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We consider renormalization and information coding properties of a 1D chain of connected neurons
with a continuous variable (firing rate) at each site. Our implementation of renormalization largely
follows [1]. A form for the entropy in the limit of w = 0 is obtained and it is demonstrated that the
entropy decreases under renormalization close to a critical fixed point. A closed form for the Fisher
information in frequency is obtained, and shown to exhibit regular behavior under renormalization

at a critical fixed point.

I. INTRODUCTION

The concept of self organized criticality has been
considered in the context of neural networks for
some time. Studies have demonstrated power law
scaling in the propagation of spontaneously gen-
erated local field potentials within cortical net-
works [2, 3]. More recently, the renormalization
group has found application within the theory of
deep learning [4]. Motivated to some extent by
these studies, we consider a highly simplified sys-
tem: a collection of neurons excited by an inci-
dent signal S(¢) and weights  (e.g. neurons in a
chain are connected to one large and driven exci-
tatory interneuron), subject to Langevin dynam-
ics with asymmetric couplings between nearest
neighbor neurons. Dynamics in systems of such a
form have been studied extensively, e.g. [5]. We
Fourier transform in time and implement deci-
mation on this dynamical system, following [1].
One subject of interest is the information coding
properties of the system close to a fixed point,
and we quantify this by briefly studying the en-
tropy and Fisher information of the system under
renormalization.

II. RESULTS
A. Asymmetric coupling decimation

Consider a network of neurons with asymmet-
ric nearest neighbor interactions. Neurons are
labelled by a site index ¢ with an associated fir-
ing rate ¢;. We describe this system using the
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Langevin equation 1 with a velocity term that
due to the interaction asymmetry can no longer
be described as the derivative of a Hamiltonian.
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Here 77 is a gaussian distributed noise with mean

(ni(t)) =0 (2)

= —ap; +bpiy1 + i1 +ni(t) (1)

and variance

(mi(£)n; (¢')) = 2D (t —1'). (3)

We note that following [1] we have introduced
noise couplings which are not necessarily limited
to the same site D; ; = Dod; ; + D10i+1,;. The
reason for this is that upon renormalization in
real space via decimation of odd numbered sites,
we naturally introduce non-zero coupling D;
between nearest neighbors. We also assume that
there may exist correlations in time. Similarly,
this is necessitated by the appearance of fre-
quency terms in D under renormalization.

Rather than recast this into a Fokker-Planck
equation, a more general RG analysis of which
was studied by Janssen [6], we follow the same
procedure as [1]. We Fourier transform in time
to obtain

adi(w) = bpis1 + chi1 + Mi(w). (4)

Here o = a—iw. This can now be decimated over
all sites 27 + 1 to obtain

(o — 2b0)¢;2i = beiA>2i+2 + C2€£2i72 + aéZi (5)
with €o; = 7la; + (D251 + ¢2i—1) /.
We rescale and renormalize:

$ai(a, D) = aAdl(o/, D") (6a)



A Asymmetric coupling decimation

Eai = A (6b)
This system has recursion relations

o' = a? — 2be,

a' = a% — 2be,

W = 2w — iw?
/12
b= 12,
d =2,

yielding finite fixed points (a,b,c¢) = (2,1,1) (i),
(1,1,0) (i), (1,0,1) (iii) and (0,0,0) (iv) (in-
finite fixed points are not considered on bio-
logical grounds). Here (iv) is the trivial fixed
point. We note that to allow relaxation of spa-
tial Fourier modes in the limit of long times we
require a > b+ c¢. It is easy to show that this
relation is preserved by these RG equations.

Note that under this rescaling we have different
noise couplings D{, and D] (hereafter relabeled

as D):
(0 (w1)(w2)) = 2(2m) D] j(w1)8(w1 +w2) (7)

defined by by D'(w') = T(w)D(w), where T is
defined in the w = 0 limit by equation 8.

