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Scafetta et. al. introduced in 2001-2002 their Diffusion Entropy Analysis (DEA) for calculating
the temporal scaling exponent of diffusion processes. A generalization involving Tsallis entropy
allows one to extract weakly nonstationary scaling exponents, and consequently, characterize the
degree of departure from stationarity. Here, we establish that this approach is special as it implicitly
makes use of all the moments of the probability density function which describes the diffusion process
— unlike other entropy functionals under consideration. By making use of recent observations by
Frank et. al. that the Sharma-Mittal entropy include “Gaussian”, Rényi and Tsallis entropies
as special cases, we show that the interpretive power of DEA can be increased if the Sharma-
Mittal entropy is adopted. As the DEA is the only method which detects scaling impartial to both
Gaussian and Lévy statistics, our extension provides yet another complementary interpretation for

the nonextensive parameter ¢ ubiquitous in nonextensive statistical mechanics.

I. INTRODUCTION

A time series is an ordered sequence of numbers. They
are frequently encountered whenever data is recorded se-
quentially. If the time series consists of a sequence of
trajectories, one can define a mapping of the time series
to an (estimated) underlying probability density function
(PDF) by considering the distribution of all possible con-
tiguous trajectories. In this sense, a given time series can
be seen as a generator of a diffusion process. By com-
paring the length of these trajectories in time and the
associated PDF generated by these trajectories, one can
recover a temporal scaling exponent which can be used
to characterize different universality classes.

Scafetta et. al. have devised a Diffusion Entropy Anal-
ysis (DEA) method [1] for extracting the temporal scaling
exponent of diffusion processes valid for both Gaussian
statistics (which have finite variance) and Lévy statis-
tics (which do not). Respective examples include fractal
Brownian motion, and Lévy flights. The DEA rests on
calculating the rate of entropy production as a function
of trajectory lengths. A number of applications papers
have been published [2-4] which show that while “tra-
ditional” methods based on the scaling of variance alone
correctly identify scaling exponents generated from Gaus-
sian statistics, they fail for Lévy statistics. This is a
consequence of the possibility that the entropy of a prob-
ability distribution can be finite, even when its variance
is not (e.g. a Cauchy distribution). The authors em-
phasize [5], that if these traditional methods are used in
conjunction with DEA, one can better characterize scal-
ing properties. Some examples of DEA applications have
since appeared [6-9] which reflect this confluence.

It should be noted that DEA relies on the assumption
that the diffusion process is stationary, that is, the statis-
tics of the PDF are not changing with time. Stationarity
is important because there are detectable consequences
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when one departs towards nonstationarity. Scafetta et
al. consider a generalized DEA with the goal of handling
weak nonstationarities in the scaling exponent [10, 11].
The crucial observation made is that DEA relies on es-
timating the Boltzmann-Gibbs entropy, so that a rea-
sonable generalization is to replace the classical entropy
functional with another that parameterizes a broader
class of entropic measures (of which the Boltzmann-
Gibbs entropy is one special case). In this way, Scafetta
et. al. have shown that DEA based on Tsallis entropy
achieves their objective. Consequently, one can asso-
ciate the degree of nonextensivity in the entropy with
the degree of departure from stationarity (and/or ordi-
nary statistics) towards nonstationarity (and/or anoma-
lous statistics).

This “degree of nonextensivity” is of course, the so-
called “entropic measure” ¢ that is ubiquitous in nonex-
tensive statistical mechanics inspired by Tsallis’ original
paper in 1988 [12], and its enthusiastic characterization
and application by researchers since that time [13-15].
Given the promise of nonextensive statistical mechanics
as a possible generalization of ordinary statistical me-
chanics, it is helpful to examine whether the scaling ex-
ponents uncovered with generalized DEA (which uses
Tsallis entropy) can suggest other relationships between
novel and ordinary statistical mechanics. The time de-
pendence of one dimensional diffusion processes serves
as a good model system for such an analysis, in part,
because of the copious examples of one-dimensional tra-
jectories which do not follow ordinary diffusion. This
effort is directed towards establishing yet another inter-
pretation of the “nonextensive parameter” ¢ ubiquitous
in the formalism of nonextensive statistical mechanics.

