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PROBLEM SET 10 SOLUTIONS

Problem 1: Majorana Fermions (Peskin & Schroeder, Problem 3.4) (15
points)†

(a) In a transformed frame the LHS of the Majorana equation of motion reads,

iσ̄µ∂′µχ
′(x′) − imσ2χ′∗(x′) (1.1)

where the primed quantities in the transformed frame are related to the unprimed
quantities in the original frame by a Lorentz transformation,

x′µ = Λµ
νx

ν

χ′(x′) = ΛLχ(x)

∂′µ = (Λ−1)νµ∂ν

(1.2)

We must show that Eq. (1.1) is equal to 0 given the Majorana equation is satisfied
in the original frame.

iσ̄µ∂′µχ
′(x′) − imσ2χ∗ = iσ̄µΛL(Λ−1)νµ∂νχ(x) − imσ2Λ∗

Lχ
∗(x) (1.3)

Now using the transformation property of the gamma matrices,

Λ−1
1/2γ

µΛ1/2 = Λµ
νγ

ν (1.4)

and in the Weyl representation

γµ =
(

0 σµ

σ̄µ 0

)

Λ1/2 =
(

ΛL 0
0 ΛR

) (1.5)

we can calculate the transformation property of the σ̄µ

Λ−1
R σ̄µΛL = Λµ

ν σ̄
ν (1.6)

Also from the explicit form of the Lorentz transformation on Left and Right Weyl
spinors,
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ΛL = exp
(
−i�θ · �σ/2 − �β · �σ/2

)
ΛR = exp

(
−i�θ · �σ/2 + �β · �σ/2

) (1.7)

it is easy to show that
σ2Λ∗

Lσ
2 = ΛR (1.8)

Using Eq. (1.6) and Eq. (1.8) in Eq. (1.3) we get,

iσ̄µΛL(Λ−1)νµ∂νχ(x) − imσ2Λ∗
Lχ

∗(x) = ΛR

(
iσ̄µ∂µχ(x) − imσ2χ∗(x)

)
= 0 (1.9)

To get the Klein Gordan equation, apply σν∂ν to the Majorana equation and
using the fact that σ2σ

µσ2 = σ̄µ∗ we get

iσµσ̄ν∂µ∂νχ− imσ2σ̄µ∗∂µχ∗ (1.10)

The complex conjugate of the Majorana equation is

−iσ̄∗µ∂µχ∗ − imσ2χ = 0 (1.11)

Plugging this in Eq. (1.10),

σµσ̄ν∂µ∂νχ+m2χ = 0 (1.12)

As the derivatives are symmetric in µ ↔ ν we may write σµσ̄ν∂µ∂ν = 1
2
(σµσ̄ν +

σν σ̄µ)∂µ∂ν = gµν∂µ∂ν = so

( +m2)χ = 0 (1.13)

(b) Take the complex conjugate of the action

S∗ =
∫
d4x

(
+χT iσ̄µ∗∂µχ∗ − im

2
(
χ†σ2χ∗ − χTσ2χ

))

=
∫
d4x

(
−i∂µχ†σ̄µχ+

im

2
(
χTσ2χ− χ†σ2χ∗)) (1.14)

where for the kinetic term we transposed the matrix (note that σ̄ is hermitian).
The mass term is the same. Consider,

S − S∗ =
∫
d4x
(
iχ†σ̄µ∂µχ+ i∂µχ

†σ̄µχ
)

=
∫
d4xi∂µ

(
χ†σ̄µχ

)
= 0

(1.15)
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as this is a total derivative.

To find the equations of motion, vary the action with respect to χ remembering
to treat δχ as a Grassman variable and to treat χ and χ∗ independently.

δS =
∫
d4x

(
χ†iσ̄µ∂µδχ+

im

2
(
δχTσ2χ+ χTσ2δχ

)
δχ†iσ̄µ∂µχ− im

2
(
δχ†σ2χ∗ + χ†σ2δχ∗))

=
∫
d4x
((−i∂µχ†σ̄µ + imχTσ2

)
δχ+ δχ† (iσ̄µ∂µχ− imσ2χ∗))

(1.16)

Setting the variation to zero gives the Majorana equation and the h.c. of the
Majorana equation.

(c) The Dirac action is

SD =
∫
d4xψ̄ (iγµ∂µ −m)ψ

=
∫
d4x
(
−iχT2 σ2 χ†

1

)( −m iσµ∂µ
iσ̄µ∂µ −m

)(
χ1

iσ2χ∗
2

)

=
∫
d4x
(
iχT2 σ̄

Tµ∂µχ
∗
2 + iχ†1σ̄

µ∂µχ1 + im
(
χT2 σ2χ1 − χ†

1σ
2χ∗

2

))
(1.17)

taking the transpose of the first term and integrating by parts,

SD =
∫
d4x
(
iχ†2σ̄

µ∂µχ2 + iχ†1σ̄
µ∂µχ1 + im

(
χT2 σ2χ1 − χ†

1σ
2χ∗

2

))
(1.18)

The equations of motion that come from this action are,

iσ̄µ∂µχ1 − imσ2χ∗
2 = 0

iσ̄µ∂µχ2 − imσ2χ∗
1 = 0

(1.19)

