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In this paper, we focus on the behavior of a particle in dissipative environment coupled to a
periodic potential. We review the duality relations between the weak and strong coupling regimes,
as well as perturbative RG analysis of the system, to elucidate the nature of a phase transition
from a diffusive regime to a localized phase achieved by the tuning of the phenomonalogical friction
coefficient. Finally, in this work, we extend the quantum friction model for a particle in a 1D periodic
potential to a particle in a 2D periodic potential. We perform perturbative RG up to second order to
derive the differential flow equations and phase diagrams for a particle in rectangular and rhombic
lattice potentials, and observe dimensionally different confinement phases dependent on the lattice

parameters of the potential.

I. INTRODUCTION

Quantum dissipation was first studied by Caldeira and
Leggett to elucidate the nature of quantum tunneling
in macroscopic systems, where coupling to the environ-
ment is non-negligible and strong enough to damp even
classical motion!. Various classes of dissipative systems
have become the focus of research henceforth. This in-
cludes two-level systems??, which are becoming increas-
ingly more relevant in the context of quantum computa-
tion. Extensions of basic models can now be used when
analyzing the dephasing in a qubit and general decoher-
ence in mesoscopic systems® . Another is the system of
a particle in a one-dimensional (1D) periodic potential,
relevant to the study of Luttinger liquids®. Studies of
both system types have revealed dissipation to decrease
the tunneling rate, as well as induce a transition between
a diffusive regime and a delocalized phase®57.

In this paper, we focus on the latter system type. We
start by using a simple picture to motivate a linearly cou-
pled friction term. Next, we review the duality mapping
between the regimes of weak and strong potential, which
unveils a potential critical point for a transition of the
system from a delocalized phase to a confined phase®.
We elucidate the nature of this phase transition by re-
viewing the renormalization group (RG) analysis as per-
formed previously®. Finally, we consider a particle in
a dissipative environment coupled to a two-dimensional
(2D) potential. We first consider a decoupled rectangu-
lar potential and then a coupled rhombic potential, per-
forming perturbative RG to the second order to obtain
the corresponding phase diagrams.

II. QUANTUM FRICTION THROUGH A
LINEAR COUPLING TERM

In this section, we very briefly illustrate the physical
origin of a linearly coupled dissipative term. Details of
the calculations will be skipped over, but the reader may
find them in Ref.”. Additionally, in this paper, we will
continue to refer to the action integrated over imaginary

time%S as BH, which is more familiar to the eyes of the

readers, and furthermore drop the 8 prefactor in SH —
H to minimize notational clutter.

A. Physical motivation: averaging over a
fluctuating string

Let us suppose a system which consists of a particle,
whose position on the z-axis z(7) as a function of time,
and a string, which extends along the y direction and
whose transverse fluctuations in time are indicated by
u(7,y) (see figure 1). The particle is coupled to the end of
the fluctuating string at y = 0 as shown. We are mainly
interested in the behavior of the particle and thus trace
over all fluctuations of the string to obtain an effective
Hamiltonian, where effects of the string have been aver-
aged out and the particle’s properties remain the only
degrees of freedom.

The Hamiltonian of the string and the particle, sepa-

y

u(t',y) ,

SORDA Al I S N -y
el 11
S\ /7
&, /]
/. 17
o 1
~ 411
i

& T,

;c(r') =u(7,0)

FIG. 1. Schematic of a particle coupled to one end of a fluc-
tuating string. The effects of the motion of the string on the
particle are averaged over to obtain an effective Hamiltonian
whose only degrees of freedom are those of the particle.
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where p and o denote the density and tension of the
string, respectively, and Ul[z] indicates some potential
that the particle experiences depending on its position
x. The coupling condition can be imposed on the overall
partition function through the §-function,

:/Du(T,y)/Dx(r>5 2(r

Writing the d-function as follows,

) — (T, O))e_H‘S_HP.

if drf(7)(z(r)=u(r,0))

5(x(r) — u(r,0)) = / Df(r)e

transforming to Fourier space, and performing the Gaus-
sian integral over u(w, k) and subsequently over f(w), we
obtain an effective Hamiltonian for the particle such that,
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where we have identified n = 2,/po. Transforming back
to time space then gives us

2
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Thus, we see that the string effectively induces a nonlocal
friction term (~ Zx) into the Hamiltonian of the particle,
with n as the friction coefficient. The string in this case
can be generalized to an external environment with which
the particle interacts. In general, we do not know the
precise details of the friction mechanism in our system,
and the value of the phenomenological friction coefficient
7 is extracted from experimental results.

