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PROBLEM SET 10 SOLUTIONS

Problem 1: Majorana Fermions (Peskin & Schroeder, Problem 3.4) (15
poz'mfs)Jr

(a) In a transformed frame the LHS of the Majorana equation of motion reads,

ia" 0, X (x") — imo®x* (2') (1.1)

where the primed quantities in the transformed frame are related to the unprimed
quantities in the original frame by a Lorentz transformation,

't = A" Y
xX'(z') = Apx(x) (1.2)
_ —1\v
8; =(A7)",0,
We must show that Eq. (1.1) is equal to 0 given the Majorana equation is satisfied
in the original frame.
ic"0, X' (') —imo®x* = ig* AL (A1), 8, x(z) — imo® A} X" (z) (1.3)

Now using the transformation property of the gamma matrices,

AThY Arjs = A,y (1.4)

0 ot
B
*= (o 7)

and in the Weyl representation

(1.5)
Avz_ (A 0
0 Ag
we can calculate the transformation property of the o,
A;Ll&’“‘AL = A" " (1.6)

Also from the explicit form of the Lorentz transformation on Left and Right Weyl
spinors,
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Az = exp (—z‘@ §/2 -3 5/2)

Ap = exp (—i@ 7/2+ 05 5/2)

it is easy to show that
0‘2/\20‘2 = AR

Using Eq. (1.6) and Eq. (1.8) in Eq. (1.3) we get,

i&“AL(A_l)”Hﬁyx(aj) —imo* A} x*(z) = Ag (16" 0, x(z) — imo®x*(z)) =0 (1.9)

To get the Klein Gordan equation, apply ¢”3d, to the Majorana equation and

using the fact that oo0t0y = #* we get
i0"5" 0,0, x — imazﬁl‘*aux*
The complex conjugate of the Majorana equation is
—i0" 0, X" — imo?yx =0
Plugging this in Eq. (1.10),

ot5”0,0,x + m2y =0

As the derivatives are symmetric in p < v we may write 0#6%0,,0, =

oa*)0,0, = g""0,0, =0 so

@ +m*)x=0

(b) Take the complex conjugate of the action

m
S* — /d4l’ <+XT7:UM*BMX* . 7 (XTO_ZX* . XTO_2X))

. _ m .
= /d4a: <—28HXTUHX + 5 (x"o®x — xTo?x ))

(1.10)

(1.11)

(1.12)

%(0“6” +

(1.13)

(1.14)

where for the kinetic term we transposed the matrix (note that & is hermitian).

The mass term is the same. Consider,

S — 8% = /d4x (iXTﬁ”ﬁux + i(?“XT&“X)

= /d%i@u (x'otx) =0

(1.15)
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as this is a total derivative.

To find the equations of motion, vary the action with respect to y remembering
to treat oy as a Grassman variable and to treat x and x* independently.

0S8 = /d4x <XTZ'6“(9H5X + % ((5XT02X + xT025x)
5o WM st 2% |t 25
oxigt 0, x — o (6xTo?x* + xTo?0x )) (1.16)
= /d4x ((—iBMXTﬁ” + imXTaz) Sx + ox' (i&”@ux — imazx*))

Setting the variation to zero gives the Majorana equation and the h.c. of the
Majorana equation.

(c) The Dirac action is
Sp = /d43mZ (iv"0, —m)
_ A, ( .o t -m  ioM0, X1
/d z(—ix3os x1) (i&”@u i oty (1.17)
= /d4x (iszéT“ﬁuxg + ixJ{&“a;Ja +1im <x2TJgX1 - XJ{JQX;))
taking the transpose of the first term and integrating by parts,
Sp = /d4x <ix£5“8uxg + Z'XJ£5“8uX1 +im (XzTale — XJ{UQX;)) (1.18)
The equations of motion that come from this action are,

i1 0, x1 — imo?xs =0

(1.19)
10" 02 — ima®x; =0
(d) The divergence of the current for the Majorana theory is
dug" = duxTatx + x13"9,x
! g g (1.20)