(d) The divergence of the current for the Majorana theory is

∂µj
µ = ∂µχ

†σ̄µχ+ χ†σ̄µ∂µχ

= m(χTσ2χ+ χ†σ2χ∗)
(1.20)

where we used the Majorana equation of motion and its Hermitian conjugate.
We see that this is only a conserved current if m = 0.
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The divergence of the current for the Dirac theory is,

∂µj
µ = ∂µχ

†
1σ̄

µχ1 + χ†
1σ̄

µ∂µχ1 − ∂µχ†
2σ̄

µχ2 + χ†
2σ̄

µ∂µχ2

= m(χT2 σ
2χ1 + χ†

1σ
2χ∗

2 − χT1 σ2χ2 − χ†
2σ

2χ∗
1) = 0

(1.21)

where in the last step we used Eqs. (1.19). This is a conserved current and is
associated with the global symmetry,

χ1 → eiαχ1

χ2 → e−iαχ2

(1.22)

For the Dirac theory we can see that the U(1) symmetry in Eq. (1.22) can be
written as an 0(2) symmetry by changing to the fields

φ1 = (χ1 + χ2)/
√

2

φ2 = i(χ1 − χ2)/
√

2
(1.23)

such that for infinitesimal U(1) transformations,

φ1 → φ1 + αφ2

φ2 → φ2 − αφ1

(1.24)

The Dirac action in terms of φ1 and φ2 is,

SD =
∫
d4x

(
iφ†1σ̄

µ∂µφ1 + iφ†2σ̄
µ∂µφ2 +

im

2

(
φT1 σ2φ1 + φT2 σ2φ2 − φ†1σ2φ∗1 − φ†2σ2φ∗2

))
(1.25)

We generalize this O(2) theory to an O(N) theory,

SD =
∫
d4x

N∑
j=1

(
iχ†j σ̄

µ∂µχj +
im

2

(
χTj σ2χj − χ†

jσ
2χ∗

j

))
(1.26)

The action is invariant under

χj → χ′
j = Ojiχi (1.27)

for any N ×N orthogonal matrix OOT = 1. The currents are
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Jµij = iχ†i σ̄
µχj + c.c (1.28)

where the indicies ij are antisymmetric, so there are N(N − 1)/2 currents.

(e) To quantize the Majorana theory we simply realize that the Majorana theory
is equivalent to the Dirac theory with an extra constraint χ1 = χ2 or

ψ∗ = −iγ2ψ (1.29)

Then the Majorana action is half the Dirac action,

SM =
1
2
SD|χ1=χ2 (1.30)

The anti-commutation relations follow, and the Hamiltonian,

HM =
1
2
HD|χ1=χ2 = −

∫
d3x

(
iχ†σi∂iχ− im

2
(
χTσ2χ− χ†σ2χ∗)) (1.31)

Consider the expansion for the Dirac field,

ψ(x) =
[

χ
iσ2χ∗

]
=
∫

d3p

(2π)3
1√
2Ep

(
aspu

s
pe

−ip·x + b†sp v
s
pe
ip·x) , (1.32)

where asp and bsp have the usual anticommutation relations. And

usp =
(√

p · σ ξs√
p · σ ξs

)
, vsp =

( √
p · σ ηs

−√
p · σ ηs

)
. (1.33)

This yields the constraint,

asp
√
p · σξs = bsp(σ

2
√
p · σ̄∗σ2)(iσ2ηs∗) . (1.34)

But σ2
√
p · σ̄∗σ2 =

√
p · σ. Therefore we must have

asp = bsp, ξs = iσ2ηs∗ . (1.35)

Substituting this, we find the full expression for the quantized Majorana field:

χ(x) =
∫

d3p

(2π)3

√
p · σ√
2Ep

(
aspiσ

2ηs∗e−ip·x + as†p η
seip·x

)
. (1.36)

The Hamiltonian for the Majorana theory could be found by substituting the above
expansion in Eq. (1.31). This is tedious, so we simply note that the result should
be one half times the Hamiltonian of the Dirac theory with the constraint asp = bsp,

HM =
∫

d3p

(2π)3
Ep
∑
s

as†p a
s
p , (1.37)

ignoring the zero-point energy. This is the required diagonalization.
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Problem 2: Supersymmetry (Peskin & Schroeder, Problem 3.5) (15
points)¶

(a) We would like to show that the Lagrangian density,

L = ∂µφ
∗∂µφ+ χ†iσ̄µ∂µχ+ F ∗F , (2.1)

is invariant (up to a total divergence) under the infinitesimal transformation,

δφ = −iεTσ2χ

δχ = εF + σµ∂µφσ
2ε∗

δF = −iε†σ̄µ∂µχ
(2.2)

where ε is a 2-component spinor of Grassmann numbers. (The sign of the second
term in the δχ equation was misprinted in the earliest edition of Peskin & Schroeder,
but it is shown correctly above and in all recent editions.) Note that this trans-
formation is a supersymmetry, in the sense that it mixes bosons and fermions: the
change in each Bose field is proportional to a Fermi field, and the change in each
Fermi field is proportional to a Bose field.