B. Mathematical motivation: available RG
technology from the 2D sine-Gordon model

The quantum friction model in 1D is an analogue of the
2D sine-Gordon model. Although this point will be cov-
ered in much detail in later sections, we briefly point out
the correspondence here. From eq. 1, assuming that H,,
contains the standard kinetic energy term ~ w?|z(w)|?,
in the long-wavelength limit, the integrand of H.;y is
dominated by the dissipative term ~ |w||z(w)|?. Thus,
the two-point correlation function (z(w)x(—w)) ~ |w|~ .

As a result, integrals of the form [dw(zz) in pertur-
bative analyses lead to the emergence of logarithmic in-
teraction behaviors at large distances. This is in cor-
respondence with the 2D sine-Gordon model, where, in
the long-wavelength limit, the Hamiltonian is dominated
by ~ ¢?|h(q)|?, which, through [ d?q(hh) in perturba-
tive analyses, also generates a logarithmic interaction
potential'?,

As such, the techniques we used for analyzing the
roughening transition can be applied to the 1D quan-
tum friction model. These connections are crucial to the
calculations carried out in the rest of this paper.

III. PARTICLE IN A DISSIPATIVE
ENVIRONMENT COUPLED TO A 1D PERIODIC
POTENTIAL

For a particle in a periodic potential of periodicity z,
we rewrite eq. 2 as
/ dT— (1)

dr/d ’lx
H, = —%/chos [27::0(7)].

First, we follow similar notation as Fisher and Zweger®
and scale our parameters to be dimensionless,
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_ 27a(7)
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where A is the frequency corresponding to the quantum
2

mechanical energy r:a;Z required to confine a particle of
0

mass m within a lattice spacing of xy. Transforming to
Fourier space, we arrive at the scaled Hamiltonian,

Ho = %/ AS@Pw)P,  S(w) = oolul + %

H, = *‘/()A/dT cos (¢(1)).

A. Duality Mapping

In this section, following Schmid’s work, we review the
duality relations between the strong and weak poten-
tial coupling regimes of the system, where V;; < 1 and
Vo > 1, respectively. The duality mapping was one of
the first studies which suggested the existence of a diffu-
sive delocalised phase and a localized confinement phase
and the corresponding critical point of transition.



1. Weak coupling expansion

For Vi < 1, we expand e~ ' as a power series, and
observe its weight contribution in the integrand of the
partition function Z = [ Dg(r)e Hoe=H1,

exp (VOA/chos(qS(T)))

A)" /]i[ [de (ei¢(Tj) Ze—i¢(7i)>1

[/0A/2 /d1

X exp Z/dTZe] T —1T5) 7')}

{e] +1}

We note here that in performing the path integral, we
can separate out the zero-frequency mode, that is

/ Do(r)e

- | ﬁ)dww exp{ > [S(Qmww
—iiea‘/dﬂS(T—Tj)e_“%(@]}
/ debo eXp e] / drd(r — ¢0} I do(

w#0
where we have denoted ¢g = ¢(w = 0) and used the fact
that S(0) = 0. Thus we see that for the integral of the
zero-frequency mode to not vanish and render the path
integral unperformable, we require Z;L=1 e; = 0. In other
words, identifying each e; as the charge of a classical
particle and Z?Zl e; as the total charge of a plasma of
n such particles, only neutral plasma configurations are
allowed. Thus, n = 2N, and we can identify a charge
density
pan(T) =0(T—71)=0(T—T2)+ (7 —73)—...—0(T—Tan)
that corresponds to a neutral plasma of n particles with
(2N)!/NIN! different configurations originating from
ways of distributing N (+) particles and N (—) parti-
cles on 2NN 7; sites. Thus we obtain the expression

o H :; ((VOAN/!Q)N)Q/dTl ...dman
% Z exp [i/dTPQN(T)QS(T)}’

{e;=%1}

which identifies p(7) as a source term and puts the inte-
grand of the partition function Z into Gaussian form in

¢(7). Integrating over the fluctuations in ¢(7), we arrive
at the following,

7 = \FZ(M> /dTl...dTgN
X exp [— %/deT/pQN(T)S—l(T — T')pzN(T’)l,

where S =[], S(w) and, as calculated by Schmid,

dw
-1 o aw
S (T)f/QWS
al|T| <1 (5)

~4rl,
:{ 210 (227, aAfr| > 1,

where we note the logarithmic behavior of the interaction
at long distances.