2a b’+c® gbte
r-F(T ) e
a2 a
By considering the eigenvalues of T' at each fixed
point we can study the behavior of fluctuations
under renormalization. We note that in order to
constrain fluctuations from diverging under re-
peated decimation while retaining a fixed point
for D we must specify A = 23/2 for fixed point
(i). This choice, however, forces fluctuations to
become progressively smaller at the fixed points
(ii) or (iii), as shown in the following table of
eigenvalues and eigenvectors.

FpPi FPii FPiii
Al 12 1/2
Ao 1/4 1/4  1/4
U1 (471) (170) (170)

V2 (_27 1) (_271) (_271)

The smaller eigenvalue Ay corresponds to an “ir-
relevant” direction in fluctuation space in both
cases.

B. Information coding close to a fixed point

We aim to describe the system of equation 4, with
addition of a signal S(t) and weights w;. Written
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in vector notation this becomes

—

—iwd(w) = —Ad(w) + F(w) + WS (w).  (9)

Here we have removed the ¢ when denoting the
time Fourier transform for notational conve-
nience.

If A —iwlI is invertible then this can be solved as
P(w) = (A —iwl) 7' (fw) + WS(w)).  (10)

This solution clearly separates into determinis-
tic and stochastic components. As the stochas-
tic component is the sum of normally distributed

random variables 77, we expect q; to itself be gaus-
sian, with mean (p(w)) = (A—iwl) " @S (w). We
calculate the variance of this distribution as

((¢i(w)—pi(w)) (85 (W) — p3(w'))) = 2(2m)d(w + ')
X (A —iwl) (A —iw'T);! Dr(w)

=2(2m)8(w + w)[(A — iwl) ' D(AT —iwl) ™5

= 35 (w)

We are now interested to calculate coding prop-
erties of these neurons close to a critical fixed
point. There are a number of measures of infor-
mation coding which could be studied, including
the entropy, mutual information and Fisher in-
formation. The mutual information requires fur-
ther assumptions about the distribution of sig-
nals S(t), perhaps the simplest of which would
involve a gaussian weight (1/2) [dr[tS(r)? +
K(8,;5(7))?]. The Fisher information has found
application previously in similar contexts [7] as
a means of capturing the extent to which the
conditional distribution changes when the signal
history changes. We shall treat the Fisher in-
formation later. For now, we simply compute
the entropy of our gaussian distribution in firing
rates, conditioned over the signal S(t).

S—— / AV p(3l{S(w)}) log(p(@|{S(w)}))
=5 = %log ’(27re)Ndet(Z)’

Note that the result is independent of the signal
S(t), so that (for this calculation) we do not need
to consider the behavior of S under decimation.
We can see that the determinant separates into
the determinant of D and a matrix that depends
solely on the variables a,b,c and w: det(¥) =
(4m)Ndet(D)/det(A — iwl)2.



B Information coding close to a fixed point

D and A are so-called circulant matrices, defined
only by circularly shifted vectors D and A. A
general circulant matrix C defined by a vector ¢
has eigenvalues

Aj =co+cen_1wj+ cn,gwf + .+ cle\'*l (11)
with w; = exp[27ij/N]. This indicates that in
the limit of zero frequency w — 0 the relevant
determinants are:

N-1

det(D) = (Do + 2D; cos(2mj /N))
7=0
N—1

det(A) = (a — be?mI/N cefQ”ij/N>
3=0

It is therefore clear that det(A) = 0 at critical
fixed points (i), (ii) and (iii) due to the j = 0
eigenvalue and saturation of the finite time
relaxation inequality a > b 4 ¢ at these points.
The entropy diverges at a critical fixed point,
and therefore must decrease upon application of
the renormalization group.

To demonstrate how this decrease occurs, we
consider the behavior of entropy under decima-
tion close to the critical fixed point (i), with
a=a.+efore >0, b=c=1We note
that at a fixed point renormalization of an ini-
tial noise correlation D = w1071 + ugvy leads to
DM = A ur?l + Agugvs. At (i) ¥ is marginal
under RG application, so that the stable fixed
point for noise correlations obtained here will be
u1?1. With this in mind we also assume us is
initially very small, so that at (i) the rescaling of
det(D) will be 1 + O(¢,usz). In contrast, det(A)
is rescaled by a positive factor > 4 (shown be-
low). This combined with the number reduction
N’ = N/2 clearly leads to an overall reduction in
entropy upon renormalization close to the critical
fixed point:

€ = 2a.e + O(?)