The variation of the Lagrangian density is then

δL = ∂µ(δφ∗)∂µφ+∂µφ∗∂µ(δφ)+(δχ†)iσ̄µ∂µχ+χ†iσ̄µ∂µ(δχ)+(δF )∗F +F ∗(δF ) .
(2.3)

Before evaluating this formula, it will be useful to review a few basic rules for
the manipulations. The equations involve σµ and σ̄µ, so we recall that σµ = (1, �σ),
σ̄µ = (1,−�σ), and that

{σµ , σ̄ν} = {σν , σ̄µ} = 2gµν , (2.4a)

[σµ , σ̄ν ] = − [σν , σ̄µ] , (2.4b)

σ̄µσν =
1
2
{σ̄µ , σν} +

1
2

[σ̄µ , σν ] = gµν +
1
2

[σ̄µ , σν ] , (2.4c)

σν σ̄µ =
1
2
{σν , σ̄µ} +

1
2

[σ̄µ , σν ] = gµν +
1
2

[σν , σ̄µ] , (2.4d)

σ2σµ∗σ2 = σ̄µ . (2.4e)

We will also need to take the complex conjugate of expressions involving Grass-
mann variables, so we must remember that the complex conjugate of a Grassmann
expression is defined to reverse the order of the variables, simulating the effect of
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the adjoint of an operator expression. So, if α and β are Grassmann vectors, and
M is a c-number matrix, then

(αTMβ)∗ =
∑
ij

(αiMijβj)∗ =
∑
ij

β∗jM
∗
ijα

∗
i =

∑
ij

β∗jM
†
jiα

∗
i = β†M †α∗ . (2.5)

We can alternatively write

(αTMβ)∗ =
∑
ij

β∗jM
∗
ijα

∗
i = −

∑
ij

α∗
iM

∗
ijβ

∗
j = −α†M∗β∗ , (2.6)

but we will usually find the identity (2.5) more useful, since many of the matrices
of interest will be self-adjoint, making Eq. (2.5) easy to evaluate.

Using these rules, we find
δφ∗ = iχ†σ2ε∗ ,

δχ† = F ∗ε† + εTσ2σµ∂µφ
∗ ,

δF ∗ = i∂µχ
†σ̄µε .

(2.7)

Inserting Eqs. (2.2) and (2.7) into Eq. (2.3), we generate an 8-term equation, where
for reference we label the 8 terms with the letters A through H:
δL = ∂µ[iχ†σ2ε∗]∂µφ︸ ︷︷ ︸

A

+ ∂µφ∗∂µ[−iεTσ2χ]︸ ︷︷ ︸
B

+F ∗ε†iσ̄µ∂µχ︸ ︷︷ ︸
C

+ εTσ2σν∂νφ
∗iσ̄µ∂µχ︸ ︷︷ ︸

D

+ χ†iσ̄µ∂µ[εF ]︸ ︷︷ ︸
E

+χ†iσ̄µ∂µ[σν∂νφσ2ε∗]︸ ︷︷ ︸
F

+ i∂µχ†σ̄µεF︸ ︷︷ ︸
G

+F ∗[−iε†σ̄µ∂µχ]︸ ︷︷ ︸
H

.

(2.8)
Now we must try to combine like terms, noticing for example that the terms A and
F are the only terms that depend on χ† and φ. So,

A+ F = i∂µφ∂µχ
†σ2ε∗ + i∂2

µνφχ
†σ̄µσνσ2ε∗

= i∂µφ∂µχ
†σ2ε∗ + igµν∂2

µνφχ
†σ2ε∗

= ∂µ[i∂µχ†σ2ε∗] ,

(2.9)

where we have used identity (2.4c), followed by the recognition from identity (2.4b)
that the commutator is antisymmetric in µ and ν, and hence vanishes when con-
tracted with ∂2

µνφ. Continuing,

B +D = −i∂µφ∗εTσ2∂µχ+ i∂νφ
∗εTσ2σν σ̄µ∂µχ

= −i∂µφ∗εTσ2∂µχ+ i∂µφ∗εTσ2∂µχ+
i

2
∂νφ

∗εTσ2 [σν , σ̄µ] ∂µχ

= ∂µ

[
i

2
∂νφ

∗εTσ2 [σν , σ̄µ]χ
]
. (2.10)

C +H = iF ∗ε†σ̄µ∂µχ− iF ∗ε†σ̄µ∂µχ = 0 . (2.11)

E +G = i∂µFχ
†σ̄µε+ iF∂µχ

†σ̄µε = ∂µ[iFχ†σ̄µε] . (2.12)
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(Note that the final expression in Eq. (2.10) could just as well have been written as

∂ν

[
i

2
φ∗εTσ2 [σν , σ̄µ] ∂µχ

]
,

so both answers would be correct.) Putting all the terms together,

δL = ∂µ

{
iFχ†σ̄µε+ i∂µφχ†σ2ε∗ +

i

2
∂νφ

∗εTσ2 [σν , σ̄µ]χ
}

. (2.13)

(b) The mass term is described by

∆L =
[
mφF +

i

2
mχTσ2χ

]
+ c.c. (2.14)

We can express its variation under the supersymmetry transformation of Eq. (2.2)
as follows, where again I label the terms for future reference:

δ∆L =
{
mδφF +mφδF +

i

2
m(δχ)Tσ2χ+

i

2
mχTσ2 δχ

}
+ c.c.

=
{
m[−iεT σ2χ]F︸ ︷︷ ︸

A

+mφ[−iε†σ̄µ∂µχ]︸ ︷︷ ︸
B

+
i

2
m[FεT ]σ2χ︸ ︷︷ ︸

C

+
i

2
m
[
(σµ∂µφσ2ε∗)T

]
σ2χ︸ ︷︷ ︸

D

+
i

2
mχTσ2[εF ]︸ ︷︷ ︸

E

+
i

2
mχTσ2[σµ∂µφσ2ε∗]︸ ︷︷ ︸

F

}
+ c.c. .

