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If the scaling limit of the g-state Potts model (¢ < 4) at its critical point is conformally invariant,
the boundaries of like-spin clusters and Fortuin-Kasteleyn clusters are can be described as Schramm-
Loewner Evolution, which is the image of a one-dimensional Brownian motion known. Conformal

invariance has been proved for ¢ = 1 and ¢ = 2, but remains conjecture for ¢ > 2.

Inspired

by Cardy’s numerical study of SLE in the 3-state Potts model [Journal of Statistical Mechanics:
Theory and Experiment 2007, P08020 (2007)], I outline a collection of tests to ascertain numerically
whether cluster interfaces in the ¢ = 4 model obey the SLE4 process predicted by CFT methods.
The fractal dimension and crossing probabilities are tested for the ¢ = 2 (Ising) and ¢ = 4 models by
sampling from the thermal distribution using Wolff’s Monte Carlo algorithm. The results suggest
that if the Potts model is described by SLE then it is described by SLE4. I conclude by describing
a method for sampling from the Loewner driving function distribution to test directly whether the

cluster interfaces are described by SLE.

It is known that at their critical points, many lattice
models have a scale-invariant limit as the lattice spac-
ing goes to zero [1]. Tt is conjectured that the scaling
limit often possesses a stronger symmetry, conformal in-
variance. Conformal invariance is non-trivial in two di-
mensions, where conformal maps (those that preserve lo-
cal angles and orientation) are equivalent to holomorphic
(analytic) complex functions [2]. If conformal invariance
is assumed, Conformal Field Theories (CFTSs) classify the
universality classes and provide a thorough description
of local observables in two-dimensional critical systems
[3]. Conformal techniques have lead to many powerful
(but non-rigorous) results for two-dimensional systems
[41]. The major remaining hurdle is to prove that phys-
ical models satisfy conformal invariance, as of the time
of writing only proved for percolation [5] and the Ising
model [6].

Percolation and the Ising model are two special cases
of the more general Potts model, which describes inter-
acting spins of ¢ types (colors) on a lattice. The Potts
model is equivalent to a large class of discrete lattice mod-
els, including spin-s chains [7]. Of particular interest is
q € [1,4], as there is a second-order phase-transition [3].
It is conjectured that in this case, the critical point is
conformally invariant in the scaling limit. So far, con-
formal invariance has been established for ¢ — 1 and
q = 2, which correspond to Percolation and the Ising
model respectively. A rigorous understanding of the crit-
ical behavior for ¢ = 3 and ¢ = 4 is still lacking [9].

The most recent work on conformally invariant scaling
limits has been geometric in nature [10]. Many two-
dimensional lattice models can be described in terms of
clusters or loops. In the scaling limit, the fractal struc-
ture of the loops and cluster interfaces determines the
critical behavior and universality class [11]. If conformal
invariance holds, the cluster boundaries are governed by
Schramm-Loewner Evolution (SLE), a one-parameter de-
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scription of every conformally invariant measure on ran-
dom curves in the plane (for an overview see [12]). The
SLE parameter x determines the system’s universality
class and leads to testable indicators of conformal invari-
ance [13].

The Potts model has two geometrical interpretations.
There are the usual clusters of like spins, and there
are the Fortuin-Kasteleyn (FK) clusters corresponding to
terms from the high-temperature expansion [14]. If con-
formal invariance holds, both cluster interfaces should be
described by SLE. It is expected that the SLE parame-
ter values will be the two dual values corresponding to
central charge of the Potts model’s CFT, the Coulomb
gas [15]. A thorough numerical study of this conjecture
has been attempted for the ¢ = 3 Potts model [16][17].
For the remaining integer value ¢ = 4, only the fractal
dimensions and winding number variance of the FK and
spin cluster boundaries have been measured [18]. This is
not sufficient to determine whether the curves are given
by SLE or some other measure that isn’t conformally in-
variant [11].

