |¥) = 0 for all k.
Then choose a vector |¥’) € T—1(¥). This vector will necessarily have the following
properties:

(W [0) =(P|¥) =1, (5.5a)
(Wi [9') = (i [W) = 0. (5.5b)

Thus [¥’) is a normalized vector orthogonal to all the [y), which contradicts the
completeness of the [¢y) vectors. Thus the state |¥) cannot exist, and the |¢)
vectors are complete.

(b) Choose some vector |¢,,) € T(¢y,), which will then necessarily have the following
properties:

WMm:wwmz%, (5.6a)

WMM=WWM=%- (5.6D)
For ¢ #£ k,

[y |3 )] = (e |1 )| =0 . (5.6¢)

Since the |¢,) are complete, we can expand |¢,) in this basis, using Egs. (5.6) to
determine the magnitude of the expansion coefficients:

~ 1 /7 g  ~ O
9) = 75 (%7 1) + €7 18) (5.7)
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for some real 0,(:) and 0,?). But if |¢,) € T(¢x), then e |¢,) must also be in

T(¢k)v S0 1
T(¢x) 2 7 (191) + € [dr) (5-8)

where 0, = 9,(;’) — 91(;1).

(c) Following the problem set, we define

[¥1) = [d1)
o (5.9)
[1) = €% [¢y) for k=2,3,...,
$0 )
T(¢xr) > [d)), where |¢p) = E(ld)i) + 1) - (5.10)
Now choose some vector |®(6)) € T(®()). Then
- L oifk=1,2
(7, [2(6))] = [(vx |2(0))] = { V2 , (5.11)
0  otherwise .
This implies that the expansion of [®(6)) in the basis [¢/}) has the form
~ 1 0’ 0!
(00 = 5 (¢ i) + e ) (5.12)
Then T'(®(#)) must also contain the vector
[@(0)) = e [8(0) = — (1) + ¢ [uh) (5.13)
V2
where ' = 6}, — 0} . Furthermore,
(05 |2(0))] = [(¢22(6))] , (5.14)
which implies that
|16 = 1] (5.15)

At this point it is useful to prove a lemma that is slightly more general than
what is needed here, since more generality will be needed later. Suppose that

’zl + zzew/‘ = ‘zl + 29€"| | (5.16)
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where z; and z9 are complex numbers. One then has
Re (zfzzew/) = Re (2] 22¢") .
Writing 2} zo = |2120]€'®, where ¢ = arg(z} z2), we require
cos(f + ¢) = cos(0 + ¢) ,
which has two solutions:
0 =0 and 0 = —0 — 2arg(222) . (5.17)

Of course one could add 27n to either solution, where n is an integer, but I will
use the convention that angles are defined modulo 27, so adding 27n is no different
from adding zero.

Applying the lemma to Eq. (5.15), we have
=0 or & =-0. (5.18)

These two solutions give the two cases described in the problem. For case A,
T(®(0)) > |9/.(6)), where

2,00 = S5 (W) + e [05) . (ease A) (5.198)
and for case B, T(®(0)) > |9’ (0)), where
‘@L(@)) = L( [h) 4 e~ l1g)) - (case B) (5.19b)

V2

(d) We wish to show that a given transformation T must obey case A for all 6,
or case B for all §. It is impossible for case A to apply for one value of 6 and for
case B to apply for another, as long as we avoid the trivial cases § =0 and 6 = 7,
for which the two cases are identical. To show this, suppose that case A applies
for 6 = 04, so |9 (04)) € T(®(64)). Suppose that case B applies for § = 0z, so
|®7(05)) € T(D(05)).

Now consider the inner product between these two states:

[(27(05) |2, (04) )| = (2(05) [2(04))] , (5.20)

which implies that

’1 + ¢i(0a+05) (5.21)

|14 0=t
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The lemma implies that this equation can hold only if

Opr+0p =04 —0p (5.22a)
or

O0a+0p=—(04—05) .

Eq. (5.22a) implies that 205 = 0, so fp must equal 0 or 7 (remember that 27 is
equivalent to zero). Similarly Eq. (5.22b) implies that 64 is either 0 or . Thus,
the cases A and B can be mixed only if one of the angles considered is 0 or 7, which
is exactly the set of angles for which the cases A and B coincide.

(5.22b)

(e) Consider first case A. Let |Uy(ag,...
T(\I/N(OQ,...,O(N)), where

,an)) denote a vector chosen from

1 . ) )
WUn(az,...,an)) = —N(Wl) + €2 o) + € Jahg) + ...+ €N [Yy)) . (5.23)
Then
- — ifk<N
<¢2|‘1’N(0¢2:~~~704N)>||<¢k‘1’N(0127--~70¢N)>|{ N ~ (5.24)
0 otherwise .
Now let |U% (g, ...,an)) = €? |Uy(ay,...,ay)), where 6 is chosen so that

(V1 Wy (a, ..