(2.15)

Note that terms A, C, and E are proportional to ε (or εT ), while B, D, and F are
proportional to ε∗ (or ε†), so we should consider these groups separately. A and C
are identical in form, both proportional to εTσ2χ. E is proportional to χTσ2ε, but
the two expressions can be related:

χTσ2ε =
∑
ij

χiσ
2
ijεj = −

∑
ij

εjσ
2
ijχi = −εT (σ2)Tχ = εTσ2χ . (2.16)

With this equality, one can see immediately that A + C + E = 0. Then D can be
simplified by

D =
i

2
m(σµ∂µφσ2ε∗)Tσ2χ =

i

2
m∂µφε

†(σ2)T (σµ)Tσ2χ . (2.17)
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But (σ2)T = −σ2 and (σµ)T = σµ∗, so

D = − i
2
m∂µφε

†σ2σµ∗σ2χ = − i
2
m∂µφε

†σ̄µχ , (2.18)

where we have used identity (2.4e). Then we can rewrite F in a form that resembles
B and D:

F =
i

2
mχTσ2σµ∂µφσ

2ε∗ = − i
2
m∂µφε

†(σ2)T (σµ)T (σ2)Tχ

= − i

2
m∂µφε

†σ2σµ∗σ2χ = − i
2
m∂µφε

†σ̄µχ = D .

(2.19)

With these simplifications, one can immediately see that

δ∆L = B +D + F = ∂µ[−imφε†σ̄µχ] . (2.20)

The Euler-Lagrange equations for F and F ∗ are

∂L

∂F
= 0 =⇒ F ∗ = −mφ

∂L

∂F ∗ = 0 =⇒ F = −mφ∗.
(2.21)

Substituting these expressions for F and F ∗ in L + ∆L , one finds

L = ∂µφ
∗∂µφ+ χ†iσµ∂µχ+m2φ∗φ−m2φφ∗ −m2φ∗φ+

im

2
[
χTσ2χ− χ†σ2χ∗]

L = ∂µφ
∗∂µφ+ χ†iσ̄µ∂µχ−m2φ∗φ+

im

2
[
χTσ2χ− χ†σ2χ∗] ,

(2.22)
which is a Lagrangian with mass terms for both φ and χ with the same mass m.

(c) Now we generalize the theory to include n complex scalar fields φi(x), and n
Weyl fermion fields χi(x), and we also modify the Lagrangian density by adding
the following expression to the free field Lagrangian density of part (a):

∆L =
{
Fi
∂W [φ]
∂φi

+
i

2
∂2W [φ]
∂φi∂φj

χTi σ
2χj

}
+ c.c. , (2.23)
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where W [φ] is an arbitrary function of the φi, called the superpotential. At this
stage we have a full, interacting supersymmetric field theory. The supersymmetry
transformation is still described by ε, a single 2-component spinor of Grassmann
numbers, with Eq. (2.2) replaced by the generalization

δφi = −iεTσ2χi

δχi = εFi + σµ∂µφi σ
2ε∗

δFi = −iε†σ̄µ∂µχi .
(2.24)

The free field part of the Lagrangian density is supersymmetric as before since
it is simply n copies of the original Lagrangian. For the interacting piece of the
Lagrangian density, we calculate the variation under the supersymmetry trans-
formation as follows. For brevity, we introduce the notation Wi ≡ ∂W/∂φi,
Wij ≡ ∂2W/∂φi∂φj , etc., which allows us to rewrite the interacting piece of the
Lagrangian density as

∆L = FiWi +
i

2
Wij

(
χTi σ

2χj
)

+ c.c. . (2.25)

The variation is then given by

δ∆L = δFiWi + FiWijδφj +
i

2
Wij

(
δχTi σ

2χj + χTi σ
2δχj

)
+
i

2
Wijkδφk

(
χTi σ

2χj
)

+ c.c.

= δFiWi + FiWijδφj + iWij

(
δχTi σ

2χj
)

+
i

2
Wijkδφk

(
χTi σ

2χj
)

+ c.c.

= −iWi

(
ε†σ̄µ∂µχi

)︸ ︷︷ ︸
A

−iFiWij

(
εTσ2χj

)︸ ︷︷ ︸
B

+ iFiWij

(
εTσ2χj

)︸ ︷︷ ︸
C

+ iWij

([
σµ∂µφiσ

2ε∗
]T
σ2χj

)
︸ ︷︷ ︸

D

+
1
2
Wijk

(
εTσ2χk

) (
χTi σ

2χj
)

︸ ︷︷ ︸
E

+c.c. .

(2.26)
To proceed, simplify D by

D = iWij∂µφiε
†(σ2)T (σµ)Tσ2χj = −iWij∂µφiε

†σ2σµ∗σ2χj

= −iWij∂µφiε
†σ̄µχj .

(2.27)

Now one can see that A +D = ∂µ(−iWijφiε
†σ̄µχj), and obviously B and C can-

cel. This leaves term E, and there are a variety of ways to show that E vanishes
identically. The easiest is to imagine writing χi explicitly as a 2-component spinor,

χi ≡
(
χ1
i

χ2
i

)
,
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and expanding E explicitly in terms of χ1
i and χ2

i . Each term will involve the
product of three χ fields, so at least two of them will always have the same upper
index. But χai χ

a
j = −χajχai , so each term will be antisymmetric in two out of the

three indices i, j, and k, and will therefore give a vanishing contribution when
contracted with the fully symmetric Wijk. Thus,

δ∆L = ∂µ(−iWijφiε
†σ̄µχj) , (2.28)

so the theory is supersymmetric as advertised.

