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We review the tensor-renormalization group (TRG)[1], and the tensor-entanglement renormaliza-
tion group (TERG) [2]. Then, we use TERG to setup a variational optimization of the ground state
of the O(2) quantum rotor model in a square lattice.

I. INTRODUCTION

Tensor-renormalization group (TRG) is a real-
space renormalization technique used to study any 2-
dimensional classical lattice systems with local interac-
tions [1]. It stems from the idea that any such system
can be rewritten as a tensor-network model. To describe
a tensor-network model, we assign a p-rank tensor Tij...
to every site of a lattice, where p- is the number of bonds
in each site. Each index {i, j, . . . } is D dimensional,
and can be seen as residing on an adjacent bond of the
site (Fig. 1). For a classical lattice model Hamiltonian
−βH = −βH(i, j, . . . ) with local interactions, we can
find a tensor T such that

Z =
∑
i,j,...

e−βH(i,j,... ) =
∑
i,j,...

TijklTemfg · · · . (1)

A real space-renormalization transformation T → T ′ can
be carried out to study the critical behavior of tensor-
network models.

Motivated by the classical-quantum mapping in which
the partition function of a d-dimensional quantum model
can be mapped to the partition function of a d + 1 di-
mensions classical model, we expect that a similar renor-
malization technique to be valid in the study of some
1-dimensional quantum systems. In fact, examples of
TRG-based calculations for the quantum spin-1/2 and
spin-1 chains can be found in Ref. [3].

FIG. 1. A Tensor-network model on a square lattice.

Additionally, tensor-networks models and TRG can
be used to perform variational calculations. Traditional

mean-field theory cannot be applied in systems with long-
range entanglement, such as phases found beyond Lan-
dau’s symmetry breaking paradigm [2]. In some cases,
“Tensor Product States”(TPS) are possible trial ground
state wave functions. To define a TPS, consider a system
with quantum numbers mi ∈ 1, 2, . . . ,M residing over a
square lattice. A TPS of this square lattice is

|Ψ({mi})〉 =
∑
i,j...

Tm1

ijkmT
m2

emfg . . . (2)

where Tmiijkm are complex numbers, {mi} are the physical

M -dimensional indexes, and {i, j, . . . } are the indexes
with bond dimensionality D. The bond dimensionality
might vary according to the model being studied, e.g.
D = 2 is enough to reproduce the quantum Ising model,
and the Heisenberg model [2]. Using a TPS as a ground
state ansatz,

〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

≥ 0 (3)

can be minimized to find the appropriate tensor compo-
nents. This is computationally hard, but TRG can be
used to reduce the complexity of the computation.

This variational approach using TPS and TRG
can be seen as an attempt to generalized the varia-
tional optimization described by the “Matrix Product
States”(MPS) and the density matrix renormalization
group (DMRG). DMRG has been an effective method
to study 1-dimensional models such as spin chains [4]. In
Section III, we will discuss a TRG-based method called
the tensor-entanglement renormalization group (TREG).
TERG is an approximation scheme to perform the varia-
tional calculation described above. Finally, we try to use
TERG on the 2-dimensional O(2) quantum rotor lattice.

II. TENSOR-ENTANGLEMENT
RENORMALIZATION GROUP

Given a translationally invariant Hamiltonian on a lat-
tice with sites α and local interactions, H =

∑
α
Hα, we

will try an ansatz for the ground state in the form of
shown in Eq. 2. By assumptions, Hα can be written in
terms of local operators: Hα = Oα,0 + Oα,1Oβ,2 + · · · .
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FIG. 2. Decomposition of a 4-tensor into two 3-tensors. For
sublattice A , we decompose into S1 and S2. In sublattice B,
the decomposition is into S3 and S4.

Which means that we can rewrite:

〈Ψ|Ψ〉 =
∑

m1,...,ii′,jj′,...

Tm1

ijkmT
m1

i′j′k′m′Tm2

emfgT
m2

e′m′f ′g′ · · · (4)

= tT r[T⊗ T⊗ · · · ]

〈Ψ|Hα|Ψ〉 =
∑

m1,...,ii′,jj′,...

Oα,0m1m2
Tm1

ijkmT
m1

i′j′k′m′Tm2

emfg · · ·

+
∑

m1,...,ii′,jj′,...

Oα,1m1m2
Oβ,2m2m3

Tm1

ijkmT
m1

i′j′k′m′Tm2

emfg . . . + · · ·

= tTr [Tα,0 ⊗ T · · · ] + tTr [Tα,1 ⊗ Tβ,2 ⊗ T · · · ] + · · ·
(5)

The tensor trace denotes summation over all indices,
and we have defined T =

∑
m T

m ⊗ Tm and Tα,a =∑
k,k′ O

α,a
kk′T

k ⊗ T k
′

with Oα,akk′ being the (k, k′) matrix
element of Oα,a in the basis of quantum numbers k. Cal-
culating the tensor traces is computationally expensive,
but with the real-space renormalization we can decimate
the tensor lattice and find an approximation with less
degrees of freedom. We will find T̃ s.t.

tTr [T⊗ T⊗ · · · ] ≈ tTr [T̃⊗ T̃⊗ · · · ] (6)

with the tensor trace over T̃ containing one-fourth of the
tensors in tTr [T ⊗ T ⊗ · · · ]. This approximation trans-

formations T→ T̃ is based on TRG [1].