=m(x"o*x + xTo?x*)

where we used the Majorana equation of motion and its Hermitian conjugate.
We see that this is only a conserved current if m = 0.
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The divergence of the current for the Dirac theory is,
8uju = MXJ{a'MXl + Xiaua;ﬂﬂ - %X%“Xz + X;aﬂauXQ

T

(1.21)
= m(xdo®x1 + xTo*xs — xTo?x2 — xbox}) =0

where in the last step we used Egs. (1.19). This is a conserved current and is
associated with the global symmetry,

X1 — eio‘Xl
i (1.22)
X2 — € X2

For the Dirac theory we can see that the U(1) symmetry in Eq. (1.22) can be
written as an 0(2) symmetry by changing to the fields

¢1 = (x1+ x2)/V2

(1.23)
$2 = i(x1 — x2)/V2
such that for infinitesimal U(1) transformations,
¢1 — ¢1 + ¢
oo (1.24)
P2 — P2 — gy

The Dirac action in terms of ¢ and ¢ is,

. — . — m * *
Sp = / d'z (wﬂaﬂam +i0h5" 0,02 + T (T 0261 + 67 7262 — ol o?01 - ¢£a2¢2))
(1.25)
We generalize this O(2) theory to an O(N) theory,
al m
Sp = /d4xz <ix}a“8uxj + -5 (XJTUQXJ — X;02X;>) (1.26)
j=1
The action is invariant under
X5 — X; = OjiXi (1.27)

for any N x N orthogonal matrix OOT = 1. The currents are
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Ji; = iXTO_'qu +c.c (1.28)

(2

where the indicies ij are antisymmetric, so there are N(/N — 1)/2 currents.

(e) To quantize the Majorana theory we simply realize that the Majorana theory
is equivalent to the Dirac theory with an extra constraint y; = x» or

= —iyt) (1.29)
Then the Majorana action is half the Dirac action,
1
Su = §SD‘X1:X2 (1.30)

The anti-commutation relations follow, and the Hamiltonian,

1 im .
Hy = §HD|X1=X2 = —/d?’a: (zx 'Oy — 5 (X o?x — xTo?x )) (1.31)

Consider the expansion for the Dirac field,

d3 1 —ip-x S,.8 Z T
V() = [iJ%(X*] :/(QW];)B\/E(QZ“ZG b e ) (1.32)

where az and b;; have the usual anticommutation relations. And

(%2) U= (_%n;) : (1.33)

This yields the constraint,
ap\/p-0§° = bZ(UQ\/p ~*o?) (io*n®) . (1.34)
But 02\/p- 6702 = \/p- 0. Therefore we must have
S __ 18 2 s*
a, = by, £ =io“n (1.35)
Substituting this, we find the full expression for the quantized Majorana field:

d®p /p-o
x(x) = / (27:; \/];T (asio?n™ e " —|—a5TnSe”’ 7). (1.36)

The Hamiltonian for the Majorana theory could be found by substituting the above
expansion in Eq. (1.31). This is tedious, so we simply note that the result should
be one half times the Hamiltonian of the Dirac theory with the constraint a; = by,

d3
Hy = / —=E, Z astas (1.37)

ignoring the zero-point energy. This is the requlred diagonalization.
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Problem 2: Supersymmetry (Peskin & Schroeder, Problem 3.5) (15
poz'mfs)ﬂ

(a) We would like to show that the Lagrangian density,
L =0,6"0 ¢+ xTig"d,x + F*F, (2.1)
is invariant (up to a total divergence) under the infinitesimal transformation,

§¢ = —iel o2y
§x = €F + o"0,p o€ (2.2)
OF = —ic'a"d),x

where € is a 2-component spinor of Grassmann numbers. (The sign of the second
term in the dx equation was misprinted in the earliest edition of Peskin & Schroeder,
but it is shown correctly above and in all recent editions.) Note that this trans-
formation is a supersymmetry, in the sense that it mixes bosons and fermions: the
change in each Bose field is proportional to a Fermi field, and the change in each
Fermi field is proportional to a Bose field.