Finally, let us derive the equations of motions for φi, χi, Fi. The Euler-Lagrange
equations become

φ∗i = Fj
∂2W

∂φi∂φj
+
i

2
∂3W

∂φi∂φj∂φk
χTj σ

2χk ,

σµ∂µχi =
[
∂2W

∂φi∂φj

]∗
σ2χ∗

j ,

and

Fi = −
(
∂W

∂φi

)∗
.

(2.29)

With the choice n = 1 and W = gφ3/3, we find the field equations:

F = −
(
∂W

∂φ

)∗
= −(gφ2)∗ ,

φ = F ∗ ∂
2W

∂φ2
− i

2
∂3W

∂φ3
χ†σ2χ∗

= −2φ|gφ|2 − igχ†σ2χ∗ ,

iσ · ∂χ = 2igφ∗σ2χ∗ .

(2.30)

Problem 3: P, C, and T for Scalar and Dirac theories (Peskin &
Schroeder, Problem 3.7) (10 points)§

(a) We assume that ηa = 1 (see Peskin and Schroeder 3.123) and P 2 = 1. Then

Pψ̄σµνψP = Pψ̄PσµνPψP

= ψ̄γ0σµνγ0ψ,
(3.1)
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using Peskin and Schroeder 3.126 and 3.128. Direct computation reveals that

γ0σ0iγ0 = −σ0i and γ0σijγ0 = σij .

So
Pψ̄σµνψP = (−1)µ(−1)νψ̄σµνψ.

Next,
T ψ̄σµνψT = T ψ̄T (σµν)∗TψT

= ψ̄(γ1γ3)(σµν)∗(−γ1γ3)ψ
(3.2)

from Peskin and Schroeder 3.139 and 3.140. Using

γ1γ3(γµ)∗ = (−1)µγµγ1γ3, (3.3)

we obtain

(γ1γ3)(σµν)∗(−γ1γ3) = (γ1γ3)
−i
2

[(γµ)∗, (γν)∗](−γ1γ3)

= (−1)µ(−1)ν
−i
2

[γµ, γν](γ1γ3)(−γ1γ3)

= (−1)µ(−1)ν
−i
2

[γµ, γν]

= −(−1)µ(−1)νσµν .

(3.4)

Thus,
T ψ̄σµνψT = −(−1)µ(−1)νψ̄σµνψ. (3.5)

Finally, we use Peskin and Schroeder 3.145 and 3.146 to calculate

Cψ̄σµνψC = Cψ̄CσµνCψC

= (−iγ0γ2ψ)Tσµν(−i)(ψ̄γ0γ2)T

= −ψT (γ2)T (γ0)Tσµν(γ2)T (γ0)T ψ̄T

= ψ̄γ0γ2(σµν)T γ0γ2ψ,

(3.6)

where we have used the anticommutation of Grassmann numbers in the last
line. Now use γ0γ2(γµ)T = −γµγ0γ2 to show γ0γ2(σµν)T γ0γ2 = −σµν , and
conclude

Cψ̄σµνψC = −ψ̄σµνψ.

(b)

φ(x) =
∫

d3p

(2π)3
1√
2Ep

(a(�p)eip·x + b†(�p)e−ip·x)
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The natural definitions of C, P , and T are

Ca(�p)C = b(�p),

Pa(�p)P = a(−�p),
Ta(�p)T = a(−�p),
Cb(�p)C = a(�p), (3.7)

Pb(�p)P = b(−�p),
and

Tb(�p)T = b(−�p),
where T is anti-unitary. Then

Cφ(t, �x)C =
∫

d3p

(2π)3
1√
2Ep

(b(�p)eip·x + a†(�p)e−ip·x)

= φ∗(t, �x)

(3.8)

and

Pφ(t, �x)P =
∫

d3p

(2π)3
1√
2Ep

(a(−�p)eip·x + b†(−�p)e−ip·x)

=
∫

d3p

(2π)3
1√
2Ep

(a(�p)ei(p
0t−�p·(−�x)) + b†(�p)e−i(p

0t−�p·(−�x))

= φ(t,−�x)

(3.9)

and

Tφ(t, �x)T =
∫

d3p

(2π)3
1√
2Ep

(a(−�p)e−ip·x + b†(−�p)eip·x)

=
∫

d3p

(2π)3
1√
2Ep

(a(�p)e−i(p
0t−�p·(−�x)) + b†(�p)ei(p

0t−�p·(−�x))

=
∫

d3p

(2π)3
1√
2Ep

(a(�p)ei(p
0(−t)−�p·�x) + b†(�p)e−i(p

0(−t)−�p·�x)

= φ(−t, �x).

(3.10)

Good. Now check
C :Jµ(t, �x) :C = C : i(φ∗∂µφ− ∂µφ∗φ)(t, �x) :C

= i(Cφ∗C :C∂µφC − C∂µφ∗C :CφC)(t, �x)

= i(φ∂µφ∗ − ∂µφφ∗)(t, �x)

= −Jµ(t, �x).