1 (w)efiw(‘r)

2. Strong coupling erpansion

In the limit of Vy > 1, the tunneling of the quan-
tum particle between adjacent minima of the periodic
potential can be well described, using the WKB approx-
imation, by its classical undamped path in the inverted
potential. Denoting H' = H — [ £ 2|w||¢(w)|? as the
full undamped Hamiltonian, we solve the following cor-
responding differential equation,

o(7)

We arrive at the single instanton/anti-instanton solution
described by

— A?Vysin(¢(7)) = 0.

#(1) = f(7) = £darctan(e“°7),
where wg = vVA2Vp. Plugging f(7) back into H’, we cal-

culate the energy of a single (anti-)instanton s = 8V1/2

which should be > 1 in the strong coupling regime. A
general solution is then a combination of instantons and
anti-instantons distributed at different points in time,

) T = Zejf(T
j=1

where e; = 1 or e; = —1 describes an instanton or anti-
instanton, as long as the time separation between any
two instantons is substantially larger than the width of
a single instanton (|7; — 75| > wy ). We also note the
following property of the Fourier transform of ¢(7),

Z e ezw‘r] (6)

where h(w) is the Fourier transform of f(7). Then, sub-
stituting ¢,, into the full Hamiltonian H, we obtain the

—iweo(w



following expression

Hip,] =ns+ % ZejekA(
jk

Tj _Tk)v

where the second term describes an effective pairwise
interaction between the instantons and anti-instantons,
and

a [dw|h(W))? _,
A - = haad iw(T)
(7) 2 ) 27 |w|
7
e wdr?, w1 @
] —2aln(wer), wolr| > 1,

where c¢ is a constant of order unity. First, we note that
since h(w = 0) = 27 is a constant, integration over the
Z€ero- frequency mode leads to a divergence in energy un-
less E e; = 0. Therefore, only solutions with equal
numbers of instantons and anti-instantons are allowed,
imposing the condition n = 2N as with the weak cou-
pling expansion.

Next, taking into account Gaussian fluctuations
around ¢, the work for which is not shown here but can
be found in various reference texts®, the fugacity e~* is
replaced with wg(2s/m)'/2e=*. Thus, identifying pan(7)
again as the density of a "neutral" mixture of instantons
and anti-instantons, we arrive at the following expression
for the partition function,

—*\/2s/m
Z = Z( o S/?T ) /dT1 dTQN

X exp l— %/deT/pgN(T)A(T = T’)pgN(T')] .

(8)

We first compare the effective interaction potentials of
the corresponding charge and instanton densities pan (7)
in equations 5 and 7. We see that just as in the weak cou-
pling expansion, a logarithmic interaction is generated
between the instantons and anti-instantons separated by
large distances in time in the strong coupling expansion.
If we neglect their behavior in the core regions (for small
|7]), we are able to map them onto each other through
the relation,

o= é )

Next, comparing the partition functions in 4 and 8, we
also recognize the mapping of the prefactor raised to the
nth power in the power sums,

8
ﬁe*svoA — VoA. (10)
Mappings 9 and 10 then lead to the following fixed points,
as shown in the top of figure 2,

o =1

Vi = <ln(8§ﬁ)> ~ 0.04. (1)

However, we point out that while the weak coupling ex-
pansion did not assume conditions of the system param-
eters, the expansion from strong coupling assumed the
use of the WKB approximation to be valid. Here, as
Vi = 0.04, our fixed point is not in the strongly coupled
regime where the latter condition is satisfied. Therefore,
the estimate of o is also not completely reliable, moti-
vates further analysis using RG.
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FIG. 2. Schmid identified a fixed point at & = 1 by dual-
ity mapping between the strong and week potential coupling
regimes (top). The nature of the phase transition between
a delocalized and confined phase was clarified through RG
analysis, such as in the work of Fisher and Zweger (bottom).