The variation of the Lagrangian density is then
0L =0,(6¢")0"d+0,0"0"(d¢) + (5XT)i6“8ux+xTi6“8u(5x) +(0F)*F+F*(0F).
(2.3)

Before evaluating this formula, it will be useful to review a few basic rules for
the manipulations. The equations involve o and &#, so we recall that o = (1, 7),
ot = (1,—0), and that

{o", 0"} ={o", 0"} = 29", (2.4a)
o, c"] = -0, a"] , (2.4b)
_ 1 — v ]‘ — v v 1 — v
0“0”25{0“,0}4-5[0“:0]:9” +§[Uu70]7 (2.4c)
— 1 v — ]‘ — v v 1 v -
0”0“25{0 ,U”}+§[0“:0]:gu "‘5[0 , o', (2.4d)
o?ot*o? =gt . (2.4e)

We will also need to take the complex conjugate of expressions involving Grass-
mann variables, so we must remember that the complex conjugate of a Grassmann
expression is defined to reverse the order of the variables, simulating the effect of
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the adjoint of an operator expression. So, if a and § are Grassmann vectors, and
M is a c-number matrix, then

(@"MB)* = (a;M;;3;)" ZQ*MZ% = ZQ*ML% =gtMTa* . (2.5)
ij
We can alternatively write

(" MB)* Zﬂ Mja; = =3 af M55 = —a M75" | (2.6)
%]

but we will usually find the identity (2.5) more useful, since many of the matrices
of interest will be self-adjoint, making Eq. (2.5) easy to evaluate.

Using these rules, we find
5% = ixTo?e
ox" = F*e + T o?0t0,0" (2.7)

OF™ = iBMXTﬁ”e .
Inserting Eqgs. (2.2) and (2.7) into Eq. (2.3), we generate an 8-term equation, where
for reference we label the 8 terms with the letters A through H:
0L = 9,[ixT o€ |0 4 0,¢* " [—ieT o x| + F*elig" 0, x + €’ 020D, ¢ i5" 0, x
5 < s ’
+ g(Ti(T“BM [eF]/-l— x'icta, [0”6y¢026*]1+3'8uXT5”6F/+\F* [—ie%”@ux]j )

-~ -~ -~

F G H

(2.8)
Now we must try to combine like terms, noticing for example that the terms A and
F are the only terms that depend on x' and ¢. So,

A+ F =i0"¢0,x o%e" + 7,32 JoxTatarole
= i0"p0,, yio2e* + zg“”@z oxTole* (2.9)
= 9, [i0"xTo%e] |
where we have used identity (2.4c), followed by the recognition from identity (2.4b)

that the commutator is antisymmetric in g and v, and hence vanishes when con-
tracted with 6ﬁygb. Continuing,

B+ D = —io"¢*e" 0?0, x + iﬁygb*eTUza”a“@uX
—i0t ¢ e’ 0?0, x + 10" ¢* el oD, x + 31/(?)* To? (0", 3" Oux
_ V¢* To? 0", 6" x| . (2.10)

C+H :iF*eTﬁ“aux—iF*eTﬁ“BMX: 0. (2.11)
E+G =i, Fx'ate +iFd,x'o"e = 9,[iFx 5"¢ . (2.12)
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(Note that the final expression in Eq. (2.10) could just as well have been written as

[ §o? [o" ,a“]aux} |

so both answers would be correct.) Putting all the terms together,

6 =9, {iFXTJ“e + 0" pxTo2e* + %0y¢*eTU2 0¥, o] X} ) (2.13)

(b) The mass term is described by

AY = [m¢F + %mxTJ2x} + c.c. (2.14)

We can express its variation under the supersymmetry transformation of Eq. (2.2)
as follows, where again I label the terms for future reference:

SAL = {m 0¢ F +me 6 F + %m(éx)TU2X + %mxTJQ 5><} +cc.

A B

= { m[—iel o X]F+m¢[ ie' 3"9,x]

) ) 2.1
4 %m[FeT]UQ)C-i-%m [(0M8M¢U26*)T] o2y (2.15)

J/ (. J/

-~

C D

+ %mXTJQ[eF] + %mxTaz[a"Buqb o?e*] } +c.c. .