(3.11)
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And using P∂µP = (−1)µ we get

P : Jµ(t, �x) :P = i(φ∗(−1)µ∂µφ− (−1)µ∂µφ∗φ)(t,−�x)

= (−1)µJµ(t,−�x).
(3.12)

And using T∂µT = −(−1)µ we get

T :Jµ(t, �x) :T = −i(φ∗(−1)(−1)µ∂µφ− (−1)(−1)µ∂µφ∗φ)(−t, �x)

= (−1)µJµ(−t, �x) .
(3.13)

.
(c) A Hermitian, Lorentz-invariant, local operator containing φ will always also

contain φ†. Likewise, ψ will always be accompanied by ψ̄. Any Lorentz index
µ, as in γµ or ∂µ, will always be contracted with another µ. We see from the
table on page 71 of Peskin and Schroeder that this will always give something
even under CPT.

Problem 4 (Extra Credit): Decay of a Scalar Particle (Peskin &
Schroeder, Problem 4.2) (10 points extra credit)‡

The interaction Hamiltonian is

HI =
∫
d3x µΦIφIφI .

It is useful to remember that the free Hamiltonian being bilinear in the derivatives of
the fields sets the dimension (in powers of mass) of the scalar fields to 1. Therefore
the parameter µ must be of dimension 1 too. The lowest order Feynman diagram is
a vertex with one Φ leg and two φ legs, which yields −2iµ. Thus the matrix element
M = −2µ. From Peskin and Schroeder Eq. (4.86),

Γ =
1
2

1
2M

∫
d3p1
(2π)3

d3p2
(2π)3

1
2E1

1
2E2

(2µ)2(2π)4 δ(4)(P − p1 − p2) ,

where the factor 1/2 in front arises because the product particles are identical. Let
us assume that the decaying particle is at rest, with 4-momentum P = (M, 0, 0, 0).
Then the momenta and energies of the product particles are given by �p2 = −�p1,
E1 = E2 =

√
m2 + p21. Now the calculation is straightforward:

Γ =
µ2

4M

∫
d3p

(2π)2
1

m2 + p2
δ(M − 2

√
m2 + p2)

=
µ2

4πM

∫
dp

p2

m2 + p2
δ(M − 2

√
m2 + p2)

=
µ2

8πM

√
1 − 4m2

M2
.

We see that Γ has the dimension of a mass as it should, the lifetime is given by
τ = 1/Γ. The fact that the formula gives an imaginary value for M < 2m reflects
the kinematical fact that a particle cannot decay in two particles whose combined
rest mass is greater than its mass.
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Problem 5 (Extra Credit): The Linked Cluster Theorem (10 points extra
credit)⊗

(a) There are four proper partitions of {1, 2, 3}:

{1}, {2, 3}; {2}, {1, 3}; {3}, {1, 2}; {1}, {2}, {3} .
Writing out the definition explicitly,

〈ABC〉c = 〈ABC〉 − 〈A〉c 〈BC〉c − 〈B〉c 〈AC〉c − 〈C〉c 〈AB〉c − 〈A〉c 〈B〉c 〈C〉c .
Now use

〈AB〉c = 〈AB〉 − 〈A〉 〈B〉 and 〈A〉c = 〈A〉 ,
so

〈ABC〉c = 〈ABC〉 − 〈A〉 〈BC〉 − 〈B〉 〈AC〉 − 〈C〉 〈AB〉 + 2 〈A〉 〈B〉 〈C〉 .

(5.1)
We obtain an expression for

〈
A3
〉
c

by setting B = A and C = A in the above
expression: 〈

A3
〉
c

=
〈
A3
〉− 3 〈A〉 〈A2

〉
+ 2 〈A〉3 . (5.2)

(b) We will use mathematical induction on the sum

J ≡ m+ n . (5.3)

We start with J = 2, for which the only choice with m ≥ 1 and n ≥ 1 is m = 1,
n = 1. The statement we are trying to prove,

〈Ai1 . . .Aim Bj1 . . .Bjn
〉c = 0 , (5.4)

reduces to
〈AB〉c = 〈AB〉 − 〈A〉 〈B〉 = 0 , (5.5)

which is certainly true by Eq. (5.4) of the problem set. To use induction, we now
assume that Eq. (5.4) of these solutions is valid for all J < J0, and we show that it
must then hold for J = J0. So we consider the quantity 〈Ai1 . . .Aim Bj1 . . .Bjn

〉c,
where m+ n = J0, which must be shown to vanish. By definition,

〈Ai1 . . .Aim Bj1 . . .Bjn
〉c = 〈Ai1 . . .Aim Bj1 . . .Bjn

〉

−
∑

all proper
partitions of
{1, . . . , J0}

〈 ∏
i,j∈S1

AiBj

〉
c

. . .

〈 ∏
i,j∈Sk

AiBj

〉
c

.

(5.6)
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All the connected expectation values on the right-hand side have fewer than J0

factors, and therefore the induction hypothesis implies that the only nonzero con-

tributions come from terms which separately partition the Ai’s and the Bj ’s. That

is, 〈∏AiBj〉c = 0 if the product includes both Ai factors and Bj factors. Thus,

Eq. (5.6) reduces to

〈Ai1 . . .Aim Bj1 . . .Bjn
〉c = 〈Ai1 . . .Aim Bj1 . . .Bjn

〉

−
∑

all partitions
of {1, . . . , m}

〈∏
i∈S1

Ai

〉
c

. . .