FIG. 3. Tensor-renormalization transformation of a square
lattice.

Start by dividing the square lattice into two sublattices
A and B as shown in Fig. 3. Then, decompose the tensors
T at each site of A sublattice in terms of two 3-rank
tensors S1 and S2, and do a similar decomposition of
tensors in the B sublattice into 3-rank tensors S3 and S4

(Fig. 2). Note that the T tensors can be seen as 4-rank
tensors in which each index has D2 dimensions. We have

TAijkl =
∑
n

S1
ijnS

2
nkl, (7)

TBijkl =
∑
n

S3
ijnS

4
nkl

with i, j, k, l each having D2 dimensions and n being D4-
dimensional. With an approximation, we can reduce the
dimensionality of n. Viewing TAijkl as a matrix MA

ij;kl,
we can factorize it into its singular value decomposition

(SVD), MA
ij;kl = UAij,nΛAn,n′V

A†
n′,kl. Finally, we approxi-

mate M by only considering the biggest Dc singular val-

ues λn. Letting S1
ijn =

√
λnU

A
ij,n and S2

nkl =
√
λnV

A†
n,kl

so that the approximate decomposition becomes.

TAijkl ≈
Dc∑
n

S1
ijnS

2
nkl. (8)

The same process is done with the B sublattice. After
this transformation we end up with lattice of the form
shown in Fig. 3. By adding the degrees of freedom found
in each small square in the new 3-rank tensors S lattice
(see Fig. 4), we obtain the desired T̃

T̃qrst =
∑
i,j,k,l

S1
jkqS

2
rliS

3
ijsS

4
tkl. (9)

By our SVD approximation, the tensor T̃qrst has in-
dexes of Dc dimensions, and the transformation gives us
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FIG. 4. Adding the S tensors in a square of the approximated
lattice results in the renormalized T̃.

a new lattice with a quarter of the tensors of the orig-
inal lattice. This decimation is iterated until there are
only few tensors in the tensor traces, making the calcula-
tion of the expectation values tractable. Note that with
some labeling care this procedure can be generalized to
take into account the tensors of the form Tα,a, since a
square of tensors Tα,a,Tβ,b,Tγ,c,Tδ,d maps to a square
T̃α,a, T̃β,b, T̃γ,c, T̃δ,d (A group of 4 tensors is ”closed” un-
der RG).

III. QUANTUM ROTOR MODEL

A. The quantum rotor Hamiltonian

Consider a d-dimensional lattice with N -component
unit operators n̂α on each site. n̂α can be seen as de-
scribing the position of a particle constraint to move on
the surface of N -dimensional unit sphere located at the
site α. To each particle (or rotor) we assign a momen-
tum p̂α with components p̂a,α satisfying the canonical
commutation relations:

[n̂a,α, p̂b,β ] = iδα,βδa,b. (10)

It is convenient to define the rotor angular momentum
L̂a,b,α = n̂a,αp̂b,α − p̂a,αn̂b,α and L̂c,α = εcab

2 L̂a,b,α so
that the commutation relations become

[L̂a,α, L̂b,β ] = iεabcL̂c,αδα,β ,

[L̂a,α, n̂b,β ] = iεabcn̂c,αδα,β ,

[n̂a,α, n̂b,β ] = 0.

(11)

With the angular momentum, we can assign to each rotor
a kinetic energy term, resulting in a total Hamiltonian of
the form

Hkin =
∑
α

L̂2
α

2I
(12)

where we assumed that each rotor has the same moment
of inertia I. We obtain the Hamiltonian for the O(N)

quantum rotor lattice by adding an interaction term

H =
∑
α

L̂2
α

2I
− 1

g

∑
〈α,β〉

n̂αn̂β (13)

where 〈i, j〉 is a summation over nearest neighbors. For
the case N = 2, parametrize n̂i = (cos(θi), sin(θi)), and

L̂i = −i ∂∂θi with eigenstates given by |mi〉 = eimiθi√
2π

.

There are no naturally occurring quantum rotors in na-
ture, but some systems such as antiferromagnets and su-
perfluids can be studied through this model.