—~ —~

E F

Note that terms A, C, and E are proportional to € (or €!'), while B, D, and F are
proportional to €* (or €f), so we should consider these groups separately. A and C
are identical in form, both proportional to e’ 0?y. E is proportional to x” o2e, but
the two expressions can be related:

xFo?e = inafjej =— Z ejafjxi = —l(oHTxy =To?x . (2.16)
ij ij
With this equality, one can see immediately that A+ C + E = 0. Then D can be
simplified by

D = sm(0"9,00%€) o = cmd,uoe (61T (0" 0% . (2.17)
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But (62)T = —¢? and (o*)T = o#*, so
1 1
D = —§maﬂ¢eT020”*02X = —EmauqbeT&“X , (2.18)

where we have used identity (2.4e). Then we can rewrite F' in a form that resembles
B and D:

F = %mxTUQJ“al@JQe* = —%m@LL(;SeT(JQ)T(U“)T(UQ)TX
. . (2.19)
= — %m@ugbeTaza“*UzX = —%m@uqﬁeT&“X =D.
With these simplifications, one can immediately see that
SAL = B+ D+ F = 9,[—imepe' a"y] . (2.20)
The Euler-Lagrange equations for F' and F* are
0
a—% =0 = F* = —m¢
(2.21)
0L _ 0 — F =—mg*
OF* B ‘

Substituting these expressions for F and F* in & + AL, one finds

D = 0,0"0"6 + X T Dx +mP9"6 —m?9" —m?¢"6 + = [XTo%x = xTo?x]

* . * im *
L =9,0* "¢+ xTic" 9, x — m*p*p + > [xTo?x — xTo?x*] ,

(2.22)
which is a Lagrangian with mass terms for both ¢ and y with the same mass m.

(c) Now we generalize the theory to include n complex scalar fields ¢;(z), and n
Weyl fermion fields x;(x), and we also modify the Lagrangian density by adding
the following expression to the free field Lagrangian density of part (a):

ag = {ROVA 1PV

— Fo2y, .C. 2.2
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where W{¢] is an arbitrary function of the ¢;, called the superpotential. At this
stage we have a full, interacting supersymmetric field theory. The supersymmetry
transformation is still described by €, a single 2-component spinor of Grassmann
numbers, with Eq. (2.2) replaced by the generalization

8¢ = —ie’ 07X

ox; = el + 0" 0,¢; o2e* (2.24)
0F; = —ieTa“BMXi .
The free field part of the Lagrangian density is supersymmetric as before since
it is simply n copies of the original Lagrangian. For the interacting piece of the
Lagrangian density, we calculate the variation under the supersymmetry trans-
formation as follows. For brevity, we introduce the notation W; = 0W/0¢;,

Wi; = 0°W/0¢;0¢;, etc., which allows us to rewrite the interacting piece of the
Lagrangian density as

AL = FW,; + Wm ( o Xg) + c.c. . (2.25)
The variation is then given by

EWijkéqSk (X?JZXJ') + c.c.

SAL = SEW; + FyWi;o0; + %Wij (0xT0*x; + X7 o) + 5

=0F;W; + FZWZ](S(ZSJ + iWU ((SX O'QX]) + EWZ]]{(S(ZS].C (XZTO'QXJ') + c.c.

= —W; (6T6“8HXZ-) —i Wi (GTO'QX]) + i Wi (e o X])
A B ¢

1
+iWi; ([a“@umaze*}T 0'2Xj) + §Wijk (ETO'QXk) (XZTO'QXJ') +c.c. .

D E

(2.26)
To proceed, simplify D by
D= iWijau(ZSiGT(O'Q)T(O'H)TUQXj = —iWijau¢i€T020“*02Xj

(2.27)
= —iWij6u¢ieT6“Xj .