〈∏
i∈Sk

Ai

〉
c

×
∑

all partitions
of {1, . . . , n}

〈∏
j∈S′

1

Bj

〉
c

. . .

〈 ∏
j∈S′

k′

Bj

〉
c

,

which by the definition of connected parts reduces to

= 〈Ai1 . . .Aim Bj1 . . .Bjn
〉 − 〈Ai1 . . .Aim〉 〈Bj1 . . .Bjn

〉 ,

= 0 , (5.7)

where the last line follows from Eq. (5.4) of the problem set.

(c) Expanding the LHS of Eq. (5.8) of the problem set through third order,

〈
e

∑
i
λiAi

〉
= 1 +

∑
i

λi 〈Ai〉+
1
2!

∑
ij

λiλj 〈AiAj〉+
1
3!

∑
ijk

λiλjλk 〈AiAjAk〉 + . . . .

(5.8)

The argument of the exponential on the RHS can be expanded similarly, so

〈
e

∑
i
λiAi

〉
c̄
−1 =

∑
i

λi 〈Ai〉c̄+
1
2!

∑
ij

λiλj 〈AiAj〉c̄+
1
3!

∑
ijk

λiλjλk 〈AiAjAk〉c̄+. . . ,

(5.9)
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so the RHS can be rewritten as

RHS = exp
{〈
e

∑
i
λiAi

〉
c̄
− 1
}

= 1

+


∑

i

λi 〈Ai〉c̄ +
1
2!

∑
ij

λiλj 〈AiAj〉c̄ +
1
3!

∑
ijk

λiλjλk 〈AiAjAk〉c̄ + . . .




+
1
2!


∑

i

λi 〈Ai〉c̄ +
1
2!

∑
ij

λiλj 〈AiAj〉c̄ +
1
3!

∑
ijk

λiλjλk 〈AiAjAk〉c̄ + . . .




2

+
1
3!


∑

i

λi 〈Ai〉c̄ +
1
2!

∑
ij

λiλj 〈AiAj〉c̄ +
1
3!

∑
ijk

λiλjλk 〈AiAjAk〉c̄ + . . .




3

+ . . . .
(5.10)

Now rearrange the terms on the RHS to organize them by powers of the λi:

RHS = 1 +
∑
i

λi 〈Ai〉c̄ +
1
2!

∑
ij

λiλj
[〈AiAj〉c̄ + 〈Ai〉c̄ 〈Aj〉c̄

]

+
1
3!

∑
ijk

λiλjλk
[〈AiAjAk〉c̄ + 3 〈AiAj〉c̄ 〈Ak〉c̄ + 〈Ai〉c̄ 〈Aj〉c̄ 〈Ak〉c̄

]
+ . . . .

(5.11)
By comparing like powers in Eqs. (5.8) and (5.11), one has

〈Ai〉 = 〈Ai〉c̄
〈AiAj〉 = 〈AiAj〉c̄ + 〈Ai〉c̄ 〈Aj〉c̄

〈AiAjAk〉 = 〈AiAjAk〉c̄ + 〈AiAj〉c̄ 〈Ak〉c̄ + 〈AiAk〉c̄ 〈Aj〉c̄ + 〈AjAk〉c̄ 〈Ai〉c̄
+ 〈Ai〉c̄ 〈Aj〉c̄ 〈Ak〉c̄ ,

(5.12)

where one must remember to symmetrize 3 〈AiAj〉c̄ 〈Ak〉c̄ on the right-hand side of
Eq. (5.11) before equating it with the coefficient of λiλjλk on the other side of the
equation. Using these relationships, one has immediately that

〈AiAj〉c̄ = 〈AiAj〉 − 〈Ai〉 〈Aj〉 = 〈AiAj〉c , (5.13)

and

〈AiAjAk〉c̄ = 〈AiAjAk〉 − 〈AiAj〉 〈Ak〉 − 〈AiAk〉 〈Aj〉 − 〈AjAk〉 〈Ai〉 + 2 〈Ai〉 〈Aj〉 〈Ak〉
= 〈AiAjAk〉c , (5.14)
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as desired.

(d) Here we assume that Eq. (5.13) of the problem set,

〈A1 . . .ANe
B〉 = exp

{〈
eB
〉
c̄
− 1
}

×
∑

all partitions
of {1, . . . , N}
into subsets

〈(∏
i∈S1

Ai

)
eB

〉
c̄

· · ·
〈(∏

i∈Sk

Ai

)
eB

〉
c̄

, (5.15)

with

B ≡
M∑
i=1

λiAi , (5.16)

holds as written for some value of N . By differentiating both sides with respect to
λN+1, we must show that the equation also holds when N is replaced by N + 1.

Differentiating the left-hand side gives immediately

∂(LHS)
∂λN+1

=
〈
A1 . . .ANAN+1e

B
〉
, (5.17)

as desired.

To differentiate the RHS, note first that there exists a simple iterative method
of generating all partitions of {1, . . . , N + 1}. One starts with the partitions of
{1, . . . , N}. For any partition of {1, . . . , N} into k subsets S1, . . . , Sk, one can
generate k + 1 partitions of {1, . . . , N + 1} by appending (N + 1) to any of the
subsets Si (i = 1, . . . , k), or by creating an Sk+1 which contains only (N + 1). By
this method each partition of {1, . . . , N + 1} is generated exactly once.