The ¢ = 4 Potts model is particularly interesting, as the
FK and spin boundaries are predicted to have the self-
dual SLE parameter x = 4 [9]. Furthermore, for ¢ = 4,
the geometry of cluster interfaces is important because
they correspond to lines of equal height in adsorption
models .

The goal of this study is to close the gap in the literature
by numerically testing in detail whether the spin clus-
ter interfaces of the 4-state Potts model are described by
SLE. A Monte Carlo simulation is used to sample from
the thermal distribution and the interfaces are algorith-
mically identified. The fractal dimension, distribution of
the winding angle, left-passage probability and the driv-
ing function distribution for the interfaces can then be
measured and compared with the predictions of SLE. The
approach taken is similar to that of Cardy in [16].
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I. SCHRAMM LOEWNER EVOLUTION

We wish to study curves in a simply-connected domain
of the plane under a conformally invariant measure. A
system is said to have a conformally invariant scaling
limit if the measure on ®(U) induced by the (continuum
limit of the) thermal measure on U under a conformal
transformation ® is equal to the limiting thermal mea-
sure on ®(U), for any domain U [19].

Curves connecting two fixed boundary points of a do-
main are termed chordal, and curves that begin at a
fixed point on the boundary and end in the interior are
called radial. For the following discussion we consider
only chordal curves, noting that a similar theory exists
for radial curves [20].

The Riemann mapping theorem says any simply-
connected neighborhood in R2, which we can view as C,
can be conformally mapped to the upper half-plane,

H = {z € C: im(z) > 0} [2]. Therefore, we can restrict
our focus to curves in H that begin at the origin and ex-
tend to infinity.
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Figure 1. The process described by the Loewner equation.
Given a curve «(t) in the upper half-plane H, there is a unique
function g.(z) (after re-parameterizing t) conformally restor-
ing the slit v([0,¢]) cut out from H. The Loewner differential
equation gives g+(z) and (t) in terms of the path £(¢) on the
boundary.

Consider a curve y(t) in H that grows with ‘time’ ¢ and
doesn’t self-intersect. At each point ¢ we can cut the
trace v([0,t]) out of H, leaving a simply-connected do-
main Uy with a slit where the curve was (Figure 1). By
the Riemann mapping theorem, there must be a confor-
mal map we call g;(z) that takes U; back to H, collapsing
the slit. By rescaling the parameter ¢, g;(z) can be nor-
malized so g:(z) is asymptotically z + O(1/z) for large
z, which uniquely determines g,(z) [10]. It can be shown
that g¢(z) satisfies the Loewner differential equation

2
g:(2) = &(t)’

where £(t) is a path on the boundary of H tracing where
the tip of the slit is mapped to, i.e. &(t) = g:(y(t)) [21].
&(t) is referred to as the driving function, as it determines
the growth of the curve ().

Any continuous path on the boundary of H, which is sim-
ply the real line R, can be used as a driving function for
the Loewner equation, generating a curve in the interior
of H [22]. With a general set of driving functions, the
formula can produce curves that meet the real axis or
self-intersect. Under the mapping given by the Loewner

Orgi(2) = (1)

equation, a measure on real-valued paths induces a mea-
sure on curves in H. Schramm showed that every confor-
mally invariant measure on curves in H can be obtained
this way by using drift-free Brownian motion in R as the
driving function. The induced measure, which we call
SLE, is uniquely determined by the diffusion rate x of
the Brownian motion [9].

Intuitively, the parameter x describes how rapidly the
curve on the interior meanders as it evolves. For k < 4,
the curve almost surely escapes to infinity without self-
intersecting. For k > 8, the curve will pass through every
arbitrarily small neighborhood of every point in H with
probability one [23].