,ap)) is real and positive. One can then write

1

Wy (az, o)) = T (10 + € ) +e S i)+ ke ) (5.25)
where the phases o}, a},...,a)y are as yet undetermined functions of N and
Qo,3,...,QN.

We next consider the inner product of the vector |y (c, ..., an)) with |¢}),

as defined in Eq. (5.10):

|<¢;c‘\II/N(O‘27""O‘N)>|:|<¢k|\1}N(a27--~aaN)>| ) (526)
so for k < N,
[ e ¢ = —— [ 5 .
V2N V2N
which implies through the lemma of Eq. (5.17) that
aj, = Fag (5.28)

forall k=1,2,...,N.
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We can now prove by induction that af = «ay is the only solution. Note that
we already know this to be true for N = 1, from Egs. (5.1) and (5.9), and that we
know it to be true for N = 2 from Eq. (5.19a). For the inductive proof we assume
that it is true for N = Ny, where Ny > 2, and try to prove that it is then necessarily
true for N = Ny + 1.

consider the inner product of |V (ag,as,...,ay)) with
e N,1)>. The induction hypothesis allows us to assume that

First we
|\I//]V71(062, as, ..

|\119V_1(CKQ,...,O[N_1)> =
1 / (1D iz / TN —1 / <529)
ﬁ(wfﬁ‘i‘@ [t2) + " [h3) + ... +e ’1/)N71>> .

So ) .

|<\I/N_1(a2, ce,aN—1) ‘\I/N(ag, co,aN) >| =

‘<\I/N71(0[2, <. wOéNfl) ‘\I/N(OZQ, <. ,OéN)>|

implies that

)1 teilebman) 4 4 eilehamanv-)| o N 1 (5.30)

The right-hand side is the maximum possible value of the left-hand side, and this
maximum is achieved only if all the phases on the left-hand side coincide with the
first one, which is zero (i.e., 1 is real and positive). Thus

o, =ap fork=23,... N—1. (5.31)
We still need to determine the final phase, o/y. Eq. (5.28) is sufficient to fix
the answer for the special case ay = 0, so we can write

|lI}§V(ﬂ2a s 75]\7—1’ 0)> =
1 i i3 iBN—1
e () e )+ i et iy ) ) )
(5.32)
Then the probability preservation equation
(N (B2, .., Bn-1,0) [Ty (az,...,an))| =
(UN (B2, Bn=1,0) [Un(az,....an))|
implies that
’1 e ’ =
(5.33)

‘1+ei(a2_ﬁ2)+_,,+ei(o‘N—1—ﬂN—1)+€iaN‘ ‘
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Writing . A ‘
z=14¢l@27F) 4 4 pilan—1=6n-1) = |40 (5.34)
the lemma of Eq. (5.17) can be applied to Eq. (5.33) to give
ay =ay or oy =—an+26. (5.35)

The first case is always consistent with Eq. (5.28), but the second case is consistent
only if # = 0 or § = w. (It is also consistent if § = ax or § = ay + m, but
then it reduces to the first case and becomes irrelevant, since it does not provide
an alternative solution.) Recall that oy can depend on N and a1, s, ..., ay, as
discussed after Eq. (5.25), but of course it cannot depend on the (i that appear in
Eq. (5.33). For any fixed values of a1, aq,...,an, one can always arrange for 6 to
avoid 0 and 7 by varying the (;’s appropriately. Here it is important that there is
always at least one () appearing in Eq. (5.33), but since N > 3 that is always the
case. Thus, the only possible solution is

aly =ay , (5.36)

and the inductive proof is complete for case A.

For case B the proof is essentially identical, but with many changes in signs.
The only difference in the input is a change in the induction hypothesis, which
is required for consistency with N = 2, which is now determined by Eq. (5.19b)
instead of (5.19a). I will replace Eq. (5.25) by

1

7aN)> \/N

so we are again trying to prove that o}, = ay. Eq. (5.27) becomes

Wy (a2, . (leh)+em% ) e [ph)+. e i) ) | (5.25)

, (5.27")

1 .y 1 )
—— (14 e "% — ’1—0—6”’“
\/2N‘ V2N

but the resulting Eq. (5.28) is unchanged. In Egs. (5.29) and (5.30) every exponent
is negated, but the resulting Eq. (5.31) remains unchanged. Eq. (5.32) becomes

|\I]9\7(ﬁ27 e 75]\/—170)) =
1 —i —q —1
\/—N(Iwb e ) + eI ) 4 e )+ )
(5.32))
and Eq. (5.33) becomes
‘1 fei@amf) |y emilan-1=On-1) 4 mialy ’ =
(5.33")

'1 4 6i(a2—52) N ei(OZN—1—ﬂN—1) + eiOZN‘ )
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However, by using |z| = |z*| to rewrite the left-hand side of Eq. (5.33'), the equation
becomes identical to the original Eq. (5.33). The proof is then completed as in the
previous case, showing that in this case, also, afy = an, so the proof by induction
is complete.