Now one can see that A + D = 9,(—iW;;¢ie'3*x;), and obviously B and C can-
cel. This leaves term FE, and there are a variety of ways to show that E vanishes
identically. The easiest is to imagine writing y; explicitly as a 2-component spinor,

1



8.323 PROBLEM SET 10 SOLUTIONS, SPRING 2008 p. 11

and expanding E explicitly in terms of x} and x?. Each term will involve the
product of three y fields, so at least two of them will always have the same upper
index. But x{x7 = —xjx{, so each term will be antisymmetric in two out of the
three indices 7, j, and k, and will therefore give a vanishing contribution when
contracted with the fully symmetric Wj;;. Thus,

SAL = 0, (—iWi;pi€' 5" x;) (2.28)

so the theory is supersymmetric as advertised.

Finally, let us derive the equations of motions for ¢;, x;, ;. The Euler-Lagrange
equations become

0*W i OPW

O¢; = Fgm + §mxf02xk ,
7" 0uxi = [azg[;j} * 7 (2.29)
and
()
With the choice n = 1 and W = g¢3/3, we find the field equations:
F=- (%—Z/)* = —(99%)" ,
O¢ = F* 8;;/ —~ %fg xfo?x* (2.30)

= —2¢|go|*> —igxTo*x* ,

iG - Oy = 2igd*o’x*

Problem 3: P, C, and T for Scalar and Dirac theories (Peskin &
Schroeder, Problem 3.7) (10 points)§

(a) We assume that 7, = 1 (see Peskin and Schroeder 3.123) and P? = 1. Then
PotihP = PP Py P

- (3.1)
=y a7,
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using Peskin and Schroeder 3.126 and 3.128. Direct computation reveals that

A00in0 — _50i and A0iin0 — i
So B B
Ppotp P = (=1)*(=1)"po""4).
Next, - -
TyYot YT = TYT (o? ) TYT (3.2)
_ 3.2
= (') (") (=v'7)e
from Peskin and Schroeder 3.139 and 3.140. Using
V)T = (1), (33)
we obtain
* —1 * v\ *
(V) @) (') = (V) 1) () 1= )
—1
:_1M_1u_u’u 1.3\(_~1.3
(=DH(=1 50 "1 ) (=) (3.4)
v —1 v
= (~1) (-1 "7
= (1) (1),
Thus, - -
T T = —(=1)"(=1)"1po""1p. (3.5)
Finally, we use Peskin and Schroeder 3.145 and 3.146 to calculate
Cypot*pC = CpCot CypC
= (=in"y?) o (=) ()"
(3.6)

= =T ()T ()T (V)T ()T
= 7272 (0") Ty,

where we have used the anticommutation of Grassmann numbers in the last

line. Now use ’70’72(7M)T = —7“7072 to show 7072(0-/U/)T7072 — _O./u/, and
conclude

ChohC = —haap.

3
¢(£L’) = / <;lﬂ_];3 ;E (a(ﬁ)eipm -i—bT(me_ip.m)
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The natural definitions of C, P, and T are
Ca(p)C = b(p),

Pa(p)P = a(—p),
Ta(p)T = a(—p),
Cb(p)C = a(p), (3.7)
Pb(p)P = b(—p),
and
Tb(p)T = b(—p),
where T' is anti-unitary. Then
d,3 . .
e = / (b(P)e™” +al (P)e™""")
(3.8)
= ¢"( )
and
N d3p 1 ip-x ¥ —ipx
Polt, AP = [ (s e b e )
_ [ & 1 i) pe-i@-p-a) (39
= ¢(tv _:i:)
and
_, . d3p 1 —ip-x T ipT
1ot AT = [ a4 ()
d3p 1 200 - = 0, = i
— —i(p t—p-(=2)) 4 pf ()i t—0"(=T))
= a(p)e +b'(ple
/ (2m)3 2Ep( ) 2 (3.10)
d3p 1 I
— i(p®(—t)—p-) T i(p®(—t)—p-)
| G Tameoe (e
= (ZS(_ta _))
Good. Now check
C:JHt,Z):C=C:i(¢p"0 ¢ — 0 ™) (t, %) : C
=i(Cop"C:CO*pC — CO*¢*C: CopC)(t, T) (3.11)

= i(¢0Vp" — O"pg™)(t, T)
= —JH(t, 7).
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And using PO*P = (—1)" we get
Pt Z): P =i(¢"(=1)"0"¢ — (=1)10"¢%¢)(t, —T)
= (=) JH(t, —T).
And using TO*T = ( 1) we get
T:J4(t,%): T = —i(¢"(=1)(=1)"0"¢ — (=1)(=1)""0"¢"$) (1, T)
= (=D)H*JH(=t, ) .