II. POTTS MODEL CLUSTER INTERFACES

The g-state Potts model describes locally interacting
spins on a lattice that can take on ¢ different colors from
Q=1{1,2,...,q} [8]. The partition function is given by:

Z = Z exp ZJiﬁsi,sj (2)

{si€@} (4,4)

where for our purposes, J;; = J > 0 gives a homogeneous
ferromagnetic interaction between like spins, and (i, j)
denotes adjacent sites on the lattice. Defining p = 1 —

e~’, we can write

Z = eJNb Z H (1 _p+p5si,sj-) (3)

{s:€Q} (i,3)

The terms in the product correspond to graphs on the
lattice, with a bond between i and j denoting the pres-
ence of the d,, 5, term. Summing over the spins leaves
only graphs with a single spin on each connected compo-
nent. The choice of component spin contributes a factor
of ¢ for each component. Therefore, we can write

7 — TN Z pl9(1 — p)Ne=1914lGle (4)

graphs G

where Ny, is the total number of bonds in the lattice, |G|
is the number of bonds in G, and |G|. is the number of
connected components in G [24]. The connected compo-
nents of G are known as Fortuin-Kasteleyn (FK) clusters.
It is important to note that they are distributed differ-
ently to the clusters of like spins (referred to from now on
as spin clusters) appearing in the thermal distribution of
the Potts model [10].

For g < 4, the Potts model exhibits a second-order phase
transition. As J approaches the critical value from be-
low, the cluster size diverges, and in the infinite limit, an
unbounded percolating cluster appears [14]. The perco-
lating cluster boundary can be directly related to chordal
SLE as follows [12]: first, the upper half-plane is dis-
cretized to form a lattice. To fix the percolating cluster,



Figure 2. Constructing chordal SLE from the percolating FK
cluster boundary. The boundary conditions place all sites
on the negative real axis in one FK cluster, and the sites
on the positive real axis are forced to be disjoin from the
cluster, ensuring the existence of a chordal boundary curve.
The thermal measure is conjectured to converge to SLE as
the lattice size goes to zero. Figure taken from [13].

spins on the negative real-axis (i.e. the boundary on left
of the origin) are conditioned to take the value ¢ =1 (or
belong to the same FK cluster), and the spins to the right
are conditioned to take any value other than 1 (or to be
detached from the left FK cluster). This guarantees the
existence of an interface between spins or clusters that
extends from the origin to infinity (shown in Figure 2).
The thermal distribution of the Potts or FK model then
induces a measure on discrete curves from the origin to
infinity. As the lattice spacing goes to zero, the mea-
sure is expected to converge to a conformally invariant
measure on the continuum percolating cluster boundary
[3]. We know from Section I that these the two measures
generated by this process will be described by SLE if the
conformal invariance conjecture holds.

The parameter s describing the cluster boundary SLE
can be determined by coupling the general SLE process
to a Boundary Conformal Field Theory (BCFT) on the
upper half-plane [13]. SLE, is naturally associated with
a BCFT that has central charge

3k — 8)(6 — k)
c= P . (5)
The change in boundary conditions at the origin can be
viewed as the addition of a boundary condition chang-
ing (bcc) operator to the Potts or FK model’s CFT, the
Coulomb gas [25]. Tt turns out that this operator causes
the FK cluster model to match the SLE CFT [12] when

4T
S arccos(/q/2) (©)

We therefore expect FK boundaries for ¢ = 1 to be de-
scribed by SLE(;, q = 2 by SLE16/3, q = 3 by SLE24/5,
and ¢ = 4 by SLE,.

Equation 5 reveals that the pair x and & = 16/k cor-
respond to the same central charge. This is conjec-
tured to represent duality between SLE curves that don’t

self-intersect (k£ < 4) and the outer perimeter of self-
intersecting curves (£ > 4), with a self-dual point at
k = 4 [26]. SLE duality represents the geometric du-
ality between FK clusters and spin clusters (both have
the same CFT) [15]. Taking the dual of Equation 5 sug-
gests that spin boundaries for ¢ = 1 obey SLEg,s, for
q = 2 they obey SLEj3, for ¢ = 3 they obey SLEq/3,
and for ¢ = 4 the spin and FK clusters are self-dual with
Kk =4.