In Section II we introduce the notion of scaling of
diffusion processes, and characterize the temporal scal-
ing behaviour of ordinary diffusion. In Section III the
properties of weak nonstationary scaling investigated by
Scafetta et. al. [10] is introduced. We elaborate on their
first order derivation, and show that the Tsallis entropy
can be substituted with a so-called “Gaussian entropy”
which also results in the same set of equations. We also
show explicitly that the Rényi entropy cannot aid in the



determination of scaling exponents. In Section IV we in-
terpret the results in obtained in Section III in the con-
text of Sharma-Mittal entropy. The inspiration for this
analysis originated from a series of observations made
by Frank. et al. [16-18], in particular, the observation
that the Sharma-Mittal entropy [19] precedes the Tsal-
lis entropy and additionally includes it as a special case.
Finally, in Section V we provide a summary and outlook
for the next steps of this theory. The Appendices contain
derivations for selected parts of the analysis.

II. SCALING AND ORDINARY DIFFUSION

A one-dimensional diffusion process can be character-
ized by a probability density function (PDF) p = p(z,t).
This PDF describes the spatial distribution of an ensem-
ble of particles which have undergone diffusion from the
same point at any time ¢ > 0. If we assume that p is
scale-invariant, then it should satisfy the homogeneity
condition

bp(z,t) = p(bY=x, b¥*t) (1)

for any given constant b, and fixed (time independent)
scaling exponents y,, and y;. In Appendix A, it is shown
that with the constraint that probability density must be
normalized to unity, the functional form of p must be of
the form (to make contact with Eq. 2 of [1])

pat) = 5F (%) 6= (2)

in which F' is also a normalized probability density.
When § is independent of ¢, a stationary diffusion process
is described by p. In order to extract information about
3, we follow [1] by considering the classical entropy func-
tional

oo
S[p]:—/ dzplnp. (3)
— 00
Substituting Eq. 2 into Eq. 3 and measuring time ¢ in

units of 7 = Int, this results in the linear equation

S(r)=—(InF)+0r=A+6r (4)

whose derivation can be found in Appendix B. Here,
A is a constant, and is independent of 7. By taking
a derivative with respect to 7, it follows that dS/dr =
0. Hence, if the quantity S(7) can be obtained, § can
be obtained by considering its slope dS/dr on an “S-t
plot”. This is true even if p or F' in Eq. 2 are not known
analytically.

A. Example: Classical Diffusion

The partial differential equation which governs classi-
cal diffusion in one dimension is
op(z,t) 0% *p(x,t)

ot 2 Ox2 (5)

and has the solution

for a point source initial condition. By comparing with

Eq. 2, the scaling exponent for classical diffusion is § =
%. Equation 4 can also be evaluated for this particular

probability density to give

S(r) = %111(2%602) +7 (7)

which confirms that § = % since it is the coefficient of 7
in Eq. 7. The derivation of this is given in Appendix C.

Presumably, if a diffusion process does not obey the
classical diffusion equation, § # % would be suggestive of
this. However, let us consider the case in which ¢ is not
constant and has a weak dependence on 7. In this situa-
tion, the scaling is time dependent and so, nonstationary.
This is considered in the next section.

III. NONSTATIONARY SCALING

Here, we present the salient results of Scafetta et. al.
[10] in detail. The objective is to derive a set of equa-
tions which permit the detection of nonstationary scaling.
Consider the case where the scaling J is not a constant.
Then

1 T
p(il?, t) = WF (tﬂﬂ) (8)

and so S(t) = 6(t)Int + A. This is simply Eq. 4 with
d — 6(t). Suppose further that

§(t) = 6o + 01 Int + O(In*t). (9)

Then, we can define §(7) = & + 617 + O(72) so that the
entropy with weak nonstationarity reads

S(1) = A+ o7 + 6172 + O(13). (10)

Due to the presence of the quadratic term 6;72, the scal-
ing exponent is no longer characterized by a linear in-
crease in entropy with respect to 7. In order to suppress
this quadratic term, one approach is to introduce an ad-
ditional parameter which can be varied. This can be
achieved by using the Tsallis entropy.

Since diffusion occurs in a dissipative system, the scal-
ing exponent cannot exceed the situation which corre-
sponds to unhindered diffusion. This “ballistic” regime
imposes an upper bound of §(¢) < 1 for all t.