B. Perturbative RG analysis under a 1D periodic
potential

Before performing RG, we point out the, crucially, the
periodic potential imposes two constraints on our system.
First, that rescaling in the time coordinate during RG
should not affect the real space coordinate on which our
particle rests. The periodic nature of our system is con-
strained by our system size in real space, which does not
change under renormalization in time. Thus, x stays the
same under renormalization and is not treated as a scal-
able parameter but rather a given system constant. Sec-
ondly, a sensible renormalization procedure will require
the dimensionless wave function ¢(7) to map back onto
itself with the same periodicity ¢ — ¢+ 2m, else breaking



the symmetry of the system. To preserve this symmetry,
the renormalization constant of ¢(7)" = ¢(7)/z is z = 1.

An important consequence follows. Since ¢(7) does not
get renormalized, by power counting, we can see that un-
der rescaling w — wb™!, the quadratic term ~ w?, as well
as any terms that are higher order in w, is irrelevant in
the presence of the friction term in the 1D bare Hamil-
tonian. Thus, in our following calculations and analysis,
we take the limit S(w) — «a|w|/27. The two-point corre-
lation function in frequency space is then,

_ 2md(w + W)

(p(w)p(w)) = S(@) (12)

We perform the standard renormalization procedure by
separating the fast and slow modes of ¢(w),

) d<(w), for w| < A/b
w) = {q’)>(w), for A/b < |w| < A,

allowing us to identify these modes in time space as

Afb dw wT A dw wT
o) = [ Growieer+ [ o
= ¢<(7) + &> (7)

The two-point correlation function of the fast modes is
then

A

TWT

G(r) = (6 (1) (0)) = / do e (13)

A 27 S(w)’

which we will use to integrate out the corresponding fast
fluctuations. In obtaining the G(7), Fisher and Zweger
incorporates a smoothing function W (w) into the integral
above, where W(w) = 1 when w > A/b and vanishes
slowly as w — A/b, and is used to prevent the generation
of spurious long-range behavior in G(7). Here, we will
take the results as calculated by Fisher and Zweger for
use in later calcuations:

G(r) = %Ko(AT/b) for A7 > 1,
G(0) = 2 n(b)

where K((z) is the modified Bessel function of the second
kind, which decays exponentially for large z and is even
in z.

From here, we study the effects of the perturbation
terms in

H = Ho+ (th) = 5 ({H2)> - (H)2) + O(%). (19

Using G(7), we calculate the first order perturbation

term (H,;) and rescale 7/ = 7.

() = Vo [ dr(cos (0<(r) +6-())
= —V()A/dT{cos < (cos ps) — sin ¢ (sin ¢>)}

(ei*>) + <e—i¢>>]

:—VOA/chosq§<l 5

= —V()A/chosq§< [e_%G(O)}

— _VpAbE / dr' cos(¢< (7)),

where in line 2, (sin ¢~ ) vanishes since sin ¢ is odd in ¢.
Therefore, first order perturbation rescales V; as Vy(b) =
b'= %V, and does not rescale a. Upon linearizing b =~
1401, we arrive at the following differential flow equation,

V(1) 1
22 = (1- = )n. (15)
and observe that for Vj is irrelevant and scales to 0 if
a < 1 and grows if a > 1.

Next, we calculate the second order perturbation term.
Denoting ¢(7) and ¢(7') as ¢ and ¢', respectively,

(HP) = (VoA)? /deq-/<cos (6 + 65 cos (4 + oL))

= (VoA)? /deT' {cos $< cos ¢ (cos ¢ cos @)
+ sin ¢« sin ¢’ (sin ¢ sin ¢’>>}

= (VoA)? /deT/% [cos(qb< — ¢ ){cos(¢> — ¢L))
+ cos(9< + @) {cos(6 + 0L))]

o—G(0)

— (VoA)? / drdr' [ cos(p — ¢.)e7 )

+eon(o< + -],

and thereby,

<H12> - <Hl>2 :(%2/\)2 e GO /deT' (16)

X [Cos(¢< — )T 1) + cos(pe + @) (e T - 1>]-

2
By gradient expansion, the first term ~ (%) ~ w?,

and is therefore irrelevant by power counting, as with
the quadratic term in Hy. The second term ~ cos(2¢).
This is the analogue of the symmetry-breaking term
hy cos(pf(x)) in the 2D Sine Gordon model. Thus, for
any term with the form V,, cos(n¢) in our model, we make
the following correspondence to the relation derived in
our sixth problem set,

dhy, p? av; n?
Zr 9 1= 2 v
dl ( wE )" T o |V

(17)




where 2 — 1 in the first term comes from going from 2
dimensional space to 1 dimensional time, and 47K — «
is found by comparing the two-point correlation functions
of the bare Hamiltonian of both models.