For d > 1 the quantum rotor model exhibits a disor-
dered/paramagnetic phase as g →∞ for which 〈n̂i ·n̂j〉 ∼
exp(− |xi−xj |ξ ), and an ordered phase in the limit g → 0

with 〈n̂i · n̂j〉 = C. There is a critical gc in which the
quantum phase transition happens. In the d = 1 and
N ≥ 3 case, there is no phase transition; however, the
N = 2 exhibits a phase transition but does not follow
the long-distance behavior of d > 1. This is analogous
to the Kosterlitz-Thouless transition of the classical XY
model in d = 2. In fact, there is a mapping between the
partition functions of the O(N) quantum rotor and the
classical O(N) model [5].

B. TREG of the O(2) quantum rotor model

The local Hamiltonian for the 2-dimensional O(2)
quantum rotor can be written as

Hα =
L̂2
α

2I
− 1

g

∑
β

(cos(θα) cos(θβ)+sin(θα) sin(θβ)) (14)

where the overline indicates summation over near neigh-
bors of the site α. Let the physical variable of our tensor
ansatz be the set of quantum numbers {m} of L̂. Note
that the m’s can take any integer value; however, for the
low-energy physics we expect the lowest energy states to
contribute the most. For this and numerical reasons, we
will have a cutoff on the physical index of the tensors to
be the lowest d-quantum numbers of angular momentum,

mα ∈ {−d−12 ,−d−12 + 1, · · · , d−12 }. Defining Oα,0 =
L̂2
α

2I ,

Oα,1 =
√
− 1
g cos(θα), and Oα,2 =

√
− 1
g sin(θα), we see

that we will have 3 types of tensors besides T in the ex-
pectation value of the Hamiltonian (Eq.9):

Tα,0 =
∑
k

−k2

2I
T
k ⊗ T k,

Tα,1 =

√
−1

g

∑
k,k′

〈k| cos(θα)|k′〉T k ⊗ T k
′
, (15)

Tα,2 =

√
−1

g

∑
k,k′

〈k| sin(θα)|k′〉T k ⊗ T k
′
.
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FIG. 5. A plot showing the average relative error of the entries
between the approximated tensor and the actual tensor in the
second step of TRG as a function of the singular value cut Dc.
The black line is a piecewise linear fit.

Using
∫ 2π

0
cos(θ)eikθdθ = πδk,±1 and

∫ 2π

0
sin(θ)eikθdθ =

±iπδk,±1, Eq. 15 becomes

Tα,1 =
1

2

√
−1

g

∑
k

(T
k ⊗ T k+1 + T

k ⊗ T k−1), (16)

Tα,2 =
i

2

√
−1

g

∑
k

(T
k ⊗ T k+1 − T k ⊗ T k−1).

This is all we need to perform the TERG method.

IV. PRELIMINARY RESULTS

We tried a TPS like the one in Eq. 2 where we let T be
a real tensor with bond dimensionality D = 2, and with
rotation by 90◦ symmetry. Unfortunately, the implemen-
tation is a preliminary one and may contain mistakes.
Even for 6 iteration of the TRG, the SVD step breaks
down due to overflow error. The current implementation
lacks the minimization step which can be done with the
scipy.optimize library. For a 23×23 lattice, after a 24 dec-
imation (performing the TRG approximation 4 times) we

obtain for a totally real tensor T an onsite energy and a
bond energy of the order 10100. In the future we hope to
finish and increase the efficiency of the code.

To quantify the approximation done in the first step of
the TERG with the singular cut value, we calculated the
average relative error between the approximation tensor
and the actual tensor for each entry. We started with a
randomize real tensors, then calculated the average rela-
tive error of an entry by calculating the relative error be-
tween each entry and then getting the average. Repeat-
ing the process 100 times and taking another average, we
found that the approximation seems fairly accurate. Re-
sults are shown in Fig. 5. It was also checked “by hand”
that no particular entry relative error were far away from
this average.

V. CONCLUSION

Besides TRG and TERG, many other methods based
on tensor-network algorithms have been develop to study
strongly correlated systems in low-dimensions such as the
multiscale renormalization ansatz (MERA)[6], and lin-
earized tensor-renormalization group (LTRG)[7]. In this
paper, we discussed how tensor-renormalization tech-
niques give us a method to study 2-dimensional quan-
tum lattice models. However, tensor-renormalization can
also be used to study 1-dimensional quantum systems
through algorithms such as the tensor-entanglemente-
filtering renormalization group (TEFRG) [3]. As dis-
cussed in Ref. [5], the 1-dimensional O(2) quantum rotor
exhibits a Kosterlitz-Thouless transition. Recent work
[8] have shown that the thermodynamic properties of the
classical 2-dimensional XY model as calculated with the
use of tensor-renormalization agree very well with results
from Kosterlitz [9], with high temperature expansions
[10], and Monte Carlo calculations [11]. It is left for fu-
ture work to study the Kosterlitz-Thouless transition of
the O(2) quantum rotor chain with the use of tensor-
renormalization techniques such as TEFRG.
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