A. Detection via Tsallis Entropy

Here, we show how the the Tsallis entropy [12] can be
used to determine whether §; = 0 or otherwise. The



Tsallis entropy is defined as

S5(t) = qi%- (1—/_O;dqu(x,t)) (11)

and in the limit as ¢ — 1 we recover the normal entropy.
The proof is provided in Appendix D. Substituting € =
q — 1 and assuming that ¢ < 1we get to first order in ¢

ST, (t) = —(Inp) — % (In®p) +0O(?)  (12)
= 7/700 dxp(lanr%anp) (13)

Now, consider substituting Eq. 8 and Eq. 9 into Eq. 13.
This is shown in Appendix E. The result to first order
in € is

€

Sﬂ_e(r) =ér—(InF)— = [(1112 F)y—26t(InF) + 527'2] .

2
(14)
Since 6 = 6(7) = dp + 617 + O(7?), to second order in 7,
Eq. 14 reads

SToelr) = = [ F) + £ (” F)|
+ 7 [0 (1 4+ €(ln F))]
—7? [%(53 -6 (1+ e(lnF})] (15)

This equation is interesting from at least four perspec-
tives:

e The zeroth order term —(ln F') — %(1112 F) is a first
order perturbation on the zeroth order term ob-
tained in Eq. 4.

The first order term dp (1 + €(ln F')) is also a first
order perturbation of the result obtained in Eq. 4.
However, the perturbation coefficient is (In F') as
opposed to (In* F) /2.

The entropy increases linearly with respect to 7
(just like ordinary DEA) when the second order
term vanishes. This occurs for the special value of

B 51 4

€ (16)

which recovers the result in [10].

e Once € has been found, Eq. 16 can be inverted to
solve for &1

571 65(2) 71 65(2)
"T214e(InF) 21—€A

(17)

which characterizes the degree of nonstationarity in
the scaling exponent. This result is also in accord
with [10].

Equation 17 shows that ¢ = 0 necessarily implies that
01 = 0 which holds only when the diffusion process is
stationary. Observe that this is a particularly sensitive
measure of nonstationarity, since

Loy

b b 1
e de 2

areawny W

is large at the vicinity of € ~ 0. The squared term is
also large whenever e > 0 since the quantity (In F) < 0.
This explains the sensitivity of this approach for weak
nonstationarities [10].

B. Detection via Gaussian Entropy
Frank [16] defines the “Gaussian entropy” as

1-exp|(g—1) [T dopla ) np(e, )

G
Sg(t)_ g—l

. (19)

We will elaborate on this peculiar form in Section IV.
For the moment, if we set € = g — 1 then

1 = e Hnp)
SE (t) == (1 - 5<1“P>) =y —— (20
Gty =~ (1-e St @)
Compared with the associated series for the Tsallis en-
tropy (cf. Eq. E8)

X n-1 n

T e (In" p)

Sl-i—e - — Z T (2].)
n=1

these two are identical if one makes a correspondence

between (Inp)™ and (In" p). Hence, analogous to Eq. 15

we trivially obtain

SG. (1) = — [<1nF> + %(lnFﬂ
+ 7[00 (1 + e(In F))]
—r S8 - A+ el F)] (22)

and Eq. 16 and Eq. 17 follow. Within this correspon-
dence is a subtle property which distinguishes the Tsallis
entropy from the Gaussian entropy. Although both en-
tropies admit the same equations which define the non-
stationary condition, the Gaussian entropy only requires
of powers of (Inp) whereas the Tsallis entropy requires
involves moments of (Inp). Hence, there is a computa-
tional advantage to using the Gaussian entropy over the
Tsallis entropy — the quantity (lnp) need only be com-
puted once, after which all the higher order powers can
be easily obtained. The moments of (Inp) cannot be
obtained in this manner. Furthermore, the Gaussian en-
tropy functional is simpler to evaluate as the parameter
g is not found inside an integral.



Apart from this computational difference, the distin-
guishing factor between the Tsallis and Gaussian ap-
proach seems to lie not in the first and higher order ex-
pansions, but rather, the zeroth order term. Since the
Tsallis entropy extracts information from the entire prob-
ability distribution, it should be possible to use the inter-
cept of an S-7 plot in order to refine the estimate for the
entropy. This observations is elaborated in Section IV in
which the Sharma-Mittal entropy is discussed.