(3.12)

(3.13)

(c) A Hermitian, Lorentz-invariant, local operator containing ¢ will always also
contain ¢F. L1kew1se Y will always be accompanied by 1. Any Lorentz index
i, as in 7y, or J,, Wlll always be contracted with another p. We see from the
table on page 71 of Peskin and Schroeder that this will always give something
even under CPT.

Problem 4 (Extra Credit): Decay of a Scalar Particle (Peskin &
Schroeder, Problem 4.2) (10 points extra credz't);t

The interaction Hamiltonian is
H; = /d393 uPrpror .

It is useful to remember that the free Hamiltonian being bilinear in the derivatives of
the fields sets the dimension (in powers of mass) of the scalar fields to 1. Therefore
the parameter p must be of dimension 1 too. The lowest order Feynman diagram is
a vertex with one ® leg and two ¢ legs, which yields —2:¢p. Thus the matrix element
M = —2pu. From Peskin and Schroeder Eq. (4.86),

11 d’pi &pp; 1 1 2 (0. 14
- 2u)%(2m)* 6 (P — py —

where the factor 1/2 in front arises because the product particles are identical. Let
us assume that the decaying particle is at rest, with 4-momentum P = (M 0,0, 0)
Then the momenta and energies of the product particles are given by py = —pi,
E; = Ey = /m? + p?. Now the Calculatlon is straightforward:

_ _ 2 1 2
= 4M/ m2+p S(M —2+/m? + p?)
(M — 2v/m? + p?)

T =

— dp—2
A4 M pm2 + p?

w2 4m?2
- 8rM M2
We see that I' has the dimension of a mass as it should, the lifetime is given by
7 = 1/I". The fact that the formula gives an imaginary value for M < 2m reflects
the kinematical fact that a particle cannot decay in two particles whose combined
rest mass is greater than its mass.
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Problem 5 g]xtra Credit): The Linked Cluster Theorem (10 points extra
credit)
(a) There are four proper partitions of {1, 2, 3}:
{1},{2,35;  {2h{n.3}  {3h{1.2%  {11{2}.{3}.
Writing out the definition explicitly,
(ABC), = (ABC) — (4).(BC), — (B) (AC), — (C) (AB), — (4)

Now use

(AB). = (AB) = (A)(B)  and  (4),=(4),

SO

(ABC). = (ABC) — (4) (BC) = (B) (AC) = (C) (AB) + 2(4) (B) (C) .

(5.1)
We obtain an expression for <A3>C by setting B = A and C' = A in the above
expression:

(A%) = (A3) —3(A) (A?) +2(A)° . (5.2)

(b) We will use mathematical induction on the sum
J=m+n. (5.3)

We start with J = 2, for which the only choice with m > 1 and n > 1is m = 1,
n = 1. The statement we are trying to prove,

(A;, ... A, Bj, ~~Bjn>c =0, (5.4)
reduces to
(AB), = (AB) — (A)(B) =0, (5.5)

which is certainly true by Eq. (5.4) of the problem set. To use induction, we now
assume that Eq. (5.4) of these solutions is valid for all J < Jy, and we show that it
must then hold for J = Jy. So we consider the quantity (4;, ... A4;,, Bj, ...Bj,)
where m + n = Jy, which must be shown to vanish. By definition,

<Ai1 .. -Aim le .. 'Bjn>c = <A11 .. -Aim le .. B]n>

- ) <H AiBj> < 11 AiBj>
all proper \i,j€S1 i,jESK

partitions of

(1,...,J}

c’

C C

(5.6)
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All the connected expectation values on the right-hand side have fewer than Jj
factors, and therefore the induction hypothesis implies that the only nonzero con-
tributions come from terms which separately partition the A4;’s and the B;’s. That
is, ([ AiBj), = 0 if the product includes both A; factors and B; factors. Thus,
Eq. (5.6) reduces to

<A11 Azm le Bjn> = <A11 Azm le B]n>

- > <HAZ->...<HAZ->
all partitions ‘€51 c i€Sk

C

C

of {1,...,m}
X Z <HB]><HBJ> s
all partitions \i€S] c JES,, .
of {1,...,n}

which by the definition of connected parts reduces to

=(A; ... A, Bj,...Bj,) — (A

im 1

'Ai7n> <B]1 c T 'Bjn> ?