III. SIMULATION PROCEDURE

Monte-Carlo simulations provide a means of sampling
from the thermal distribution on a finite lattice. Suffi-
ciently large lattices should approximate the scaling limit
and allow the predictions of SLE to be tested. For this
work, spin configurations are sampled using the Wolff
algorithm [27], which avoids the critical slowdown expe-
rienced by the Metropolis and heat bath algorithms. At
each step, a cluster of like spins is grown as follows:

e A random spin s in the interior is added to the
cluster

e The bonds between s and adjacent spins of the
same color are ‘activated’ with probability 1 —e~".
The cluster consists of the spins connected to the
activated bonds.

e Each time a new spin is added to the cluster, its
bonds to like spins are activated with probability
1 — e~ 7, growing the cluster. The fixed spins on
the boundary are not added to the cluster.

Once this process terminates, a color different from that
of the cluster is chosen at random. Usually, the cluster
is immediately flipped to the new color. To condition
on the fixed boundary spins, AFE},., the total change in
energy of bonds between the cluster and the boundary
(if any exist) resulting from the flip is first computed. If
AFEy. <0 the cluster is flipped. Otherwise, it is flipped
with probability 1 — e=/2Fve. Tt should be noted that
the ¢ = 4 Potts model is challenging to simulate because
of logarithmic finite-size effects [28].

The simulation is performed on a triangular lattice to
ensure that the spin boundary can be determined un-
ambiguously by tracing along the dual hexagonal lattice
[11]. Suppose the spins on the left side of the boundary
are fixed at ¢ = 1 and those on the right have ¢ # 1. If
the interface is interface traversed starting from the lower
edge, the spins to the left should have ¢ = 1 and those to
the right should have ¢ # 1. The interface can be grown
as follows (see Figure 3):

e Start with the dual bond on the lower boundary
between the ¢ = 1 and the ¢ # 1 spins

e At each step, the trace can turn either left or right.
Let m denote the value of the spin ‘in front of’ the



Figure 3. Growing the trace along the dual hexagonal lattice.
At the current point, the trace has just turned right to ensure
it has a ¢ = 1 (red) spin to its left and a ¢ = 2 (green) spin to
its right. The blue spin in front of the trace has ¢ = 3 # 1, so
in the next iteration, the trace will turn to the left and move
to the vertical dual bond between the red and blue spins.
Figure produced with the author’s code.

current trace. If the trace turns left there will be
a ¢ = 1 spin to the left of the trace and a ¢ = m
spin to the right, and if the trace turns right, there
will be a ¢ = m spin to left and a ¢ # 1 spin to the
right.

e Turn right if m = 1. If m # 1, then turn left.

All code used for this study was written by the author.
The Wolff algorithm implementation was loosely based
on code by Richard J. Gonsalves. Due to performance
constraints, the thermalization stage is run for only 5-10
updates per spin before data collection begins. To en-
sure that the configurations produced are independent,
the Wolff algorithm Markov chain is updated 37 steps
between samples, where 7 is the simulation’s autocorre-
lation time. Re-blocking is used to estimate the uncer-
tainty. The reader may refer to [29] if they wish to know
more about these Monte Carlo techniques.

The spin and boundary configurations on the finite lattice
must be transferred conformally to the upper half-plane.
For the disk of radius r at the origin of the complex plane,
the map is given by the Md6bius transformation

A+z/r

F) = i7 7

as shown in Figure 4. The point (—7,0) is mapped to
the origin, and (r,0) goes to (0,00). The L x hL rectan-
gle is mapped to the upper half-plane by the Christoffel-

=~

Figure 4. Visualization of the Mdbius transformation from the
disk to the upper half-plane. Image adapted from Wikimedia
Commons.

Schwarz map

f(z) =sn (z%,m) , (8)

where sn is a Jacobi elliptic function and m satisfies

1
Flarcsin | — ||m?) - F (E‘mZ) = 2hF (E‘mZ) ,
m 2 2
(9)
with F(¢|k?) denoting the incomplete elliptical integral
[30]. The Jacobi elliptic function is highly singular at the

corners of the rectangle, so the disc is a better region for
studying the details of the interface near the origin.