C. Failure of Detection via Rényi Entropy

From analysing the results obtained for the DEA ap-
proach using Tsallis and Gaussian entropy, one can infer
that a criterion for detecting nonstationary scaling is that
the entropy functional should modify perturbatively the
coefficients of the entropy when expanded in powers of
7. In this section, we show that the Rényi entropy [20]
lacks this property, and hence, is not useful for detecting
nonstationarities by itself. The Rényi entropy is given by

SE(t) = T i " In (/OO d:rpT(x,t)> (23)

— 00

which in the limit » — 1 also reduces to the Boltzmann-
Gibbs entropy. Consider defining e =1 — 7 so that

SE _(t)= %m </Oo dmp1€> ) (24)

— 00

Substituting Eq. 2 into Eq. 24 gives

/00 dep-p~ ¢ = /‘: dxt%F (%) [t&F*E (%)} (25)

o | T ayF ) [F )] (26)

=9 (F~°). (27)
Hence,
1
SR _(t)=dInt + = In(F~°). (28)
€

However, this shows that e does not perturbatively mod-
ify the dInt term, so is consistent with observations that
the Rényi entropy only displaces the S-7 plot vertically
and does not modify its curvature [21].

IV. SHARMA-MITTAL ENTROPY

The Sharma-Mittal entropy [16, 17, 19] is a two pa-
rameter entropy defined by

1— <ffooo dz p(z, t)r) =

S (1) = — S

This entropy contains a number of interesting special
cases. If ¢ = r, the Tsallis entropy is recovered. If r =1
and ¢ # 1, the Gaussian entropy is recovered. If ¢ = 1
and r # 1, the Rényi entropy is recovered. Finally, if
both ¢ = r = 1, the Boltzmann-Gibbs entropy is recov-
ered. If this Sharma-Mittal entropy is rewritten as (c.f.
Eq. 6.132 of [16])

sy = RIS

then this is identical to the functional form of Eq. 19,
except the Rényi entropy SZ replaces the normal
Boltzmann-Gibbs entropy. This means that the zeroth
order term in the expansion of S;2(t) about ¢ = 1 is
no longer a function of the powers of the Boltzmann-
Gibbs entropy, but rather, powers of the Rényi entropy.
Therefore, the parameter r in the Sharma-Mittal entropy
becomes an additional variable which can be modified so
that the entropy at time 7 = 0 matches the expected en-
tropy for the underlying distribution. For example, recall
that the normal probability distribution maximizes the
entropy for fixed variance. If the underlying distribution
were otherwise, the entropy would be less than this max-
imum entropy. The parameter r can be adjusted so that
the modified entropies coincide. If we define the metric
v/q? + r? as a means for determining how far from sta-
tionarity a system is, in a sense, adjusting both g and r
this allows one to extract the minimum “distance” one
must travel in the Sharma-Mittal parameter space in or-
der to recover ordinary statistics. This is important since
the Sharma-Mittal entropy satisfies a number of unique
positivity and closure relationships [17].

V. FINAL REMARKS

As a followup to the ideas presented above, here are a
few items which would be desirable to explore. They are
as follows:

e Perform an numerical experiment to verify that the
DEA can be built from the Gaussian entropy rather
than the Tsallis entropy;

e Extend the DEA implementation to the Sharma-
Mittal case, and evaluate whether the parameters
q and r obtained from numerical experiments coin-
cide with the theory above; and

e Investigate second order nonstationarities in the
scaling exponent, i.e. (1) = Jg + 617 + G272,
and determine whether J, can be characterized by
a quadratic increase in DEA (preliminary results
seem to suggest that the results to second order
modify the first order results in a non-perturbative
manner).



Appendix A: HOMOGENEITY CONSTRAINT

If a probability density function p(x, t) is homogeneous,
then it must satisty Eq. 1, namely bp(x,t) = p(b¥=x, b¥tt)
for constants b, y, and y;. This means that

1
To eliminate the direct functional dependence of p on t,
choose b¥*t = 1. Then

1

1 T
_ —Ya /Yt —
p(.l?,t) - tl/ytp(t fxa 1) - tl/’tj’F(

tyz/yt

) . (A2)

The crucial observation is that F is an unknown prob-
ability density function. This permits the simplification
of Eq. A4. At any given time t, the probability density p
should remain normalized. Hence

< 1 x
/ i (577) do=1. (A3)

Now, consider a change of variables p = zt~¥=/¥*. Then
the integral becomes

t(yfl)/yt/ Fp)dp =1

=1/ — 1

(A4)

(A3)
which can only hold for all ¢ provided that y, = 1. This
implies that
1 x
p(:C, t) = tl/yt F (tl/yt )

and setting § = 1/y' the result in [1] is recovered. We
can verify that this functional form leads to a normalized
probability density with the change of variables z = yt°

as
/_Oodwp(xat)z/_ootTF(th) Z/_OodyF(y)Zl

which holds for all time ¢.