Thus, for the V,, cosn¢ term to be relevant, we need
a > n?. However, for the perturbation relations in V;
to be valid, we need a < 1, as shown by the first order
relation in equation 15. Therefore, o > n? cannot be sat-
isfied and the V,, cos(n¢) term, ~ cos(2¢) in this specific
case, is not relevant. Therefore, to second order, neither
Vo nor « is rescaled.

In fact, as argued by Fisher and Zweger, we do not
expect « to be rescaled to any order in V. As defined, «
depends only on 7 and zy. As we have pointed out be-
fore, x¢ is a system constant that does not change under
renormalization. On the other hand, 7 is the coefficient
of |w||¢(w)[?, a term that cannot be generated by deriva-
tives of ¢(7) and is thus nonlocal, as explicitly apparent
in its Fourier transform: (%)2 Therefore, since
the perturbative RG procedure is only capable of gener-
ating local interactions, 7 and thus « remains unaltered
to all orders in V. This is markedly different from the
behavior of the 2D Sine-Gordon model. Even though
both use the same technology regarding the 2D coulomb
gas renormalization group, the ¢2|h(q)|? term in the 2D
Sine-Gordon model is local and thus the temperature co-
efficient K ~ T~ is rescaled under renormalization.

In the flow diagram, this means the line of the phase
transition is vertical, as shown in figure 2. The particle
is spatially delocalized in the regime of low friction (a <
1), and spatially confined in the regime of high friction
(> 1).

IV. PARTICLE IN 2D PERIODIC POTENTIALS

In the following section, we will extend RG analysis
of the particle in 1D periodic potential to that in a 2D
periodic potential.

A particle in two dimensions has two orthogonal
modes: z(7) and y(7). For our analysis, we assume that
the friction coefficient itself, 7, is isotropic. Then, given
lattice parameters zo and yg, we rescale our dimension-
less parameters accordingly,

0, — o — Mo
’ 2rh’ Y 2rh’
e v
W= 3 W=
27 (T) 2my(T)
$x(T) = ; Py(7) = :
Lo Yo

A. TUncoupled modes: rectangular lattice potential

A rectangular lattice potential, with adjacent minima
in z and y direction separated by xy and yg, respectively,

is given by

2my(7) )
Yo (18)

(27Tx(7')

) + VY cos (
Zo

H; :/dTVOmcos
= Hi(z) + H{(y).

We can completely rewrite the Hamiltonian as separate
functions of ¢,(7) and ¢, (7):

where,

Hin) = %/dw (;‘W w|+bj\>|¢i(w)|2—l/0iA/chos (:(7)).

Now we can solve for each mode independently as we did
for the particle in one dimensions.

Performing the same RG analysis for each mode gives
us two sets of conditions regarding o, and «, separately,
imposing conditions regarding the relevance of Vi' and
Vi, respectively. Since a, and o, are just rescaled ver-
sions of the same phenomenological parameter 7, we ob-
tain the following conditions,

{< ;L%, V' is irrelevant
0

> 1%7 Vi' is relevant
77 0

2m 1 -
{< -, V4 is irrelevant
Yo

> LV is relevant
Yo

For a square lattice potential where zg = yo, the two
sets of conditions are identical, and we obtain the same
phase diagram as that of the one dimensional case, with
a delocalized phase and confined phase. For rectangular
lattice potentials where xy # yg, we get that the rele-
vance of V§ and Vy/ depend differently on n. More con-
cretely, denoting 7; as the minimum value of 7 that leads
to confinement of the particle in the ¢-direction, and let-
ting xo > yo, we see that 7, < n,. Therefore, we observe
a picture, where, along the direction where the adjacent
minima are farther apart, it is harder for the particle to
tunnel and thus it requires less friction to get stuck. The
possible phase diagrams, in a plane with fixed coordi-
nates, are shown in figure 3.