IV. TESTING SLE PREDICTIONS

The best-understood observables related to the geom-

etry of SLE curves are the fractal dimension, the left-
passage probability and the winding angle [I1]. The
following sections describe how the distribution of the
observables was measured and present preliminary re-
sults from the simulation. I also discuss how the discrete
Loewner equation can be used to approximate the driving
functions of the interface curves in order to test whether
they are driven by Brownian motion [31]. All computa-
tion were run on a single-CPU machine, so the number of
samples was not sufficient for robust statistics. Each test
was first performed with the ¢ = 2 Ising model to check
for agreement with the rigorously known SLEj scaling
limit.
For the g > 2 case, care must be taken because the sym-
metry between fixed spins on the boundary is no longer
manifest. There are two district choices of boundary con-
ditions, free and fized [16]. With free boundary condi-
tions, the spins on the left edge are set to ¢ = 1 and
those on the right edge can take on any value other than
1, as described in Section I. For a finite-sized lattice, spin
clusters on the right are typically smaller than the ¢ =1
cluster, and the interface is biased towards the right.



The left-right symmetry can be restored by applying
fixed boundary conditions: the spins on the left edge
are set to ¢ = 1 and spins on the right edge to ¢ = 2.
Unlike in the Ising model, the left and right clusters do
not necessarily share a common interface, as they may
be separated by islands of spins with ¢ > 2 (see Figure
5). In the scaling limit, the left and right interfaces are
described by two SLE curves conditioned on meeting at
the origin and infinity [32]. In general the single-SLE is
easier to work with, so free boundary conditions are used
when the rightwards bias is negligible.

Figure 5. A configuration of the double-SLE obtained from
fixed boundary conditions (the brighter spins are fixed).
Along the horizontal line crossing the midpoint, spins are col-
ored yellow if both curves pass to the left, and orange if the
spin is between the two interfaces.

IV.1. Left-Passage Probability

The left-passage probability is defined as the probabil-
ity that a given point in the upper half-plane can be con-
nected to the positive real axis by a path that doesn’t
cross the SLE curve, i.e. it is the probability that the
curve passes to the left of the point. For a single SLE it
depends only on the value s = tan(arg(z)) = re(z)/im(z)
and is give by Schramm’s formula [10],

T(4/k) 143
N (R (5’ W2 ‘52)
(10)

where o F} is a hypergeometric function. For the double
SLE from fixed boundary conditions, any point in the
plane may be to the left or right of both curves, or it
may lie between the two. The probability of these events

Pils) = 5 -

can be computed with CFT methods (see Appendix A).
For the case of kK = 4, the result reduces to

1 1 arctan(s)  arctan(s)?
Po(s) = 4 m2(1+s2) e (11)

for the probability that both curves pass to the left, and

1+ 2
2 72

2 arctan(s)?
(14 s2) 2

Py (s) = (12)

for the probability that one curve passes on either side
[32].
The following procedure was used to determine whether
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Figure 6. The algorithm for identifying which spins are to
the left of the interface. ¢ = 1 (red) spins connected to the
bottom-left corner by other ¢ = 1 spins are marked with a
bullet . The unmarked spins connected to the right edge by
a path of unmarked spins are then blacked out, leaving only
the spins to the left.

a point was to the right of or between the two interfaces:
first, all ¢ = 1 spins in the same cluster as the left bound-
ary are marked. All unmarked spins connected to the
right boundary by a chain of unmarked spins are then
removed. The remaining spins are those to the left of
the ¢ = 1 interface (this also works for the single SLE).
The procedure with left and right interchanged is then
repeated for the ¢ = 2 spins, and the remaining spins
are those to the right of the ¢ = 2 interface. Figure 6
demonstrates the algorithm graphically.