(f) Rewrite |T) as

= [Crle™* [1hy) (5.34)
k=1

Starting first with case A, we can choose a vector |/, ) € T(¥) and expand it in
the basis [} ):

oo
W) = [Crlek [y, (5.35)
k=1
where I have already made use of the fact that the |C| factors are unchanged, as can
be shown by considering inner products with the |¢). Since I can choose the phase
of |¥,), I can insist that a}, = ay for the first nonvanishing |Cy|. Now consider
inner products with the states | (aq,...,ay)) for any integer N. Preservation of
probability implies that

|\1/ >’ —‘ \IIN(OQ,...,CKNH‘I/H s (536)

’<WN+ ag,...,Q
SO

N

]|cl| 4 [Caleitedmon) 4 |cN|ei<a3v*aN>‘ =Y G - (5.37)
k=1

The right-hand side is the maximum possible value of the left-hand side, and this
maximum can be achieved only if the phase of each nonvanishing term on the left-
hand side is the same. Since we have chosen o = ay, for the first nonvanishing |C|,
we know that if any |Cy| is nonzero for k < N, there is at least one nonvanishing
term on the left for which the phase is zero. Therefore the phase must be zero for
all nonvanishing terms, and hence o}, = ay, for any nonvanishing term. (If all terms
vanish for £ = 1,..., N, then there are no phases to determine until we consider
higher values of N.) Since we can choose N as large as we like, the argument applies
to all terms, and therefore

(5.38)

k=1

as desired.

The argument can be easily adapted to case B. The modified equations become

(W) =" [Crle™™% [y} (5.35)
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(U —(az,...,an) U2 )] = [(Un(as,...,an) [¥)] (5.36")
N
\\Cll +|Coleme2m2) |CN\e—i(a3v—aN>‘ =>"ICl (5.37")
k=1
and .
W) =" Cilvi) (5.38))
k=1

(g) For case A, linearity is shown by demonstrating Eq. (4) of the problem set:

Ula @) + B[02)) U(aZO”Hw +6ZC(2)|¢ )

k=1

=U

Mg

C(l)+ C(z)
1( 00 ) (5.39)

Plﬂm

(act? + 5 1)
Uy)+ U |Usy) .

For case B, antilinearity is shown by demonstrating Eq. (5) of the problem set:

Ua|0y) + B[W,) =U (az e ) +8Y |wk>>

k=1 k=1

UZ (act? + 502 ) )
1

k= (5.40)
= *C(l)* + 8 0(2)*) A
k=1

For case A, unitarity is shown by demonstrating Eq. (6) of the problem set:

ZZC“’*O“ (Wi [07)

k=1+¢=1

2)* 1
_Zc()clg)
k=1

< |\I/1 )

(U, |UT)

(5.41)



8.323 PROBLEM SET 9 SOLUTIONS, SPRING 2008 p. 21

where we have used the orthonormality of the [¢},).

For case B, antiunitarity is shown by demonstrating Eq. (7) of the problem set:

oo

U [Uw1) =33 P (w [v))

k=1/¢=1

_ Z C,£2>C,il)*
1

k=
= (U [T

(5.42)

(h) Suppose that U; and Us are both linear, unitary (or antilinear, antiunitary)
transformations that represent 7. Then U, ' U; is a linear, unitary transformation
that maps each ray onto itself. Thus

Uy ' UL [gr) = € [gr) (5.43)

Consider any pair of indices k and ¢, with ¢ # k. Then

Uy ' U % (Iw) + [¢e)) = % (€% [thw) + €' [thr)) (5.44)

If ay # ag, then the vector on the right belongs to a different ray from the vector
on the left, which would violate our assumptions. Therefore o must be the same
for all k, and

Uy Uy = et . (5.45)

Thus Us is equal to Uy, up to an overall phase.

TSolutions written by Jamie Portsmouth, Tom Faulkner, and Alan Guth.

YProblem taken from David Tong’s Lectures on Quantum Field Theory,
http://www.damtp.cam.ac.uk /user/dt281 /qft.html. Solution by Edward Farhi.

§Solution by Alan Guth.