=a’ — b e?™ /N _ /em2mI/N — ¢ _ 9cos(2mj/N)
+ (2a, — 1)e + O(€?)

=det(A") ~ det(A)

N-1

x| 1+ (2ac—1)e Y

Jj=0

1
2+ e—2cos(2mj/N)

The denominator above remains positive for all
j, attaining its minimal value of € for j = 0.
This leads to a rescaling of det(A) by a factor

IT1

> 4, which compared with the magnitude of
rescaling of det(D) results in an overall entropy
decrease. However, note that this decrease in
total entropy may be trivially true, given the
reduction of site number N’ = N/2. It would be
interesting to derive the behavior of the entropy
per site under RG action close to a fixed point,
but that remains for further work.

We can also calculate the Fisher information in
frequency J(S(w’)), defined by equation 12. As
mentioned earlier, the Fisher information is gen-
erally used to extract information about a change
in conditional distribution with changing signal
history. Our result does not have this interpreta-
tion, as it represents the extent of induced change
when a Fourier mode in the signal changes.

52 1og<p<${s<w>}>>> (12)
{S(w)}

0S5 (w'")?
Here the subscript {S(w)} indicates that the av-
erage should be taken over the probability dis-
tribution conditioned on S(w). For the gaussian
weights here this yields the comparatively sim-
ple result J(S(w')) = w! D=1 (w")wW/(47). Inter-
estingly, this quantity remains well defined at a
critical fixed point under renormalisation, with
noise couplings tending towards a fixed point

—

D = (4,1) at which det(D) is non-zero.

J(S(w) = <

III. DISCUSSION

We have considered an application of the renor-
malization group to an asymmetric chain of neu-
rons. We studied the entropy of the system con-
ditioned over an excitatory signal S(t), and found
that this diverged at a critical fixed point. This
perhaps is to be expected, since the appearance
of a zero eigenvalue in the coupling matrix at crit-
icality is representative of a divergence in vari-
ance at a critical fixed point. The demonstration
of entropy decrease upon renormalization close to
a critical fixed point is interesting, but it seems
that since the site number is rescaled by a factor
of 1/2 this result is trivial. What would be more
interesting is to obtain this result for the entropy
per site, but work on this is ongoing.

Our study of the Fisher information in frequency
demonstrated regular behavior at a critical fixed
point, which is interesting by contrast to the
highly irregular behavior of entropy at these
points. The Fisher information in general re-
mains finite at a critical fixed point in coupling



space (depending upon initial conditions for 13),
and under renormalization approaches a fixed
point in noise correlations at which the matrix
D~ is well defined.

Further work will implement specific weights for
signals S(t) to extract the mutual information of
the system. We will also attempt to incorporate
the finite but small w case, treating this as a per-
turbation about the T'(w = 0) limit.

Here asymmetry in the site interactions was mo-
tivated by the observation that neuron excitation
is not a purely symmetric process. Another as-
pect of neural networks which is of interest is
that of next nearest neighbor interactions. We
have attempted to treat this problem in a sim-
ilar method to that above, beginning with the
Langevin equation 13.
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= —a¢; +bpix1 + coira +ni(t)  (13)

However, under decimation, this chain produces

v

non-zero interactions between all remaining neu-
rons. One can adopt a pertubative RG approach
by taking an expansion in powers of ¢, the next
nearest neighbor coupling parameter, where one
assumes ¢ < 1. This RG approach has been
taken to first order in ¢, and early results are
promising.

IV. CONCLUSIONS

We considered a 1D chain of neurons with firing
rate as the site variable. Decimation was im-
plemented in a manner following [1]. The w =0
form of the entropy was obtained, and was shown
to diverge at the critical fixed points of the sys-
tem. It was demonstrated in one specific case
that this entropy decreases under renormaliza-
tion close to a fixed point. We also obtained a
simple closed form for the Fisher information in
frequency, and studied this closed form at a crit-
ical fixed point in coupling space.
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