B. Coupled modes: rhombus lattice potential

Now we consider rhombic potentials obtained by the
multiplication of periodic functions,

H, = VOA/dT coS (¢I(T)) cos (qby(T)),

where x¢ and gy are again the distance between the ad-
jacent potential minima in the z and y direction, respec-
tively. Except in contrast to the rectangular lattice, each
"layer" is staggered (see schematic in figure 4).
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FIG. 3. The phase diagram of a particle in a dissipative en-
vironment coupled to a rectangular 2D potential. For a non-
square potential, the particle experiences a phase of 1D con-
finement (orange) between passing into the delocalized phase
(yellow) or the fully confined 2D phase (red).

We cannot perform coordinate transformation to de-
couple modes in H; without inducing mode-mixing in
Hy. That is, the following transformation ¢/, = ¢ + ¢y,
@, = ¢z — ¢y gives us decoupled Hy,

VoA

Hy = —= drcos(¢l, (1)) + cos(¢, (7)),

but rearranges Hy as

1
H, :/dﬂi
21 4w

+wa$—aw(¢uwmsz>+¢u—wwz@»)]

(o + ) (|8 @ + 16, )

The mode-mixing term disappears when xy = yg, which
reduces to the case of a square lattice rotated by 90°,
with inter-minima spacing of z/v/2. We perform per-
turbative RG to calculate the effect of H; on the system
parameters.

1. Perturbative RG analysis

First, we identify the two-point correlation functions
of the bare Hamiltonian upon integrating over the fast

modes G;(7) = (¢i(7)$i(0))
Gi(r) = —zKo(AT/b) for A7 > 1,
“ (20)

where ¢ = z or y and also noting (¢,(7)¢,(0)) = 0.
Calculation is as follows,

() = VoA [ dr(cos (da.c +62.5) 05 (6. + 6,.2))
= Vo [ dr [ cos(n.< — 6.<) (cos(0> — 6,)
+ €080, + 6y.<) (00505 + 6y,5))]
— VoA / dre= 3004610 oos(9, ) cos(6,,<)]

Rescaling 7/ = 7b and linearizing b ~ 1+ 4l, we have that

MWo(l) _ ll (i+i>

ol Oy Oy

Vo(1).

Thus, Vj scales to 0 when n < 27rﬁ(% + %) We check
that when zg = y = 0, the imposed condition becomes
identical to that of a square lattice with spacing z¢/ V2.
Physically, we expect the anisotropy of the potential to
reflect in the system in some way, which motivates us
to seek higher order effects. To minimize clutter in the
following calculations, we will drop the - label on the
slow modes and transform notations for the fast modes
as such cos(¢, (7)) = ..

(H2) = (VoA)? / drdr’{(cos(6z) cos(dy) cos(d)) cos(6)))

= (VOA)2/deT&

x [cos(n — 6y) cos(6, — 6, ){(erey + 52, (exey + 505,)
+cos(dx — ¢y) COS((JS; + ¢;)<(chy + 555y)(CaCy — S28y))
008 + 6y) c08(6 — 9,){(cacy — 525,)(Cxcy + 25,))
o c08(6 + ) 0086 + 9)){(csey — 5u3,)(cacy — 525,))].

The second and third terms are identical upon the ex-
change 7 <> 7/. The expectation values of the first and
fourth terms are identical because cross terms such as
(cz8z) has an argument that is odd in ¢, and thus van-
ish. The expectation values in the first and fourth term
are calculated to be,

((cacy + sasy)(cacy + Sz5y)) = ((CaCy — Sa8y)(Cacy — 525y))
= ¢~ (Ge(0+G4 () cosh [GE(T — 7))+ Gy(r - 7'/)].
The expectation values in the first and fourth term are

calculated to be
((cacy + su8y)(cacy — 828y))

= ¢~ (G (O+G(0) ¢ogh {Gx(r —7) =Gyt - T’):| :



The slow-mode function from the first and fourth terms
are then collected to be

cos(¢a — py) cos(¢), — b)) + cos(dx + by) cos(¢f, + 6,

= cos(@z + ¢l,) cos(dy + ¢},) + cos(ds — ¢f) cos(dy — ¢,

(21)

The slow-mode function from the second and third terms
are collected to be

2 cos(¢y — ¢y) cos(¢l, + ¢;>

= 08¢z + ;) cos(dy — ¢),) + cos(bz — ¢;,) cos(dy + &),

(22)
where in the collection of these terms, we have removed
functions that are odd under the exchange of 7 < 7’.
Approximating cos(¢; — ¢}) by the gradient expansion
and removing terms (%)2 by the same reasoning of
power counting as before, we see that second order RG
generates the following terms,