=0, (5.7)

where the last line follows from Eq. (5.4) of the problem set.

(c) Expanding the LHS of Eq. (5.8) of the problem set through third order,

<eZiAiAi>:1+ZAi< 2'2)\)\ (A;A;) Z)\A)\k (A;A;Ay) +

T ik
(5.8)

The argument of the exponential on the RHS can be expanded similarly, so

<eZiAiAi>C_1:Z>\i< 2'2)\)\ (A;A;) ZAAAk (A A AL A .

T gk
(5.9)
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so the RHS can be rewritten as

RHS = exp {<ezi AiAi>E — 1} =1

+{ZA1~< 2‘2/\)\ (A;A;) ZMAk (Aid;jAr); + }

T ijk

2
+21!{Z>\i( 2‘2)\)\ (A;A;) ZMAk (AiAjAr), + }

T ik

3
+%{ZM 2,2/\)\ (A;A;) ZAAAk (AiAjAx), + }

T ijk

+....
(5.10)
Now rearrange the terms on the RHS to organize them by powers of the \;:

RHS = 14+ A (4), + % > XA [(Aidg) 4 (Ad): (4;),]

+$ZMW [(AAAR . + 3 (A A (AR, + (A (A7) (] + ... .

" gk
By comparing like powers in Egs. (5.8) and (5.11), one has
(Ai) = (Ai)g
(Aidj) = (Aidj); + (Ai)z (Aj),
(AiAjAr) = (AiAjAp), + (Aidj), (Ar) + (Aidr), (Aj), + (A Ar) . (Ai),
+ (Ai)z (Aj); (Ar)z

where one must remember to symmetrize 3 (4;A;)_ (Ax), on the right-hand side of
Eq. (5.11) before equating it with the coefficient of AiAj A, on the other side of the
equation. Using these relationships, one has immediately that

(5.12)

ol

(A:A;), = (Aidy) — (As) (Ay) = (Ai4y), (5.13)
and

(AiAjAx), = (AiAjAg) — (AiAj) (Ar) — (AiAg) (Aj) — (A Ax) (Ai) + 2 (A;) (A)) (Ax)
= (AiAjAr), (5.14)
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as desired.
(d) Here we assume that Eq. (5.13) of the problem set,
(Ay ... AyeB) = exp {<6B>E —1}

5 (1)), ()] o
all partitions €51 c 1€Sk e

of {1,...,N}
into subsets

with
M
B = Z)\ZAZ 5 (516)
=1

holds as written for some value of N. By differentiating both sides with respect to
AN+1, we must show that the equation also holds when N is replaced by N + 1.

Differentiating the left-hand side gives immediately
O(LHS)
OAN+1

= <A1 .. .ANAN_|_1€B> y (517)

as desired.

To differentiate the RHS, note first that there exists a simple iterative method
of generating all partitions of {1,..., N + 1}. One starts with the partitions of
{1,...,N}. For any partition of {1,..., N} into k subsets Si,...,Sk, one can
generate k + 1 partitions of {1,..., N + 1} by appending (N + 1) to any of the
subsets S; (i = 1,...,k), or by creating an Siy; which contains only (N + 1). By
this method each partition of {1,..., N + 1} is generated exactly once.