Now apply (∂/∂λN+1) to the RHS of Eq. (5.15). Consider a term in the sum
corresponding to the partition of {1, . . . , N} into k subsets S1, . . . Sk. Note that
when the derivative acts on any one of the k factors within the sum, it generates
a new term which corresponds to appending (N + 1) to the corresponding subset
Si. When the derivative acts on the prefactor exp

{〈
eB
〉
c
− 1
}

, it generates a term
equal to the original expression multiplied by

〈
AN+1e

B
〉
c
, corresponding to the

partition in which (N+1) belongs to a new subset Sk+1. Thus we generate one term
corresponding to each partition of {1, . . . , N+1}, proving the induction hypothesis:

〈A1 . . .AN+1e
B〉 = exp

{〈
eB
〉
c̄
− 1
}

×
∑

all partitions
of {1, . . . , N + 1}

into subsets

〈(∏
i∈S1

Ai

)
eB

〉
c̄

· · ·
〈(∏

i∈Sk

Ai

)
eB

〉
c̄

.

(5.18)
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(e) When all the λi are set to zero, Eq. (5.13) of the problem set, or Eq. (5.15) of
these solutions, becomes

〈A1 . . .AN 〉 =
∑

all partitions
of {1, . . . , N}
into subsets

〈(∏
i∈S1

Ai

)〉
c̄

· · ·
〈(∏

i∈Sk

Ai

)〉
c̄

. (5.19)

The RHS includes the partition in which all integers {1 . . .N} are in the same set
S1, which gives the term 〈A1 . . .AN 〉c̄. Separating out this term and bringing the
rest to the opposite side of the equation, one has

〈A1 . . .AN 〉c̄ = 〈A1 . . .AN 〉

−
∑

all proper
partitions of
{1, . . . , N}

〈∏
i∈S1

Ai

〉
c̄

. . .

〈∏
i∈Sk

Ai

〉
c̄

, (5.20)

which is identical to Eq. (5.3) of the problem set, which defines the connected
part 〈A1 . . .AN 〉c. Thus the c̄-connected parts obey the defining equation of the
c-connected parts, and therefore they are equal.

(f) In evaluating 〈
φ2(x1)φ2(x2)

〉 ≡ 〈0 ∣∣T{φ2(x1)φ2(x2)}∣∣ 0〉 , (5.21)

there are two forms of Wick contractions. One possibility is to contract each φ(x1)
with one of the φ(x2) factors. There are two ways to do this, since the first φ(x1)
can contract with either of the φ(x2) factors, and then the rest is determined. This
contraction therefore gives 2∆2

F (x1 − x2). The other possibility is to contract the
two φ(x1) factors, and the two φ(x2) factors, which can be done in only one way.
This gives ∆F (x1 − x1) × ∆F (x2 − x2) = ∆2

F (0) , so the sum is

〈
0
∣∣T{φ2(x1)φ2(x2)}∣∣ 0〉 = 2∆2

F (x1 − x2) + ∆2
F (0) . (5.22)

To evaluate the connected part, we must subtract〈
0
∣∣T{φ2(x1)}∣∣ 0〉 〈0 ∣∣T{φ2(x2)}∣∣ 0〉 = ∆2

F (0), which leaves

〈
0
∣∣T{φ2(x1)φ2(x2)}∣∣ 0〉

c
= 2∆2

F (x1 − x2) . (5.23)
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(g) We assume that the connected expectation value 〈A1 . . .AN 〉c can be evaluated
as the sum of all connected graphs for N < N0, and our goal is to show that it must
also be true for N = N0. A connected graph is one for which each Ai is connected to
every other Aj by a chain of contractions. The definition of a connected expectation
value is given by Eq. (5.3) of the problem set:

〈A1 . . .AN 〉c = 〈A1 . . .AN 〉

−
∑

all proper
partitions of
{1, . . . , N}

〈∏
i∈S1

Ai

〉
c

. . .

〈∏
i∈Sk

Ai

〉
c

. (5.24)

The first term on the RHS is the sum of all ways of carrying out the Wick contrac-
tions, or equivalently the sum of all graphs, which of course includes all connected
graphs. The second term, which contributes negatively, is a sum over all proper
partitions of {1 . . .N}, where the contribution for each proper partition is a product
of connected expectation values. Since each of these expectation values has fewer
than N0 factors, our induction hypothesis allows us to identify the connected ex-
pectation value with the corresponding sum of connected graphs. Now consider a
graph that contributes to 〈A1 . . .AN 〉 that is not connected, but instead consists of
k connected pieces, each of which is disconnected from the others. Each Ai must
then belong to one and only one connected piece, so the connected pieces define a
partition of the integers {1 . . .N}. If we let Si denote the set of integers for which
Ai is part of the i’th connected piece of the graph, then the graph can be seen to
be a contribution to 〈∏

i∈S1

Ai

〉
c

. . .

〈∏
i∈Sk

Ai

〉
c

. (5.25)

Thus, any disconnected graph that contributes to the first term on the RHS of
Eq. (5.24) is canceled by a graph that contributes to the sum that is subtracted on
the RHS of Eq. (5.24). Only the disconnected graphs are uncanceled, and hence
make a net contribution to 〈A1 . . .AN 〉c.

†Solution written by Tom Faulkner.
¶Solution written by Alan Guth, based on prior work by Tom Faulkner.
§Solution written by Joydip Kundu.
‡Solution written by Guido Festuccia.
⊗Solution written by Alan Guth.