To avoid finite-size boundary effects near the origin of
the curve, the simulation was performed on a rectan-
gular strip of width L and height 3L. The passage
probability was sampled from along a straight line from
(=L/2,3L/2) to (L/2,3L/2). The effect of increasing the
aspect ratio above 1 : 3 was smaller than the uncertainty,
so a L x 3L rectangle was deemed sufficient.
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Figure 7. Left passage probability for the Ising model on a
200 x 600 rectangle. The fit to Schramm’s formula is good,
with the best-fit value k = 2.988 close to the expected k = 3.
Data taken from 2800 independent samples.

The results for the Ising model on a 200 x 600 rectangle
(Figure 7) show a good agreement with Schramm’s for-
mula. For the double SLE with ¢ = 4 (Figure 8), finite
size effects were an issue, and the left and middle passage
probabilities only appeared to resemble Equations 11 and
12 when the system size was on the order of 500 x 1500
spins. At this point the simulation was not fast enough
to produce a sufficient number of samples on my com-
puter.
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Figure 8. Left and middle passage probabilities for 4-state
Potts model on a 400 x 1200 rectangle. The results do not
seem to match the double SLE formuale (Equations 11 and
12). Data is from 2000 independent samples.

Cardy encountered a similar issue in his study of the
g = 3 Potts model [16] with 100 x 300 spins, and was

unable to test Schramm’s formula. The finite-size effects
are likely so pronounced because the scaling of four-leg
operator governing collisions of the left and right inter-
faces goes from irrelevant to marginal at ¢ = 4 [16]. With
more time, I would like to explore the crossing probabil-
ity for the ¢ = 4 model with free boundary conditions on
large lattices.

IV.2. Fractal Dimension

The curves produced by SLE are fractal in nature and
appear longer when measured at smaller scales. The level
of irregularity is captured by the fractal dimension dy,
defined as follows: if it takes N disks of radius € to cover
the curve, then N ~ e~% for small e. For x > 8, an SLE,,
curve covers the plane and has maximal fractal dimension
2. For k < 8, the fractal dimension is given by

df =1+ k/8 (13)

with probability one [23]. This captures the notion that
curves with low s have more regularity.

For a curve discretized to a finite lattice of size L and
spacing a, the length S of a curve that crosses the lattice
obeys

S ~al~dr s (14)

for small a or large L [11].
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Figure 9. Log of mean path length S against log of system
size L for the Ising model. The values of L measured were
49,75,100, 125, 150, 200 and 250.

The mean curve length was measured on a L x 3L
rectangle of with in the range from L = 50 to L = 600,
with results for the Ising model displayed in Figure 9 and
for the Potts model in Figure 10. The measured fractal
dimensions are consistent with with the conjectured



values of k (the result is tentative because I did not find
time to perform error analysis).
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Figure 10. Log of mean path length S against log of system
size L for the Potts model. The values of L measured were
100, 200, 300, 400 and 600.

IV.3. Winding Angle

The winding angle 6 at a point along a discrete curve
is given by the sum of the angles between the previous
consecutive points. For SLE,, discretized to a lattice of
size L (measured along the mean direction of the curve),
the winding angle at any point along the curve follows a
gaussian distribution with mean zero and variance

var(6) = (6%) — (0)2 = gln(L) te (15)
for some constant ¢ [18].
The ¢ = 4 simulation was performed on the disk with free
boundary conditions, and the winding angle was sampled
at random points on the interface curve after performing
a Mobius transformation to the upper half-plane. Unfor-
tunately there are as yet unresolved errors in the code
for binning and saving the winding angles sampled, so 1
could not perform this part of the analysis.