Appendix B: SCALING EXPONENT AND
ENTROPY

In this section, the scaling exponent ¢ of a probability
density function p is related to the classical entropy S
given in Eq. 3. By considering the natural logarithm of
Eq. 2, we obtain

x
lnpzlnF<t—6> ~§lnt. (B1)

Substituting Eq. B1 into Eq. 3 gives
e 1 x x
S(t) = — /_oo do o (5) [mp () —smi] (B2)

_ */, d:z:t%F (t%) InF (%) +6Int

=A+0T

(B3)

(B4)

with 7 = Int. Equation B4 is the same as Eq. 4 in
Section I. The quantity A is defined as

- /jo da tl&F (t%) In F (t%) (B5)

oo

A

and with the substitution y = x/t it simplifies to

A=— / T Ay F@)nF(y) = —(F)  (B6)

— 00

which is independent of ¢ (and of 7 = Int). Interestingly
we find that quantity A is precisely the classical entropy
of the probability density function F'. Hence, on an “S-7
plot” of S(7) = A + 7, the intercept with the S axis is
equal to A.

Appendix C: ENTROPY OF A GAUSSIAN

The entropy of a Gaussian probability density given by
Eq. 6 can be computed via straightforward integration.
Since

2

1 9 T
lnp(z,t) = —5 In(2wo=t) — Eyn (C1)
then
- 1 2 (%)
— /_OO p(x,t) Inp(z,t)de = §ln(27ra t) + 57 (C2)

Since the second moment of p is <x2> = o°t, the entropy

is S(t) = 1 In(2ro2et), or simply

S(r) = %mmm%) T (C3)

which recovers the result in Eq. 7 when time units of
7 = Int are used.

Appendix D: TSALLIS LIMITING BEHAVIOUR

In this section we prove that as ¢ — 1, the Boltzmann-
Gibbs entropy is recovered from the Tsallis entropy.
Starting from the Tsallis entropy

S,(t) = qil-<1—/0;dqu(x,t)) (D1)

we can rewrite this as

_ 1-— ffooo dxeqln”.

q—1

Sq(t)



When ¢ = 1 both the numerator and denominator vanish,
so we can apply I’Hopital’s rule to find that

% (1 — [T dx eq1“p>

d
lim S =li D3
lim S, (t) = lim T (D3)
=— lirri/ dzet™PInp (D4)
=1
= 7/ dzplnp (D5)

which recovers the usual entropy.

Appendix E: TSALLIS ENTROPY EXPANSIONS

The Tsallis entropy is given by

q_% : (1_/0; dqu(x,t)> (E1)

and substituting e = ¢ — 1 we get

Sq (t) =

1 o0
Siie(t) = = (1 - dxp1+€(a:,t)) (E2)

1 o0

=—- (1 — dzp- eelnp) (E3)
€ —00
1 o = "In"p
- 1- dxp- E4
(e (55) e
1 &[> e 1n" p
S &
I 1 & [™ n=lip"

=—-——-— / da:p6 np (E6)
€ e —=J) n!

As a result, we obtain

nln
&ﬁw:f§j/ drp- P ()

n=1

-y

ln P) (ES)

Here, we use

(In"p) = / dzpln” p. (E9)

Expanding to quadratic order for illustrative purposes,
the Tsallis entropy reads

2

Stae(t) = — (np) - 5 (0’ p) - T (In° p) — O(e") (EL0)
if ¢ « 1. This shows that the moments of Inp are inti-
mately related to the expansion of the entropy about € =
0. The dependence on p can be integrated out if we sub-
stitute Inp = In F — 67 (which is a consequence of Eq. 2)
into equation Eq. E7 and make use of the fact that the
probability density is normalized. In terms of 7 = Int we
have S1ye(1) = =Y 0, [20 dap [ (InF — o7)" /nl].
Using a binomial series expansion, this becomes

Sie(r i_oj . mi)( )(-1)m+1<57)m<lnnmp>

(E11)
which is in terms of the moments of In F' instead of In p.
To first order in €, this series yields

Sie(r) =07 —(InF) — 3 [<1n F)y —207(In F) + 677

(E12)
which is Eq. 14.
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