VO(Q) cos(2¢5) cos(2¢y) + Vi cos(2¢,) + Vi cos(2¢y),
(23)
where, using results 21 and 22, the coefficients are, at
this order,

y @ = WA 6. 0)+6,0)

4
X {cosh [Gw(T -7+ Gy(r - T/):| — 1}
2
Ve — vy = (VZ’\) —(G2(0)+G, (0))

X {cosh [Gz(T —7) = Gy(r — T/)} - 1}

Now, we analyze the relevance of each of the generated

terms. We immediately see that VO(Q) cos(2¢4) cos(2¢y)
is irrelevant, and comment that this is true for any term

of the form VO(") cos(ngy) cos(ng,) where n > 1. In
fact, we see that, generally, a term of the form rescales
cos(ng ¢y ) cos(ny¢,) effectively rescales xg — z9/n, and
Yo — Yo/ny and is relevant in the presence of our current
potential term V{ cos(¢s) cos(¢y) if the following condi-
tion is satisfied,

2 2

me My oL (24)

Qp  Qy  Qp oy
Thus, denoting tan(f) = yo/xo, we arrive at the condi-
tions that V[ cos(2¢,) (ny, = 2,n, = 0) is relevant if
6 < 7/6, and Vy cos(2¢,) (n, = 0,n, = 2) is relevant if
6 > /3. Here, we ponder if additional, different, terms
can be generated by higher order perturbation. However,
we see that the only terms that have not yet been gener-
ated and which have possible lattice configurations that
can satisfy condition 24 are those of (n, > 2,n, = 0) and
(ng = 0,ny > 2). However, these terms are irrelevant in
the presence of the cos(2¢;) terms that have already been
generated. Now, denoting d? = 22 + y2, we summarize
the nature of the phase transitions for different ranges of
0 in the following table.

).

6 range phases ‘ transition % -1(9) ‘
delocalized — sec2(0) _
0 <0 < % |1D confinement along x| 2(6) csc2(0)—
2D confinement sec e
- ” delocalized 2 200
¢ <0<g3y 2D confinement sec”(6) cse*(6)
delocalized — esc2(0) _
2 < 6 < Z|1D confinement along y 2 2
3 2 — —
2D confinement sec(6) esc*(6)

A &

0 /6 /3 /2

FIG. 4. The phase diagram of a particle in a dissipative envi-
ronment coupled to a rhombic 2D potential. We see that there
is a finite parameter space in 6, including not just the diamond
configuration, where the the system transitions directly from
a completely diffuse phase (yellow) to a completely confined
phase (red), skipping over the partial 1D confinement phase
(orange).

Thus, as shown in figure 4, for a rhombic 2D poten-
tial, there exists a finite parameter space in € where the
the system transitions directly from a completely diffuse
phase (yellow) to a completely confined phase (red), skip-
ping over the partial 1D confinement phase (orange).

Additionally, we can replace d in the scaling coefficient
of 1 in the rectangular case to d = d//2, while keeping
d = d in the rhombic case. In this way, the rectangular
and rhombic potentials exactly map onto each other at
6 = mw/4 as the square lattice potential. As shown in
figure 5, they also confirm the same position on the phase
diagram.
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FIG. 5. A comparison of the phase diagrams for a particle
in a dissipative environment coupled to a rectangular and
to a rhombic potential. From the grey dotted line, we see
that at 8 = 7/4, our results for the rectangular and rhombic
potentials map back onto each other, as expected.

V. CONCLUSION AND OUTLOOK

In conclusion, we have introduced a dissipative term
into our Hamiltonian and reviewed the duality mapping
and phase transitions of a quantum dissipative system
coupled to a 1D periodic potential. We employed per-
turbative RG to examine a particle in a dissipative envi-
ronment coupled to rectangular and rhombic 2D periodic
potentials, and identified the corresponding phase tran-
sitions.

The analysis in section IV can be extended to 3D po-
tentials of the corresponding form. The author is in the
process of carrying out these calculations. As well, it will
be interesting to see if these higher dimensional dissipa-
tive systems with periodic potentials are relevant to or
accessible in any experiments.
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