IV.4. Driving Function

It is possible to directly test if the cluster interface
obeys SLE by extracting the driving functions of curves
sampled by the simulation. For a discrete chordal curve
v; in the upper half-plane H (with 79 = 0), the con-
formal maps g, sending the points {7; : i« < n} to the
real axis can be found iteratively (for a detailed analy-
sis see [33]). The procedure uses the function fi(z,d) =

d4+/(z — §)? + 4t, which satisfies the Loewner equation
(Equation 1) for the constant driving term &(¢) = 6. The
corresponding curve in the interior is the vertically grow-
ing slit 6 + 2iv/%. In particular, a point s € H is mapped
to the real line by fim(s)2/4(2,1e(s)). This function can
be applied repeatedly to send each point ~; to the real
line, starting with gg = 1 and recursively defining

gi+1(2) =re(gi(Vi+1))

+ /(2 = re(gi(i41)))? + im(gi (i41))>- (16)

At each step ¢ > 1, the driving function takes the value
& =re(gi_1(vi)) for a time At; = im(g;_1(v;))?/4. For
small enough lattice spacings, the time steps go to zero
and the discrete driving functions obtained this way ap-
proximate the driving functions of the continuum limit
[34]. The simulation results are collected by binning time
tn = Y ;<, At; into preselected intervals, then binning
the position of the driving function at each time.

A Brownian motion B; with diffusion rate s satisfies the
following four properties:

e Bp=0
e [3; is continuous with probability one

o If 0 < 51 < t1 < s9 < ty then By,
B:, — Bs, are independent

— Bs, and

e B;— B, is normally distributed with mean zero and
variance k(t — s).

The first two properties are guaranteed trivially. It
can be shown that any scale-invariant limiting measure
has a driving function with variance proportional to
t, so it does not suffice to just measure the variance
([31] has some interesting counterexamples). Rather,
the Kolmogorov-Smirnov test test can be used to test
whether £(t) is normally distributed, and a x? goodness-
of-fit test against the joint distribution can be used to
test whether the variables £(t;) — £(s;) are independent
[31]. Note that estimates of x obtained from the driving
function are generally less accurate than the other ob-
servables described above [35].

I was not able to finish writing the the driving function
code in time to take data. It would be worth completing
the analysis at some point, as testing for stationary in-
crements is the best way to determine whether a curve is
truly SLE. It would also be fruitful to analyze the statis-
tics of the driving function for the the ¢ = 3 Potts model,
as Cardy only measured the first two moments in [16].

V. CONCLUSIONS

As expected, the spin interface fractal dimension sug-
gests that the ¢ = 4 model is consistent with SLE4. To
establish that the boundaries are given by a conformally
invariant measure, detailed analysis of indicators such as



the winding angle distribution and driving function is re-
quired. It seems that finite-size effects complicate this
task when ¢ is greater than two. The asymmetry of free
boundary conditions distorts the driving function’s dis-
tribution, while fixed boundary conditions describe an
unwieldy double-SLE. With ¢ = 4 the problem is pro-
nounced because the double-SLE curves tend to collide
for a large range of finite system sizes. Going forward, the
tests mentioned in Section IV need to be conducted with
greater sample sizes and on larger lattices. A lot should

be gained from writing a program to bin and record the
driving functions calculated from the discrete Loewner
equation, as this would give direct insight into the pro-
cess governing the finite-size interfaces.

The methods discussed in Section IV can also be ap-
plied to test the FK cluster interfaces, as the Chayes-
Machta algorithm [36] allows sampling from the FK
model. Studying FK clusters would provide a second
means of testing conformal invariance hypothesis and
would serve a check for the conjectured duality with spin
clusters.
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Appendix A: The Two-Curve Schramm Formulae

Cardy [32] showed that for the double SLE starting and ending at a common point, the probability that both curves
pass to the left of a given point s € H is

= D

where s = tan(arg(z)) = re(z)/im(z). The probability that one curve passes to the left and one to the right is given
by

I'4/k)'(8/x > >
Pym(s)=1— 22_8/(K7/1_F)(1;/{€1 D {/S F(x)dx + /ﬂ F(as)dz] (A2)

where

1, 4 4.1. 2 2I'(1+4/r)1'(4/K) 4 3 4.3. 2
2P (5+ 51— 55 7%) — maera ety X} 2P (1455 - 15 —a?)

(1 + 22)8/r1
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