Now apply (0/0AN+1) to the RHS of Eq. (5.15). Consider a term in the sum
corresponding to the partition of {1,..., N} into k subsets Si,...Sk. Note that
when the derivative acts on any one of the k factors within the sum, it generates
a new term which corresponds to appending (N + 1) to the corresponding subset
S;. When the derivative acts on the prefactor exp {<eB >C — 1}, it generates a term

equal to the original expression multiplied by <A N8 >C, corresponding to the
partition in which (N +1) belongs to a new subset Si11. Thus we generate one term
corresponding to each partition of {1, ..., N+1}, proving the induction hypothesis:

(Aq .. .AN+1eB) = exp {<eB>E — 1}
S ) ) (e )
all partitions i€51 1€k e
(5.18)

of {1,...,N+1}
into subsets
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(e) When all the \; are set to zero, Eq. (5.13) of the problem set, or Eq. (5.15) of

these solutions, becomes
(Ay...Ay) = > <<HA1~>> <<HA>> . (5.19)
all partitions €51 c 1€Sk e

of {1,...,N}
into subsets

The RHS includes the partition in which all integers {1... N} are in the same set
S1, which gives the term (A; ... An).. Separating out this term and bringing the
rest to the opposite side of the equation, one has

(A; .. Ax)e = (A, ... Ay)

© X (T () e
all proper \i€S: e 1€k e

partitions of
{1,...,N}

which is identical to Eq. (5.3) of the problem set, which defines the connected
part (Aj...AN).. Thus the ¢-connected parts obey the defining equation of the
c-connected parts, and therefore they are equal.

(f) In evaluating

(¢*(21)¢*(22)) = (0|T{¢*(21)¢*(22)}] 0) (5.21)

there are two forms of Wick contractions. One possibility is to contract each ¢(x1)
with one of the ¢(x2) factors. There are two ways to do this, since the first ¢(z1)
can contract with either of the ¢(z2) factors, and then the rest is determined. This
contraction therefore gives 2A%(z; — x2). The other possibility is to contract the
two ¢(x1) factors, and the two ¢(x2) factors, which can be done in only one way.
This gives Ap(z1 — 1) X Ap(z2 — 22) = A%(0) , so the sum is

(0|T{¢"(21)¢* (2)}] 0) = 2A% (71 — x2) + AL(0) . (5.22)

To evaluate the connected part, we must subtract
(0|T{¢?(21)}|0) (0|T{¢*(z2)}| 0) = AZ(0), which leaves

(0]T{¢?(z1)9*(x2)}| 0), = 2A% (1 — x2) . (5.23)
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(g) We assume that the connected expectation value (A; ... Ay),. can be evaluated
as the sum of all connected graphs for N < Ny, and our goal is to show that it must
also be true for N = Ny. A connected graph is one for which each A; is connected to
every other A; by a chain of contractions. The definition of a connected expectation
value is given by Eq. (5.3) of the problem set:

(Ar .. Ax)e = (A ... Ay)

©X (T () e
all proper \i€S: c 1€k c

partitions of
{1,...,N}

The first term on the RHS is the sum of all ways of carrying out the Wick contrac-
tions, or equivalently the sum of all graphs, which of course includes all connected
graphs. The second term, which contributes negatively, is a sum over all proper
partitions of {1... N}, where the contribution for each proper partition is a product
of connected expectation values. Since each of these expectation values has fewer
than Ny factors, our induction hypothesis allows us to identify the connected ex-
pectation value with the corresponding sum of connected graphs. Now consider a
graph that contributes to (A; ... Ay) that is not connected, but instead consists of
k connected pieces, each of which is disconnected from the others. Each A; must
then belong to one and only one connected piece, so the connected pieces define a
partition of the integers {1...N}. If we let S; denote the set of integers for which
A; is part of the 7’th connected piece of the graph, then the graph can be seen to

be a contribution to
<HA1~> <H Ai> . (5.25)
€S, 1€Sk

& C

Thus, any disconnected graph that contributes to the first term on the RHS of
Eq. (5.24) is canceled by a graph that contributes to the sum that is subtracted on
the RHS of Eq. (5.24). Only the disconnected graphs are uncanceled, and hence
make a net contribution to (A4; ... An),.

TSolution written by Tom Faulkner.
YSolution written by Alan Guth, based on prior work by Tom Faulkner.
§Solution written by Joydip Kundu.

fSolution written by Guido Festuccia.

®Solution written by Alan Guth.



